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The impact of a uniform bore on an erodible beach is investigated using a shallow water description and a
sediment conservation equation. The solution, which is obtained using the method of characteristics, em-
ploys a cubic bed-load formula and a crudely calibrated sediment transport coefficient. It is found that, as
with the fixed bed case of Hibberd and Peregrine (1979), a backwash bore forms, which for the mobile bed
also comprises a bed step. It is found that this bed step achieves a significant height. The volume of sand de-
posited above the final still water level is consistent with that observed under certain events on some sandy
beaches.
license.
© 2011 Elsevier B.V. Open access under CC BY license.
1. Introduction

The swash zone is a very dynamic and complex region on steeper
beaches, in which waves collapse, run-up and run down the beach.
Swash dynamics are of great significance to beach face evolution, and
therefore are important to erosion/accretion at the shoreline, which is
of prime importance to beach and coastal defence maintenance.

On steeper beaches waves frequently plunge or “collapse” on the
beachface, as a wave or bore nears or reaches the shoreline (zero
depth), leading to a swash event (run-up and backwash), with associated
sediment movement.

Most studies of such swash events (flows) have made use of a shal-
lowwater description, in which the velocity is assumed depth-uniform
and pressure hydrostatic, and this description is, overall, a good one.

There are some analytical shallowwater solutions or approximations
for the behaviour of a bore travelling to the shore, and climbing up the
beach. Whitham(1958) used the method of characteristics with shock
relations to provide an expression for the height of a bore as it propa-
gates into still water (see also Keller et al., 1960). Shen and Meyer
(1963) (hereafter SM63) derived an exact solution for the shorelinemo-
tion after bore collapse, and an approximate solution for the region close
to the shoreline.

Peregrine andWilliams(2001) (henceforth PW01) subsequently ex-
tended the SM63 solution to the whole swash by interpreting it as a
dam-break problem on a sloping bed. This description has been used
to examine swash dynamics by many researchers, and also to look at
net erosion/deposition under a swash event (Pritchard and Hogg,
2005). Guard and Baldock(2007) pointed out that the PW01 solution
is only a special case for the SM63 swash, and that it neglects the mo-
mentum behind the bore and therefore underestimates water depth
in the lower- andmid-swash compared to experimental and numerical
results.

A related but distinct description of bore-driven swash motion on a
beach is that provided by Hibberd and Peregrine(1979) (hereafter
HP79), who investigated numerically a uniform bore approaching a
sloping beach. Here the bore separates two regions of constant water
level, initially on constant depth; ultimately, the water level changes
as the bore impacts on the beach. The deeper swash and the different
accelerations on the constant and sloping parts result in the formation
of a backwash bore. This finding confirmed the earlier prediction of
Shen and Meyer(1963). Subsequently, Guard and Baldock(2007) also
predicted the formation of a backwash bore in some special types of
modified PW01 swash (essentially the same boundary conditions as
those of HP79); Pritchard et al.(2008), who examined the same swash
events as those in Guard and Baldock(2007) in analytical work, also
predicted a secondary bore in both backwash and the uprush in long
surf for certain types of swash events.

If an erodible bed is considered analytical solutions aremore difficult
to find. The dam-break problem on an initially flat bed is amenable to
solution as a simple wave (see e.g. Kelly and Dodd, 2009), and therefore
as an initial condition for the equivalent swash event (Kelly and Dodd,
2010). Kelly and Dodd(2010) (hereafter KD10) examined the morpho-
dynamic equivalent of the PW01 solution, concluding, consistent with
Pritchard and Hogg(2005), that net erosion occurs without consider-
ation of suspended load.

As yet, the HP79 event has not been examined for an erodible beach.
This type of event is potentially very interesting because if the back-
wash bore exists on an erodible beach it must be accompanied by a
jump in bed level (via the shock relations: see KD10). Therefore, it
seems possible that a so-called swash bar or berm might, in essence,
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be created by the backwash bore. Here we present a study to examine
this issue. Furthermore, the HP79 event can be interpreted as an idea-
lised tsunami impinging on a beach. Therefore, it can be used to obtain
an estimate of the impact of a tsunami on a beach (see e.g. Young et al.,
2010). Additionally, this case, if solved with sufficient accuracy, pro-
vides a solution for researchers to verify other shallow water morpho-
dynamic solvers against (see also KD10). To this end we utilise the
method of characteristics used by KD10 to achieve very high accuracy
in the vicinity of shocks.

We briefly outline the model in the next section and present results
thereafter, followed by conclusions. We present some verification tests
in the appendix, including one against a state-of-the-art, finite differ-
ence morphodynamical code.

2. Model development

2.1. Governing equations

The nonlinear shallowwater equations togetherwith a bed-evolution
equation are coupled to describe the morphodynamics in the swash
zone:

ĥt̂ þ ûĥx̂þ ĥûx̂ ¼ 0 ð1Þ

ût̂ þ ûûx̂þ gĥx̂þ gB̂x̂ ¼ 0 ð2Þ

B̂t̂ þ ξq̂x̂ ¼ 0 ð3Þ

where ĥ representswater depth (m), û is a depth-averaged horizontal ve-
locity (ms−1),B̂ is the bed level (m), q̂ is sedimentflux (m2s−1),which is,
in general, a function of ĥ and û,ξ ¼ 1

1−pwith p being bed porosity, and g
is acceleration due to gravity (ms−2).

Here, a simple but commonly used formula q ¼ Aû3 (see Grass,
1981) is employed for the bed load (see e.g. KD10), with A being
the bed mobility parameter (s2m−1). So, Eq. (3) becomes:

B̂t̂ þ 3ξAû2ûx̂ ¼ 0 ð4Þ

All variables, except t̂ , g and ξ are defined in Fig. 1.

2.2. Non-dimensionalisation

To make the results more intercomparable, we non-dimensionalise
all variables. Dimensionless variables are:

x ¼ x̂
h0

; t ¼ t̂

h1=20 g−1=2
; h ¼ ĥ

h0
;u ¼ û

gh0ð Þ1=2 ;B ¼ B̂
h0

and q ¼ q̂
q0

; ð5Þ

where h0 is a length scale, and q0 represents a sediment flux scale, and
q0=A(gh0)3/2 is chosen.
Fig. 1. Initial conditions for HP79 swash.
Substituting (5) into the governing Eqs. (1), (2) and (4) gives:

ht þ uhx þ hux ¼ 0 ð6Þ

ut þ uux þ hx þ Bx ¼ 0 ð7Þ

Bt þ 3σu2ux ¼ 0 ð8Þ

where σ=ξAg. The equations are written in vector form:

→
Ut þA

→
U
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Ux ¼ 0 ð9Þ

with
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The eigenvalues of A are the roots of the polynomial,

λ3−2uλ2 þ u2−3σu2−h
� �

λþ 3σu3 ¼ 0; ð10Þ

the roots of which may be denoted λ1, λ2 and λ3, such that
λ1≤λ3≤λ2, and where σ→0⇒λ3→0, λ1→u−

ffiffiffi
h

p
and λ2→uþ

ffiffiffi
h

p
.

Thus, λ1, 2 can be said to correspond to hydrodynamic characteristics,
and λ3 to the speed of propagation of bed deformation.

2.3. Shock conditions

The morphodynamic shock conditions are:

hRuR−hLuL− hR−hLð ÞW ¼ 0 ð11Þ

W hRuR−hLuLð Þ− hRu
2
R þ h2R

2
−hLu

2
L−

h2L
2

 !
−

1
2

BR−BLð Þ hL þ hRð Þ ¼ 0 ð12Þ

BR−BLð ÞW−σ u3
R−u3

L

� �
¼ 0 ð13Þ
where the subscripts L and R denote the variables on the left side and
right side, respectively, and W is the shock speed. See KD10 for more
details.

2.4. Numerical method

The method of characteristics has the advantage of high accuracy
at shocks (e.g. backwash bore). Here we follow Kelly and Dodd
(2010), in using the Specified Time Interval Method Of Characteristics
(STI MOC) (see also Kelly and Dodd, 2009), with the one amendment
that we implement second order accuracy in interpolation. This is
used to solve Eqs. (6), (7) and (8) simultaneously. Details of this nu-
merical method are given in Kelly and Dodd(2009) and KD10.

2.5. Initial and boundary conditions

2.5.1. Initial conditions
The initial conditions are shown in Fig. 1. In the region of x≤−10

the bed is flat while for x≥−10 the beach is of a uniform slope, with
the beach slope α=0.1. At t=0, there is a bore of height 0.6 propa-
gating towards the beach and located at x=−10; there is therefore
a discontinuity in h, u and B at x=−10, separating left (L)
and right (R) regions. For x≥−10, h(x)=1−α(x+10), u(x)=0
and B(x)=α(x+10) (conditions immediately to the right of the ini-
tial discontinuity are therefore UR=0, hR=1, and BR=0). The initial
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shoreline position is at x=0. At t=0 x≤−10 is a constant region
such that h(x)=hL, u(x)=uL and B(x)=BL, where hL=1.6 and such
that uL and BL are determined by shock relations (11)-(13).

2.5.2. Boundary conditions
The seaward boundary is chosen so as to be far enough away

from the shore that h, u and B at that point are uninfluenced by
the wave reflected from the shore throughout the computation time.
Here the seaward boundary is at x=−100, and h(−100, t)=hL,
u(−100, t)=uL and B(−100, t)=BL. The landward boundary is a
wet–dry boundary.

3. Results

The complete solution forσ=0.0654 (this value being chosen for con-
sistency with KD10, who determined it by crudely equating it to field
measurements) for a uniform bore on an erodible bed is shown in Fig. 2.

Note that i) run-up is significantly reduced compared to that ob-
served by Hibberd and Peregrine(1979), consistent with the results of
KD10; ii) the event results in deposition from x≈4.57 almost to the
maximum run-up position, xsmax, and erosion occurs mainly in the re-
gion−10bxb4.57 (see Fig. 2(c)); and iii) a morphodynamic backwash
bore is formed at (x, t)≈(13.57, 47.09). This shock is formed by the
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Fig. 2. The mobile bed HP79 event (σ=0.0654). (a) h; (b) u; (c) change in bed elevation, ΔB
lines).
convergence of bed (i.e. λ3 (KD10)) characteristics. This backwash
bore ultimately results in a bed-step being created on the beach.

The bed profile at t=54.68, (when u(xs)=0, and after which time
thewater level advances again slightly) is shown in Fig. 3. As previously
mentioned that there is an overall deposition in the swash zone, and
erosion mainly occurs in the region −10bxb4.57. It should be noted
the swash cycle is not finished and the bed will change further, albeit
by only a small amount.

The resulting final beach profiles and changes in the swash zone
are shown for a series of σ in Fig. 4.

The bed-stepheight and crest elevation are shown in Fig. 5 for various
σ. Note that bed-step crest elevation here refers to the vertical distance
from the top of the bed step in the final profile to the original bed level
at that location (x=12.69 for σ=0.0654). As the bed becomes less mo-
bile the bed-step height decreases, as might be expected. However, the
bed-step height (one measure of the shock strength) eventually de-
creases with increasing σ, as the point of inception of the backwash
bore is delayed because of the changed dynamics of the mobile bed:
see Fig. 6. The bed-step crest elevation, however, increases withmobility
as more sediment is deposited in the swash.

Note, in particular, the velocities (Fig. 2(b)). In the uprush the maxi-
mumvelocity≈0.76 times that for thefixed bed (cf. Fig. 9). The peakve-
locity in the backwash ≈0.58 times the fixed bed equivalent. This
discrepancy results from the smaller run-up and the reduced slope for
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Fig. 3. Dimensionless bed profile (top) and bed change (bottom) at t=54.68 for mobile
bed HP79 event (σ=0.0654).
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Fig. 5. Dimensionless bed-step height (solid line) and bed-step crest elevation (dashed
line) for various σ for mobile bed HP79 event.
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the backwash (because of the deposition: see Fig. 2(c)). This results in a
weaker shock that forms later in the swash event. The shock strengths
(i.e. the change in λ3 across the shock: λR−λL, where R and L refer to
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12 12.5 13 13.5 14 14.5 15 15.5 16
42

44

46

48

50

52

Shock position x

t

12 12.5 13 13.5 14 14.5 15 15.5 16

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Shock position x

σ=0.0654

σ=1 10

σ=1 10

σ=1 10

σ=1 10

Fig. 6. Dimensionless backwash bore position and shoreline position (top); and blow-
up of backwash bore position (middle). Bed-step height as a function of shock position
(bottom) throughout the swash event.□ indicates point of shock inception. All for var-
ious σ values for mobile bed HP79 event.



330 F. Zhu et al. / Coastal Engineering 60 (2012) 326–333
values on the right and left of the shock) can be seen in Fig. 7 for various
σ.

The smaller run-up also leads to reducedflowvelocities at the tip. It is
the flow velocity at the tip that determines howmuch the bed elevation
decreases as the shoreline recedes, so although increased bed mobility
would seem to favour a larger bed-step in principle, the changed dynam-
ics lead eventually to a decreasing bed step.

It should be noted that in Fig. 6, for very small σ the bed difference
across the shock remains extremely small even when the shock is con-
siderably developed (see Fig. 7). From the shock condition (13), we
have BR−BL=σ(uR3−uL

3)/W, so that when W→0, the bed difference
BR−BL grows substantially. Further, as W is extremely small, the
shock moves very little, so the large BR−BL is confined to a region of
small width, which also explains why the large bed level increase in
the final bed profile for small σ in Fig.4 (i.e., the bed-step) is confined
to a region of small width.

4. Concluding remarks

The HP79 uniform bore is examined on a mobile bed. Similar to the
fixed bed simulation of Hibberd and Peregrine(1979) a backwash bore
is formed, which is, however, less pronounced and forms later in the
backwash: see Fig. 6. However, on an erodible beach the backwash
bore is associated with the formation of a beach step (or swash bar). If
we insert dimensional quantities typical of the swash into the solution
(for σ=0.0654), we find that for h0=1 m (and therefore initial bore
height =0.6 m) the resulting beach step is 0.062 m high, and the
amount of sediment deposited in the region xN0 (at t=54.68) is
1325.74 kg/m. This region might be considered the original swash
zone. Due to the change in the water level in the HP79 event, however,
the region xN11.95 might also be considered the swash region. In that
case (also for t=54.68) the overall deposition is 968.09 kg/m.

These figures are larger than but of a similar order of magnitude to
the large depositional events observed by Blenkinsopp et al.(2011),
who observed bed changes of up to 0.043 m and maximum net fluxes
of hundreds of kg/m over one swash event. The HP79 mobile bed
event inevitably gives overall deposition because the water level is
raised. This can, however, be interpreted as a long period bore, in
which free surface elevation decreases relatively slowly in lee of the
bore front (shock). This type of event could provide large deposition
in the swash.

Turning now to the case of a tsunami impinging on the same beach,
if we take h0=5m (and therefore a tsunami height of 3 m on 5 m
depth) we find that the deposits are about 11 cm thick on an average
in the “swash” zone (a maximum change of 31 cm), which extends a
distance of 113 m. This is in accordance with the suggestion of Morton
et al. (2007) that tsunami deposits are generally less than 25 cm thick,
extending hundreds of metres inshore.
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Appendix A. Verification of model

Three comparisons are made to verify the model. First, we compare
with the PW01 analytical solution, which gives us a clear idea of the ac-
curacy of themodel. Note that PW01 is a non-erodible bed solution; we
approximate it here by putting σ=1×10−7. We then compare with
the original HP79 swash event (again with σ=1×10−7). Of particular
importance here is the correct formation of the backwash bore.We then
compare with the PW01 swash event over a mobile bed (σ=0.0654),
namely the numerical solution of KD10. This allows confirmation that
the code works correctly morphodynamically.

Appendix A.1. PW01 swash event (σ=1×10−7)

We use Δx=2.5×10−3 and Δt=4×10−4. The comparison is
shown in Fig. 8. The maximum run-up shows a discrepancy of 0.56%.
Fig. 8. Comparison with PW01 solution (σ=1×10−7). (a) h; (b) u. Black: present
model. Red: PW01 analytical solution.
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The numerical scheme therefore slightly overpredicts the maximum
run-up.

Appendix A.2. HP79 swash event (σ=1×10−7)

In this simulation Δx=5×10−3 and Δt=2×10−3 are used. The
maximum run-up predicted by the model is slightly bigger than
that of Hibberd and Peregrine (1979): see Fig. 9 and also the com-
ment in the preceding section. Another possible reason for this is
that h(x=xs)≡0 in our model, while that in Hibberd and Peregrine
(1979) is 1×10−4; note that the contour h=1×10−4 for the present
model in Fig. 9(a) is quite close to the shoreline of HP79. It should also
be borne in mind that the pioneering work of HP79 utilised a compli-
cated shoreline condition that is not usually used in modern codes
(see also Briganti and Dodd, 2009). The u comparison is shown in
Fig. 9(b). The largest discrepancies are in h, particularly around the
backwash bore. The shock resolution in the present model is probably
more accurate than that in HP79. Lastly, it should also be borne in
mind that the results from HP79 were here transcribed for compari-
son purposes by scanning the original figure into a CAD package
and then manually adding contour points that were then converted
to (x, t) coordinates.
Fig. 9. Comparison with HP79 solution (i.e. present model for σ=1×10−7). (a) h;
(b) u. Black: present model. Red: HP79 numerical solution.
Appendix A.3. KD10 swash event (σ=0.0654)

In this simulation Δx=1×10−2 and Δt=2×10−3 are used. The
comparison is shown in Fig. 10.
Fig. 10. Comparison with KD10 solution (σ=0.0654). (a) h; (b) u; (c) ΔB. Black: pre-
sent model. Red: KD10 numerical solution.

image of Fig.�9
image of Fig.�10


Fig. 11. Comparison using mobile bed HP79 event (σ=0.0654) with Briganti et al. (2011). (a) h; (b) u; (c) ΔB. (d) Bed change (ΔB) at the point of bed-step formation (t=48.4).
Black: present model. Red: Numerical solution using model of Briganti et al. (2011).
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Only small discrepancies are found in contours for h and u, while
there are larger discrepancies in that for ΔB. As mentioned, the pre-
sent scheme uses the method of KD10, except for second order spatial
accuracy being implemented.

Appendix B. Comparison against state-of-the-art morphodynamic
solver for HP79 swash event (σ=0.0654)

In this simulation Δx=1×10−2 and Δt=2×10−3. The HP79 mo-
bile bed swash event is considered again but comparison is made
with the finite difference model of Briganti et al. (2011): see Fig. 11.
The purpose is to examine the degree of correspondence that may
be expected of the solution presented with engineering codes. Note
that the model of Briganti et al. (2011) is run with Δx=0.01, a mini-
mum depth of 0.003, and a Courant number of 0.45.

There is one backwash bore in the simulation with the STI MOC
method, while it is more difficult to say for certain when a bore occurs
in the model of Briganti et al. (2011). Furthermore, there are clear dis-
crepancies at the point of bed-step formation (see Fig. 11(d)). These dis-
crepancies are not, however, surprising since shock-capturing codes
will smear shocks to some degree (because they strike a balance be-
tween high accuracy and the requirement for no numerical oscillations
to be present), and because at the moving shoreline very high accuracy
is difficult to achieve (see Briganti and Dodd, 2009); and at the point of
bed-step formation a shock and a shoreline coalesce.

Notwithstanding these discrepancies, the agreement in the final
bed level, which is more difficult to predict than u and h, is remark-
ably good over most of the domain, and provides some reassurance
that coastal engineering codes will be able to reproduce most of this
process to a high degree of accuracy. Note also that the results from
the model of Briganti et al. (2011) are unfiltered and unaveraged,
and so exhibit small jumps in ΔB in the swash region, which some-
times occur during wetting and drying.
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