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Let s, be the length of a shortest sequence cf positive integers which contains every
Yc{l,...,n} as a subsequence of |Y| consecutive terms. We give the following asymptotic
estimation: (2/mn)V22" < §, < (2/m)2". Th. upper bourd is derived constructively.

 0. Introduction

The following combinatorial problem has been studied in connection with file
orgamzatlon (see Ghosh [2], Lipski {6]): Given a family IR of subsets of a finite
set X, find a shortest sequence of elements of X containing every M as a
subsequence of |M| consecutive terms (by [M| we denote the cardinality of M).
Such a sequence will be called an optimal sequence for M. The general nroblem of
constructing an optimal sequence for an arbitrary family I8 seeins to be very
difficult. By a result of Kou [5], no efficient (i.c. polynomial running time)
algorithm for producing an optimal sequence for a given family is likely to exist.
However, even the case of a restricted form of I can be a source of interesting
combinatorial problems. For instance, let X={0,1}" and let M={M,,..., M,}
where M, ={(b,,...,b,)e X:b,=1}. Ehrich and Lipski {1] constructed a se-
quence for M, of length I, = (3n +3)2""'—5(—1)", which has then been proven
optimal by l.uccio and Preparata [7].

In the present paper we treat the case It = P(X), the family of all subsets of X.
Of course, ve may assume that X is of the form {1,...,n}. A sequence of
positive integers will be said to have property P, if it contains every YS{1,..., n}
as a subsequence of |Y| consecutive terms. Any shortest sequence with property
P, will be called optimal (n will usually be clear from the context), and its length
will be denoted by s,. The following sequences ca1 vasity be verified to have
properties Py, ..., Ps, respectively:

S, 1
s, 12
S, 1231

A 12342413
Ss 1234512413524
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’lhough the. abeV‘ bou s 00t ‘l ‘consxderatlons, nt is much

°tter'thani a2 bound give. by ]..From (1) it follows
that the sequences. Sy, Sp, Sy'are op | tice that:-every occurrence
of anie{l,. -can belong. ta\at most k occurrences of k-subsets containing i.

There are 2:, k:subsets contammg i, hence i-must occur at least

[IARNAR

times in any sequence with property P,. Takmg k=|3n} we obtam

which proves the optlmalmr of S,. By sumlar methods Ss. can. also be proven
optxmal We leave it to the reader Thus we have s,~1 sz 2, 83= 4 5,=8,
=13.

Now we pass to the upper bound. We shall need somé results on decomposmg
P(X) into chains (4 < P(X) is called a chain if Ac B or B¢ A for all A, Be %).
From the classical Sperner’s and Dilworth’s theorems it follows that P(X) can be
partitioned into () chains, where n=|X|. It is also well-known how tc
construct such a partition. Below we shall briefly describe the construction (see
e.g. Greene and Kleitman [3]).

A chain is called symmetric if it has e form

"
(ln/ZJ—iC Cln/Z_l~i+l c-rc Crn/:m'



Strings containing all subsets as substtings 255

where |G|=i for [in]—j<i<[in]+j (n=|X|,0=<j=<|in)). Since every symmet-
ric chain contains exactly one |ini-subset of X, it follows that any partition of
P(X) into symmetric chains is composed of exactly (;,j») chains. We construct
such a partition inductively. For n=1, #(X) is itself a symmetric chain. Now
“assume that we have a partition of ®(X) into symmetric chains, and let a¢ X. We
-repiace every chain A, A,c - < A, of our partition by two chains
AjcA,c---c A c A U{a}
A,U{a}c A,U{a}<=--- < A, ,U{a}
(if ¥ =1 then we take only the first one). It is easy to see that this procedure

produces a partition of #(X U {a}) into symmetric chains.
A symmetric chain of the form

p=CozCic--cC,=X (4)

will be called complete. Any permutation ¢ of 11,..., n} will be identified with
the sequence (¢(1), ..., ¢(n)). By an initial or final segment of such permutation
we shall :aean any set of the form {¢(1), ¢(2),..., ¢(k)}, 0<k=<n, or {¢(]),
e(l+1),...,e(n)}, 1sl<n+1, respectively. To every permutation there corres-
ponds a complete chain composed of its initial segments, and ccnversely, any
complete chain (4) is the family of initial segments of 2 unique permutation
{a,,...,a,) where {a;}= C,\C,_; for 1<i=<n. Now let

PX)=%U-- V%, m= (Ln721)

be a partition of P(X) into symmetric chains. Let us extenc. every chain €; to an
arbitrary complete chain €, 2 €, and let ¢; be the permutation corresponding to
%.. The resulting collection of permutations ¢, ..., ¢, has the following impor-
tant property: Every subset of X appears as an initial segment of some ¢; (it is
easy to see that (|, is the minimal possible cardinality of a collection with this
property). We note in passing that such collections provide a basis for a method of
file organization proposed by Lum [8]. While Lum in his paper does not give any
general method to obtain ¢, ..., ¢,, from our considerations it should be clear
how to construct this collection by z recursive algorithm mimicking the procedure
of partitioning ?(X) into symmetric chains (it is convenient to code a symmetric
chain € by a permutation {a, . . ., a,) together with a pair (i, j), 0 <i<j=<n, such
that € ={{a,, a,, . . ., a.}: i < k <j}). Another methcd to construct ¢y, ..., @, has
been sketched by Knuth [4, Exercise 1 on p. 567].

By a special collection of permutations of X we shall mean any collection
®1,..., ¢, with the property that every Y< X appears as an initial or final
segment of some ¢;.

For example,

1234
2413
1423



a collection of permuta-
g as an nitial segment.
subset occurs as an initial
: , . ment initial segment
of ¢ There are. r zm zn-sm svts contammg may iassuméﬁthat ¢ach of
B,,...,B, contains 1. Now let I<i<r and ' let 4:, (al,...,a> There is a
unique j>r with B;={1,..., n}\Bi. Let.§; =(by,.. ., b,). We define

P
@i =0,y ..., anIZa bnlz’ bnlz--la s ’-bl)-

It is easy to see that every Y<{1,..., n} with |Y|<3n appears in at least one of
the permutations ¢;,..., @, as an initial or final segment. Consequentiv, every
Y<{l,..., n} appears as an initial or final segment. This follows.from the fact
that if Y is ar initial (final) scgment of @; then {1,..., n}\Y is a final (resp. initial)
segment of ¢, Thus @re.r @, IS A special collection of permutations of
{1,...,n} |

Now let n.be odd. We produce a special collectlon B,y By 4 =3 3)), of
permutations of {1,...,n—1}, and then we replace every 9, =(a,, ..., a,_,) by the
two permutations (n, Gy, ..., a,_) and {(a,, ..., G,-;, n). The resulting collection

€, ..., @, is easily seen to be a special collection of permutations of {1,..., n},
and

n-1 (n—l)[i%_—_}_ n
=247 \(n - 1)/2‘) " ((n—l)/zn)

- %(1 +}1§)(|,n7zJ)'
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Obviously, for n even the velue of r siven by Lemma 1.1 is the minimal
possible. It is not the case for n odd. For instance,

12345
23514
34215
13425
24135

is a. special collection of permutations of {1,..., 5}, whereas 3(1+1)(3)=6. It
would be interesting to know whether or not for every n there is a special
collection of [3(.»)] permutations of {1,...,n}.

Now we are ready to present a construction of a sequence with property P,
which has length of order 2"*!/m. For any sequences Ty, T,,..., T, we shall
denote their concatenation by T,T, - - - T, We begin with the case » - 2k. Let
¢4, ---, ¢ be a special collection of permutations of {1,..., k} where

l(k) )
- if k ever
k

= 2\k/2 5)

—;—(1 +%)(lk’;2j) if k odd

Let ¢y, ..., ¢, be a special collection of permutations of {k+1,...,2k} (we may
put ¢, ={(a,+k,...,a +k) for every ¢, =(a;,... ay)). For every ¢,=
(by,..., b)), let us denote §, =(by, b,_,, ..., by). First we define the sequences

A= e @10,
Ax= @@+ @ e

Ai = @1bieaPivg 0 @l

A =@ oy @ 2@y
B =@ty @Yo

Bl = ‘Pllﬁt‘leﬁl e ‘Pr——l&r—z‘ﬂ&r—?-

(Strictly speaking, ary subscript s should b2 undertoed as (s - Dmod 0+ 1) A,
may be thought of as resulting from A; Ey a cyclic shift of the &'s to the left. B,



We definie our sequence as

AA, ABB, - Bep

‘We shall pmve that L, has property P,.. To this end, let us nopce that any
- Yeil,...,;2k) can be written a5 Y= PUQ where Pc{l ., k}
{k+1,.LL 2!:} fet us assume that F appears as a fiual segment cﬁ spi, and O as
an initiat segmam of cl:, Then Yoccurs asa subsequence of [Y} consewtwe terms
of A, where p={j- ~;)(hwd t)+1 Indeed ¢ and y; appear consecutxvely in A,
The remaining: three cases (P initial; ge ﬁnal P final, Q ﬁnal, P mmal Q ﬁnal)
are similar; We 1éave them to the reader.
Let §, denote the iength of L, We have

= 2020+ Dk~ (lkIZJ)(lkIZJ (\/wk
2 5 o ‘ . ©

2k

=2

T

Now consider the case n=2k+1. To this end, let

A% =@iningnqn - nen_y,
B*% = g n{;ne ng - - - Ny

for 1<isit, where t is given by '5) and ¢,,..., ¢, $1,..., ¥, are the same as
before. We dr-fine ‘

L2k+l = A1A2 A AlB]Bz vt E,‘ATA’; b /\::BTB; ree BT"(P]-

It is =asily seen twat L, ., has property P,..;: the first half contains all subsets
" not containing 2k +1, whereas all subsets which do .ontain 2k + 1 appear in the
second half. Moreover, we have

2

= = 2 ok
$2k41=285 =2 - 2" =—

- - 22k+1. (7)

From (3} 2nd (7) it follows that §, ~-2¥2" Hence

S, S —2— 2", (8)
T

Comparing (2) and (8) we see that there is still mach room for improvement of
(at 1-ast one of) these bounds.

Apart frora the problem of determining th: exact order of growth of s,, one
may also ask for the behaviour of si defined to be the length of an optimal
sequence for 2, (X), the family of all :-subsets of X={1,....n}. A plausible
conjecture i< that s, =~ stV2!,
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