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Abstract

A characterization is given of a class of edge-transitive Cayley graphs, providing methods for
constructing Cayley graphswith certain symmetry properties. Various new half-arc transitive graphs
are constructed.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

Let G be a group, and letS be a subset ofG suchthatS = S−1 := {s−1 | s ∈ S} andS
doesnot contain the identity ofG. TheCayleygraphCay(G, S) of G with respect toS is
the graph with vertex setG and edge set{{g, sg} | g ∈ G, s ∈ S}.

Obviously, the Cayley graphCay(G, S) has valency|S|, and it easily follows that
Cay(G, S) is connected if and only if〈S〉 = G. Further, the set of all right multiplications
of G (that is,g : x → xg) form a subgroup of the automorphism group ofCay(G, S),
acting regularly, on the vertex setG. Thus in particularCay(G, S) is a vertex-transitive
graph. However, there exist Cayley graphs which are not edge-transitive. The purpose of
this paper is to study edge-transitive Cayley graphs of valency 4, associated with certain
classes of insoluble groups.

For apositiveintegers, ans-arc of a graphΓ is an(s + 1)-tuple (α0, α1, . . . , αs) of
vertices such thatαi−1, αi are adjacent 1≤ i ≤ s andαi−1 �= αi+1 for 1 ≤ i ≤ s − 1.
If X ≤ Aut Γ andX is transitive onVΓ and on the set ofs-arcs ofΓ , thenΓ is called a
(X, s)-arc-transitivegraph; while if in additionX is not transitive on the set of(s + 1)-
arcs ofΓ , thenΓ is said to be(X, s)-transitive.In particular, a(Aut Γ , s)-transitive graph
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Table 1
Exceptional candidates

s G

1
2, 1 M12, M22, J2, Suz

A2m−1 for m ≥ 3
PSLn(2e), PSUn(2e) for n ≥ 4; PSpn(2e) for n ≥ 6
E6(2e), E7(2e), 2E6(2e), 2G2(2e)

2 PSL2(11), M11, M23, A11

3 PSL2(11), or An−1 wheren = 2r 32 for r ∈ {2, 3, 4}
4, 7 PSL4(2), PSL5(2), PSL3(9), PSL3(27), PSL4(3), PSL5(3), PSL6(3), PSU4(3)

An−1 wheren = 2r 3s−1 for r ∈ {2,3, 4}

is simply called ans-transitive graph. A vertex- and edge-transitive graph is said to be
1/2-transitiveif it is not 1-arc-transitive.

The transitivity of a Cayley graphΓ is definedby the full automorphism groupAut Γ .
The problem of determining what symmetry degree a Cayley graph has is therefore a hard
problem since it is hard to determine the full automorphism group. Let

Aut(G, S) = {σ ∈ Aut(G) | Sσ = S}.
Then every element ofAut(G, S) induces an automorphism of Cay(G, S), and by
Lemma 2.1, NAutΓ (G) = G : Aut(G, S), a semi-direct productof G by Aut(G, S).
Thus, although it is difficult to determine the full automorphism groupAut Γ , the subgroup
NAutΓ (G) may be described in terms ofG so that the action ofNAutΓ (G) has a very nice
property, that is, the action is determined by translation and conjugation. This property has
played an important role in the study of Cayley graphs, see for example [4, 7, 11, 19, 23].
An extreme case occurs whenNAutΓ (G) = Aut Γ , that is, whenG is normal inAut Γ .
In this case,Γ = Cay(G, S) is called anormal Cayley graph. The following theorem is
one of the main results of this paper. It gives acharacterization of a class of edge-transitive
Cayley graphs of finite non-Abelian simple groups in terms of normality.

Theorem 1.1. Let G be a non-Abelian simple group, and letΓ = Cay(G, S) be a
connected edge-transitive graph of valency4. Then either

(1) Aut Γ = G : Aut(G, S), Aut(G, S) = Z2, Z4, Z2
2, D8, A4, or S4, and further

(i) Γ is 1/2-transitive if and only ifAut(G, S) = Z2;
(ii) Γ is 1-transitive if and only ifAut(G, S) = Z4, Z2

2, or D8;
(iii) Γ is 2-transitive if and only ifAut(G, S) = A4 or S4; or

(2) Aut Γ �= G : Aut(G, S), Γ is s-transitive, and G is one of the groups given in
Table1:

Theorem 1.1indicates that ‘most’ edge-transitive Cayley graphs of simple groups of
valency 4 are normal, and that fors ≥ 3, s-transitive Cayley graphs of valency 4 are very
rare. It is shown in [12] that 3-arc transitive Cayley graphs of any given valency are rare.
We have been unable to determine which groupsG given in Table 1have a connected



X.G. Fang et al. / European Journal of Combinatorics 25 (2004) 1107–1116 1109

s-transitive Cayley graphΓ = Cay(G, S) of valency 4 that is not normal. In [4], a similar
characterization is given of cubic Cayley graphs of non-Abelian simple groups.

The argument used in the proof ofTheorem 1.1also works for 2 valent Cayley digraphs,
extending a result of [11]. More precisely, we have the following corollary.

Corollary 1.2. Let G be a non-Abelian simple group, and letΓ = Cay(G, S) be a
connected digraph of valency2. Then either G � Aut Γ , or G is one of the groups given in
Table1.

The characterization of 4 valent Cayley graphs given inTheorem 1.1provides methods
for constructing graphs satisfying certain symmetry properties, for example, half-arc
transitivity. Constructing and characterizing half-arc transitive graphs is a currently active
topic in algebraic graph theory, see for example [1, 2, 13–18] for references.

Theorem 1.3. Let G be a non-Abelian simple group which does not occur inTable1, and
assume further that G= 〈x, g〉 where g is an involution. Let S= {x, x−1, xg, (x−1)g},
and letΓ = Cay(G, S). Let A = Aut Γ , and letα be a vertex ofΓ . Then Aα ≤ D8,
andΓ is not2-arc-transitive. Further,Γ is half-arc transitive if and only if there exists no
involution inCG(g) which interchanges x and x−1 by conjugation.

With this result, we can easily construct various half-arc transitive graphs. Here we
give an example to illustrate the method. LetG = BM, the Baby–Monster simple group.
By [20] and the Atlas [3], it is easily shown that there exists an involutiong and an
elementx of order 47 such thatG = 〈x, g〉 andx is not conjugate tox−1. Then, letting
S = {x, x−1, xg, (x−1)g}, Cay(G, S) is half-arc transitive. By the Atlas [3], several other
sporadic simple groups have this property, and so give rise to half-arc transitive graphs.
Generally, we have the following corollary.

Corollary 1.4. Let G be a non-Abelian simple group which does not occur inTable1.
Assume that x is an element of G which is not conjugate inAut(G) to x−1. Let S =
{x, x−1, xg, (x−1)g}, and letΓ = Cay(G, S). Let A= Aut Γ , and letα be a vertex ofΓ .
If there exists an involution g such that G= 〈x, g〉, then Aα

∼= Z2, andΓ is a half-arc
transitive graph.

It is known that an elementx of order 4 in a Suzuki simple group Sz(q) is not conjugate
in Aut(Sz(q)) to x−1, and thatthere exists an involution g suchthat 〈x, g〉 = Sz(q), see
[21]. Thus byCorollary 1.4, {x, x−1, xg, (x−1)g} gives rise to a half-arc transitive graph,
and the family of Suzuki simple groups Sz(q) gives infinitely manyhalf-arc transitive
Cayley graphs of valency 4. Many other half-arc transitive Cayley graphs of Sz(q) of
valency 4 may be constructed, and a characterization is given of such graphs, in the next
theorem.

Theorem 1.5. Let G = Sz(q), and let x be an element of G of order greater than2. Then
there exists an involution g∈ G such that Γ = Cay(G, S) is a half-arc transitive graph,
where S= {x, x−1, xg, (x−1)g}. Conversely, all half-arc transitive Cayley graphs of G of
valency4 may be constructed in this way.

We will also construct inProposition 4.1infinitely many half-arc transitive Cayley
graphs from the alternating groups. It is quite likely that most simple groups have
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connected half-arc transitive Cayley graphs of valency 4. However, the next result shows
that not all simple groups have half-arc transitive Cayley graphs of valency 4.

Theorem 1.6. Let G = PSL2(2e) for some e≥ 2. Then G has no half-arc transitive
Cayley graphs of valency4.

The rest of this paper is organized as follows. After giving some preliminary results
in Section 2, we proveTheorem 1.1in Section 3. Then inSection 4, we construct various
half-arc transitive graphs, and in particular, proveTheorems 1.5and1.6.

2. Preliminary results

This section collects some results which will be used in the proof of our theorems. The
first simple lemma is due to Godsil (1981).

Lemma 2.1 ([7, Lemma 2.1]). For a Cayley graphΓ = Cay(G, S), wehave that

NAutΓ (G) = G : Aut(G, S).

R. Guralnick [8] classified non-Abelian simple groups which contain subgroups of
index a power of a prime. A consequence of the classification is the following lemma.

Lemma 2.2. Let X be a non-Abelian simple group which has an insoluble subgroup G of
index a power of2. Then(G, X) = (A2n−1, A2n) for some n≥ 3.

The next lemma gives an upper-bound of the order of the vertex-stabilizerXα for a
(X, 2)-arc-transitive graph of valency 4.

Lemma 2.3 (Gardiner [5, 6]). Let Γ be a(X, 2)-arc-transitive graph of valency4. Then
|Xα| divides2436, whereα is a vertex ofΓ .

With the use of a computer, Wang [22] determined simple groups which have subgroups
of index dividing 2636. More precisely, we have the following lemma.

Lemma 2.4 (Wang [22]). Let X be a non-Abelian simple group which has a subgroup G
of index dividing 2636. Then X, G and n := |X : G| are given inthe following table:

T G n Remarks

An An−1 n n | 2636

M11 PSL2(11) 12

M12 M11 12 Two classes

M12 PSL2(11) 122

M24 M23 24

Finally, let Γ be a graph such thatG ≤ Aut Γ is transitive on the vertex setVΓ , and
let N � G be such thatN is intransitive onVΓ . The quotient graphΓN induced byN
is defined as the graph such that the setB of N-orbits in VΓ is the vertex set ofΓN and
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B, C ∈ B are adjacent if and only if some vertexu ∈ B is adjacent inΓ to some vertex
v ∈ C.

3. Proof of Theorem 1.1

This section is devoted to provingTheorem 1.1. The proof consists of a series of
lemmas. LetΓ = Cay(G, S) be X-edge-transitive, whereG ≤ X ≤ Aut Γ . The first
lemma gives information of the point-stabilizerXα .

Lemma 3.1. Let G be a finite group, and letΓ = Cay(G, S) be a connected X-edge-
transitive graph of valency4. Then for a vertexα, either Xα is a 2-group, or|Xα| divides
2436.

Proof. SinceΓ is X-edge-transitive,XΓ (α)
α is a half-arc transitive permutation group.

Since|Γ (α)| = 4, XΓ (α)
α is a {2, 3}-group, andΓ is (X, 2)-arc-transitive if and only if

the order ofXΓ (α)
α is divisible by 3. It follows sinceΓ is connected thatXα is a {2, 3}-

group. Therefore, ifΓ is not a (X, 2)-arc-transitive graph, thenXΓ (α)
α is a 2-group and

so is Xα; while if Γ is (X, 2)-arc-transitive, then byLemma 2.3, Xα has order dividing
2436. �

In the case whereG is normal inX, we further have the following result.

Lemma 3.2. Let G be a finite group, and letΓ = Cay(G, S) be a connected X-edge-
transitive graph of valency4. Assume that G� X. Then Xα = Z2, Z4, Z2

2, D8, A4, or
S4.

Proof. SinceG � X andΓ is connected,Xα ≤ Aut(G, S) andAut(G, S) is faithful on
S. Thus Xα is a half-arc transitive permutation group of degree 4. The conclusion of the
lemma then follows. �

A permutation groupG on a setΩ is said to bequasiprimitiveif each nontrivial normal
subgroup ofG is transitive onΩ . Thenext lemma treats the case whereG is simple andX
is quasiprimitive.

Lemma 3.3. Let G be a non-Abelian simple group, and letΓ = Cay(G, S) be connected
and X-edge-transitive of valency4, where G < X ≤ AutΓ . Assume that X is
quasiprimitive on VΓ , and assume that G is not normal in X. Then G is isomorphic to
one of the following groups:A2n−1 with n ≥ 3, PSL2(11), M11, M23, or Am with m+ 1
dividing2436.

Proof. Let N be a minimal normal subgroup ofX. Then N = T1 × · · · × Tm ∼= Tm,
wherem ≥ 1 andTi ∼= T is simple. SinceX is quasiprimitive onVΓ , N is transitive on
VΓ . Thus, as|VΓ | = |G| is not a power of a prime,T is non-Abelian. SinceG is simple,
G ∩ N = 1 or G, and it then follows asG is non-Abelian simple and|Nα | | 2536 that
m = 1 andG ≤ N = T . If G = T , thenG is normal in X, which isa contradiction.
Assume thatG �= T . Then |T : G| divides |Xα|, and soeither |T : G| is a power of
2, or |T : G| divides 2436. In the case where|T : G| is a powerof 2, by Lemma 2.2,
(G, T) = (A2n−1, A2n) for somen ≥ 3; while in the case where|T : G| divides 2436,
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by Lemma 2.4, (G, T) = (PSL2(11), M11), (M11, M12), (PSL2(11), M12), (M23, M24),
or (Am, Am+1) with m + 1 dividing 2436. �

Now we consider the case whereX is not quasiprimitive onVΓ by the next lemma.

Lemma 3.4. Let G be a non-Abelian simple group, and letΓ = Cay(G, S) be connected.
Assume that G< X ≤ Aut Γ , and that X has a maximal normal subgroup N which is
semiregular and intransitive on VΓ and has order a power of2. Then either G � X, or G
occurs inTable1.

Proof. Assume first thatG centralizesN. Since N is an intransitive maximal normal
subgroup,X/N is quasiprimitive onVΓN . It then follows thatX/N is almost simple, that
is, T ≤ X/N ≤ Aut(T) for some non-Abelian simple groupT . ThenG ∼= GN/N ≤ T .
Since|X : G| is a power of 2, |T : GN/N| is a powerof 2. If T ∼= G, it follows since
G centralizesN that G is normal in X. Suppose thatT � G. ThenT contains a simple
group which is isomorphic toG and has index a power of 2. ByLemma 2.2, G ∼= A2n−1
andT ∼= A2n .

Assume now that G does not centralizeN. Let |G|2 denote the 2-part of|G|, that is
the largestpower of 2 dividing|G|. SinceN is a semiregular 2-group,|N| ≤ |G|2. Take a
series of subgroups ofN:

N = N1 > N2 > · · · > Nk > Nk+1 = 1,

suchthatNi X andNi /Ni+1 is elementary Abelian for everyi . Assume|Ni /Ni+1| = 2di .
Consider theactions ofG on Ni /Ni+1 by conjugation. SinceG does not centralizeN, there
exists somei such that theG-action on Ni /Ni+1 non-trivially, see [9, X, Lemma 1.3]. It
gives adi -dimensional projective 2-modular representation ofG. Let d be the smallest
dimension of nontrivial projective 2-modular representations ofG.

Suppose thatG is a sporadic simple group. By [10, Proposition 5.3.8], since 2d | |G|2,
we conclude thatG = M12, M22, J2, or Suz. Suppose next thatG = An. It is clear that A5
cannot act onZ2

2, and A6 cannot act onZ3
2. By [10, Proposition 5.3.7], eithern ≥ 9 and

d = n − 2, or (n, d) = (7, 4) or (8, 4). It is known that|An|2 ≤ 2n−3 < 2d, andhence
n ≤ 8. For(n, d) = (7, 4), 24 does not divide|A7|2 = 23. Therefore,G = A8 ∼= PSL4(2).
Suppose now thatG is a simple group of Lie type of characteristicp. In thecase wherep
is odd, it follows from [10, Theorem 5.3.9] that 2d > |G|2, which is a contradiction. Thus
p = 2. A lower bound ford is given in [10, Table 5.4.C]. Comparing the bound ofd and
the order ofG leads to aproof of the lemma. �

Next we treat the case whereX is not quasiprimitive onVΓ andΓ is not (X, 2)-arc-
transitive.

Lemma 3.5. Let G be a non-Abelian simple group, and letΓ = Cay(G, S) be connected
and X-edge-transitive of valency4, where G < X ≤ Aut Γ . Assume thatX is not
quasiprimitive on VΓ and thatΓ is not (X, 2)-arc-transitive. Then either G� X, or G
occurs inTable1.

Proof. Let N be a maximal intransitive normal subgroup ofX. It follows sinceG is simple
that G ∩ N = 1 andN is a 2-group. Suppose thatN is not semiregular onVΓ . Then
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1 �= Nα � Xα , andhenceNα acts onΓ (α) non-trivially. ThusNα acts onΓ (α) half-arc
transitively, and has orbits of size 2 or 4. It then follows that the valency of the quotient
graphΓN is equal to 2 or 1, respectively, which is a contradiction sinceG is non-Abelian
simple andG ≤ Aut ΓN . Therefore,N is semiregular onVΓ . FromLemma 3.4, thelemma
follows. �

The last lemma of this section deals with the case whereΓ is (X, 2)-arc-transitive.

Lemma 3.6. Let G be a non-Abelian simple group, and letΓ = Cay(G, S) be connected
(X, 2)-arc-transitive of valency4, where G < X ≤ Aut Γ . Assume thatX is not
quasiprimitive on VΓ , and assume that G is not normal in X. Then either G= PSL4(2),
PSL5(2), PSL3(9), PSL3(27), PSL4(3), PSL5(3), PSL6(3), PSU4(3), PSL2(11), M11, M23;
or G ∼= Am with m+ 1 dividing2436.

Proof. Let N be a maximal intransitive normal subgroup ofX. It follows sinceG is simple
thatG ∩ N = 1, and byLemma 2.3, N has order dividing 2436. SinceGN/N ∼= G acts
on VΓN , it follows thatN is semiregular onVΓ .

Suppose thatG does not centralizeN. Let |G|r denote ther -part of |G| wherer = 2
or 3. SinceN is semiregular onVΓ , |N| divides min(|G|2|G|3, 2436). Take a series of
subgroups ofN:

N = N1 > N2 > · · · > Ns > Ns+1 = 1,

suchthat Ni X andNi /Ni+1 is an elementary Abelianr -group for everyi , wherer = 2
or 3. If G does not centralizeN, thenG is a subgroup of GL5(2) or GL6(3). All subgroups
of GL5(2) and GL6(3) are known, refer to [10, Chapter 4]. It follows thatG = PSL4(2),
PSL5(2), PSL3(9), PSL3(27), PSL4(3), PSL5(3), PSL6(3), or PSU4(3).

Suppose thatG centralizesN. SinceN is an intransitive maximal normal subgroup,
X/N is quasiprimitive onVΓN . It then follows thatX/N is an almost simple group, that is,
T ≤ X/N ≤ Aut(T) with T simple. ThenG ∼= GN/N ≤ T . Since|X : G| divides 2436,
|T : GN/N| divides 2436. If T ∼= G, it follows sinceG centralizesN thatG is normal in
X, which is a contradiction. ThusT contains a simple group which is isomorphic toG and
has index dividing 2436. Hence, byLemma 2.2, we haveG ∼= PSL2(11), M11, M23, or Am

with m + 1 dividing 2436. �

4. Constructing half-arc transitive graphs

Here we applyTheorem 1.1in order to construct half-arc transitive graphs. We first
proveTheorem 1.3.

Proof of Theorem 1.3. By the assumption,G is normal inAut Γ , andhenceAut Γ = G :
Aut(G, S). SinceS = {x, x−1, xg, (x−1)g} andAut(G, S) acts onS by conjugation, if an
element ofAut(G, S) fixesx then it must also fixx−1. HenceAut(G, S) is not 2-transitive
on S, andΓ is not (X, 2)-arc-transitive.

Assume thatAut(G, S) is transitive onS. It then follows that Aut(G, S) = Z2
2 or

D8. Thus there exists an involutionτ ∈ Aut(G, S) suchthat τg = gτ , xτ = x−1, and
(xg)τ = (xg)−1.
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Assume now thatτ ∈ CG(g) suchthatτ invertsx. Then(xg)τ = xgτ = xτg = (xτ )g =
(x−1)g. Soτ ∈ Aut(G, S), Aut(G, S) is transitive onS, andΓ is arc-transitive. �

Next we construct an infinite family of half-arc transitive Cayley graphs of the
alternating groups.

Proposition 4.1. Let G = An, where n is odd and n �= 2m − 1. Then for any element
x ∈ G of order n, there exists an involution g∈ G such that Cay(G, S) is a connected
half-arc transitive graph, where S= {x, x−1, xg, (x−1)g}.
Proof. Let n ≥ 5 be an oddinteger such thatn �= 2m − 1, and letΩ = {1, 2, 3, . . . , n −
1, n}. Let x = (123. . .n), and let g = (12)(34). Then 〈x, g〉 = An. Let S =
{x, x−1, xg, (x−1)g}. Assume thatτ ∈ Sn is an involution such that〈x, τ 〉 ∼= D2n. Then
τ ∈ τ

〈x〉
0 , whereτ0 = (2, n)(3, n − 1) . . . (n+1

2 , n+3
2 ). It is easily shown thatg centralizes

no element ofτ 〈x〉
0 . By Theorem 1.3, Cay(G, S) is a half-arc transitive graph.�

Now we useTheorem 1.3to analyze edge-transitive Cayley graphs of Suzuki groups.

Proof of Theorem 1.5. Let G = Sz(q), whereq = 2m for some odd integerm ≥ 3.
By [21], |G| = q2(q2 + 1)(q − 1), and any two Sylow 2-subgroups ofG have trivial
intersection. Further, letM be a maximal subgroup ofG. Then by [21], M is conjugate to
one of the following subgroups:

Q : Zq−1 whereQ is a Sylow 2-subgroup ofG,
D2(q−1),

Zq+r+1 : Z4, andZq−r+1 : Z4, wherer = 2
m+1

2 ;
Sz(2l ), wherel | m with m/ l prime.

It follows that the order of an element ofG divides 4,q − 1, q + r + 1, orq − r + 1. We
complete the proof by a series of lemmas. The first lemma constructs half-arc transitive
graphs based on elements of order 4.

Lemma 4.2. Let x ∈ G be of order4. Then there exists an involution g∈ G such that
Cay(G, S) is connected and half-arc transitive, where S= {x, x−1, xg, (x−1)g}.
Proof. By [21], all cyclic subgroups ofG of order 4 are conjugate, and hence for the
elementx, there exists an involutiong ∈ G such that 〈x, g〉 = G. Further,x is not
conjugate tox−1 in Aut(G). By Theorem 1.3, the lemma istrue. �

The next lemma constructs graphs based on elements of order dividingq − 1.

Lemma 4.3. Let x ∈ G be such that o(x) > 1 divides q−1. Then there exists an involution
g ∈ G such thatCay(G, S) is half-arc transitive, where S= {x, x−1, xg, (x−1)g}. Further,
if o(x) is divisible by a primitive prime divisor of2m − 1, thenCay(G, S) is connected.

Proof. From the the list of maximal subgroups ofG, it follows thatNG(〈x〉) ∼= D2(q−1).
Thus there areq − 1 involutionsτi (i = 1, 2, . . . , q − 1) of G which invertsx, andx
normalizes two Sylow 2-subgroups ofG. It is known thatG hasq2+1 Sylow 2-subgroups.
Thus there are Sylow 2-subgroupsP of G suchthatτi /∈ P andx does not normalizesP.
Let g be an involution of P. Theng centralizes noτi . ThusS = {x, x−1, xg, (x−1)g} gives
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rise to a half-arc transitive Cayley graph ofG. If, further, o(x) is divisible by a primitive
prime divisor of 2m − 1, then〈x, g〉 = G, and soCay(G, S) is connected. �

The last lemma deals with elements of order dividingq ± r + 1.

Lemma 4.4. Let x ∈ G\{1} be such that o(x) | q ± r + 1. Then there exists an involution
g ∈ G such thatCay(G, S) is half-arc transitive, where S= {x, x−1, xg, (x−1)g}. Further,
if o(x) 22l + 1 for any proper factor l of m, thenCay(G, S) is connected.

Proof. From the list of maximal subgroups ofG, it follows thatNG(〈x〉) ∼= Zq±r+1 : Z4.
Thus there areq±r +11 involutionsτi (i = 1, 2, . . . , q±r +1) of G which invertsx, andx
normalizes four Sylow 2-subgroups ofG. It is known thatG hasq2+1 Sylow 2-subgroups.
Thus there are Sylow 2-subgroupsP of G suchthatτi /∈ P andx does not normalizesP.
Let g be an involution of P. Theng centralizes noτi . ThusS= {x, x−1, xg, (x−1)g} gives
rise to a half-arc transitive Cayley graph ofG. If, further, o(x) 22l + 1 for any proper
factorl of m, then〈x, g〉 = G, andhenceCay(G, S) is connected. �

We end thesection by proving Theorem 1.6.

Proof of Theorem 1.6. It is known thatG = PSL2(2e) has the following properties:

(i) a Sylow 2-subgroup ofG is isomorphic toZe
2, G has 2e + 1 Sylow 2-subgroupsPi

for i ∈ {1, 2, . . . , 2e + 1}, and any two Sylow 2-subgroups are disjoint;
(ii) an element ofG is either an involution, or of order dividing 2e − 1 or 2e + 1.
(iii) G has maximal subgroups isomorphic to D2(2e−1) or D2(2e+1).

Let Γ = Cay(G, S) be a half-arc transitive graph. Then byTheorem 1.3, S =
{x, x−1, xg, (x−1)g} suchthat 〈x, g〉 = G, g is an involution, andx has order greater
than 2.Thuso(x) | 2e − 1, oro(x) | 2e + 1.

Assume first thato(x) | 2e− 1. Then there are 2e − 1 involutionsτi in G invertingx for
i ∈ {1, 2, . . . , 2e − 1}, andx normalizes two 2-Sylow subgroupsP2e, P2e+1 say. Ifg ∈ Pi

for somei ≤ 2e − 1, thengτi = τi g, which isa contradiction toTheorem 1.3; while if
g ∈ P2e ∪ P2e+1, then〈x, g〉 < G, which isa contradiction.

Assume now thato(x) | 2e + 1. Then there are 2e + 1 involutionsτi invertingx, where
i ∈ {1, 2, . . . , 2e + 1}. Thus, ifg ∈ Pi thengτi = τi g, which isa contradiction. �
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