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The concept of efficiency (Pareto optimum) is used to formulate duality for
multiobjective non-linear programs. The results are obtained for convex functions,
p-convex (i.., weakly convex and strongly convex) functions, and pseudoconvex
functions. For the convex and p-convex functions a Wolfe type of dual is
formulated, while for the pseudoconvex and p-convex functions, a Mond-Weir type
dual is proposed.  © 1989 Academic Press, Inc.

1. INTRODUCTION AND PRELIMINARIES

The aim of this paper is to use the concept of efficiency (Pareto
optimum) to formulate duality relationships between the multiobjective
non-linear program

(VOP) Minimize (f(x), f2(x), ..., /(X))

Subject to g(x) £0; M
and the two dual multiobjective programs
Wolfe Vector Dual [11]
(WVD) Maximize (f,(u) + y'g(u), ..., f,(u)+ y'g(u))
Subject to i T,V i(u)+Vy'g(u)=0, )
i=1
y20, (3)
1,20,i=1,2, .., p, i T,=1; (4)
84 B

0022-247X/89 $3.00

Copyright © 1989 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82772316?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

CONVEX DUALITY FOR MULTIOBJECTIVE PROGRAMS 85

Mond-Weir Vector Dual [6]

(DVOP) Maximize (f(u), f5(u), ... f,(4))
Subject to (2) through to (4) and
y'g(u)Z 0. (5)

The functions f;: R" >R, i=1, 2, .., p and g: R — R" are assumed to be
differentiable.

Optimization in (VOP), (WVD), and (DVOP) means obtaining efficient
solutions for the corresponding programs.

DerINITION 1. A feasible solution x° for (VOP) is efficient for (VOP) if
and only if there is no other feasible x for (VOP) such that for some
ieP={1,2,.,p}

filx) < fix®) (6)

and
L)< f,(x°)  forall jeP. (7)

In the case of maximization, the signs of the inequalities (6) and (7) are
reversed (i.e., they become > and =, respectively).

For the case where t,, i=1, 2,.., p, are all strictly positive, f,, i=1,
2,.,p, and g are convex; Weir [9] has used proper efficiency [3] to
establish some duality results between (VOP) and (WVD). Also, Egudo
[2] and Weir [9] have used proper efficiency to obtain duality
relationships between (VOP) and (DVOP) where the multipliers 7, i=1,
2, .., p, are all strictly positive and a positive linear combination of the
objective function components is assumed to be pseudoconvex. Recently
Weir [10] obtained a duality result between (VOP) and (DVOP) whereby
the objective function components are pseudoconvex but their positive
linear combination need not be pseudoconvex.

In [2,9,10], the proofs of strong duality results use the following
Geoffrion [3] characterization of proper efficiency.

LEMMA 1. If for some fixed Ae0eR”, x° solves the single objective
program

(P) Minimize A'f(x)
Subject to g(x)<0;
then x° is properly efficient for (VOP).

In this paper proofs for strong duality results will invoke the following.
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LEMMA 2 (Theorem 4.1 of Chankong and Haimes [1]). x° is an
efficient solution for (VOP) if and only if x° solves

P.(e%) Minimize f,(x)
Subject to f,(x) < f;(x°)  forall j#k,
g(x)£0;

foreach k=1, 2, .., p.

2. WoLFE VECTOR DuaLity

Here we prove weak and strong duality relations between (VOP) and
(WVD). First we consider a weak duality result when the functions are
convex.

THEOREM 1. Assume that for all feasible x for (VOP) and all feasible
(u, 1, y) for (WVD), f,, i=1,2, .., p, and g are convex functions. If also
either

(a) 7;,>0foralli=1,2, ., por
(b) Xf_ 1t fi(-)+ X, y;8;(-) is strictly convex at u,
then the following cannot hold:
L(x)S fiu)+ y'gw)  forall jeP={1,2,.., p} 8)

and
[i(x)< fi(uy+ y'g(u)  forsome ieP. 9)

Proof. Suppose contrary to the result that (8) and (9) hold. Then since
x is feasible for (VOP) and y >0, (8) and (9) imply

() + y'e(x) = fi(u)+ y'g(u) forall jeP (10)
and
Fi(x)+ y'g(x) < fi(u) + y'g(u) forsome ieP, (11)

respectively. Now hypothesis (a) and Y 7_, 7, =1 imply

P

T nfi) + ye) < ¥ nfilu) + y'a) (12)

i=1
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and since f;s and g are convex and 1;,>0, i=1, 2,.., p, y20, it now
follows from (12) that

=y ( 3

i—1

r,-vmu)wy'g(u)) <o, (13)

which contradicts (2).
Also, since 7,20, i=1, 2, .., p, and 32_, 1, =1, (10) and (11) imply
P P
L i)+ yex) L Y 1. fi(w) + yglu). (14)
i=1 i=1

Now (14) and hypothesis (b} imply (13), again contradicting (2). ||

Next we state and prove a weak duality result between (VOP) and
(WVD) under p-convexity. But first we define p-convex functions [7, 8].

DEeFINITION 2. A function f: R”— R is said to be p-convex [7, 8] if
there exists a real number p such that for each x, ve R" and 0< 1<,

SOx+ (1 =Du) 2 4f(x)+ (1= 1) f(u) — pA(1 = 2) x —ul®.

For a differentiable function f: R” — R, fis p-convex if and only if for all x,
ueR”

fx)=flw)z (x—u) Vi) +p llx—u|’.
If p is positive then f is said to be strongly convex [7,8]; and if p is
negative then f is said to be weakly convex [8].

THEOREM 2 (Weak Duality). Assume that for all feasible x for (VOP)
and all feasible (u, t, y) for (WVD), f;, i=1, 2, .., p, are p;-convex and g,,
j=12,..,m, are o;-convex. If also either

(@) ©,>0foralli=1,2,.,pand 37_,v,p, +37 , y,0,20 or
by Xi_iupi+ 27 y0,>0,
then the following cannot hold:
LS i)+ y'g(u)  forall jeP={1,2,.,p} (15)
and
fix)y<fi(u)+ y'gu)  forsome ieP. (16)

Remark 1. Hypothesis (a) can be interpreted as follows: when all the
objective function multipliers are strictly positive then the linear com-
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bination of the objective function components plus the non-negative linear
combination of the constraint functions should be either convex or strongly
convex. Hypothesis (b) can be interpreted as follows: the non-negative
linear combination of the objective function components and the constraint
functions should be strongly convex. These conditions are weaker than
those in Theorem 1 because they allow some of the objective function com-
ponents and constraint functions to be weakly convex [8] provided that
their non-negative linear combination is either convex or strongly convex.

Proof. Suppose contrary to the result that (15) and (16) hold. Then
since x is feasible for (VOP) and y 20, (15) and (16) imply
fi(x)+y'e(x)< f(u)+ y'g(u)  forall jeP (17)
and

f:(x)+ y(x)< fi(u)+ y'g(n) for some ieP. (18)

Now if hypothesis (a) holds, then from 7, >0 for all ie P, (17), and (18) we
obtain

i P 4 P
Y nfilx)+yelx) ¥ < ¥ rfiu)+ygw) 3 T
i=1 i=1 i=1 i=1
and since Y 7_, 1; = 1, this inequality reduces to
p
Y n(fi(x) = fi(u)) + y'g(x) — y'g(u) <O. (19)
i=1

Now from (19), p,-convexity of f7s, and o;-convexity of g;’s we obtain

(x— u)’ (z 2 Vﬂ(u)+Vy’g(u))

P m
+<Z TP+ Y, yjaj> lx—ul|?<0

=1 j=1
and since by hypothesis (a), >7_, 1,0, + ., y;0; 20, this implies

(x—u) (i

i—1

VW) + Vg(u)) <o, 20)

which contradicts (2).
Also from (17), (18), and 7, 20, i=1, 2, .., p, 2.%_, 1, =1, we obtain

$ 1, (0) — fi(w) + y'g(x) — 'g(w) S O; 1)

i=1
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and since f;s are p;-convex and g;'s are o,-convex, (21) implies

(x—u) (i rin,-(u)+Vy'g(u))

Now by hypothesis (b), 37_, 7.0, + X7, y,0, > 0; hence (22) implies (20),
again contradicting (2). |

m

T,p; + Z yjaj> ”x_u||2§0‘ (22)
=1

1 Jj=

I M

COROLLARY 1. Assume that weak duality (Theorem 1 or 2) holds
between (VOP) and (WVD). If (u° 1° y°) is feasible for (WVD) with
y*g(u®) =0 and u° is feasible for (VOP), then u° is efficient for (VOP) and
(1% y°) is efficient for (WVD).

Proof. Suppose that u° is not efficient for (VOP); then there exists a
feasible x for (VOP) such that for some ie P= {1,2, .., p},

Si(x) < fi(u®) (23)
and
fi(x)S f(u®)  forall jeP. (24)

By hypothesis y%g(1°) =0, so (23) and (24) can be written as
fulx)< fi(u®) + y¥g(u®)  forsome ieP
and f;(x) < f;(u°) + y¥g(u®)  forall jeP,

respectively; and since («°, 1% y°) is feasible in (WVD) and x is feasible for
(VOP), these inequalities contradict weak duality (Theorem 1 or 2).

Also suppose that (u° 7° y°) is not efficient ofr (WVD). Then there
exists a feasible (u, 7, y) for (WVD) such that for some ie P= {1, 2, .., p}

Silu)+ y'g(u)> fiu®) + y¥g(u°) (25)
and
fiw)+ y'gw) = f;(u°) + yg®)  forall jePp; (26)
and since y*g(u®)=0, (25) and (26) reduce to
fiw)+ y'g(w)> fi(u°)  forsome ieP

and
fi(uy+ y'g(w)z f;(u®)  forall jeP,
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respectively. Since u° is feasible for (VOP), these inequalities contradict
weak duality (Theorem 1 or 2). Therefore u° and («°, °, y°) are efficient for
their respective programs. |J

THEOREM 3 (Strong Duality). Let x° be an efficient solution for (VOP)
and assume that x° satisfies a constraint qualification [4, 5] for P,(°) for at
least one k=1, 2, ..., p; then there exist 1°€ R? and y° e R™ such (x° 1° y°)
is feasible for (WVD) and y®g(x°)=0. If also weak duality (Theorem 1 or
2) holds between (VOP) and (WVD) then (x°, 1° y°) is efficient for (WVD).

Proof. Since x° is efficient for (VOP), from Lemma 2, x° solves P,(¢°)
for all k=1, 2, .., p. By hypothesis there exists a ke P={1,2, .., p} for
which x° satisfies a constraint qualification of P,(¢°). Now from
Kuhn-Tucker necessary conditions [4, 5] there exist t; 20 for all i #k and
y=20e R™ such that

L)+ T G VAGED)+ S 5, Vg (x0) =0, @7)

itk J
y'g(x%)=0. (28)

Now dividing all terms in (27) and (28) by 1 + 3, 7; and setting

1 T,
e >0, 1l=—e——20,
S S R WIS ¥
and
oo Y >p
4 L+t ’

we conclude that (x%, ° »°) is feasible for (WVD). Efficiency of (x°, 1° »°)
for (WVD) now follows from Corollary 1. |]

3. MoND-WEIR VECTOR DUALITY

In this section we present weak and strong duality relations between
programs (VOP) and (DVOP). The weak duality results are given under
two conditions: one when objective function components are pseudoconvex
and the constraint functions are quasiconvex and the other when the
functions are p-convex.

THEOREM 4 (Weak Duality). Assume that for all feasible X for (VOP)
and all feasible (u, t, y) for (DVOP), y‘g(-) is quasiconvex at u. If also any
of the following holds.
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(@) 1,>0,VieP={1,2,..,p},andf, i=1,2,.., p, are pseudoconvex
at u;
(b) 1,>0, foralliePand 3.%_, 1,f.(-) is pseudoconvex at u;
c P 1,.1.(-) is strictly pseudoconvex at u,
i=1"iJu y p

then the following cannot hold:

L) filuy  forall jeP={12 ., p} (29)

and

fi(x)< fi(u)  forsome ieP. (30)

Proof. For each feasible x for (VOP) and each feasible (u, 1, y) for
(DVOP) we have y'g(x)— y'g(u) <0, and since y’g(-) is quasiconvex at u
this implies

(x—»)' Vy'g(u) 0. (31)
Applying (31) to 37_, 1, Vf.(u) + Vy'g(u) = 0 yields

(x —u) i T, Vfi(u)=20. (32)

i=1

Now suppose contrary to the result of the theorem that (29) and (30) hold.
If 7, >0 for all i=1, 2, .., p then (29) and (30) imply

,fi(x)St;f,(w) forall jeP={1,2, .,p} (33)
and
1. fi(x)<7t,fi(u) forsome ieP, (34)
respectively. Equations (33) and (34) also imply
r

Yt fix)< 3 T filw) (35)

i=

By hypothesis (a), i.e., f;'s are pseudoconvex, (33) and (34) imply

(x—u)'(}pj

e 1

rini(u))<0, (36)

contradicting (32).
By hypothesis (b), ie, Y 2_, 1,f.(-) is pseudoconvex at u, (35) implies
(36), again contradicting (32).
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Now from 1; 20, i=1, 2, .., p, (29), and (30) we obtain

i t.fi(x) S i t.fiu) (37)

i=1 i=1

and by hypothesis (c), ie, >7_, 1,f,(-) is strictly pseudoconvex, (37)
implies (36), again contradicting (32). ||

THEOREM 5 (Weak Duality). Assume that for all feasible x for (VOP)
and all feasible (u, T, y) for (DVOP), f;, i=1,2, .., p, are p,~convex and g;,
j=12,., m, are a;-convex. If either

(@) 1, >0forallieP={1,2,..,p}and¥%_ 1,0, +3 ], y;0;20, or
(b)y X%_,tip; +2}"=1 Y;0; >0,
then the following cannot hold.
fi(x)< fi(u)  forsome ieP={1,2,..,p} (38)
and
[i(x) £ f;(u) forall jeP. (39)
Proof. Suppose contrary to the result that (38) and (39) hold; then for
7,>0 for each i=1, 2, ..., p, (38) and (39) imply
p

i nfi(x)< X nfilu); (40)

i= =1
and for 1,20, i=1, 2, .., p, (38) and (39) imply

14

i wfilx) S Y nfiw). (41)

i=1 i=1

Now since f;s are p;-convex (40) and (41) imply
P P
= (£ 0 9hi)+($ wo) bx—ui<o, @)
i i=1

=1
(x—u)'<ti

i—1

“Viw) +(.i ) =l <0, (43)

i 1

respectively. Also, since (i, z, y) is feasible for (DVOP) and x is feasible for
(VOP) we have

y'g(x)— y'g(u) =0, (44)
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and because g/'s are o;-convex (44) implies

(x—u)' Vy'gu) + lx—ul* Y. y0,<0. (45)
j=1

=
Now adding (42) and (45) and then applying hypothesis (a), i.e.,

14 m

z TP + Z y,-O'jéQ
=1

i=1 Jj=

yield
P m
(x —u)’ ( Y . Vfiu)+ Z y,Vg,-(u)) <0, (46)

i=1 i=
which contradicts (2). Also, adding (43) and (45) and then applying
hypothesis (b) yield (46), again contradicting (2). |

COROLLARY 2. Assume weak duality (Theorem4 or 5) holds between
(VOP) and (DVOP). If (u°, 1° y°) is feasible for (DVOP) such that u° is
feasible for (VOP), then u° is efficient for (VOP) and (u°, 1°, y°) is efficient
for (DVOP).

Proof. First we show that u° is efficient for (VOP). Suppose that u° is
not efficient for (VOP); then there exists a feasible x for (VOP) such that
(29) and (30) or (38) and (39) hold. But («°, °, »°) is feasible for (DVOP);
hence the result of weak duality (Theorem4 or 5) is contradicted.
Therefore #° must be efficient for (VOP). Similarly assuming that
(1°, 7% y°) is not efficient for (DVOP) leads to a contradiction, and hence
(u® 1% y°) is efficient for (DVOP). |

THEOREM 6 (Strong Duality). Let x° be efficient for (VOP) and assume
that x° satisfies a constraint qualification [4, 5] for P,(c°) for at least one
k=1,2,.., p. Then there exist 1°e R” and y° e R™ such that (x°, 1° y°) is
Jeasible for (DVOP). If also weak duality (Theorem 4 or 5) holds between
(VOP) and (DVOP) then (x°, 1° y°) is efficient for (DVOP).

Proof. Since x° is an efficient solution of (VOP), then from Lemma 2,
x° solves P.(°) for each k=1, 2, .., p. By hypothesis there exists at least
one k=1,2, .., p such that x° satisfies a constraint qualification [4, 5] for
P,(e°). From Kuhn-Tucker necessary conditions [4, 5] we obtain 7, =0
for all i#k, and y = 0e R™ such that

VA + Y 1, VA(x%) +Vpig(x°)

i#k

0 (47)

yig(x*)=0. (48)

409,138:1-7
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Now dividing (47) and (48) by 1 +3, .. 7; and defining

1 T
T0=——_—>O, PIE e — | o .
k 1+Z,’¢k‘[i Tj 1+Zi#kfi_ OI'all J#k
and
0:__))____>0
y 1+Zi#k’ri= ]

we conclude that (x° t° »°) is feasible for (DVOP). The efficiency of
(x°, 7°% y°) for (DVOP) now follows from Corollary 2. |
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