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Abstract

This is a second paper in a series devoted to the minimal unitary representation of O(p, q).
By explicit methods from conformal geometry of pseudo Riemannian manifolds, we find the
branching law corresponding to restricting the minimal unitary representation to natural
symmetric subgroups. In the case of purely discrete spectrum we obtain the full spectrum and
give an explicit Parseval-Plancherel formula, and in the general case we construct an infinite
discrete spectrum.
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Introduction

This is the second in a series of papers devoted to the analysis of the minimal
representation 7 of O(p, g). We refer to [15] for a general introduction; also the
numbering of the sections is continued from that paper, and we shall refer back to
sections there. However, the present paper may be read independently from [15], and
its main object is to study the branching law for the minimal unitary representation
w1 from analytic and geometric point of view. Namely, we shall find by explicit
means, coming from conformal geometry, the restriction of ¢ with respect to the
symmetric pair

(G,G') = (O(p,9),0(', ') x O(p",4")).

If one of the factors in G’ is compact, then the spectrum is discrete (see Theorem 4.2
also for an opposite implication), and we find the explicit branching law; when both
factors are non-compact, there will still (generically) be an infinite discrete spectrum,
which we also construct (conjecturally almost all of it; see Section 9.8). We shall see
that the (algebraic) situation is similar to the theta-correspondence, where the
metaplectic representation is restricted to analogous subgroups.

Let us here state the main results in a little more precise form, referring to Sections
8 and 9 for further notation and details.

Theorem A (The branching law for O(p,q) | O(p,¢') x O(¢"); see Theorem 7.1). If

¢"=1 and ¢ + ¢" = q, then the twisted pull-back EE}‘ of the local conformal map @,
between spheres and hyperboloids gives an explicit irreducible decomposition of the
unitary representation w4 when restricted to O(p,q') x O(q"):

o0
(@) &0 gyeogn — D.° 4 RA(RT).
pa +i+5 1

The representations appearing in the decompositions are in addition to usual
spherical harmonics %”I(Rq) for compact orthogonal groups O(g), also the

representations 7 +" for non-compact orthogonal groups O(p,q). The latter ones
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may be thought of as discrete series representations on hyperboloids
X(p,q) = {x=(¥,X")eR* [¥] - |x"] = 1}

for A>0 or their analytic continuation for 4A<0; they may be also thought of as
cohomologically induced representations from characters of certain 0-stable
parabolic subalgebras. The fact that they occur in this branching law gives a
different proof of the unitarizability of these modules =", P4 for 2> — 1, once we know
w4 is unitarizable (cf. Part I, Theorem 3.6.1). It m1ght be interesting to remark that
the unitarizability for 41 <0 (especially, 4 = —% in our setting) does not follow from a
general unitarizability theorem on Zuckerman—Vogan’s derived functor modules
[20], neither from a general theory of harmonic analysis on semisimple symmetric
spaces. For another viewpoint from the orbit method, we refer to [11].

Our intertwining operator (@1)* in Theorem A is derived from a conformal
change of coordinate (see Section 6 for its explanation) and is explicitly written.
Therefore, it makes sense to ask also about the relation of unitary inner
products between the left- and the right-hand side in the branching formula. Here
is an answer (see Theorem 8.6): We normalize the inner product || | e (see (8.4.2))

such that for 1>0,

11

2 2 '

Theorem B (The Parseval-Plancherel formula for O(p,q) | O(p,q’) x O(¢")).
(1) If we develop FeKer Ay as F = > F,(I)F,(2> according to the irreducible
decomposition in Theorem A, then we have

1|10, Z 1E 1 L F s,

+i+—1

(2) In particular, if ¢" =3, then all ofni"l/#,, are discrete series for the hyperboloid
sl

X(p,q') and the above formula amounts to

o0 !
q
11 =3 (145 = 1) 1 x| G

=0

12 (S‘/H 1 )

The formula may be also regarded as an explicit unitarization of the minimal
representation 7 on the “hyperbolic space model” by means of the right side (for
an abstract unitarization of w9, it suffices to choose a single pair (¢',¢")). We note
that the formula was previously known in the case where (¢',¢") = (0, ¢) (namely,
when each summand in the right side is finite-dimensional) by Kostant, Binegar—
Zierau by a different approach [1,17]. The formula is new and seems to be
particularly interesting even in the special case ¢” =1, where the minimal
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representation ¢ splits into two irreducible summands when restricted to

O(p,q—1) x O(1).
In Theorem 9.1, we consider a more general setting and prove:

Theorem C (Discrete spectrum in the restriction O(p,q) |O(p’,¢') x O(p",q")). The
twisted pull-back of the locally conformal diffeomorphism also constructs

@ / J /! ! @ / ! H. I
2R @ o
red (p'.q')nA'(q"p") red'(q.p)nA(p"q")

as a discrete spectrum in the branching law for the non-compact case.

Even in the special case (p”,¢") = (0, 1), our branching formula includes a new
and mysterious construction of the minimal representation on the hyperboloid as
below (see Corollary 7.2.1): Let W?” be the set of K-finite vectors (K = O(p) x O(r))
of the kernel of the Yamabe operator

Ker Ay () = {f€C*(X(p,1): Axppnf =4 +r—=1)(p+r=3)f},

on which the isometry group O(p,r) and the Lie algebra of the conformal group
O(p,r+ 1) act. The following proposition is a consequence of Theorem 7.2.2 by an
elementary linear algebra.

Proposition D. Let m>3 be odd. There is a long exact sequence

0_) Wl,m—l ﬂ WZ,m—Z g W3$m—3 ﬁ (/JL)*Z Wm—l,l m 0
such that Ker ¢, is isomorphic to (cw?) for any (p,q) such that p+q =m+ 1.

We note that each representation space W74 ! is realized on a different space
X(p,q — 1) whose isometry group O(p, g — 1) varies according to p (1<p<m). So,
one may expect that only the intersections of adjacent groups can act (infinitesimally)
on Ker ¢,. Nevertheless, a larger group O(p, ¢) can act on a suitable completion of
Ker ¢,, giving rise to another construction of the minimal representation on the
hyperboloid X (p,q —1) =O(p,q—1)/O(p — 1,4 —1)! We note that Kerg, is
roughly half the kernel of the Yamabe operator on the hyperboloid (see Section
7.2 for details).

We briefly indicate the contents of the paper: In Section 4 we recall the relevant
facts about discretely decomposable restrictions from [9,10], and apply the criteria to
our present situation. In particular, we calculate the associated variety of @”4 as well
as its asymptotic K-support introduced by Kashiwara—Vergne. Theorem 4.2 and
Corollary 4.3 clarify the reason why we start with the subgroup G’ = O(p,¢’) x
O(¢") (i.e. p” = 0). Section 5 contains the identification of the representations n{ti

and n”f’/ of O(p, g) in several ways, namely as: derived functor modules, Dolbeault
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cohomologies, eigenspaces on hyperboloids, and quotients or subrepresentations of
parabolically induced modules. In Section 6 we give the main construction of
embedding conformally a direct product of hyperboloids into a product of spheres;
this gives rise to a canonical intertwining operator between solutions to the so-called
Yamabe equation, studied in connection with conformal differential geometry, on
conformally related spaces. Applying this principle in Section 7 we obtain the
branching law in the case where one factor in G’ is compact, and in particular
when one factor is just O(l). In this case we have Corollary 7.2.1, stating
that o restricted to O(p, g — 1) is the direct sum of two representations, realized in
even, respectively, odd functions on the hyperboloid for O(p,g — 1). Note here the
analogy with the metaplectic representation. Also note here Theorem 7.2.2, which
gives a mysterious extention of w”? by w’t14~l—both inside the space of
solutions to the Yamabe equation on the hyperboloid X(p,q —1)=O0(p,q —
1)/O(p — 1,¢ — 1). We also point out that the representations n’%;, for 2 =0, —Lare
rather exceptional; they are unitary, but outside the usual “fair range” for derived
functor modules, see the remarks in Section 8.4. Section 8 contains a proof of
Theorem 3.9.1 of [15] on the spectra of the Knapp—Stein intertwining operators and
gives the explicit Parseval-Plancherel formulas for the branching laws. Finally, in
Section 9 we use certain Sobolev estimates to construct infinitely many discrete
spectra when both factors in G’ are non-compact. We also conjecture the form of the
full discrete spectrum (true in the case of a compact factor). It should be interesting
to calculate the full Parseval-Plancherel formula in the case of both discrete and
continuous spectrum.

4. Criterion for discrete decomposable branching laws

4.1. Our object of study is the discrete spectra of the branching law of the restriction
P with respect to a symmetric pair (G, G") = (0(p,q),0@(,¢') x O(p",4")). The
aim of this section is to give a necessary and sufficient condition on p’, ¢, p” and ¢”
for the branching law to be discretely decomposable.

We start with general notation. Let G be a linear reductive Lie group, and G’ its
subgroup which is reductive in G. We take a maximal compact subgroup K of G such
that K’ .= Kn G’ is also a maximal compact subgroup. Let g, = fy + p, be a Cartan
decomposition, and g =f+ p its complexification. Accordingly, we have a direct
decomposition g* = I* + p* of the dual spaces.

Let me G. We say that the restriction 7|, is G'-admissible if 7|, splits into a direct
Hilbert sum of irreducible unitary representations of G’ with each multiplicity finite
(see [7]). As an algebraic analogue of this notion, we say the underlying (g, K)-
module g is discretely decomposable as a (g, K')-module, if g is decomposed into
an algebraic direct sum of irreducible (g’, K’')-modules (see [10]). We note that if the
restriction 7|y, is K'-admissible, then the restriction n|; is also G'-admissible
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[7, Theorem 1.2] and the underlying (g, K)-module nx is discretely decomposable
(see [10, Proposition 1.6]). Here are criteria for K’-admissibility and discrete
decomposability:

Fact 4.1 (see Kobayashi [9, Theorem 2.9] for (1); [10, Corollary 3.4] for (2)).
(1) If ASk(n)nAd*(K)(¥)" =0, then n is K'-admissible and also G'-admissible.
Q) If =g is discretely  decomposable as a (§,K')-module, then
Prymg(Vg(mk)) =Ny

Here, ASk(7) is the asymptotic cone of
Supp (n) = {highest weight of teKp: [n],: T]#0},
where Kj is the identity component of K, and ()" =f" is the annihilator of ¥. Let
A7, (=p*) be the nilpotent cone for p. ¥"4(ng) denotes the associated variety of ng,

which is an Ad"(Kc)-invariant closed subset of .4". We write the projection pr
p*—p’* dual to the inclusion p’ < p.

pop

4.2. Let us consider our setting where n = 4 and (G, G’) = (O(p,q),0,¢') x
O(p//7 q//)).

Theorem 4.2. Suppose p' +p" =p (=2), ¢ +q" =q (=2) and p + qe2N. Then the
Jfollowing three conditions on p',q',p", ¢’ are equivalent:

(i) @ is K'-admissible;
(i) ! is discretely decomposable as a (¢, K')-module;
(i) min(p',¢',p",¢") = 0.

Implication (i) = (ii) holds by a general theory as we explained [10, Proposition
1.6]; (i) = (iii) will be proved in Section 4.4, and (iii)) = (i) in Section 4.5, by an
explicit computation of the asymptotic cone ASk(z”?) and the associated variety
¥ o(a?) which are used in Fact 4.1.

Remark. Analogous results to the equivalence (i) < (ii) in Theorem 4.2 were first
proved in [10], Theorem 4.2 in the setting where (G, G’) is any reductive symmetric
pair and the representation is any 4,(4) module in the sense of Zuckerman—Vogan,
which may be regarded as “‘representations attached to elliptic orbits”’. We note that
our representations z”? are supposed to be attached to nilpotent orbits. We refer
[13], Conjecture A to relevant topics.

4.3. The following corollary is a direct consequence of Theorem 4.2, which will
be an algebraic background for the proof of the explicit branching law
(Theorem 7.1).
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Corollary 4.3. Suppose that min(p’,q',p",q") = 0.
(1) The restriction of the unitary representation w?| is also G'-admissible.
(2) The space of K'finite vectors i coincides with that of K-finite vectors .

Proof. See [7, Theorem 1.2] for (1) and [10, Proposition 1.6] for (2). O

A geometric counterpart of Corollary 4.3(2) is reflected as the removal of
singularities of matrix coefficients for the discrete spectra in the analysis that we
study in Section 6; namely, any analytic function defined on an open subset M. (see
Section 6 for notation) of M which is a K'-finite vector of a discrete spectrum,
extends analytically on M if p” = 0. The reason for this is not only the decay of
matrix coefficients but a matching condition of the leading terms for #— + oo. This is
not the case for min(p’, ¢, p”, ¢") >0 (see Section 9).

4.4. Proof of (ii) = (iii) in Theorem 4.2.

We identify p* with p via the Killing form, which is in turn identified with

M(p,q;C) by
- 0 X
M(p,q:C X .
oz xe(2 %)

Then the nilpotent cone A~ ; corresponds to the following variety:
{XeM(p,q;C): both X'X and ‘XX are nilpotent matrices}.  (4.4.1)
We put
Moo(p,q;C) ={XeM(p,q;C): X'X =0, 'XX = O}.

Then My o(p,q; C)\{O} is the unique K¢ ~O(p,C) x O(g,C)-orbit of dimension
p+q—3. The associated variety 7 4(k?) of @’ is of dimension p+ ¢ — 3,
which follows easily from the K-type formula of w7 (see [15, Theorem 3.6.1]).
Thus, we have proved:

Lemma 4.4. The associated variety ¥ (o) equals Moo (p,q; C).

The projection pr,_,,: p*—p" is identified with the map
) "o X1 X
prp—»p’:M<p7q;(C)_)M(p7q;C)®M(paq;C)7 Y: X '_)(XlaX4)'
3 A4

Suppose p'p"¢' ¢" #0. If we take

X=E, 1—-Eyign+V—1Ey 11+ V—=1E 4.1€ Myo(p,q;C),
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then prp_,p«(X) - (El,17 7E];’+17q/+1). But El’l ¢V/‘/:;(p/’q/) and *Ep’+1,q’+1 ¢</V):;(p//’q//>.
Thus, pry,g(X)¢ AN y. It follows from Fact 4.1(2) that @’ is not discrete
decomposable as a (g’, K’)-module. Hence (ii) = (iii) in Theorem 4.2 is proved. O

4.5. Proof of (iii) = (i) in Theorem 4.2.

We take an orthogonal complementary subspace f; of f;, in fy ~o(p) + 0(g). Let t
be a Cartan subalgebra of f, such that t; == t; N is a maximal abelian subspace in
f;. We choose a positive system 4™ (£, t°) which is compatible with a positive system
of the restricted root system X(f,t”). Then we can find a basis {f;: 1<i<[] + [4]} on

\/—_ltz‘) such that a positive root system of f is given by
ML) = {fitf 1<i<j<[§”
ofes B 1<i<i<f )
v ({f;: 1<I< {I—ﬂ} (p: odd))

({5 [ 1<t< + 1) s

and such that

!

min(p’ p") min(q',q")
INE -
VoI = ; Rf; + ; Rfpy, (4.5.1)
if we regard (t;)" as a subspace of (tj)" by the Killing form.

Suppose p'¢'p"¢" = 0. Without loss of generality we may and do assume p” =0,
namely, G' = O(p,q’) x O(¢") with ¢ + ¢" = q.

Let us first consider the case p#2. Then the irreducible O(p)-representation
H(R?) remains irreducible when restricted to SO(p). The corresponding highest
weight is given by af;. It follows from the K-type formula of w4 (Theorem 3.6.1)
that

Dy ) P _ q
Suppy (=) = {afl +bf[§]+1. a,beN,a—i—E—b—&—E}.

Therefore, we have proved

ASg (@) = Ry (fi +fipja+1)- (4.5.2)
Then ASk(w@”)nv—1(t;)" = {0} from (4.5.1) and (4.5.2), which implies

ASk (") nV—1Ad"(K)(f))* = {0}
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because (1))* meets any Ad*(K)-orbit through (f;)*. Therefore, the restriction
|, is K'-admissible by Fact 4.1(1).

If p = 2, then o splits into two representations (see Remark 3.7.3), say wi’q and
>4, when restricted to the connected component SOy(2, ¢). Likewise, #“(R?) is a
direct sum of two one-dimensional representations when restricted to SO(2) if a> 1.
Then we have

ASk (@) = Ro(£fi +fo)-

Applying Fact 4.1(1) to the identity components (Gy, Gj)) of groups (G, G’), we
conclude that the restriction =/ K, is Kj-admissible. Hence the restriction ™|, is

also K'-admissible. Thus, (iii) = (i) in Theorem 4.2 is proved.
Now the proof of Theorem 4.2 is completed. [

5. Minimal elliptic representations of O(p, q)

5.1. In this section, we introduce a family of irreducible representations of G =
O(p, q), denoted by n‘iq n”4 for e Ay(p,q), in three different realizations. These

representations are supposed to be attached to minimal elliptic orbits, for A>0 in the
sense of the Kirillov—Kostant orbit method. Here, we set

{iez +5% i> —1}  (p>1,4#0),
el 4054 >0 ] >1 0
Ao(p,q) = FELHFEAZ 1 (p>1a=0), (5.1.1)
0 (p=1,4#0) or (p=0),
{ 2’2 (pZI,qZO).
It seems natural to 1nclude the parameter A = 0, —5 in the definition of Ay(p,q) as
above, although 1 = —5 is outside the weakly fair range parameter in the sense of
Vogan [22]. Cohomologically induced representations for A = —% and —1 will be
discussed in details in a subsequent paper. In particular, the case 1 = —1 is of

importance in another geometric construction of the minimal representation via
Dolbeault cohomology groups (see Part I, Introduction, Theorem B(4)).

5.2. Let R” be the Euclidean space R’ equipped with the flat pseudo-Riemannian
metric:

grre = dvi 4+ - + du§71 - dvf, - - dva 1

We define a hyperboloid by

X(p.q) = {(x,0) R < — [ = 1.
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We note X (p,0)~SP~! and X(0,¢q) = 0. If p =1, then X(p,q) has two connected
components. The group G acts transitively on X(p,q) with isotropy subgroup

O(—1,q) at
x?="(1,0,...,0). (5.2.1)
Thus X (p, q) is realized as a homogeneous manifold:
X(p,9)=O(p,q)/O(p — 1,9).

We induce a pseudo-Riemannian metric gy, 4 on X (p,q) from R (see [15, Section
3.2]), and write Ay,  for the Laplace-Beltrami operator on X(p,q). As in [15,
Example 2.2], the Yamabe operator is given by

Axpa) = Axg) — 30 +a—1Dp+q-3). (5.2.2)
For AeC, we set
CF (X(p.a) ={/eC™ (X(p,0)): Axipqsf = (~2+4p+9-2)°)1}
={/eC™(X(p.0): Axpof = (=77 +3)} (5:2.3)
Furthermore, for ¢ = 4+, we write
CL(X(p,q) = 1 €CF (X(p.)): /(=2) = of (2), zeX(p.)}.
Then we have a direct sum decomposition
CF (X (p,q) = C (X (p.) + G (X (p.q)) (5:24)

and each space is invariant under left translations of the isometry group G because G
commutes with Ay, ,. With the notation in Section 3.5, we note if ¢ =0, then

Cﬂgn (_]),((X (p,0)) is finite-dimensional and isomorphic to the space of spherical
harmonics:

%k(RP) ~ C;O (A’(p7 O)) = C/iosgn(fl)k (X(p, 0)) (k =1+ 22> .

5.3. Let G = O(p, g) where p,g>1 and let 0 be the Cartan involution corresponding
to K = O(p) x O(q). We extend a Cartan subalgebra t{ of f; (given in Section 4.5) to
that of @), denoted by bg. If both p and ¢ are odd, then dimbj = dimt§ + I;
otherwise by = t{. The complexification of by is denoted by b°.

We can take a basis {fi: 1<i<[F4} of (h°)" (see Section 4.5; by a little
abuse of notation if both p and ¢ are odd) such that the root system of g is
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given by
A(g,bc)z{ (fitf): 1<,<J<{Pﬂ;q”
({+f1 1<1<[p;q]} (p+q:odd)).

Let {H;} =b® be the dual basis for {f;} =(})". Set t .= CH, (<=t°<=}°). Then the
centralizer L of t in G is isomorphic to SO(2) x O(p —2,¢). Let q=1+u be a
0-stable parabolic subalgebra of g with nilpotent radical u given by

At = {xs 2<i< [ oAt @+ g 0dd)),

and with a Levi part [ = [ ® C given by
lp = Lie(L)~0(2) + o(p — 2,9).

Any character of the Lie algebra [y (or any complex character of 1) is determined by
its restriction to by. So, we shall write C, for the character of the Lie algebra I, whose

restriction to b is ve (h°)*. With this notation, the character of L acting on A4m y
is written as C,,(,) where

p() = (‘%- i (5.3.1)

The homogeneous manifold G/L carries a G-invariant complex structure with
canonical bundle A'PT*G/L~G X Capu)- As an algebraic analogue of a Dolbeault
cohomology of a G-equivariant holomorphic vector bundle over a complex manifold
G/L, Zuckerman introduced the cohomological parabolic induction Wq = (%Z’g)i (jeN),
which is a covariant functor from the category of metaplectic (I, (LN K)™ )-modules to
that of (g, K)-modules. Here, L is a metaplectic covering of L defined by the character
of L acting on A%™*u~C,,). In this paper, we follow the normalization in [21,
Definition 6.20] which is different from the one in [19] by a ‘p-shift’.

The character C;;, of [y lifts to a metaplectic (I, (LN K)™)-module if and only if
A€Z 4251 In particular, we can define (g, K)-modules 2 (C,y, ) for A€ Ao(p,q). The

% (g)-infinitesimal character of 2] (C,y,) is given by

(22T P Py

in the Harish-Chandra parametrization if it is non-zero. In the sense of Vogan [22],
we have

C,; is in the good range < }>p12Lq 2,

C,y is in the weakly fair range < 4>0.
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We note that %G(C;ﬁ) =0ifj#p — 2 and if L€ Ay(p, ¢). This follows from a general

result in [20] for 2>0; and [6] for 4 = —1.

5.4. For beZ, we define an algebraic direct sum of K = O(p) x O(g)-modules by

E(K:b) =E0p) x O(q)h) = @D  #"®)RA"R).  (54.1)
b
m—n=b mod 2

For 2€ Ay(p, q), we put

b=b(Ap,q) =1—

NSTRS]
SIS

+lez, (5.4.2)

e=e(hp,q) = (1) (5.4.3)

We define the line bundle %, over G/L by the character nf; of L (see Section 5.3).
Here is a summary for different realizations of the representation 7% :

Fact 5.4. Let p,qeN (p>1).
(1) For any J.€ Ay(p, q), each of the following 5 conditions defines uniquely a (g, K)-

module, which are mutually isomorphic. We shall denote it by (n’iqA)K The (g,K)-

P49

module (7)) is non-zero and irreducible.

() A subrepresentation of the degenerate principal representation Ind,GJ,mx (e®C,)
(see Section 3.7) with K-type E(K:b).
(i)’ A4 quotient of Ind$mn (c®C_;) with K-type E(K:b).
(i) A subrepresentation of C;* (X (p,q))g with K-type Z(K:b).
(iil) The underlying (g,K)-module of the Dolbeault cohomology group
HY(G/L, ,s,ﬂ()~+,,++,2)) .

(iii)" The Zuckerman—Vogan derived functor module %{"*2(6 )

(2) In the realization of (i), if fe(niq/l) k- then there exists an analytic function
ae C* (8771 x S such that

f(wcosht,ysinh 1) = a(w, n)e” P (1 + 172 0(1)) as t— .

Here, we put p =242,

For details, we refer, for example, to [5] for (i) and (i)’; to [18] for (ii) and also for a
relation with (i) (under some parity assumption on eigenspaces); to [7, Section 6] (see



T. Kobayashi, B. Orsted | Advances in Mathematics 180 (2003) 513-550 525

also [6]) for (iii) < (ii); and to [23] for (iii) < (iii)". The second statement follows
from a general theory of the boundary value problem with regular singularities;
or also follows from a classical asymptotic formula of hypergeometric functions
(see (8.3.1)) in our specific setting.

Remark. (1) By definition, (i) and (i)’ make sense for p>1 and ¢>0; and others for
p>1and ¢g=0.

(2) Each of realization (i), (i)', (i), and (iii) also gives a globalization of e,
namely, a continuous representation of G on a topological vector space. Because all
of (1) (€ 4o(p, q)) are unitarizable we may and do take the globalization 7%, to
be the unitary representation of G.

(3) If A>0 and AeAy(p,q), then the realization (ii) of nﬁ"A gives a discrete series

representation for X (p, g). Conversely,

{nl%: dedo(p,q), 4> 0}
exhausts the set of discrete series representations for X (p, q).

If (p,q) = (1,0), then O(p,q)~O(1) and it is convenient to define representations
of O(1) by

1 (/1 = _%)7
nig =< sgn (A=1),
0 (otherwise).

As we defined n’jqu in Fact 5.4, we can also define an irreducible unitary
representation, denoted by n?, for A€ Ay(¢,p) such that the underlying (g, K)-
module has the following K-type:

@ A (RP) R A" (RY).
mpneN
m—n< 7i+%7§71
I‘H—I‘IE—),‘F%—%—I mod 2

P4

Similarly to n”/%, the representations 7"

hyperboloid O(p, q)/O(p,q — 1).
In order to understand the notation here, we remark:

, are realized in function spaces on another

—_— —_—
(i) 7% e O(p,q) corresponds to the representation 7?” e O(p,q) if we identify

O(p,q) with O(g, p).
(i) n{t&:]f"(ﬂ%"), where k = 4 —1%2 and p>1,keN.
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5.5. The case A = i% is delicate, which happens when p + ge2N + 1.

First, we assume p + ge2N + 1. By using the equivalent realizations of n’i?z

Fact 5.4 and by the classification of the composition series of the most degenerate
principal series representation IndIG,m;.x (e®C;) (see [5]), we have non-splitting short
exact sequences of (g, K)-modules:

in

p—q+l1

0— (7" }) g = Ind (1) 2 ®Cfl)_’(n¢q1)1<_’0a (5.5.1)
) 2 i)
. p=¢-1

Oa(nifi%)K—»Indgw((—l) 2 @Cf%)a(nﬁg),ﬁo. (5.5.2)

Because Y, (Z€4o(p, ) is self-dual, the dual (g, K)-modules of (5.5.1) and (5.5.2)
give the following non-splitting short exact sequences of (g, K)-modules:

p—gq+l1

0= (%) Indfon(<1) 2" @CY = (7 )0, (5.5.3)
p—gq-—1
0= (@) g~ Indfu (<1) 2 ®C) ("7 )5 ~0. (5.5.4)
2 2 72

Next, we assume p + g€ 2N. Then, @ is realized as a subrepresentation of some
degenerate principal series (see [15, Lemma 3.7.2]). More precisely, we have non-
splitting short exact sequences of (g, K)-modules

0- @ 5 Ind%,, (1) 2
0 (T ® (W) ) > Indfun (1) 2 ®C) > I =0, (55.6)

and an isomorphism of (g, K)-modules:

G £=g+2 g g
IndP"W((_l) 2 ®C0):(nﬁ0)1(®(7[+'10)](- (557)

These results will be used in another realization of the unipotent representation o,
namely, as a submodule of the Dolbeault cohomology group in a subsequent paper
(cf. Part I, Introduction, Theorem B(4)).

6. Conformal embedding of the hyperboloid

This section prepares the geometric setup which will be used in Sections 7 and 9 for
the branching problem of @?”|;. Throughout this section, we shall use the following
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notation:
! p//
il = PP = DT DD ()% for = () R = R,

i=1 Jj=1

q/ qll
2 2 2 2 2 v
=P+ =) 00+ >] ()7 fory=(,))eRI = RY.

i=1 =1

6.1. We define two open subsets of R”*7 by

I = {(x,p) = (¥, "), (¢, ")) RV

/" 1

/ / I
R 1> ),

"o /"

Rli’er 4 +q" — {(x,y) _ ((x/7x//)’ (y/’y//)) eRp’er

I <)

i "o

e . / z / "o, .
Then the disjoint union R, ™ ¢F 7 R\ #4H" is open dense in R7Y. Let us

consider the intersection of R’f_ﬁ" "0+ \ith the submanifolds M and E given in
Section 3.2:

McEcCRM,

Then, we define two open subsets of M ~SP~! x S9! by

vl

My = MAR T (6.1.1)

Likewise, we define two open subsets of the cone E by

"ot

L = EARH (6.1.2)

We notice that if (x,y) = ((x',x"), ()/,»")) €E then

[1]

> 1y " <1y

because |X'|* + |x"|* = [y/|> + . The following statement is immediate from
definition:

[1]

+ =0« M, =0 < p¢"=0, (6.1.3)

[1]

=0 = M =0 < p'qd=0. (6.1.4)

6.2. We embed the direct product of hyperboloids

X(p'q) x X(¢",p") = {((¥,5), 0 ) WP = P = P = P = 1)
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into E; (<= R”) by the map
X' qd) x X(q",p") S By (¥,)), 07, X))o (X", 0 5"). (6.2.1)

The image is transversal to rays (see [15, Section 3.3] for definition) and the induced
pseudo-Riemannian metric gy, ¢ )xx(gp) on X (p',q') x X(¢",p") has signature
@ -14)+@",qd"—1)=(p—1,9—1). With the notation in Sectlon 5.2, we have

IX(.q)xX(g"p") = 9X(q) @ (—9x(g7pm))-

We note that if p” = ¢ =0, then X(p',¢') x X(¢",p") is diffeomorphic to S~! x
S7-1 and Ix(p.0)xx(g",0) is nothing but the pseudo-Riemannian metric gg 1, g1 of
signature (p — 1,¢ — 1) (see [15, Section 3.3]).

By the same computation as in (3.4.1), we have the relationship among the
Yamabe operators on hyperboloids (see also (5.2.2)) by

AX(P/ )XX q//p//) = Ax(p/ AN AX(q//JJ”)' (622)

We denote by @; the composition of (6.2.1) and the projection @: E— M (see [15
(3.2.4)]), namely,

/

¥, x") (y
of ;X(pl7ql) X X(q”,p”)L)Ma ((xlvy/)a (y”,x”))'—> <( |X| )’(

)
o ) (6.2.3)

Lemma 6.2. (1) The map ®,:X(p',q') x X(¢",p") — M is a diffeomorphism onto M. .
The inverse map 7' : M, — X (p',q') x X(¢",p") is given by the formula:

u v) (U// u//)
((W',u"), (v (6.2.4)
T\ WP =P T - e
(2) @ is a conformal map with conformal factor |x|_1 =", where x=

(x', X" eR'*?" and y = (y',y")eRIT . Namely, we have

« 1
q)l (gSP’] XS’/’]) = 2 JX(P/ NxX(q"p")

Proof. The first statement is straightforward in light of the formula
|u/|2 _ |U/|2 _ ‘U”|2 _ |u//|2>0

for (u,v) = ((/,u"), (V,v"))e M, =SP~! x 41,
The second statement is a special case of Lemma 3.3. [
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6.3. Now, the conformal diffeomorphism @ : X (p’,¢') x X (¢",p") = M. establishes
a bijection of the kernels of the Yamabe operators owing to Proposition 2.6:
Lemma 6.3. d5 gives a bijection from Ker AM+ onto Ker AX(p, NxX(g" p")-

—_—~—

Here, the twisted pull-backs <15~]* and (@7')* (see Definition 2.3), namely,

@} C* (ML)~ C*(X(,q) x X(q".p") (6.3.1)
(@) C* (X (0 q') x X(¢',p")) » C* (M) (632)

are given by the formulae

T x x y y

@Ry 2" = (WP + ) ) 0,
¢|x'| P+

~ e (W) @)

(@)l ') = (P = 1)
N\ - f -

—~—

respectively. We remark that (&7')" = (EE’{)f1

6.4. Similarly to Section 6.2, we consider another embedding

X(q,,p/) X X(_p”,q//)L>577 ((y/’x/)7(xl/’y//))'_)(xl’x//7yl’y/l). (641)

The composition of (6.4.1) and the projection @ : =— M is denoted by
X" (00"

Iyl

Oy X(d.0) X X' ) M, (), (5 o ( ) (642)

Obviously, results analogous to Lemmas 6.2 and 6.3 hold for @,. For example, here
is a lemma parallel to Lemma 6.2:

Lemma 6.4. The map ®,: X(¢',p') x X(p",q")—> M_ is a conformal diffeomorphism
onto M_. The inverse map ;' : M_— X (q',p') x X(p",q") is given by

u ) (u//7 U//)

U
I W

((,u"),
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7. Explicit branching formula (discrete decomposable case)

7.1. If one of p',q',p" or ¢" is zero, then the restriction |, is decomposed
discretely into irreducible representations of G' = O(p’,¢') x O(p”,¢") as we saw in

Section 4. In this case, we can determine the branching laws of 9|, as follows:

Theorem 7.1. Let p+qe2N. If ¢">1 and ¢ + q" = q, then we have an irreducible
decomposition of the unitary representation w1 when restricted to O(p,q’) x O(q"):

8

@ ! 0. I
24| ~ P X 74
w ~ T T
O(p.q")xO(q" 7z /!
(p,4")xO(¢") i L o B S
o0
@ 4/ . v
=T RAI(RY). (7.1.1)
=0 +l+5-1

We shall prove Theorem 7.1 in Section 7.5 after we prepare an algebraic lemma in
Section 7.3 and a geometric lemma in Section 7.4.

Remark. The formula in Theorem 7.1 is nothing but a K-type formula (see Theorem
3.6.1) when ¢’ = 0.

7.2. The branching law (7.1.1) is an infinite direct sum for ¢” > 1. This subsection
treats the case ¢” = 1, which is particularly interesting, because the branching

formula consists of only two irreducible representations (we recall #” (R %0 if and
only if / = 0,1). For simplicity, we shall assume ¢>3 in Section 7.2.

It follows from Theorem 7.1 with ¢’ = 1 that

) ~ pg—1 0,1 P4—1 70,1
w ‘O(p,q—l)XO(l)_ o Mo @ K
t3 o7 3 T2

:(nfiqj 1)@ (7”4 'K sgn). (7.2.1)

D) Jr.i
This means that % can be realized in a subspace of C{° (X (p,q — 1)), namely, the
2

kernel of the Yamabe operator jX(p,qfl) (see (5.2.3)).
More precisely, according to the direct sum decomposition (see (5.2.4)), we have

Ker Ay(pq 1) = Cg(z\’(l),q— 1) = C;(X(nq— ) + C;ﬁ(X(Pﬂ— n).  (72.2)

We recall that the central element —1,,,€ G acts on ¢ with scalar 6, where

P—q

5= (-1)2. (7.2.3)
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In view of the composition series of eigenspaces on the hyperboloid (see [18] for the
case 0 = +; similarly for 6 = —), we have non-splitting exact sequences of Harish-
Chandra modules of O(p,q — 1):

—_

0= (" )= O (X (g = D)= (@ =0, (7.2.4)
’ ’ 2

N|—

0— (2% ) e~ 7
+ 3

/ (X(p,g = D)~ () —0. (72.5)

) -

Here is a realization of @7 in a subspace of the kernel of the Yamabe operator on
the hyperboloid X(p,q — 1), on which O(p,q) acts as meromorphic conformal
transformations.

Corollary 7.2.1. Let W be the unique non-trivial subrepresentation of O(p,q — 1) in
(Ker jX(p«,qfl))i = Clw+ (X(p,q—1)). Each of the underlying (g,K)-modules is
»x

infinitesimally unitarizable, and we denote the resulting unitary representation by
W. Then, the irreducible unitary representation @4 of O(p,q) is realized on the
direct sum W, + W_.

We note that W_s<=L*(X(p,q — 1)) and Wy L*(X(p,q — 1)) where § = (—l)qu.

It is interesting to note that the Laplacian 4y, ,_1) acts on a discrete series n{ti‘l
for the hyperboloid X (p,q — 1) as a scalar —* +ip+q-— 3)?, which attains the
maximum when 4 :%ifp—i— (g—1)e2N + 1.

Taking the direct sum of two exact sequences (7.2.4) and (7.2.5), we have the
following:

Theorem 7.2.2. There is a non-split exact sequence of Harish-Chandra modules for

0 (a”9), — (Ker A~X(p7q,1))K—> (w”“’q*l)K —0. (7.2.6)

It is a mysterious phenomenon in (7.2.6) that " extends to a representation of
O(p,q) and (cw?*1471), to that of O(p + 1,4 — 1). So, different real forms of O(p +
¢, C) act on subquotients of the kernel of the Yamabe operator on the hyperboloid
X(pvq_ 1) :O(p7q_ 1)/O(p_ l,g— 1)'

Here, we remark that Ker ANX(M,I) NL*(X(p,q —1))#{0} if and only if p+
q€27Z, by the classification of discrete series for the hyperboloid X (p,q — 1) for p> 1.

7.3. By Theorem 4.2, the restriction 4|, is K'-admissible, where K'~O(p) x
O(¢') x O(q"). Let us first find the K'-structure of w”9. We recall a classical
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branching law with respect to (0(q),0(¢") x O(¢") (¢=4q¢ +4q",d>=1,4">1):

7R~ @B AROHRA(RT). (7.3.1)
k,l
k%lzr\;
k+1=n mod 2

We define b = §(¢ — p). Then we have isomorphisms as K’-modules:

C_B ,}(fm(Rp)gyfn(Rq)|O(p)><0(‘1')><0(‘1”)
mypneN
m—n=b

~@ D #w)rRAR)RA(R)
muneN k,JeN
m—n=b  k+I<n

k+I=n mod 2
~@D D E)RARORA(R
leN mkeN
m—b>=k+1

m—b=k+I mod 2

@D =00) x 0(¢): b+ HRA(R).

leN

2

In view of Theorem 3.6.1, we have proved:

Lemma 7.3. We have an isomorphism of K'-modules:

i~ @ =(0(p) x O(¢): %H)%’(W”). (7.3.2)
leN

7.4. By Theorem 4.2 and [10, Lemma 1.3], the underlying (g, K)-module =%/ is
decomposed into an algebraic direct sum of irreducible (¢, K')-modules:

ol ~ @ M~ @ my, ., 71 X1, (7.4.1)

T1,T2

where m,eN and t runs over irreducible (g, K’)-modules or equivalently, 7; runs
over irreducible (g}, K})-modules (with obvious notation for G| = O(p,q’)) and 1,
runs over irreducible O(g”)-modules. It follows from Lemma 7.3 that for each / there
exists a (g}, K|)-module W, which is a direct sum of irreducible (g}, K{)-module such
that W is isomorphic to Z(O(p) x O(¢'): 452 + ) as K{-modules. Let us prove that
W, is in fact irreducible as a (g}, Kj)-module.

Lemma 7.4. W, is realized in a subspace of C;° (X (p,q')) with 2 =1+ %” -1
Proof. In our conformal construction of z”7 in Section 3, we recall that each

K-finite vector of 9 is an analytic function satisfying the Yamabe equation
on M=~SP~! x 847!, By using the conformal diffeomorphism @;: X (p,q') x
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S9-1— M,, an open dense subset of M (see (6.1.4) with p” = 0), we can realize

W x #'(R7") in the space of smooth functions on X (p,q') x ¢! satisfying the
Yamabe equation by the following diagram:

S(M) = CHM) S CHMy) g CP(X(pq) x ST

dense restriction
U V) U )
w,R# (R o Ker 4 Ker A 5 Kerd
1R c & c er Ay = er Ay, 2 er Ay (pgyxss'-1-
dense restriction ) A

Because ZlX(p_’q,)qum,l = ANX@,‘!/> - ﬂsq/r,l (see (6.2.2)) acts on W;JK’(WN) as 0, and
because Ag 1 acts on #'(RY) as a scalar L — (1 +% — 1)* (see (3.5.1)), we conclude
that A X(p,¢) acts on W as the same scalar. Hence, Lemma is proved. [

7.5. Let us complete the proof of Theorem 7.1. It follows from Lemma 7.4 together
with the K{-structure of W, in Section 7.3 that W is irreducible and isomorphic to

( ﬂi ql/+q,,_2) K s (¢}, K])-module (see Fact 5.4). Therefore, we have an isomorphism
AR

of (¢, K’)-modules

ol ~ (—B ("7 o e RA(RT)  (algebraic direct sum).
=0  +5-
Taking the closure in the Hilbert space, we have (7.1.1). Hence Theorem 7.1 is
proved. [O

7.6. So far, we have not used the irreducibility of @7 in the branching law.
Although the irreducibility of " (p, q)#(2,2) is known [1], we can give a new and
simple proof for it, as an application of the branching formulae in Theorem 7.1.

Theorem 7.6. Let p,q=2, p+ qe2Z and (p,q) #(2,2). Then, w1 is an irreducible
representation of O(p, q).

Proof. Suppose W #{0} is a closed invariant subspace of the unitary representation
(P, VP4). We want to prove W = V4.
Without loss of generality (p and ¢ play a symmetric role), we may assume ¢ =3,
o0
and fix ¢'>1,¢">2 such that ¢ + ¢’ = ¢q. We write 774 = 5% 1, according to the
1=0
irreducible decomposition (7.1.1) of G’ = G| x G5 = O(p,q’) x O(¢").
Because W is non-zero, W contains a K-type of the form #“(R’)X.#"*(R?),

which we fix once for all. In view of the branching formula (7.3.1), #*(R9) contains
a non-zero O(q")-fixed vector. That is,

Vo = TPa% 5 W% 5 79 (RP) R (A7 (R?)) % £ {0}.
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Because G) = O(p,q’) acts on ¥} by n’_:q;,, 1 (see Theorem 7.1) which is irreducible,
)
and because Vy > W is stable under the action of G, we conclude that V = W,

Hence, we have proved

W V. (7.6.1)

If W#7VP4, the orthogonal complement W+ >V, by the same argument. This
would contradict to W W+ = {0}. Therefore, W must coincides with 774. Hence,
w4 is irreducible. [

8. Inner product on @”¢ and the Parseval-Plancherel formula

In this section, we prove the Parseval-Plancherel-type formula for our discrete
decomposable branching law given in Theorem 7.1. The proof of Theorem 3.9.1 of
Part 1 [15] is also given. Our main result in this section is Theorem 8.6.

8.1. In Sections 8.1-8.3, we give some explicit formulas on the Jacobi functions,
which are key to the proof of the Parseval-Plancherel-type formula of branching
laws of representations attached to minimal nilpotent orbits (Theorem 8.6) and also
to minimal elliptic orbits [14].

For readers’ convenience, we include here some of the proofs.
We begin with a brief summary of some known fact on the Jacobi function (see
[16]). Let us consider the differential operator
L= s + ((24' + 1) tanh 7 + (2" + 1) coth t)i
Tdr dr
We recall that for 4,4, 1" eC, 1”# —1,-2, ..., the Jacobi function (pg;’j‘”’l)(t) is the
unique even solution to the following differential equation

(L+ (2 + 2417 =22)p=0 (8.1.1)

such that ¢(0) = 0.
Under the change of variables y = ¢~%, L has also a regular singularity at y = 0.
Then (8.1.1) has characteristic exponents J(+4 — (2 + 4" 4+ 1)) at y = 0. Thus, for

each AeC, there exists a unique analytic solution ‘I’Et)‘,/”t/)(t) to (8.1.1) on >0 such
that lim,_, ,, e~ ¢ #=#"-Drp" () = 1 If 7#£0 then ¥ (r) and ¥",*) (1) are

linearly independent, and (pg”’%)(t) is a linear combination of both. Since (ng”’m(l) _
€0<_;';’l>(t), we can write as

o1y = F A @)W (1) 4 H I (2w ). (8.1.2)
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We have from [16, (2.18)] (or from [2, 2.10 (2)]) that

= A A+ ] r(1+") re)

('//7'/) — (}L//77~/> n o
C LA (i) =cC A (/L) — F()~I/_/1/2+1+)~) F()~I/+/V2+l+)~) . (8.1.3)
For 2/,2">0 and Re A>0, we note
() =0 if and only if A>0and — A+ — A" — 1e€2N. (8.1.4)
In terms of the hypergeometric function, we have the following expressions:
"y A1 =220+ +1+4 )
(pl(j))(l)zzFl( + 2+ , + 2+ + ;/l”—i—l;—smhzl),
/ " i '\//
(/”7A’> . == i +)\. + 1 /1 /1 1 - )v 1
gl — (2sinh¢ F e
7 (t) = (2sinh 1) 21( > ) 5 ; T Sinhl 1
We introduce a meromorphic function of three variables 4, A" and A" by
I a1 DA =P ) 4]
M= MO = (o) LA+ ) (8.1.5)

TG+ 1)

Lemma 8.1 (Triangular relation of the Jacobi function, cf. [14]). Assume that
A" >0 and X' — 2" — 4 —1€2N. If 0<0<% and 0<t satisfy sin 0 cosh t = 1, then

oU7(i0) = M(cosh ) U g,

LA

For the sake of completeness, we give a proof here. The coordinate change
between 6 and ¢ appears in a conformal embedding that we shall use later in
Section 8.5.

Proof. We recall one of Kummer’s relations among hypergeometric functions (see
[2,2.9 33)])
I'(c) F(a—i—b—c)d +F(c) I'c—a—>b)
6
I(a) I'(b) I'(c—a) I'(c—b)

2F1(a,b;c;z) = u

where  ug = z07¢(1 — z)‘;”*b 2Fi(c—b, 1 —bje+1—a—b;1—z7") and w =
z P Fi(b+1—c¢,b;a+b+1—c;1—z1). The substitution

A+ 14 A+ 14 .
= + 2+ +A, b= + 2+ +A, c=1+2 z=sin’0=cosh™%t

gives the desired equation because the first term vanishes if —aeN. [
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8.2. We recall the definition of Ay(p, g) from (5.1.1), and set

A4 (p,q) = Ao(p,q) n{2eR: 1>0},

Ay (A) ={, 2" ed (P, qd) x A (¢",p"): 2} =" — 1 —1€2N},

A++(/l) = {(;L/,;Ll/)EA+(pl,ql) X A+(p’/,q//): A— /1/ — )u// — 162N}

We define meromorphic functions of three variables 4, A’ and 1" by

oy _ (DG 4 ) T80 =)
VJr* AT T R s (821)
> 2) I"(l +2 2+Z+1) F(l +1 2—)~+1)

V()'I")'”)- (F(/L//_"_l))Z ['(_”—A;+2+l) F(ﬂ_i/,;)ﬁ'l)

o= IS Y . (822)
++, 2] F( A+).2+A+1) F(A +).2+/1+1)
Then we have readily
AV = M2 V). (8.2.3)
Here are the meanings of the functions V(i);) and Vf:p
Lemma 8.2. (1) For A>0 and (), )")e A, _(J), we have
© " )/ b al }/ b
/0 o, H)(0)P(cosh 1) (sinh 1) dr = V). (8.2.4)
(2) For 2.>0 and (X', 2")e A, (1), we have
% 2l ol " 1oan
/O (ol (10) [ (cos 0)* (sin 0)2 1 d = V7). (8.2.5)

Proof. (1) The condition (1, /") € A,_(2) implies that ¢(*'*) (1) = 0 (see (8.1.4)) and

Al al

that qof;A A) appears in the discrete spectrum of the Plancherel-Parseval formula for
the Jacobi transform [16, Theorem 2.4], from which the L?>-norm (8.2.4) is obtained
by the following residue computation:

22(A+2"+1) 1
Res —— o =—n (8.2.6)
v=/ c(4"%) (A" (= (A"
i e (v) ¢ (—v) Ve
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(2) The Jacobi function reduces to the (classical) Jacobi polynomial, denoted by

PP (x) as usual, up to a scalar multiple if (', 7)€ A, (1), and then we have

W’A,)(z’()) _ rg’+1) m

0 PY4) (cos 20), (8.2.7)

F(—l-ﬁé’ﬂﬂ ) m

where we put m == 1(2 — 2" — 2" — 1)eN. We now recall a classical integral formula
of the Jacobi polynomial piA) (A" > —1) (see [3, 16.4 (5))):

"

/ | (PE ) ()21 = )" (14 x)" dx
-1

s rm+ 2" +1) Tm+ 2 +1)
C2mA A+ m Dm0+ 1)

The substitution (m,x) = (3(2 — 2" — 2" — 1),co0s 20) leads to (8.2.5). O

8.3. In this subsection, we prove Theorem 3.9.1 of [15], which gives explicit
eigenvalues of the Knapp—Stein integral operator (see (3.9.3)).

Analogously to the Knapp-Stein integral operator, we define the Poisson
transform for an affine symmetric space X (p, ) by

P et IndG (6@ C;) > CL(X (P, 1)), (8.3.1)

(Z-0af)(x) = /M Vimpe([x,0]) f(b)db  (xeX(p,q)).

Here, p =242 and db is the Riemannian measure on M ~S"~! x S%~!, a double
cover of G/P™.
For Re A>0, we can define the boundary value map

B CL(X(p,q)x — Indus (6®C,) (8.3.2)
such that for f'e C/,(X(p,q))x we have
(B)(9°) =27 lim & 'f (g exp(E)x’).

Here, we recall from Sections 3.7 and 52 that exp(tE)x° =
"(cosh 1,0, ...,0,sinh ) e X (p,¢) and &° =7(1,0,...,0,1)eE. Again as in Section
3.7, we have regarded an element of Ind%...(¢®C_;) as a function over E.

We recall the barrier functions from (3.9.5):

B! =B (m,n) =1—1—¢ (m +§— 1) —82(7’14-%— 1),
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and define
(=130 ) [(n+9 I(A)
a(d,m,n) = = 2 —, (8.3.3)
Dmtn—ritp F(] + B/l ) F(l + B}+ )
p+q-—1 m—n
4r 2 (-2 r(1+ B
Blaymmy = -7 > D 2 TUTET) (8.3.4)
F(n+9HrEE=—=) r(-B;")
Lemma 8.3. Suppose hy,,€ A" (R) Q@ A" (R?).
<J}/1.shm,n = ﬁ(ivman)};m,nv (835)
Byl = (2 11, 1) . (8.3.6)
Here, hy,e C* (X (p,q)) is given by
~ . oo n (n+%71,m+%71)
Iy (x cosh ¢,y sinh ¢) = hy, ,(x, y)(cosh ¢)" (sinh #)" ¢, (1). (8.3.7)

Proof. (1) The case ¢ =1 was proved in [18, Lemma 7.2] which is based on the
integral formula of [4, Appendix B]. The case ¢ = —1 is similar. Note that we have
normalized 2, . slightly different from [18].

(2) This is a direct consequence of the asymptotic behavior of the Jacobi function
(see (8.1.2)). O

We are now ready to prove Theorem 3.9.1 of [15]:

Proof of Theorem 3.9.1. For Re />0, we have
A/l‘a = ﬁ,loy—/l,g (838)

because the boundary value of the Poisson kernel is essentially the Knapp—Stein
kernel:

27 lim ey, ([gexp(tE)X’, b)) =, _; ,([9¢°, D).

—> 0
In particular, it follows from (8.3.3) and (8.3.4) that 4, acts as a scalar

p+q—1 m—n

4n 2 (=17 r(h) r(-Bf)
D(HE28) 11+ B;7) T(1+ B)7) T(1+ B;)

a(d,m,n)f(—A,m,n) =
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on the K-type #"(R’)® #"(R?). Now, Theorem 3.9.1 follows by the analytic
continuation of this formula on 4. [

8.4. Unitarizaition of 7% (1€ Ao(p,q)).

In this subsection, we give an explicit unitary inner product on ”TA for Le Ay(p, q).
In view of Fact 5.4, the (g, K)-module (%) is realized in Cjé (X(p,q))x with
K-types Z(K:b) where b=/ —5+%+ 1. Suppose fe€ C;°(X(p,q))x belongs to the
K-type #"(RO)R A" (R?) e ._(K b) Then f is of the form

i (n+2—l m+5-1)

f(wcosh ¢,y sinh ) = hy,(w)hy, (1) (cosh £)™ (sinh £)" (1), (8.4.1)

where h,, € #™(R?), hye #"(RY), e SP~! neS?!, and t>0. We put

(524152
1AWz, = Wl 2251y Whal 22y AVZ25 2720 (8:4.2)

Proposition 8.4. For A€ Ao(p,q),|| |z« defines an inner product on (n}%) x and one

can define an irreducible unitary representation of G = O(p,q) on its Hilbert
completion.

Proof. Proposition 8.4 follows from the Parseval-Plancherel formula of the branching

law of the minimal representations (see Theorem 8.6) (for this, we need to replace
(¢,4',4") in Theorem 8.6 by (¢ + ¢, ¢, ¢) for some ¢>0). See also Remark (4). O

There is an obvious inner product for 2>0, because (%), = L*(X(p,q)). The
relation between our norm || || »« and the L?-norm || || [2(x(pg)) 1S given by

11

w1 = A Nizoeipqy  for any fe (@), (8.43)

if A>0 owing to Lemma 8.2(1). This observation gives an alternative proof of
Proposition 8.4 for }v>0 We should note that even for A€ Ay(p, q) such that 1<0
(this can happen if 4 =0, 1), 7% is still unitarizable by the inner product (,)q

+,4

A

given in (8.4.2), which we have proved to be positive definite.

Remark (Unitarity). As we explained, all of ( %) are unitarizable for Z€ 4y(p, g).
We summarize four different approaches to the proof of unitarizability:

(1) If 2>0, then (n77%), is unitarizable because of the realization in L*(X (p, q)).
(2) If 2=0, then (n ")k 1s unitarizable because of the realization of Zuckerman—

Vogan’s derived functor module 2/~ 2(C;) with the parameter / in the weakly
fair range [20].
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We note that the case 1= —% is not treated in the above two methods.

However, the following two methods cover all Z€ 4y(p, ¢) including the singular
cases A =0 and —1.

(3) Use the classification of unitarizable subquotients of Ind%..(¢®C,) given in
[5, Section 3].

At last, here is a new proof of the unitarizability of (7% for all Z€ 4¢(p, 9).
The idea is to use our branching formula Theorem 7.1, for which the proof does
not use the unitarizability of (n7}%) .

(4) All of (n’jqu) x are unitarizable because they appear as discrete spectra in the
branching law of a unitary representation ¢ of a larger group O(p, ¢ + ¢) to
O(p,q) x O(c) for some ¢>0 (see Theorems 7.1 and 8.6). For this purpose, ¢<3
will do.

8.5. We notice that the map ®;: X(p,¢') x S¥~' - M, (6.2.3) (in the case p” = 0) is
given by

((w cosh ¢, sinh £), ")+ (w, (i cos 0, 1" sin 0)),

where 0 and ¢ satisfy sin 0 cosh ¢ = 1. Suppose '€ C* (X (p,q') x S ~') belongs to

w7 RA(RT)
i1

as an O(p,q') x O(¢")-module, and furthermore to #”(R’)XK.#"(R7) as an
O(p) x O(¢')-module in the first factor. Then f is of the form:

: e mo_ / " my: k (k+%/—l,m+§fl)
S ((wcoshz,'sinh 7),7") = hy(w) hi(n') hi(n")(cosh )" (sinh 1)"¢ 7, (1),
i(l+5-1)

where /i, e A" (RP), hye #*(RY), e #'(RT), weS~ neSi ! yes?", and
t>0.

—_—~—

Lemma 8.5. The twisted pull-back (®7')*:C*(X(p,q') x ST ) —C* (M) (see
(6.3.2) for definition) is given by the formula:

—~—

((@7)) ) w, (0" cos 0, 1" sin 0))

= M () i) ) (cos0)* (sino) o 37T (850)
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Proof. In view of the definition, we have

((;51:;*/’)@7 (' cos 0,5 sin 0)) = (cosh t) = f((a) cosh 7,1’ sinh 7),5").

Then (8.5.1) follows from the triangular relation of the Jacobi-function (Lemma 8.1)
and fromm+5=n+4 0O

8.6. Let us consider the restriction from G =O(p,q) to G' =O0(p,q') x O(q").
Because we use an explicit map to prove the branching law, the generalized Parseval—
Plancherel formula makes sense.

Theorem 8.6. (1) If we develop FeKer Ay as F = > Fl<l)F1(2) according to the
irreducible decomposition (see Theorem 7.1)

—_~— 0

* . @ R /!
(@) : @0 g x0(g) — L BAN(RT) (8.6.1)
1=0 +, 1+ 5 -1
then we have
2))12
IFI, = Z Ve I sty (8.62)
+l+2 1
(2) In particular, if ¢ =3, then all of n° « g are discrete series for the hyperboloid
+,l+7—1
X(p.q) and
< q" (112 2)12
1F1 =3 U+ L= ) 1E B I sy (863)
=0

Remark. Formula (8.6.3) coincides with the Kostant-Binegar—Zierau formula (see
Section 3) in the special case where ¢’ = 0 (namely, where G’ is a compact subgroup).

Proof. Wewritei::l—k%”— 1,2/ =m+5—1=n+%—1and 2 ::k+%— 1.IfF
is of the form of the right side of (8.5.1), then

2 2 2 v
(@) Fl s g1 )M iz Wl Bagseny Wil AVE5)
2 2 2 R

Pl i Zasr1y Wkl Zagsosy Willzasery 277

Here, the first equality follows from definition (8.4.2), Lemmas 8.5 and 8.2(2). The
second equality is given by (8.2.3). Hence the first statement is proved. The second
statement follows from (8.4.3). O
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9. Construction of discrete spectra in the branching laws

9.1. In Section 7, we determined explicitly the branching law 4|, of the minimal

unipotent representation w@”9e€G where G’ = O(p,¢') x O(¢"). The resulting
branching law has no continuous spectrum (see Theorems 4.2 and 7.1). In this
section, we treat a more general case where continuous spectrum may appear,
namely, the branching law with respect to the semisimple symmetric pair

(G,G") = (0(p,q),0(0",4") x O(p",4")),
where p' +p" =p (=22), ¢ +¢" =q (=2), p+qe2N, and (p,q)#(2,2).

We shall construct explicitly discrete spectra by using the conformal geometry.
Retain the notation in Section 5.1. We set

A'(p.q) = Ao(p,q) " {ieR: i>1}. (9.1.1)

Theorem 9.1. The restriction of the unitary representation w?| contains

@ /o _ //‘ /! @ /. ! _ //‘ I
" @ L
red (pq') A (q".p") red' (¢ .p)nA(p".q")

i

/) -~
as a discrete summand. Here, n" 1 ®n” 1 €G' is the outer tensor product of
, e —— A ’

n’iz eO(p',q) and n’i,:f”eO(p”,q”).

We have already established the full branching law @|, if p'¢'p"q" = 0. Thus,
the main part of this section will be devoted to the proof of Theorem 9.1 when
! Al A

P'dp"q"#0. We shall give some remarks on Theorem 9.1 at the end of this
subsection.

9.2. Let K" =0(p") x O(¢') x O(p") x O(¢"). We realize the unitary representation
w4 on the Hilbert space V7:4. Here we recall the notation of Section 3.9, briefly as
follows:

Vri =XKer (D, —D,) < 7 =Dom(D,)nDom(D,) (< L*(M))

closed dense

M=s""1xs!" o5 M, UM..

dense

Different from Corollary 4.3 in the discretely decomposable case (p'¢'p"q” =0), a

K'-finite vector of a G'-irreducible summand (i.e. a discrete spectrum) in 9|, is

not necessarily a real analytic function on M if p'¢'p”’q"#0 in our conformal

—_—~—

construction of 4. With this in mind, we extend (&7')*f e C* (M) (see Section 6
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for notation) to a function, denoted by T.f, on SP~! x S9! as

Z1yx
T.f =4 (1) on M, (9.2.1)
0 on M\M,.

Here is a key lemma:

Lemma 9.2. Suppose i'eAo(p',q') and 'eAo(q",p"). Let feC*(X(p',q) x
X(q",p")) be a K'-finite function which belongs to n’iZi n”_”fii’ (see Fact 5.4(1) (ii)).

(D) If X' =% and 2" >3, then T f €V
Q) If ' >1and 2" >1, then Y(T f)eL*(M) and YY'(T .f)e L' (M) for any smooth
vector fields Y, Y' on M.

(3) If ) = "> 1 then T.f e VP4,

Before proving Lemma 9.2, we first show that Lemma 9.2 implies Theorem 9.1. In
fact, Lemma 9.2(3) constructs a non-zero (g', K')-homomorphism

]

Too (n) B ) > ",

for 2ed'(p',q')nA'(¢",p"). Then T, is injective because (n{i:z/)K{ (n‘i/:’f”)Ké is
irreducible. Since ! is a unitary representation of G, Ty extends to an isometry of

unitary representations of G':

by taking the closure with respect to the inner product induced from 4. This
proves Theorem 9.1 for the irreducible representation nﬁﬁ X’ f that appears in

the first summand. The second summand is constructed similarly by using the
conformal diffeomorphism (see Lemma 6.4)

Py X(q.p) x X", q") = M- (= M).
Hence, the proof of Theorem 9.1 is completed by assuming Lemma 9.2.
9.3.

Remark 9.3. There exist '€ 4y(p', ¢') and 1" € Ay(q", p") satisfying /' = 2" >1 if and
only if p' + ¢ =p”" +¢"mod 2 and p’'>2,¢" >2. This implies p + ge2N, p>2 and
¢=2, and VP4 is non-zero (see Section 3). Of course, Lemma 9.2(3) also implies
VP #£{0}.
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9.4. It follows from Lemma 3.8.1 that the first statement of Lemma 9.2 is proved if
Y(T.f)eL* for any >0 and for any smooth vector field ¥ on M. Therefore, both
of (1) and (2) of Lemma 9.2 are proved by studying the asymptotic behavior of 7.f
near the boundary of M, in M. This asymptotic estimate is studied below.

Any K'-finite vector f is a finite linear combination of the form fif>, where

fieC*(X(p',q)) is an O(p') x O(¢')-finite vector that belongs to n‘jrzf,

feC*(X(4",p")) is an O(p") x O(¢")-finite vector that belongs to n’i’:f,:’.

In order to prove Lemma 9.2, we may and do assume f is of the form ff,. Then we
have

(T (/if2))(u,v)

_ptg—4 VA
= (WP WPy | et
-

S \/Iu’

Here, we have used the following notation:

(u//’ U//)

bis
wP )\ = P

(9.4.1)

9.5. In order to analyze the asymptotic behavior of 7T (fif2) (see (9.4.1)) near the
boundary of M, we consider a change of variables on SP~! x §9~! by the surjective
map

(ST x 77 x ST 5 (ST x 877 x ST st xS0

(", o "), (0 ") = (u, 0)
defined by
(u,v) = (', u",0',1") = (0’ cos 0, " sin 0,1 cos ¢, n" sin ). (9.5.1)
Because |i/|* — [/ = | cos 0]* — |’ cos ¢|* = |cos 0]* — |cos @|*, My defined in

(6.1.1) is rewritten as

M, = {(o' cos 0, sin 0,1 cos @,n" sin ¢): |cos 0] >|cos ¢|},

M_ = {(' cos 0, 0" sin 0,5 cos @,n" sin @): |cos 0] <|cos ¢|}.
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Here is an elementary computation corresponding to the change of variables (9.5.1):

Lemma 9.5. (1) The volume element du dv on SP~' x §47! is given by
du dv = |cos 6" ™" |sin O] " |cos ¢|? 7" |sinp|? ! dO do do' do’ dy' dy’,

where dao is the volume element on S~ and so on.
(2) Any smooth vector field on SP~' x S47! is a linear combination of

1 ;1 w1 Vd 1 Vel i 2

cosO” 'sinf" 'cosp  ’sing 0¢’ 90

whose coefficients are smooth functions of (o', 0" v, ",0,@). Here, X', X", Y and Y"
are smooth vector fields on SP'=', SP"=1, S9=1 and §7' =" respectively.

Fact 5.4(2) describes the asymptotic behavior of K-finite functions that
belong to discrete series representations for a hyperboloid. Applying it to f; with
respect to coordinate (9.5.1), we find a;eC*(S”"~! x §7~!) and hjeC*(R)
such that

2 ptq -2

(', v") (') cos? 0 + cos® ¢ 4 cos? 0 — cos® ¢
| ——| =a — N Ry e 4
|2 — || 1 cos? 00 —cos> ¢/ | cos? 0 + cos? @

Likewise, there exist axe C* (8¢ ~! x $#"~!) and hye C* (R) such that

2/1”-%—]7”4—4”—2

(", u") o, (sin?0+sin’ g 4 cos® 0 — cos® ¢
f2 - 02(17 , W ) 2 2 hy ) . 2 .
|v”\2 B \u’/|2 cos? ) —cos* @/ | sin® 0 + sin” ¢

We treat the boundary OM, of M, = M locally in the following three cases:
Case (1) cos? 0 — cos® @ = 0, (cos 0, cos @) #(0,0), (sin 0, sin @) # (0,0).
Case (2) cos =cos ¢ = 0.

Case (3) sinfd =sin¢p = 0.
We note that Case (2) or (3) happens only when p'q’'p”q" #0.

9.6. Case 1: In this subsection, we consider a generic part of the boundary oM,
corresponding to Case 1. In a local coordinate (o', ", 1, 1", 0, p)e S’ x S~
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S x 871 % R?, T, (fif2)(u, v) is written as

5 X _p+q—4+22’+p’+q’—2+21”+p”+q”—2 , s vy
A(cos® 0 —cos* @), 4 4 4 = A(cos* 6 — cos® @) ?

1
Here, 4 is a smooth function of variables o', ", 5, 7", (cos* 0 — cos” ¢)2.. Therefore,
by using Lemma 9.5, we have:

P> -1 = T.feli,

I+"=1 = Y(T.f)eLy forany ¢>0, YeX(M),

loc

I+2'>2 = Y\ Ya(T.f)eL), forany Yy, YreX(M),
in a neighborhood of the boundary point of M, for Case (1).
9.7. Case 2: In this subsection we consider a neighborhood of (o', 0", %', 1n",0, ¢)
satisfying the condition of Case 2. We take a polar coordinate for

(cos 0,cos ¢)=(0,0) as

{COSQZrcosw,

cos @ = rsiny.

The composition to (9.5.1) yields a new coordinate on S”~! x S7~! given by

(u,0) = (', "0, 0") = ('rcosy, /1 —r?cos? y,y'rsiny, n"\/1 — 2 sin® ),

where 0’ e S, 0" €SP, €SI ' eST ! r>0, and € R. Then our interest is
in a neighborhood of r = 0. In this coordinate, we have

M = {r+#0,cos 2y > 0}.
The Jacobian matrix of the transform (6, ¢)— (r,¥) is given by

% g_; _ —cosysinf  —siny sin @
o |\ Lsinysin® =lcosysing )’

00 O¢ r

Lemma 9.7. (1) The standard measure on SP~' x S4=" is locally represented as smooth
function of (r,, @',y ", q") x 'V dr diy do' dy' de" dy’.
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(2) Any smooth vector field on SP~' x S9=! near r = 0 is a linear combination of

1 ! X// 1 Y/ Y// 2 li

reosyy - 7T 7 rsinyg T TOr r oy

whose coefficients are smooth functions of (o', ", n', 5", r,\). Here, X', X", Y and Y"
are smooth vector fields on SP'~', SP"=1 S9=1 and §7' =" respectively.

By noting the relations

cos?0+cos?p 1 sin @ +sin 0 2—?

cos? 0 —cos> @ cos2y’ sin’¢p —sin’ 0 1> cosy’

T (fif2)(u,v) is locally written as

ptg=4 2 4p'+q -2 2X4p"+q" -2
B (r2 CcoS 2[//)7 4 (COS 21//)+ 4 (r2 cos 2lp)+ 7

2/1”*[7’*(1/4’2 L
=B Fy : (COS 2lp)+2 )

1
where B is a smooth function of variables o', ", #', 5", r, (cos 2¢)%. Therefore, by

using Lemma 9.7, we have:
"> 1, I+)>—-1 = T.fell,

220, X +1'>1 = Y(T,f)eL:} for any ¢>0, YeX(M),

loc

2">2—p —¢, N+)'>2 = YV \o(T.f)eLl, forany Y|, Y,eX(M),

in a neighborhood of the boundary oM, for Case (2).
The asymptotic estimate for Case (3) is parallel to that of Case (2).

20" —p'—q'+2
Remark 9.7. Assume 2’ = "e€Z +25%. Then r, ? is bounded near r =0 if
and only if )/2’# — 1, equivalently, )L'>’# — 2, which means that Cy is in the
good range with respect to the 0-stable parabolic subalgebra defined by C; in the
sense of Vogan.

9.8. We end with some remarks and conjectures, primarily concerning the precise
form of the discrete spectrum and also the continuous spectrum (where it would be
very interesting to develop the complete Plancherel formula, given our explicit
intertwining operator).



548 T. Kobayashi, B. Orsted | Advances in Mathematics 180 (2003) 513-550

(1) Multiplicity free property. Each irreducible component in Theorem 9.1 occurs
as multiplicity free. If p = 2, then " is the direct sum of an irreducible highest
weight module and a lowest one. It was proved in [8,12] that the multiplicity in the
full Plancherel formula (both discrete and continuous spectrum) is at most one, in
the branching law of any highest weight module of scalar type with respect to any
symmetric pair.

(2) At most finitely many discrete spectrum, and full discrete spectrum. If p', ¢, p"
and ¢" satisfy

min(p’,¢")<1 and min(¢,p")<1, (9.8.1)
then the parameter set in Theorem 9.1 is empty, namely,
A q) 0 A(q" . p") = A(qd.p) AP q") = 0.

We conjecture that there are at most finitely many discrete spectra in the branching
law |, if (9.8.1) holds. We further conjecture that the full discrete spectrum is as
in Theorem 9.1 with A4'(p, q) replaced by Ay(p, q) everywhere.

(3) No discrete spectrum. Furthermore, if we exclude the case such as G’ =
O(p,q — 1) x O(1) (see Section 7.2), namely, if

min(p’,¢")<1, min(¢,p")<1, p'+4¢>1, and p"+4¢'>1, (9.8.2)
then

Ao(p', 4 ) Ao(q",p") = Ao(d.p") Ao (p",¢") = 0.

It is likely that there is no discrete spectra in the branching law @?¢| if (9.8.2) is
satisfied.

We note that condition (9.8.2) is equivalent to that at least one of X (p',¢') or
X(4",p") is a non-compact Riemannian symmetric space and at least one of X (¢, p’)
or X(p”,4") is a non-compact Riemannian symmetric space.

(4) Discretely decomposable case. The opposite extremal case is when

min(])/ap”ﬂqlaq”) =0. (983)

As we have proved in Theorem 4.2, the restriction @”| is discretely decomposable
without any continuous spectrum. We have obtained the full branching formula in
Theorem 7.1 by using Theorem 4.2 and the K-type formula of .

If we employ only the method in this section to the special case (9.8.3), then we do
not have to consider Cases (2) and (3) in Section 9.7. Then, Theorem 9.1 exhausts all
discrete spectra in Theorem 7.1 in most cases, but there are a few exceptions. To be
precise, we consider the case p” = 0 without loss of generality. Then, in view of
Theorem 7.1, the right side of Theorem 9.1 exhausts all discrete spectra if ¢’ = 5;

while at most two of (g', K’)-modules nﬁ’q; X n(}ﬁ/ are missing in Theorem 9.1 if ¢’ <4.

The precise missing parameters in the case p” =0 and ¢’ = 0 are: 2 = +1 (¢’ = 1);
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2=0,1(¢"=2); A=4%(¢"=3);and 2=1 (¢" = 4). In order to cover all missing
parameter by the purely geometric method of this section, we should note a specific
feature in the case p” = 0:

(i) M, is a dense subspace of M.

(i) Any real analytic functions on M, satisfying the Yamabe equation
corresponding to K'-finite vectors of the (¢', K')-module with the above missing
parameter extend to real analytic functions on M (see Corollary 4.3(2)).

(5) Explicit continuous spectrum.
We conjecture that

LZ-Ind}G,{Elax(«z@ C/,) Lz-Ind%ﬂax(e(@C\/ji) (LeR)

is a continuous spectrum with multiplicity free if min(p’, p”, ¢, ¢")>0.
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