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Abstract

An incomplete Latin square LS(n + a; a) is a Latin square of order n + a with a missing
subsquare of order a. A large set of disjoint LS(n+ a; a)s, denoted by LDILS(n+ a; a), consists
of n disjoint LS(n+ a; a)s. About the existence of LDILS, Zhu, Wu, Chen and Ge have already
obtained some results (see Wu and Zhu, Bull Inst. Combin. Appl., to appear.). In this paper,
we introduce a kind of auxiliary design LSm(n) and, using it, completely solve the existence
problem of LDILS. The conclusion is that for any positive integer n and any integer a; 06a6n,
there exists an LDILS(n+a; a) if and only if (n; a) �= (2; 1) and (6; 5). c© 2001 Elsevier Science
B.V. All rights reserved.
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1. Introduction

An n× k (or k × n; k6n) array over Zn is named Latin rectangle if no element of
Zn occurs more than once in any row or column. An n × n Latin rectangle is called
Latin square and is denoted by LS(n). Two Latin squares A = (aij)n1 and B = (bij)n1
are orthogonal if aij = ast and bij = bst implies i = s and j = t. If A1; A2; : : : ; Ak are
pairwise orthogonal Latin squares of order n, then they are denoted by kMOLS(n). An
orthogonal array OA(k; n) is a n2 × k array over Zn having the property that in any
two columns, each ordered pair of Zn occurs exactly once. It is well known [3] that
kMOLS(n) is equivalent to OA(k + 2; n).
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An incomplete Latin square, ILS(n+ a; a), denotes a LS(n+ a) with a missing sub-
LS(a). Without loss of generality, we may assume that the missing subsquare, or hole,
is at the lower right corner. We say aij ∈ ILS(n+ a; a) if the entry in the cell (i; j) is
aij. Let A1 and A2 be two ILS(n+ a; a)s on the same symbol set. If a1ij �= a2ij for any
a1ij ∈ A1 and a2ij ∈ A2 except for the cell (i; j) in hole, then we say that A1 and A2 are
disjoint. r-DILS(n+a; a) denotes r pairwise disjoint ILS(n+a; a)s. n-DILS(n+a; a) are
called a large set of disjoint incomplete Latin squares and denoted by LDILS(n+a; a).

LDILS are useful in the singular indirect product construction of maximum con-
stant weight code and generalized Steiner triple system (see [1–7]). The existence of
LDILS itself is also an interesting problem to investigate. Zhu, Wu, Chen and Ge gave
some existence results for LDILS (see [8]), i.e. for any positive integer n and integer
a; 06a6n, there exists an LDILS(n+ a; a) if one of following conditions hold:

(1) n �≡ 2 (mod 4),
(2) n ≡ 2 (mod 4) and 2|a,
(3) n= 6m; gcd(m; 6) = 1 and a ≡ 1 (mod 2); a �∈ {6m− 1; 6m− 3}.
In this paper, we will prove the following conclusion.

Theorem 1.1. For any given positive integer n and any integer a; 06a6n, there
exist LDILS(n+ a; a) if and only if (n; a) �= (2; 1) and (6; 5).

To get the complete solution, we introduce an auxiliary design LSm(n), where n and
m are positive integers and m6n. An LSm(n) is an LDILS(n + 0; 0) = {Ak ; k ∈ Zn},
where A0; A1; : : : ; An−1 are disjoint Latin squares of order n over Zn and each Ak has m
disjoint transversals Ak(1); Ak(2); : : : ; Ak(m) such that

⋃
k∈Zn Ak(s) form a Latin square

for each s; 16s6m.
An (n; k; �)-di:erence matrix, denoted brieMy by (n; k; �)-DM, is a k × n� matrix

D = (dij) with entries from an Abelian group G of order n, such that for each
16i¡ j6k, the set {dis − djs; 16s6n�} contains every element of G � times.
As well, for convenience, we give the following deNnitions. Let positive integer

n =
∏

i p
ei
i , where pi are distinct primes and ei are positive integers. Denote 〈n〉 =∏

pei
i ¿4 p

ei
i and call 〈n〉 regular part of n. If 〈n〉 = n, then the integer n is named

regular, or else non-regular.

2. Regular integer orders

Theorem 2.1. For positive integers n and m; if there exists an LSm(n) then there
exist LDILS(n+ a; a) for any integer a; 06a6m.

Proof. Let LSm(n)={Ak ; k ∈ Zn}, where m disjoint transversals of Ak =(akij)i; j∈Zn are
Ak(1); Ak(2); : : : ; Ak(m); k ∈ Zn. And,

⋃
k∈Zn Ak(s) form a Latin square of order n, for

given s; 16s6m. Let X = Zn ∪ {∞1;∞2; : : : ;∞a}, where ∞s �∈ Zn; 16s6a. DeNne
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n squares Bk = (bkij)i; j∈X of order n + a over X; k ∈ Zn, where each Bk has an empty
subsquare of order a. For any akij ∈ Ak ,

if (i; j; akij) ∈ Ak(s); 16s6a, then let bkij =∞s and bki;∞s
= bk∞s ;j = akij;

if (i; j; akij) ∈ Ak \
⋃a

s=1 Ak(s), then let bkij = akij.

It is easy to see that {Bk ; k ∈ Zn} form an LDILS(n+ a; a) over X .

Lemma 2.2 (Colbourn and Dinitz [3]).

(1) There exists a (q; q; 1)-DM for any prime power q.
(2) The existence of (n; k; �)-DM implies the existence of (n; k ′; �)-DM; where k ′¡k.
(3) If (n; k; 1)-DM and (m; k; 1)-DM both exist then (mn; k; 1)-DM exists too.

Theorem 2.3. If there exists an (n; 4; 1)-DM then there exists an LSn(n).

Proof. Let

D =



a0 a1 · · · an−1

b0 b1 · · · bn−1

c0 c1 · · · cn−1

d0 d1 · · · dn−1


= [ai; bi; ci; di]i

be an (n; 4; 1)-DM, where ai; bi; ci; di ∈Zn and i∈Zn. Similarly, we can denote an
(n; 3; 1)-DM by [ai; bi; ci]i. It is not diOcult to see that

(D1) If [ai; bi; ci]i is an (n; 3; 1)-DM, then [ai+ x; bi+y; ci+ z]i is still an (n; 3; 1)-DM
for given x; y; z which not depend on i.

(D2) If [ai; bi; ci]i is an (n; 3; 1)-DM, then
⋃

s∈Zn [ai + s; bi + s; ci + s]i =
⋃

i; s∈Zn(ai +
s; bi + s; ci + s) form an OA(3,n).

(D3) If [ai; bi; ci; di]i is an (n; 4; 1)-DM, then [ai−di; bi−di; ci−di]i is an (n,3;1)-DM.

By (D1) and (D2), for each k ∈ Zn, the n2 × 3 array

Ak = {(ai + k + s; bi + k + s; ci + s); i; s ∈ Zn}
form an OA(3; n) over Zn. Equivalently, Ak can be regarded as a Latin square of order
n. And, these Ak; k ∈ Zn, form an LDILS(n+ 0; 0) since they are disjoint.
Furthermore, let

Ak(s) = {(ai − di + k + s; bi − di + k + s; ci − di + s); i ∈ Zn}; k; s ∈ Zn:

Of course, Ak(s)⊂Ak for any k; s ∈ Zn. Since [ai; bi; ci; di]i is an (n; 4; 1)-DM,

{ai − di; i ∈ Zn}= {bi − di; i ∈ Zn}= {ci − di; i ∈ Zn}= Zn:

Then, each Ak(s) is a transversal of Ak . And, by (D1)–(D3),
⋃

s∈Zn Ak(s) = Ak; i.e.
Ak(0); Ak(1); : : : ; Ak(n− 1) are n disjoint transversals of Ak . DeNne

Bs =
⋃
k∈Zn

Ak(s) = {(ai − di + s+ k; bi − di + s+ k; ci − di + s); i; k ∈ Zn};

s ∈ Zn:



92 J. Lei et al. / Discrete Mathematics 238 (2001) 89–98

By (D3) and (D1), [ai − di + s; bi − di + s; ci − di + s − k]i is also an (n; 3; 1)-DM.
Thus, by (D2),

⋃
i; k∈Zn((ai − di + s) + k; (bi − di + s) + k; (ci − di + s− k) + k) form

an OA(3; n). So, each Bs is a Latin square of order n.

Theorem 2.4. For any regular integer n and any integer a; 06a6n; there exist
LSn(n) and LDILS(n+ a; a).

Proof. Let n =
∏

i qi, where qi are distinct prime powers and qi¿4. We have the
following series of inferences, where L and T denote Lemma and Theorem.

L2:2(1)⇒ (qi; qi; 1)-DM
L2:2(3)⇒ (qi; 4; 1)-DM

L2:2(2)⇒ (n; 4; 1)-DM T2:3⇒ LSn(n)
T2:1⇒ LDILS(n+ a; a):

3. Main theorems

Theorem 3.1. For any positive integer n; there exists an LDILS(n + n − 1; n − 1) if
and only if there exists 2MOLS(n).

Proof. Suppose there exist 2MOLS(n), then there exists an OA(4; n), each row of
which is denoted by (i; j; bij; cij), where i; j; bij; cij ∈ Zn. Construct n(2n− 1)× (2n− 1)
arrays Ak = (akij)i; j∈X over X = Zn ∪ {∞1; : : : ;∞n−1}; k ∈ Zn, as follows. For any
i; j ∈ Zn; cij = s,

if s �= k then akij =∞s−k , where s− k is modulo n;

if s= k then akij = bij and aki;∞t
= ak∞t ;j ≡ bij + t (mod n), 16t6n− 1.

It is not diOcult to see that each Ak is an ILS(n + n − 1; n − 1) and these Ak are
pairwise disjoint.
In order to prove the necessity, let us state an obvious proposition:
(∗) Let T be an n× (n− 1) Latin rectangle over Zn; a0; a1; : : : ; an−1 ∈ Zn and

PT =




a0
a1
·
·

an−1

∣∣∣∣∣∣∣∣∣∣
T




if the elements in each row of PT are distinct; then PT is a Latin square. Thereby;
{a0; a1; : : : ; an−1}= Zn. Similarly; for such case that

PH =
(
b0 b1 · · · bn−1

H

)
;

where H is an (n− 1)× n Latin rectangle over Zn.
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Suppose Y = {∞1; : : : ;∞n−1}; Y ∩ Zn = ! and{(
Sk Ak
Bk !

)
; k ∈ Zn

}
be an LDILS(n + n − 1; n − 1) over Zn ∪ Y , where ! is the hole on Y × Y . Let
Sk = (skij)i; j∈Zn ; k ∈ Zn. Obviously, for each k ∈ Zn, the entries skij (i; j ∈ Zn) belonging
to Zn are distributed just in a set Lk of n cells, one from each row and column of Sk .
Denote

Lk = {(i; $k(i); xki ); i ∈ Zn}= {($−1
k (j); j; ykj ); j ∈ Zn}; k ∈ Zn;

where xki = ski;$k (i); y
k
j = sk

$−1
k ( j);j

and $k is a permutation on Zn. Below, let us prove

four inferences (1)–(4).

(1) For any k �= k ′ ∈ Zn and i ∈ Zn; $k(i) �= $k′(i).

Otherwise, let j=$k(i)=$k′(i), skij and sk
′
ij both are in Zn. Then, since there are exactly

n skij in Zn for each k, there is a position (Pi; Pj) ∈ Zn × Zn such that all skPi Pj; k ∈ Zn, not
belong to Zn. It is impossible, since Y contains only n− 1 elements.

(2) For each k ∈ Zn; {xki ; i ∈ Zn}= Zn.

In fact, since the entries in each row of (Sk ; Ak) are distinct, we can use the propo-
sition (∗) to the matrix

PAk =




xk0
xk1
...

xkn−1

∣∣∣∣∣∣∣∣∣
Ak


 :

(3) For each i ∈ Zn; {xki ; k ∈ Zn}= Zn.

Let Ak = (akij)i∈Zn;j∈Y ; k ∈ Zn. For each i ∈ Zn, denote Ci = (akij)k∈Zn;j∈Y , a matrix
consisted by the ith row of all Ak . Each Ci is an n× (n− 1) Latin rectangle, since all
Ak are pairwise disjoint. Use the proposition (∗) to the matrix

PCi =




x0i
x1i
...

xn−1
i

∣∣∣∣∣∣∣∣∣
Ci


 :

(4) For each j ∈ Zn; {ykj ; k ∈ Zn}= Zn.

Let Bk = (bkij)i∈Y;j∈Zn ; k ∈ Zn. For each j ∈ Zn, denote Dj = (bkij)i∈Y;k∈Zn . Use the
proposition (∗) to the matrix

PDj =

(
y0
j y1

j · · · yn−1
j

Dj

)
:

Lastly, regarding triple (i; $k(i); xki ) as the entry xki in the cell (i; $k(i)), the union
of all Lk ; k ∈ Zn, form a matrix L of order n. There is no empty cell in L, since all
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(i; $k(i)) are distinct by (1). Each row of L is a permutation of Zn by (3). Also each
column of L is a permutation of Zn by (4). So, L is a Latin square of order n over
Zn. As well, by (2), these Lk (k ∈ Zn) are just n disjoint transversals of L. Such L is
equivalent to 2MOLS(n).

Theorem 3.2. Suppose n; m; k; h1; h2; : : : ; hk are positive integers. If there exist LSk(n)
and LDILS(m + hr; hr) for 16r6k; then there exists an LDILS(mn + h; h); where
h=

∑k
r=1 hr .

Proof. Let {At ; t ∈ Zn} be an LSk(n) over Zn, where each Latin square At has k disjoint
transversals At(1); At(2); : : : ; At(k) such that

⋃
t∈Zn At(r) form a Latin square of order n

for any r; 16r6k. Let X = (
⋃k

r=1 Yr)∪ (Zn × Zm), where Yr = {∞r;1;∞r;2; : : : ;∞r;hr}
and Yr ∩ (Zn × Zm) =!; 16r6k. DeNne mn (mn+ h)× (mn+ h) matrices Bst over X
with a common hole of size h; t ∈ Zn; s ∈ Zm, as follows.

(1) If (i; j; x) ∈ At(r); 16r6k, and {Bst (i; j); s ∈ Zm} is an LDILS(m + hr; hr) over
({x} × Zm) ∪ Yr , then each Bst (i; j) is embedded in Bst as follows:

Here, each Bst (i; j) is a submatrix of Bst , with a hole.

(2) If (i; j; x) ∈ At \
⋃k

r=1 At(r) and {Bst (i; j); s ∈ Zm} is an LDILS(m + 0; 0) over
{x} × Zm, then we have still similar embedding, but Yr is empty.

Lastly, we have Bst =
⋃

i; j∈Zn B
s
t (i; j); t ∈ Zn and s ∈ Zm. It is not diOcult to see that

{Bst ; t ∈ Zn; s ∈ Zm} form an LDILS(mn+ h; h) over X .

This theorem gives an important recurrent way to construct LDILS. But, it is a pity
that Theorem 3.2 cannot be used for the case ‘m=2 and h odd’, since there exists no
LDILS(2 + 1; 1). In order to deal with this case we give another recurrence.

Theorem 3.3. For positive integers n and m; n¿m¿2; if there exists LSm(n) then
there exist LDILS(2n+ 2t + 1; 2t + 1) for any 06t6m− 2.

Proof. Let {Ak ; k ∈ Zn} be an LSm(n), where each Ak = (akij)i; j∈Zn is a Latin square
over Zn and each Ak has m disjoint transversals Ak(1); Ak(2); : : : ; Ak(m) such that all Ak
are disjoint and

⋃
k∈Zn Ak(s) form a Latin square of order n for any s; 16s6m. Let

X =(Zn×Z2)∪{∞1; : : : ;∞2t+1}, where each ∞i �∈ Zn×Z2. Below, we will construct 2n



J. Lei et al. / Discrete Mathematics 238 (2001) 89–98 95

matrices Bk = (bkij)i; j∈X and Ck = (ckij)i; j∈X over X; k ∈ Zn. The constructing procedure
is that for each entry akij = x on Ak (denoted by (i; j; x) ∈ Ak), give a corresponding
submatrix in Bk (and Ck).

It is not diOcult to verify that the obtained {Bk; Ck ; k ∈ Zn} form an LDILS(2n+2t+1;
2t + 1) over X .

4. Non-regular integer orders

In this section, we will discuss the case for non-regular integer. Obviously, besides
n= 1; 2; 3; 6; there are three types of non-regular integers

(1) n= 2〈n〉, then n ≡ 2; 10; 14; 18; 22; 26; 34 (mod 36) and n¿10;
(2) n= 3〈n〉, then n ≡ 3; 12; 15; 21; 24; 33 (mod 36) and n¿12;
(3) n= 6〈n〉, then n ≡ 6; 30 (mod 36) and n¿30.
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Firstly, we list two lemmas, where Lemma 4.1 is trivial and Lemma 4.2 is a deduction
of Theorem 3.1 and the famous conclusion: ‘there exist 2MOLS(n) if and only if n �= 2
and 6’.

Lemma 4.1. For any positive integer n there exist LDILS(n + 0; 0) and LDILS
(n+ n; n).

Lemma 4.2. For any positive integer n there exists LDILS(n + n − 1; n − 1) if and
only if n �= 2; 6.

Below, we will solve the existence of LDILS(n+ a; a) for n=2; 3; 6 and three types
of non-regular integer n, respectively.

Theorem 4.3. For n = 2; 3 or 6; 06a6n; there exists LDILS(n + a; a) except for
(n; a) = (2; 1) or (6; 5).

Proof. By Lemmas 4.1, 4.2 and a few of examples in [8], all conclusions can be
obtained except LDILS(6 + 3; 3), which is listed as follows. The large set is over the
set {A; B; C} ∪ Z6.
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Theorem 4.4. For positive integer n and integer a; n=2〈n〉 and 06a6n; there exists
LDILS(n+ a; a).

Proof. Let r = 〈n〉, then r is regular, and there exists an LSr(r) by Theorem 2.4.

(1) If a = 2t; 06t6r, using Theorem 3.2 and taking m = 2; h1 = h2 = · · · = ht =
2; ht+1 = · · ·= hr = 0, we obtain LDILS(2r + 2t; 2t) since LDILS(2 + 2; 2) exists.

(2) If a=2t+1 and 06t6r− 2, there exists LDILS(2r+2t+1; 2t+1) by Theorem
3.3.

(3) If a = 2r − 1, there exists LDILS(2r + 2r − 1; 2r − 1) by Lemma 4.2 since
2r �= 2; 6.

Theorem 4.5. For positive integer n and integer a; n=3〈n〉 and 06a6n; there exists
LDILS(n+ a; a).

Proof. Let r = 〈n〉, then r is regular, and there exists an LSr(r) by Theorem 2.4.
Furthermore, using Theorem 3.2 (taking m = 3) and Theorem 4.3, LDILS(3r + a; a)
can be obtained, where

if a= 3t; 06t6r, then take h1 = · · ·= ht = 3; ht+1 = · · ·= hr = 0;
if a= 3t + 1; 06t6r − 1, then take h1 = · · ·= ht = 3; ht+1 = 1; ht+2 = · · ·= hr = 0;
if a=3t+2; 06t6r− 1, then take h1 = · · ·= ht =3; ht+1 =2; ht+2 = · · ·= hr =0.

Theorem 4.6. For positive integer n and integer a; n=6〈n〉 and 06a6n; there exist
LDILS(n+ a; a).

Proof. Let r = 〈n〉, then there exists an LSr(r) by Theorem 2.4. Still using Theorem
3.2 (taking m=6) and Theorem 4.3, LDILS(6r+6t+ s; 6t+ s) can be obtained, where
06s65; h1 = · · ·= ht = 6 and

ht+1 = s; ht+2 = · · ·= hr = 0 for 06s64;
ht+1 = 2; ht+2 = 3; ht+3 = · · ·= hr = 0 for s= 5:

For the last case, i.e. a= 6t + 5, Theorem 3.2 can be used only for t6r − 2. But, we
can use Theorem 4:2 for t = r − 1.

5. Conclusion

Now, summarizing Theorems 2.4 and 4.3–4.6, we can obtain Theorem 1.1. Then,
the existence problem for LDILS has been completely solved.
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