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a b s t r a c t

Electro-chemo-mechanical couplings in articular cartilages and corneal stroma are due to the presence of
electric charges on proteoglycans. In addition, at non-physiological pH, collagen molecules become
charged as well. Variation of the pH of the electrolyte has strong implications on the electric charge of
these tissues, and by the same token, on their transport and mechanical properties. Indeed, articular car-
tilages and corneal stroma swell and shrink depending on the composition of the electrolyte, they are in
contact with.

Emphasis is laid here on the combined effects of pH, ionic strength, calcium and chloride binding on
mechanical properties.

The tissues are viewed as three-phase multi-species porous media. The constitutive framework is
phrased in the theory of thermodynamics of deformable porous media. Acid–base reactions, as well as
ion binding, are embedded in this framework. Although, macroscopic in nature, the approach accounts
for a number of biochemical details defining collagen and proteoglycans.

The model is used to simulate laboratory experiments where specimens of articular cartilages and cor-
neal stroma are put in contact with a bath of controlled chemical composition. Chemical loadings, where
the ionic composition and pH of the bath are varied, are intermingled with mechanical loadings. The vari-
ations of the stress and strain are observed to depend strongly on the ionic strength and ion type present
in the bath: sodium chloride leads to a stiffer response than calcium chloride and hydrochloric acid.
Moreover, when the bath changes from basic to acidic, the change of sign of the fixed charge across
the isoelectric point has definite mechanical implications, and it gives rise to non-monotonous evolutions
of the stress, strain and chemical content.

While the chemo-mechanical effect is a key phenomenon that governs the behavior of tissues with fixed
charges, the converse mechano-chemical effect is significant in corneal stroma due to its low stiffness.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Articular cartilages and corneal stroma are porous media, struc-
tured by collagen fibrils, and saturated by an electrolyte, where
metallic ions are bathed in water. Roughly speaking, under con-
stant load, these tissues swell if the ionic strength of the bath they
are in contact with decreases, and conversely they shrink if the io-
nic strength increases. On the other hand, at given strain, the
equilibrium stress increases as the ionic strength decreases
(Eisenberg and Grodzinsky, 1985). Charged macromolecules, the
proteoglycans (PG’s), intermingled with collagen fibrils, give rise
to electro-chemo-mechanical couplings that allow moderate
ll rights reserved.
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deformation to take place, and ensure an optimal adaption of the
tissues to physiological loads.

The collagen that structures articular cartilages is mainly of
type II. Its amino acids contain, linked to a central carbon, a hydro-
gen atom, a side chain, an amino group NHþ3 , and a carboxyl group
COO�, often referred to as N- and C-terminus, respectively. The N-
and C-termini of two successive amino acids engage in rather sta-
ble peptide bonds. Some of the side chains are electrically charged.
The charges essentially balance at neutral pH. On the other hand,
due to the amino- and carboxyl groups of these side chains, the col-
lagen molecule becomes positively charged at low pH, and nega-
tively charged at high pH.

Proteoglycans aggregate along a hyaluronate protein, to which
40 to 60 subunits are attached through a specific link protein.
The subunit, referred to as proteoglycan molecule (PG), is consti-
tuted by a number of glycosaminoglycans (GAG’s), which are at-
tached along a core protein. GAG’s are formed by disaccharide
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units, with one uronic acid containing a carboxyl COO�, and a
variable number of amino sugars containing a sulfate SO�3 .

The two main types of GAG’s in articular cartilages are chon-
droitin sulfates (CS) and keratan sulfates (KS). Keratan sulfates
are shorter than chondroitin sulfates, and contain about half the
number of disaccharide units (Muir, 1978). They possess no uronic
acid (carboxyl group), so that their charge is �1, while chondroitin
sulfates have a charge equal to �2.

The charge of the two main non-soluble components of articu-
lar cartilages and corneal stroma, namely collagen and proteogly-
cans, is said to be fixed, in contrast to that of mobile ions,
typically sodium Na+, calcium Ca2+ and chloride Cl�. The presence
of the hydrogen ion H+ and hydroxyl ion OH�, in addition to metal-
lic ions, strongly affects the transport and mechanical properties.
This is due to the fact that the fixed electric charge varies with pH.

Corneal stroma presents some qualitative similarities with
articular cartilages. While the fixed charge is due to PG’s at neutral
pH, collagen contributes at low and high pHs, similar to articular
cartilages. However, the actual composition, magnitude of the
fixed charge and structure of these tissues reflect the fact that their
biological functions are quite distinct. Even if chondroitin sulfates
and keratan sulfates are the main GAG’s of both articular cartilages
and stroma, the number of disaccharide units they display are
quite different. Unlike articular cartilages which are composed of
type II collagen, corneal stroma displays mainly type I collagen.

In the corneal stroma, the collagen fibrils form essentially a pla-
nar network. They are embedded in lamellae and oriented parallel
to the corneal surface. At each point, they are grouped along two
main directions that are orthogonal in the center of the cornea
but become circumferential at the limbus. Thus swelling takes
place essentially along the radial direction.

As for articular cartilages, the concentration and directional dis-
tribution of collagen vary across the thickness of the cartilage layer.
Collagen fibrils are oriented parallel to the joint in the upper zone,
orthogonal to the subchondral bone in the lower zone, and their
directional distribution is approximately random in the central zone.

Chloride binding on ligands of unknown composition but asso-
ciated with collagen fibrils contributes to the fixed charge of the
stroma. On the other hand, calcium binding is usually neglected
in standard analyses of articular cartilage. However, the simula-
tions of laboratory experiments that include high concentrations
of calcium chloride, as those studied here, require that phenome-
non to be accounted for.

The most fundamental characteristic of cornea is the presence
of ionic pumps located mainly over its endothelium that are
thought to limit swelling, and ensure transparency. However, since
the stromal specimens we consider are de-epithelized, we can dis-
pense with the active transport issue, and concentrate on the inter-
actions between pH and mechanics.

1.1. Quantitative data

The presence of a fixed electric charge is a key element of the
mechanical and transport properties of articular cartilages and
stroma. This charge is modified by acid–base reactions (binding-re-
lease of hydrogen ions), and reversible or irreversible binding of
some metallic ions.

A clear distinction should be made between the pH of the bath,
the tissue is in contact with, and the pH of the electrolyte that cir-
culates the tissue. Indeed, the presence of the electric charge im-
plies a number of mechanical properties (pressure, etc.),
electrical properties (electrical potential), and chemical properties
(concentrations), to be discontinuous at the bath/tissue interface.
Still, the tissue pH, say extrafibrillar pH, can be modified by a var-
iation of the pH of the bath, as well as by a variation of its ionic
strength.
A number of experimental observations guide the development
of the model of the chemo-mechanical couplings to be presented
below:

– The aggregate isoelectric point (IEP) corresponds to the balance
between the negatively charged carboxyl groups COO� and sul-
fate groups SO�3 and the amino groups NHþ3 . The isoelectric
point for bovine articular cartilages has been reported in the
range of pH from about 2.5 to 3 (Frank and Grodzinsky, 1987,
p. 626). The IEP displayed in the experiments on bovine corneal
stroma by Huang and Meek (1999) is slightly higher, about 4.
Note that, while the pHs of the bath and tissue are in general
different, they are equal just at the IEP. A macroscopic manifes-
tation of the modification of the fixed charge, actually its change
of sign, is the reversal of the electro-osmotic flow. Actually, the
sign of the electro-osmotic coefficient is opposite to that of the
fixed electric charge. Thus, while electro-osmosis implies water
to move towards the cathode above the isoelectric point, rever-
sal of the electro-osmotic flow takes place at very low pH below
the isoelectric point.

– Another manifestation of the change of the magnitude and sign
of the fixed charge is of mechanical nature. In a uniaxial traction
test at given axial strain, but varying pH, the equilibrium stress
shows a minimum at the IEP (Grodzinsky et al., 1981, Fig. 8).
Increase of HCl concentration (in bath) from pH 7 to 2.6 is
accompanied with a decrease of the equilibrium stress. How-
ever, as the pH decreases further, the stress undergoes a
rebound. Indeed, the cartilage charge becomes positive below
the isoelectric point. The stress is expected to vary in proportion
with the absolute value of the fixed charge, since the latter,
whatever its sign, triggers repulsion between cartilage units.
In a much similar vein, while testing bovine corneal stroma iso-
tropically compressed via polyethylene glycol, Huang and Meek
(1999) observe that the relative hydration, namely ratio of wet
weight over dry weight, shows a minimum at the isoelectric
point, and undergoes a drastic rebound below the IEP.

– The repulsion between charged units is shielded by mobile ions:
the higher the ionic strength, the smaller the actual repulsion.
In other words, at large ionic strength, electrical shielding over-
weighs essentially, if not completely, the electro-chemo-
mechanical couplings induced by the fixed charge. According
to Grodzinsky et al. (1981), increasing ionic strength in
presence of NaCl and CaCl2 decreases the equilibrium stress of
cartilages, but in a monotonic way. CaCl2 is more efficient to
decrease the equilibrium stress than NaCl. Still, it has been con-
jectured in Loret and Simões (2005a,b) that the hypertonic state
(at large concentrations) is unique, and independent of the
shielding ions.

The only model that addresses the influence of pH on the trans-
port properties of articular cartilages has been exposed by Frank
et al. (1990). Besides considering both binary and ternary electro-
lytes with ion binding, Loret and Simões (2010) have restated the
problem within the theory of mixtures.

1.2. Scope

In a further effort along the same perspective of the theory of
mixtures, emphasis is laid here on the effects of pH on the mechan-
ical properties.

The theoretical framework draws upon earlier work (Loret and
Simões, 2004, 2005a,b, 2007), and will be briefly sketched in Sec-
tion 2. Details of the biochemical composition of the collagen, pro-
teoglycans and glycosaminoglycans are essential ingredients of
this model, which although macroscopic in nature, takes account
of a number of biochemical properties, Section 2.3.
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Incorporation of the acid–base reactions and of calcium or chlo-
ride binding into the thermodynamical construction is a main con-
tribution of this work. It is performed in Section 3.

Since the data that will be simulated involve uniaxial traction,
the model applied to confined compression in Loret and Simões
(2004, 2005a,b) needs to be modified. The purely mechanical
response is contributed by an isotropic matrix (ground substance)
and by the collagen network. A directional model is developed that
includes some nonlinear effects due to the fact that the directions
along which fibers are mechanically active depend on both the
mechanical and chemical loadings, Section 4. Swelling is observed
to induce stiffening of the purely mechanical behavior of the carti-
lage. Conversely, lateral shrinking leads to mechanical softening.

The general framework introduced in Section 3 is particularized
in Section 4.3, where a prototype of chemo-mechanical model
including the influence of ionic strength and pH on the mechanical
response (stress, strain) is developed.

In actual laboratory experiments, a cartilage specimen is bathed
in a reservoir of controlled chemical composition and controlled
mechanical conditions. The ensuing chemical composition of the
cartilage at equilibrium can be obtained as sketched in Section 3.5.
Laboratory experiments in which either the ionic strength, or the
pH of the bath, are varied can then be mimicked by the model, Sec-
tion 5. The simulations are compared with experimental data ob-
tained from bovine femoropatellar joints taken from animals of 1
to 2 year old (Grodzinsky et al., 1981).

While the bulk of the developments below addresses primarily
articular cartilages, simulations of experiments on bovine corneal
stroma by Huang and Meek (1999) will serve to highlight similar-
ities and qualitative differences between articular cartilages and
corneal stroma.

To simplify the analysis, all the species themselves that consti-
tute the tissues are considered to be incompressible.

Notation: Vector and tensor quantities are identified by boldface
letters. Symbols ‘�’ and ‘:’ between tensors of various orders denote
their inner product with single and double contraction, respec-
tively. tr denotes the trace of a second order tensor, and I the
second order identity tensor. Unless stated otherwise, the conven-
tion of summation over repeated indices does not apply.
2. The mixture framework

2.1. The constituents and phases

Articular cartilage is viewed as a three-phase, multi-species,
porous medium. The solid phase S is constituted by collagen fibrils
denoted by the symbol c. Proteoglycans PG’s are considered to be
bathed in the extrafibrillar fluid phase E. The latter contains water
w, sodium ions Na+, and/or calcium ions Ca2+, chloride ions Cl�,
hydrogen ions H+ and hydroxyl ions OH�,

S ¼ fcg; E ¼ fw; PG;Na;Ca;Cl;H;OHg: ð2:1Þ

The intrafibrillar fluid phase contains the same species as the extra-
fibrillar fluid phase but proteoglycans PG’s. Species of the intrafibril-
lar fluid phase have no access to the surrounding, and must be first
transferred to the extrafibrillar phase. Only the extrafibrillar phase
communicates with the surroundings. Motivation for the phase
segregation and hierarchical structure adopted is presented in Loret
and Simões (2004).

Water and ions in the extrafibrillar phase are endowed with
their own velocities so as to allow water to flow through the solid
skeleton and ions to diffuse in this phase and satisfy their own
balance of momentum. On the other hand, the proteoglycans move
with the solid phase.
For pH close to 7, collagen can be considered electrically neutral
(Li and Katz, 1976). However, at non-physiological pH, collagen be-
comes charged. Topological considerations seem to indicate that
electroneutrality should be ensured separately for the two fluid
compartments. Since collagen is in contact with both compart-
ments, a partition of the charge should be defined.
2.2. Macroscopic descriptors of the geometry and mass of the mixture

Various macroscopic measures of mass and volume are used to
formulate the constitutive equations. They are defined below.

Let the initial volume of the porous medium be V0 and let
V ¼ VðtÞ be its current volume. The current mole number, volume
and mass of the species l of phase K are denoted by NlK, VlK and MlK,
respectively. Various additional entities are attached to species:

– Some are intrinsic like the intrinsic density ql, the molar volume
v̂ l and molar mass m̂l linked by m̂l ¼ qlv̂ l.

– Some refer to the current volume, like the volume fraction
nlK ¼ VlK=V .

– Some refer to the initial volume like the mole content NlK ¼
NlK=V0, the volume content v lK ¼ VlK=V0 ¼ nlKV=V0, the mass con-
tent mlK ¼ MlK=V0 ¼ qlv lK.

The corresponding entities associated with the phase K are de-
fined by algebraic summation of individual contributions, e.g. the
current volume VK and mass MK, the volume fraction nK = VK/V.
Volume fractions satisfy the compatibility relation

P
KnK ¼ 1.

Other entities live in their phase, e.g. the molar fractions and the
concentrations. The molar fraction xlK of the species l in phase K is
defined by the ratio of the mole number NlK of that species over the
total number NK of moles within the phase, xlK ¼ NlK=NK . In each
phase, the molar fractions satisfy the compatibility relationP

l2KxlK ¼ 1. Since NlK=V0 ¼ mlK=m̂l, the molar fractions can also
be expressed in terms of mass contents.

The concentration of an extrafibrillar species is equal to its num-
ber of moles referred to the volume of extrafibrillar phase,

clE ¼
NlE

VE
¼ xlE

v̂E
; l 2 E; ð2:2Þ

with v̂E ¼
P

l2ExlEv̂ l ’ v̂w the molar volume of the extrafibrillar fluid
phase.

Collagen and proteoglycans are macromolecules with a large
molar mass, 0.285 � 106 g for collagen and 2 � 106 g for PG’s. The
molar fraction xl = Nl/NE and concentration cl = Nl/VE of proteogly-
cans (l = PG) and collagen (l = c) are thus quite small with respect
to the other species of the extrafibrillar phase. On the other hand,
the valence fPG of proteoglycans is large at neutral pH, while the
valence fc of collagen is large at non-physiological pH. The effective
molar fraction yl and effective concentration el,

yl ¼ flxl|fflfflfflfflffl{zfflfflfflfflffl}
effective molar fraction

; el ¼ flcl|fflfflfflffl{zfflfflfflffl}
effective concentration

; l ¼ PG; c; ð2:3Þ

are key parameters of the biochemical and biomechanical behaviors
of cartilages.

The total effective molar fraction ye and concentration ee of the
extrafibrillar charge including PG’s and collagen are similarly de-
fined in terms of valences and mole numbers,

ye ¼ fPG
NPG

NE
þ fc

Nc

NE
; ee ¼ fPG

NPG

VE
þ fc

Nc

VE
; ð2:4Þ

and then ye ¼ eev̂E � eev̂w.
Incidentally, it should be realized, that the change of volume of

the porous medium modifies the concentrations of species, since



2204 B. Loret, F.M.F. Simões / International Journal of Solids and Structures 47 (2010) 2201–2214
the volume of the fluid phase is affected. The ensuing analytical
relations are easily established.

2.3. The contributions to the extrafibrillar fixed charge

A number of data defining the species (PG’s, collagen, water)
that compose the cartilage as well as their proportions is required.
Some key details on the origin of the fixed electric charge are pro-
vided below.

2.3.1. Composition of GAG’s
Glycosaminoglycans (GAG’s) contain NCS

du ¼ 25 moles of disac-
charide units per mole of chondroitin sulfate, and the number
NCS of moles of chondroitin sulfate in a mole of PG’s is about 80.
The corresponding numbers for keratan sulfates are 13 and 40,
respectively. From these data, the numbers of moles of carboxyl
groups NPG

cg and of sulfate groups NPG
sg in NPG moles of PG’s, and

the valence fPG of PG’s can be deduced:

fPG ¼ ð�2ÞNCS
du �

NCS

NPG
þ ð�1ÞNKS

du �
NKS

NPG
¼ �4520: ð2:5Þ

The above data are extracted from Muir (1978, pp. 68–69) and Muir
(1983, p. 613).

2.3.2. Composition and partition of collagen
Nc moles of mature collagen of type II contain NðcÞag ¼ 273Nc mo-

les of charged amino groups, and NðcÞcg ¼ 264Nc moles of charged
carboxyl groups (Wachtel and Maroudas, 1998).

The diffusive properties of cartilage are thought to be linked
mainly to the extrafibrillar water. Intrafibrillar water is considered
to be part of another phase. To account for this water partition, the
carboxyl and amino sites of collagen are partitioned as well. About
two third of them contribute to the extrafibrillar phase, and one
third to the intrafibrillar phase. This proportion has been adopted
so as to obtain an isoelectric point (IEP) in the range indicated by
Frank and Grodzinsky (1987), namely IEP about 2.6.

2.3.3. The pH profile of the extrafibrillar fixed charge
The pH of the bath (pHB) and of the (extrafibrillar) water circu-

lating the cartilage (pHE) are different, since the chemical compo-
sitions are not identical, due to the presence of the fixed charge
in the cartilage. The issue of defining pHE from the chemical com-
position of the bath, the cartilage is in equilibrium with, will be ad-
dressed in the next sections.

In a first step, it is worth displaying the variations of the charge
of PG’s and collagen as a function of the pH of the extrafibrillar
fluid, Fig. 1. These variations arise due to acid–base reactions at
specific sites of PG’s and collagen, as explained in detail in Sec-
tion 3. From pH 4 to 8, the charges of both PG’s and collagen are
practically constant: collagen is about neutral, while PG’s are
negatively charged. At higher pH, the amino sites of collagen turn
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Fig. 1. Contributions of PG’s, collagen to the extrafibrillar charge of cartilage as a
function of the pH of the fluid of the cartilage, for a constant volume fraction of
extrafibrillar fluid nE = 0.8. From Loret and Simões (2010).
from positively charged to neutral. At low pH, the carboxyl sites of
both PG’s and collagen become neutral. Altogether, PG’s are always
negatively charged, while the charge of collagen is positive at
pH < 4 and negative at pH > 8. The aggregate isoelectric point
ranges from about 2.5 to 3.5.

The additional effect of calcium binding to the carboxyl sites of
PG’s onto the electric charge will be considered in the next section.
3. Constitutive framework including pH effects

Cartilage, with a solid skeleton constituted by proteoglycans,
collagen and non-collagenous proteins, is a porous medium circu-
lated by a fluid phase in which sodium and calcium ions and chlo-
ride anions diffuse. Ions hydrogen and hydroxyl are present due to
water dissociation, and possible chemical loadings. The intrafibril-
lar fluid and the associated collagen sites do not come into
consideration in this approach. The extrafibrillar species and the
associated collagen sites satisfy an electroneutrality condition,
and they undergo the same electrical field.

The acid–base reactions are considered to be reversible. There
are macroscopic arguments that sustain this point of view. For
example, in a traction test at given axial strain, subsequent to
acidification through hydrochloric acid HCl, Grodzinsky et al.
(1981) increase the concentration of sodium hydroxide NaOH:
they observe that the stress–pH curve does not show hysteresis.
3.1. Electro-chemical potentials

The incremental works done per unit initial volume V0 by the
stress T in the incremental strain dE and by the electro-chemical
potentials gec

lK during the addition/subtraction of the mole contents
dNlK of the species l to the phase K sum to

dW ¼ T : dEþ
X
l2K

gec
lKdNlK: ð3:1Þ

Here, (T,E) is a work-conjugated stress–strain pair. With F the
deformation gradient, E is typically the Green strain 1

2 ðF
T � F� IÞ,

and T the second Piola–Kirchhoff stress with respect to the refer-
ence configuration linked to the Cauchy stress r by the relation
T ¼ det F F�1 � r � F�T. The electro-chemical potentials gec

lK (unit:
kg/mol�m2/s2) are mole-based while the mole contents per unit
initial volume of the porous medium NlK’s are measured in mole/m3.

The chemical potential glK of a species l identifies a pressure
contribution introduced by the intrinsic pressure plK and the molar
volume v̂ l and a chemical contribution which accounts for the mo-
lar fraction xlK. For a charged species in presence of the electrical
potential /K (unit: V), the electro-chemical potential involves in
addition an electrical contribution. For incompressible species,

gec
lK ¼ v̂ lplK þ RT ln xlK þ flF/K; l 2 K: ð3:2Þ

In this formula, R = 8.31451 J/mol/K is the universal gas constant, T
(K) the absolute temperature, and F = 96,485 C/mol is Faraday’s
equivalent charge (1 C = 1 A � s). The f’s are the valences. In the
extrafibrillar phase, chemo-mechanical couplings imply ions and
water to be endowed with their own intrinsic pressure plE. The
enthalpy of formation up to the reference configuration, which
generates an equilibrium constant different from one, is assumed
to be contained in plE (Loret and Simões, 2005a,b).
3.2. Acid–base reactions and calcium binding

The sites for acid–base reactions and calcium binding which are
accounted for in this analysis are displayed in Fig. 2.
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The four acid–base reactions involve the weakly acid carboxyl
sites of either collagen or PG’s, and the strongly acid sulfate sites
of PG’s,

S ¼ CO; SOO : S—OH|fflfflffl{zfflfflffl}
occupied site

� S—O�|fflffl{zfflffl}
free site

þ Hþ|{z}
fluid phase

; ð3:3Þ

as well as the amino sites of collagen,

S ¼ NH2 : S-Hþ|fflffl{zfflffl}
occupied site

� S|{z}
free site

þ Hþ|{z}
fluid phase

: ð3:4Þ

In order to compact the notation, the four acid–base reactions are
numbered,

Rj�Pj þHðjÞ; j 2 ½1;4�; ð3:5Þ

with the following conventions for reactants, products and pKs:
S1 carboxyl sites on
PG’s
R1 = CO–OH
 P1 = CO–O�
 pK1 ¼ pKcg
S2 sulfate sites on
PG’s
R2 = SOO–OH
 P2 = SOO–O�
 pK2 ¼ pKsg
S3 amino sites on
collagen
R3 = NH2–H+
 P3 = NH2
 pK3 ¼ pKag
S4 carboxyl sites on
collagen
R4 = CO–OH
 P4 = CO–O�
 pK4 ¼ pKcg
Calcium ions compete with hydrogen ions to bind reversibly

onto the carboxyl groups of PG’s, according to the reaction

COO—Caþ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
occupied PG’s site

� COO�|fflffl{zfflffl}
free PG’s site

þ Ca2þ|ffl{zffl}
fluid phase

: ð3:6Þ

The reaction is numbered 10, and according to the conventions
above

S10 carboxyl sites on PG’s R10 ¼COO—Caþ P10 ¼CO—O� pK10 ¼pKCa

The concentrations at the sites for acid–base reactions and calcium
binding may be partitioned in the following general format:

cSj|{z}
sites

¼ cRj|{z}
sites occupied

by hydrogen ions

þ cRj0|{z}
sites occupied

by calcium ions

þ cPj|{z}
free sites

; j 2 ½1;4�: ð3:7Þ

For each reaction, the variations in the number of moles of reactants
and products obey the relation,

dNXEðjÞ ¼ dNPj
¼ �dNRj

; j 2 ½1;4� [ 10
� �

: ð3:8Þ

Here, X stands for H if j 2 [1,4], and for Ca if j = 10. The chemical
affinities associated with the reactions,

Gj ¼ RT ln
cPj

cRj

cXE

10�pKj
; j 2 ½1;4� [ f10g; ð3:9Þ

are defined in terms of a pK = pKj, or, equivalently by an enthalpy of

formation G0
j ¼ RT ln 10pKj

.
v̂w

� �
. Since cHE ¼ 10�pHE for j 2 ½1;4�,

the pKj is seen to be the pHE at which the numbers of occupied
and free sites for the acid–base reaction j are equal at equilibrium,
namely for Gj ¼ 0. Similarly, with cCaE ¼ 10�pCaE , the pK10 is seen to
be the pCaE at which the numbers of occupied and free sites for cal-
cium binding are equal at equilibrium.

The pKs of the sulfate, carboxyl and amino groups are taken
equal to 2, 3.2 and 9.2, respectively. Therefore, since it contains
amino acids with carboxyl groups and amino groups, collagen is
expected to become charged at pH smaller than 4 or larger than
8, as indicated by Fig. 1. On the other hand, the equilibrium con-
stant pK10 ¼ pKCa for calcium binding is not known. A parameter
analysis from pKCa ¼ �1 (no binding) to pKCa ¼ 3 has been ob-
served to increase the IEP from 2.6 to 3.5 for an extrafibrillar cal-
cium concentration lower than 10 mM (Loret and Simões, 2010).

3.3. Site concentrations and electric charge

It is instrumental to introduce the relative concentrations asso-
ciated with the acid–base reactions,

aj ¼ 10pKj�pHE ; j 2 ½1;4�; ð3:10Þ

and with calcium binding,

aj ¼ 10pKj�pCaE Ij10 ; j 2 ½10;40�: ð3:11Þ

At equilibrium of the acid–base reactions Gj ¼ 0; j 2 ½1;4�, and of
calcium binding G10 ¼ 0, the relative concentrations of the free sites
cPj
=cSj

and occupied sites cRj
=cSj

and cRj0
=cSj

express in terms of the
concentrations of hydrogen and calcium ions, namely for j 2 ½1;4�,

cPj

cSj

¼ 1
1þ aj þ aj0

;
cRj

cSj

¼ aj

1þ aj þ aj0
;

cRj0

cSj

¼
aj0

1þ aj þ aj0
: ð3:12Þ

The concentration of electric charge,

ee ¼ �cP1 � cP2 þ cR3 � cP4 þ cR10
; ð3:13Þ

thus depends on the concentrations of hydrogen and calcium ions
via the a’s.

3.4. Structure of the constitutive equations

All species in the extrafibrillar phase can exchange with the sur-
roundings but PG’s. Let Eext ¼ E� fPGg denote the set of exchange-
able species.

The extrafibrillar hydrogen ions participate to five independent
reactions, namely exchange with the surroundings (bath), and four
internal acid–base reactions, so that the variation of their mole
number is the sum of five contributions,

dNHE ¼ dN�
HE þ

X
j2½1;4�

dNHEðjÞ : ð3:14Þ

Similarly, extrafibrillar calcium ions exchange with the sur-
roundings and react with PG’s,

dNCaE ¼ dN�
CaE þ dNCaEð10 Þ : ð3:15Þ

An additional mechanism should be accounted for if exchanges
with the intrafibrillar compartment were activated.

The mole content of the extrafibrillar electric charge can be cal-
culated directly as,

dNe¼�dNP1 �dNP2 þdNR3 �dNP4 þdNR10
¼�

X
j2½1;4�[f10g

dNXEðjÞ ;

ð3:16Þ

in view of (3.8).
Since the acid–base reactions and calcium binding are electri-

cally neutral, the variation of the electrical density can be ex-
pressed in terms of the sole exchanges with the surroundings,
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dIeE ¼ F
X
l2Eext

fldN
�
lE: ð3:17Þ

The electroneutrality constraint dIeE = 0 will be satisfied by intro-
duction of a Lagrange multiplier to be interpreted as the electrical
potential /E.

The volume occupied by ions solvated or bound to the solid
sites is assumed to be the same. Therefore, since all constituents
are incompressible, the condition of compatibility of volume
change of the porous medium expresses in the incremental
format,

dIInc ¼ det F tr dF � F�1
� �

�
X
l2Eext

v̂ ldN
�
lE ¼ 0: ð3:18Þ

This constraint is satisfied by introduction of a second Lagrange
multiplier to be interpreted as the pressure pE in the fluid phase.

Along (3.1), the work done in a volume V0 during an incremen-
tal process is thus

dW ¼ T : dEþ
X
l2Eext

glEdN
�
lE þ

X
j2½1;4�[f10g

GjdNXEðjÞ þ pEdIinc þ /EdIeE

¼ T : dEþ
X
l2Eext

�gec
lE dN�

lE þ
X

j2½1;4�[f10g

GjdNXEðjÞ ; ð3:19Þ

where glE denotes the chemical potential, as opposed to the electro-
chemical potential gec

lE , and the overlined quantities are shifted
through the fluid pressure,

T ¼ Tþ pE det F F�1 � F�T; �gec
lE ¼ glE þ Ffk/E � v̂ lpE; l 2 Eext:

ð3:20Þ

The set of independent variables VE consists of the strain E of the
solid skeleton (or porous medium), of the set of mole contents of
chemical species NE,

NE ¼ N�
lE; l 2 Eext

� �
[ NXEðjÞ ; j 2 ½1;4� [ 10

� �n o
; ð3:21Þ

and of the fluid pressure pE and extrafibrillar electrical potential /E.
Hence the coupled chemo-hyperelastic constitutive equations

can be cast in the format,

T¼ oW

oE
; �gec

lE ¼
oW

oN�
lE
; l2 Eext; Gj¼

oW

oNXEðjÞ
; j2 ½1;4�[f10g;

ð3:22Þ

subject to the constraints,

Iinc ¼
oW

opE
¼ 0; IeE ¼

oW

o/E
¼ 0: ð3:23Þ

Note that the work-conjugate variables include

– a mechanical couple, involving a stress and a strain;
– as many chemical couples (electro-chemical potential, mole

content) as there are species that exchange matter with the
surroundings;

– as many chemical couples (chemical affinity, mole content)
as there are chemical reactions.

The potential

WðE;NE;pE;/EÞ ¼Wch-mechðE;NEÞ þWchðNEÞ þWef ðNEÞ
þ pEIinc þ /EIeE; ð3:24Þ

is constitutively decomposed into

– a coupled chemo-mechanical contribution,
Wch-mechðE;NEÞ; ð3:25Þ
– a chemical contribution,
WchðNEÞ ¼ RT
X
l2Eext

NlE ln NlE �NE ln NE

 

þ
X

j2½1;4�[f10g

NPj
ln NPj

þNRj
ln NRj

1
A; ð3:26Þ
with
NE ¼
X
l2Eext

NlE; ð3:27Þ
– a term describing the enthalpies of formation,
WefðNEÞ ¼
X

j2½1;4�[f10g

G0
j NXEðjÞ ; ð3:28Þ
with G0
j ¼ RT lnð10pKj=v̂wÞ; j 2 ½1;4� [ f10g;

– terms intended to ensure satisfaction of the constraints.

The constitutive equations (3.22) can be recast in terms of Cau-
chy stress in the format,

r ¼ �pEIþ ðdet FÞ�1F � oWch-mech

oE
� FT;

gec
lE ¼ v̂ lpE þ

oWch-mech

oNlE
þ RT ln xlE þ Ffl/E; l 2 Eext � fHg � fCag;

gec
HE ¼ v̂HpE þ

oWch-mech

oN�
HE

þ RT ln xHE þ F/E;

gec
CaE ¼ v̂CapE þ

oWch-mech

oN�
CaE

þ RT ln xCaE þ 2F/E;

Gj ¼ RT ln
cPj

cRj

cXE

10�pKj
; j 2 ½1;4� [ f10g;

ð3:29Þ

subject to the conditions (3.23) of incompressibility and
electroneutrality.

3.5. Equilibria

At the time scale of interest here, the acid–base reactions, as
well as the exchanges between the cartilage and the surroundings,
are considered at equilibrium. Moreover, it is tacitly understood
that all species in the set Eext can exchange with the bath, and that
the latter contains only these species.

Therefore, the equations that control the chemo-mechanical
evolution of the cartilage in contact with a bath of given chemical
composition govern

– the exchanges with the surroundings:
gec
lE ¼ gec

lB ; l 2 Eext; ð3:30Þ
– the acid–base reactions, and calcium binding:
Gj ¼ 0; j 2 ½1;4� [ f10g; ð3:31Þ
– the compatibility of molar fractions,
X
l2K

xlK ¼ 1; K ¼ E;B; ð3:32Þ
– the electroneutrality condition in terms of the molar fraction
ye ¼ v̂wee,
xNaKþ2xCaKþyeIKEþxHK�xOHK�xClK¼0; K¼E;B; ð3:33Þ
– water dissociation in terms of molar fractions,
xHKxOHK ¼ 4� 10�18; K ¼ E;B: ð3:34Þ
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The condition of mechanical equilibrium should be added to the
above to close the problem.

The electro-chemical potentials of the species in the cartilage
are provided by the constitutive equations developed above while
the expressions for the species in the bath are given by (3.2).
4. Chemically induced stiffening/softening by fiber recruitment/
deactivation

At physiological pH, the compressive stiffness of articular carti-
lages is contributed mostly by the ground substance, via the elec-
trical repulsion between charged GAG’s. The collagen network
contributes as well at non-physiological pHs. Indeed, at low and
high pH’s, the collagen molecules are charged, and their repulsion
contributes to a significant compressive stiffness.

The tensile stiffness is provided by the ground substance and
mostly by collagen fibrils. Under an extension, the fibers progres-
sively uncrimp, so as to carry the tensile load. They can be con-
sidered fully activated if their extension is larger than some
characteristic value. Fibers aligned with a tensile load are certainly
in extension, while fibers along orthogonal directions are likely to
undergo contraction, and therefore to be mechanically inactive.

Emphasis is laid below on the interactions between the direc-
tional properties of the fiber network, and chemo-mechanical cou-
plings. The model displays a swelling induced stiffening by fiber
recruitment, and, conversely, a shrinking induced softening by fiber
deactivation.

Indeed, consider the material to undergo uniaxial traction,
while swelling emanates from some chemo-mechanical process.
Swelling will imply the lateral strains to become less contractive.
Therefore, more collagen fibrils will be activated. Consequently,
the axial stiffness is certainly going to increase. Simulations will
show that this inherent stiffening/softening effect is significant.

To simplify the analysis, full activation of individual fibers is
considered to take place as soon as the fibers undergo an exten-
sion. Progressive uncrimping is introduced through a nonlinear
stress strain relation.

4.1. A single family of collagen fibrils

The unit vector mc, indicating the direction of a collagen fiber in
the reference configuration where F = I is expressed in terms of the
angles a 2 ½0;2p½ and b 2 ½0;p½, Fig. 3. Let Mc ¼mc �mc.

The collagen fibrils are mechanically active only in extension,
namely when hmc � C �mc � 1i is non-zero, where C ¼ FT � F is the
right stretch associated with the deformation gradient F, and
the operator h�i denotes the positive part of its argument. Then
the strain energy of a fiber expresses in terms of the right stretch
or Green strain E ¼ ðC� IÞ=2 in the format,
direction
of extension

munactivated
collagen fibers

activated
collagen fibers

lateral
contraction

1

3

2

nis nis
nis soc
cos

mc

Fig. 3. Cones of activation of collagen fibrils in axial extension and lateral
contraction.
wc ¼ wcðX2Þ; ð4:1Þ

where

X ¼ 1
2

C : Mc � 1h i ¼ hE : Mci: ð4:2Þ

In (4.1), the square, actually any power strictly greater than 1, is re-
quired to ensure continuity of the stress at the extension-contrac-
tion transition, where, in contrast, the stiffness may, or may not,
be discontinuous. Note that use of the deviatoric deformation in
the above energy would lead isotropic extension, like swelling, to
leave collagen fibrils unactivated. The exponential form of energy,
defined by the modulus Kc (unit: MPa) and the dimensionless expo-
nent kc, is adopted,

wc ¼ Kc

2kc
expðkcX2Þ � 1
� �

;

owc

oE
¼ Kc expðkcX2ÞXMc;

o2wc

oEoE
¼ Kc expðkcX2Þ 2kc X2|{z}

continuous

þHðE : McÞ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
discontinuous

0
B@

1
CAMc �Mc:

ð4:3Þ
4.2. The stress of the collagen network

Henceforth, we have in mind a collagen piece taken in the mid-
dle zone, as in Grodzinsky et al. (1981), so that the directional dis-
tribution of collagen fibrils Uða; bÞ can be assumed to be uniform,
namely 4pUða; bÞ ¼ 1. Nevertheless, the influence of a non-isotro-
pic directional distribution of collagen fibrils has been tested. As an
additional simplification, the fibers are considered to be indepen-
dent, namely there are no crosslinks between fibers, nor interac-
tion with the matrix.

The strain energy, obtained by integration over the unit sphere
X3,

WcðEÞ ¼
Z

X3
wcðXÞUða;bÞdX; ð4:4Þ

provides the stress of the collagen network,

Tc ¼ oWcðEÞ
oE

¼ Kc

Z
X3

X expðkcX2ÞMcUða;bÞdX: ð4:5Þ

If the directional distribution of collagen fibrils shows a rotational
symmetry about the axis 1, so that U = U(b), then the stress compo-
nents can be cast in the format,

Tc
ij ¼ Kc

Z p=2

0
db sin bX expðkcX2Þ4pUðbÞ

ðcos bÞ2; i ¼ j ¼ 1;

ðsin bÞ2=2; i ¼ j ¼ 2;3;

0; i–j:

8><
>:

ð4:6Þ

For uniaxial traction along the symmetry axis 1, the activation cri-
terion relies on the elongation X,

X ¼ hE : Mci ¼ E11ðcos bÞ2 þ E22ðsin bÞ2
D E

: ð4:7Þ

In general, the directions for which extension takes place are
not known beforehand, and the integration cannot be performed
analytically, except in particular cases. Of course, if the transverse
directions 2 and 3 undergo extension, an isotropic response is
recovered. If the transverse directions undergo contraction, then
the fibers which undergo extension E:Mc P 0, namely,

cot2b ¼ m2
1

m2
2 þm2

3

P cot2bm 	
�E22

E11
; ð4:8Þ
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form, as sketched in Fig. 3, two symmetric cones of half angle bm

about the extension direction,

b 2 ½0; bm� [ ½p� bm;p�: ð4:9Þ
4.3. Elastic potential with electro-chemo-mechanical couplings

The general framework developed in Section 3 is now special-
ized so as to simulate intermingled chemical and mechanical load-
ing paths available in the literature. These data unambiguously
show the strong influence of ionic strength and pH on the material
response. However, since no sufficient information on the articular
cartilage tested is available, only a prototype of mechanical model
can be formulated.

The chemo-mechanical part of the elastic potential

Wch-mechðE;NEÞ ¼Wch;1ðE;NEÞ
þWch;2ðNEÞ WgsðEÞ þWcðEÞð Þ; ð4:10Þ

is contributed by

– the mechanical energy WgsðEÞ of the matrix, PG’s and other
proteins (ground substance);

– the mechanical energy WcðEÞ of the activated collagen
fibrils;

– a coupled chemo-mechanical term Wch;1ðE;NEÞ ¼�pchðNEÞ
ðdet F� 1Þ, and a purely chemical term Wch;2ðNEÞ.

The coupled chemo-mechanical term gives rise to the chemical
stress Tch ¼ �pch det F F�1 � F�T which results in an isotropic Cau-
chy stress rch ¼ �pchI.

The constitutive stresses of the ground substance Tgs ¼ oWgs=oE
and of the collagen Tc ¼ oWc=oE are to be understood as volume
weighted averages. Moreover, both are representative of the stres-
ses of the matrix and collagen in the hypertonic state, that is, in ab-
sence of chemical effects.

With rgs and rc the Cauchy stresses associated with the second
Piola–Kirchhoff stresses Tgs and Tc, the mechanical constitutive
equations (3.29) may be phrased in terms of an effective stress in
the current configuration,

rþ ðpE þ pchÞ
zfflfflfflfflfflffl}|fflfflfflfflfflffl{peff

I ¼Wch;2ðNEÞðrgs þ rcÞ: ð4:11Þ

The second chemical term Wch;2 is intended to indicate that a smal-
ler ionic strength amplifies the stiffness, both in confined compres-
sion, and in uniaxial traction (Loret and Simões, 2004, Fig. 5).

The cartilage specimen is assumed to be in equilibrium with a
fictitious bath at pressure ~pE. The constitutive equation (4.11) is
then rewritten in the format,

rþ ~pEIþ ðposm þ pchÞI ¼Wch;2ðNEÞ rgs þ rcð Þ; ð4:12Þ

that involves the osmotic pressure posm ¼ pE � ~pE. The properties of
the fictitious bath are deduced from those of the cartilage. There-
fore, the osmotic pressure can be seen as a function of the state vari-
ables. It consequently qualifies to enter the constitutive equations.

For a general boundary value problem, the indeterminate pres-
sure pE is defined by boundary conditions. Here, we consider a
homogeneous specimen in equilibrium with a (real) bath. There-
fore, the fictitious bath and the real bath can be identified, ~pE is
understood as the pressure pB of the real bath, chemical equilib-
rium provides posm, and then the pressure in the cartilage pE is
equal to posm þ ~pE.
4.4. Material parameters

In the hypertonic state, the high ionic strength shields quasi-
completely the electro-chemical repulsion forces between fixed
charges of identical sign. The hypertonic state is therefore a likely
candidate as a reference state.

4.4.1. Hypertonic elastic coefficients
The moduli that come into picture should be apparent moduli.

The apparent isotropic tensor moduli Egs of the matrix are defined
by the Lamé moduli k ¼ ngsKgs and l ¼ ngsMgs built from the intrin-
sic moduli of the matrix Kgs and Mgs, and its volume fraction ngs. The
order of magnitude of the moduli of the ground substance in the
hypertonic state can be estimated from the confined compression
tests of Eisenberg and Grodzinsky (1985), namely k = l = 100 kPa.

The modulus of collagen fibrils of bovine Achilles tendons is re-
ported to be 430 MPa by Sasaki and Odajima (1996). Lower values
are mentioned for collagen fibrils (of type I) of annulus fibrosus,
namely about 50 MPa (Pezowicz et al., 2005). Federico et al.
(2005) report values from Athanasiou et al. (1991) about 10 MPa
for articular cartilages. For collagen, the volume fraction nc is
expressed as the product of the volume fraction of the fluid phase
nE ¼ 0:8, times the concentration of collagen with respect to the
fluid phase cc ¼ 0:8 mole=m3, times the molar volume of collagen
v̂c ¼ 0:2 m3=mole, and therefore, nc ¼ 0:128. The simulations have
been run with a modulus Kc ¼ ncKc ¼ 1 MPa and an exponent
kc ¼ 100. At low ionic strength, these values yield an axial stress
of about 1 MPa for an axial strain of 15%, in agreement with mea-
surements on human knees by Akizuki et al. (1986).

4.4.2. Identification of the constants of the chemo-mechanical
couplings

The constitutive chemo-mechanical couplings are motivated by
the following remarks:

– Sodium cations Naþ and chloride anions Cl� have only
shielding effect in articular cartilage, screening the repulsion
between fixed charges of identical sign located on the PG’s
and collagen.

– Calcium ions Ca2þ display the shielding effect, which should
be more efficient that sodium ions due to the valence 2, and
in addition they increase the algebraic value of the charge,
through binding to carboxyl sites of PG’s. These two effects
cooperate above the isoelectric point (IEP), and compete
below the IEP. Note however that binding concerns only part
of the sites, and, calcium binding cannot by itself alone
change the sign of the fixed charge.

– Ions hydrogen both shield the charge and bind to the PG’s
and collagen sites, and are able to change the sign of the
fixed charge.

The osmotic pressure is large at low ionic strength, and vanishes
at large ionic strength and at the IEP. It is therefore a likely candi-
date to carry the extremum properties that are expected for the
constitutive functionWch;2, which adopts a simple affine relation,

Wch;2 ¼ 1þ awposm=p0
osm; ð4:13Þ

where aw is a dimensionless constant. nE and nE
0 are, respectively,

the current and reference fluid volume fractions. p0
osm is the osmotic

pressure induced by isotropic free swelling, up to 10�4 M of NaCl at
pHB = 7: it is found equal to about 325 kPa. In absence of sufficient
data, the chemo-mechanical term is neglected, i.e. pch ¼ 0.

Assume the material to be strained, subsequent to isotropic free
swelling, at fixed bath chemical composition. Then (4.12) writes at
any state,
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r11 þ ~pE ¼Wch;2ðrgs
11 þ rc

11Þ � ðposm þ pchÞ: ð4:14Þ

In the tests to be described below, the only data that are available
are the ratios between the l.h.s. of (4.14) at a current state over
the value at a certain stage of the loading history. The coefficient
aw ¼ 10 in (4.14) implies these stress ratios to be about 1/4 in the
hypertonic state in agreement with data, and the isotropic free
swelling strain to be about 4%.

5. Simulations of tests on articular cartilages

Cartilage strips cut from bovine femoropatellar joints, of 1.5- to
2-year-old animals, were tested by Grodzinsky et al. (1981). Since
the strips are taken from the middle zone, the collagen fibrils can
be assumed to be randomly distributed over all spatial directions.

The cartilage specimens, in contact with a bath of controlled
chemical composition, are subjected to intermingled chemical
and mechanical loadings. The complete simulations start from a
hypertonic state in presence of sodium cations at 1 M, and involve
three sequences, as sketched in Fig. 4: namely

– Sequence 1: isotropic free swelling OA, i.e. progressive
decrease of the ionic strength of sodium of the bath from
pNaB = 0 to pNaB = 4.

– Sequence 2: uniaxial traction at fixed bath composition AB,
i.e. application of an additional axial strain of 10%.

– Sequence 3: chemical loading BC, i.e. increase of the ionic
strength of the bath, while the axial strain is maintained con-
stant. Since the lateral strains vary, the test is actually not
isometric.

As an extension of the notion of pH, data are reported as a func-
tion of the pkB = �log10 ckB of the bath, the concentration
ckB ¼ 10�pkB being measured in mole/l, with k = Na, Ca, H.

During sequence 1, the pH of the bath is maintained constant,
equal to 7, except for the H-test where it is equal to 6.

The third sequence consists in increasing the bath concentra-
tions of sodium chloride (Na-test), calcium chloride (Ca-test), or
hydrochloric acid (H-test). For the Na- and Ca-tests, the pH in the
bath is maintained equal to 7. For the Na- and H-tests, the amount
of calcium is virtually nil. In detail,

– the conditions at B for the Na-test are pNaB = 4, pHB = 7;
– for the Ca-test, the neutralizing cations at B are Na+, with

pNaB = 6, the initial pCaB is 4, and the initial pHB is 7;
– for the H-test, the free swelling test stops at concentration of

Na+ equal to 0.06 M, and the pHB at B is 6.
electrolytic bath

OA: isotropic free swelling

water NaCl
or CaCl2

or HCl

AB: uniaxial traction
imposed axial elongation

BC: increased ionic strength
at fixed axial length

resulting
lateral contraction

resulting
lateral contraction

Fig. 4. Scheme of the three sequences of the chemo-mechanical tests to which
specimens of articular cartilages are subjected. The electrolytic bath is kept at
atmospheric pressure, but its chemical composition is modified in sequences 1 and
3. OA: isotropic free swelling starting from hypertonic state; AB: uniaxial traction at
fixed bath chemical composition; BC: increasing ionic strength of the bath at
constant axial strain.
For a conewise nonlinear behavior of collagen fibrils, the bound-
ary condition for uniaxial traction along the direction 1,

0 ¼ r22 þ ~pE ¼Wch;2ðNEÞ rgs
22 þ rc

22

� �
� ðposm þ pchÞ; ð5:1Þ

becomes an implicit equation for the lateral strain, which has to be
solved numerically. Moreover, for a randomly distributed fiber
network, isotropic free swelling is recovered by constraining the
strain to be isotropic.

The simulations below have been performed with both
quadratic and exponential strain energy functions for the collagen
fibrils. Unlike mechanical variables, the chemical variables (con-
centrations, fixed charge, etc.) do not show significant differences
for the two models: therefore the mechano-chemical coupling is
weak.

Only the nonlinear simulations are presented. They are dis-
played in Figs. 5–11:

1. During the free swelling sequence OA, at decreasing con-
centration of Na+, the pH in the cartilage fluid decreases
much, Fig. 9, in agreement with the findings of Loret and
Simões (2010). Therefore, the electric fixed charge
decreases (in absolute value). On the other hand, decreas-
ing ionic concentration alone would lead to increase of
the osmotic pressure. These two competing effects imply
the osmotic pressure to show a maximum. The phenome-
non is displayed essentially in the Na-test, because the
swelling sequence is limited in the H-test. In presence of
calcium, the variation of cartilage pH is tiny, and the osmo-
tic pressure does not show such a marked maximum.

2. In the Na-test, the chemical load path is closed, Fig. 5. The
concentration of Na+ in the cartilage returns to its initial
value. So do also the other concentrations in the cartilage.
This is another indication that the mechano-chemical cou-
pling is weak.

3. On the other hand, strain and stress components do not
follow a closed path, since the mechanical loading path
is not closed, Fig. 6. Further, the mechanical response
(stress and strain components) is strongly affected by
the chemical loading of sequence 3: this is a witness that
the chemo-mechanical coupling is strong.

4. During sequence 3, at increasing ionic strength, the stress
falls down onto the hypertonic curve at large ionic
strength of the bath.

5. However, the decrease is not monotonous for the H-test,
because the isoelectric state is reached first, at
pHB = pHE = 2.6. Let us recall that, at the isoelectric point
(IEP), the chemical concentrations in the bath and extra-
fibrillar fluid are virtually identical (to within the tiny
concentration of PG’s), and therefore the osmotic pres-
sure vanishes. Once the IEP is passed, subsequent
decrease of the bath pH implies an increasing positive
fixed charge of the collagen network, Fig. 10. This increas-
ing fixed charge and the increasing ionic strength com-
pete to control the magnitude of the stress, which first
increases, reaches a local maximum at pHB � 1, and
finally falls down on to the hypertonic curve at larger
ionic strength. In summary, for the H-test, the stress falls
down to the hypertonic line twice, first because the fixed
charge vanishes at the IEP, and second at large ionic
strength, as a consequence of the strong shielding of the
electric charge by the mobile ions.

6. The volumetric contraction is maximum in the hyper-
tonic state, which, as already mentioned, is reached either
due to a large ionic strength (Na-, Ca- and H-curves) or at
the isoelectric point (H-curve).
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7. As indicated by (4.12), during isotropic free swelling, the
chemical pressure driven by the electrical repulsion
between cartilage units is resisted by both the matrix
(PG’s) and the collagen network. During uniaxial traction,
the latter have to resist, in addition, the external load. In
fact, during the swelling sequence 1, all collagen fibrils
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are in extension, corresponding to an angle bm ¼ 90
, Fig. 7.
The lateral strain reduces during the traction sequence 2,
Fig. 8. This decrease continues during the chemical loading
sequence 3, associated with shrinking, which, since the
axial strain is fixed, can take place only along the lateral
direction. During the last two sequences, the angle bm

decreases progressively, as soon as the lateral strain
becomes negative. The actual range of variation bm

depends on the ratio ðposm þ pchÞ=Wch;2 which could be
estimated from isotropic free swelling; the larger this ratio,
the larger the lateral strain, and the larger the angle bm.

8. The actual mechanical behavior below the IEP may depend
both on the loading conditions, and on the structural char-
acteristics of the tissue. For corneal stroma where the IEP is
about 4, osmotic pressure and hydration raise considerably
for bath pH up to 3, to values larger than at neutral pH
(Huang and Meek, 1999). Therefore, in this range of bath
pH, electrical repulsion between collagen units is quite effi-
cient. Whether or not the structure collapses at lower pH is
not known, and perhaps, not of direct interest here since
extreme pHs may induce further modifications to the tis-
sue. These aspects are considered in the next section.
9. Calcium binding to the carboxyl sites of PG’s lowers the
stress and osmotic pressure, since it reduces the fixed
charge, Fig. 5. The influence is not that apparent in the
stress ratio of the Ca-test in Fig. 11.

10. The axial stresses relative to their values at the beginning
of sequence 3 are the only data provided by Grodzinsky
et al. (1981). The simulations show indeed ratios quite
in agreement with these data, Fig. 11. However, the
simulations seem to indicate a systematic shift at low
ionic strength (large pkB), as if the model was overesti-
mating small concentrations. In presence of calcium,
binding provides a simulation curve marginally closer to
the experimental data.

6. Simulations of tests on corneal stroma

Corneal stroma presents some qualitative similarities with
articular cartilages: while the fixed charge is due to PG’s at neutral
pH, collagen contributes at low and high pHs. On the other hand,
while calcium ions compete with hydrogen ions to bind on the car-
boxyl sites of PG’s, the ligands on which chloride ions bind are as-
sumed to be pH independent.
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The actual composition and structure of these tissues reflect the
fact that their biological functions are quite distinct:

– Collagen fibrils are embedded in lamellae and they run
essentially parallel to the corneal surface, and not across
the thickness along the radial direction.

– These lamellae are also parallel to the corneal surface, except
perhaps close to the limbus. The interlamellar space opens
easily due to swelling, by anterior–posterior stretching.

– Therefore, the stroma is hardly able to resist increase of
hydration, and, by itself alone, it would swell almost indefi-
nitely, forming lakes that impair transparency (Elliott and
Hodson, 1998).

– Infinite swelling is avoided by active transport maintained
by pumps located on the endothelium.

Here, we consider a de-epithelized corneal specimen: the ionic
pumps have been removed. Its hydration is limited by an applied
osmotic pressure through polyethylene glycol (PEG). The model
endows the stromal matrix with elastic moduli that are of course
larger in compression than in tension: the latter, while small, are
to be traced to the sub-lamellae and fibrils connections that run
across the lamellae.

The composition of PG’s has been extracted from Plaas et al.
(2001):

– Numbers of disaccharide units per KS which are unsulfated,
monosulfated and disulfated, respectively, 0.56, 5.88 and
7.56.

– Numbers of disaccharide units per CS which are unsulfated
and monosulfated, respectively, 25.6 and 14.4.

– Numbers of moles of GAG’s of KS and CS per gram of dry
mass, respectively, 2.2 � 10�6 and 0.5 � 10�6.

– Molar masses of GAG’s of KS and CS, respectively, 7.0 � 103

and 17.5 � 103.

The chloride binding reaction,

L—Cl�|fflfflffl{zfflfflffl}
occupied ligand

� L|{z}
free ligand

þ Cl�|{z}
fluid phase

; ð6:1Þ

is denoted j = L. Along the conventions used for acid–base reactions,

SL total ligand sites L on collagen RL occupied ligands L—Cl�

PL free ligands L;

the sites for acid–base reactions and chloride binding are parti-
tioned in the format,

cSj|{z}
sites

¼ cRj|{z}
sites occupied

by hydrogen=chloride ions

þ cPj|{z}
free sites

; j 2 ½1;4� [ fLg: ð6:2Þ

Further notations similar to the acid–base reactions are introduced,
namely, cClE ¼ 10�pClE with cClE expressed in mole/l, and aL ¼
10pKL�pClE . Therefore, the concentrations of free ligands cPL , occupied
ligand cRL and total ligands cSL are governed by the relations,

cPL

cSL

¼ 1
1þ aL

;
cRL

cSL

¼ aL

1þ aL
: ð6:3Þ

Due to chloride binding, the fixed charge concentration is decreased
by �cRL . Data on chloride binding are taken from Hodson et al.
(1992), namely

– number of ligands per gram of dry mass 0.24 mole/kg;
– equilibrium constant pKL ¼ 0:523.

Huang and Meek (1999) have submitted to chemical and
mechanical loadings bovine corneas, from which endothelium
and epithelium were removed by scraping with a scalpel.
As a rough simplification, the mechanical properties of corneal
stroma are assumed to be transversely isotropic about the radial
direction. The collagen fibrils are orthoradial (parallel to the cor-
neal surface), and uniformly spread over all the tangential direc-
tions. This directional distribution is largely approximative, but it
does not affect the simulations below where the strains are essen-
tially radial. A more accurate description of the directional distri-
bution of the fibrils would lead to consider a clinotropic material
with two main fiber directions. A further refinement would distrib-
ute smoothly the fibrils around these two directions.

The chemo-mechanical constitutive equations are essentially
similar to those used for articular cartilages. The ground substance
(matrix) is endowed with isotropic elastic properties, with Lamé
moduli ke = 1.5 kPa for volume increase, kc = 6 kPa for volume
decrease and a shear modulus l = 1.5 kPa. Indeed, the complex
loadings to which the stromal specimens are subjected in the
experiments reported by Huang and Meek (1999) include both
compression stages and stages of volume expansion. While the re-
ported measurements do not allow to accurately backtrack the
elastic properties, simulations indicate that the matrix moduli dur-
ing the swelling phase are much lower than during the compres-
sion phase. Within the framework of isotropic elastic materials,
such a conewise behavior can be realized by assuming the Lamé
modulus k to be different for volume increase and for volume de-
crease, while the shear modulus should remain identical. This dif-
ference of moduli is to be traced to the lamellar architecture of the
stroma, briefly touched upon at the beginning of the section.

The elastic behavior of collagen fibrils is nonlinear, exactly like
for articular cartilages, with modulus Kc = 1000 kPa and exponent
kc = 100. In order to recover the experimental IEP of 4, the collagen
charge is fully required to contribute to the extrafibrillar charge. In
contrast, for articular cartilages, only two third of the collagen
charge was contributing to the extrafibrillar charge.

The chemo-mechanical coupling is introduced only by the osmo-
tic pressure. In absence of sufficient data, the chemical pressure pch is
simply set to 0, and the coefficient Wch;2 equal to 1. The volume
changes experienced during the experiments of Huang and Meek
(1999) are quite large, so that a finite strain formulation is required.

The stromal specimens are in continuing equilibrium with a
bath of controlled chemical composition and pressure. The simula-
tions mimic the experiments and proceed in four stages, sketched
in Fig. 12:

– In the initial state O, the bath has a hypertonic composition,
with a concentration of sodium chloride equal to 1 mole per
liter, a pH equal to 7, and, according to Table 3 of Huang and
Meek (1999), hydration equal to 5.6.

– Stage OA: the ionic strength of NaCl in the bath is brought to
30 mM.
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– Stage AB: osmotic compression of the stromal specimens is
realized through polyethylene glycol (PEG) whose concen-
tration is brought to some target value, e.g. 5% of PEG
corresponding to 27.75 kPa.

– Stage BCD: the pH of the bath is increased from 7 to 8, and
next decreased from 8 to 3.

Osmotic compression is realized through various concentra-
tions of polyethylene glycol (PEG) with molecular mass 20 kg.
The pressure, measured in kPa, exerted by PEG can be estimated
from the formula,

pPEG ¼ 1:28cPEG þ 0:85ðcPEGÞ2; ð6:4Þ

the concentration cPEG being measured in g of PEG per gram of solu-
tion multiplied by 100.

The isoelectric point, IEP about 4, is crossed in the third stage CD
of the loading history. As indicated in Figs. 13 and 15, a number of
entities show an extremum at the IEP, e.g. specimen volume,
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collagen becoming positively charged.
hydration, osmotic pressure. When no extra load is applied, the
volumes in the hypertonic state and at the IEP are identical and
minimal. When a compression is applied, the volume at the IEP
is of course smaller than in the hypertonic state, point O, as illus-
trated in Fig. 13.

The profiles in terms of bath pH of the volume descriptors dis-
played in Figs. 13 and 15 and of the concentrations of ions and
fixed charges are due to both a chemo-mechanical coupling and a
mechano-chemical coupling. Indeed, since at the IEP, the electrical
shielding vanishes, the volume is minimal, as indicated by the
plots, and therefore some concentrations may increase, even if, at
constant volume, they would decrease. The fact that the mechano-
chemical coupling is strong may also be appreciated by considering
the significant increase of the concentrations of ionic and fixed
charges with the PEG loading, Fig. 14. The phenomenon is to be
traced to the low radial moduli which allow both large volume in-
crease and decrease.

Below the IEP, collagen becomes positively charged, while the
charge of PG’s fades out. Repulsion between close charges leads,
through macroscopic electro-chemical coupling, to large osmotic
pressures, and through chemo-mechanical coupling, to a large vol-
ume expansion along the radial direction.

Even if the experiments involve complex and severe chemical
and mechanical loadings, and the mechanical model is rather
crude, it is worth noting that the simulations match the data
qualitatively and quantitatively well, as witnessed by Fig. 15.
7. Conclusions

The main issues addressed in this work can be listed as follows:

– A constitutive framework has been developed: it is consis-
tent with the thermodynamics of porous media, including
chemo-mechanical couplings in presence of several metallic
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ions, hydrogen and hydroxyl ions, accounting for water dis-
sociation, calcium binding for articular cartilages, chloride
binding for corneal stroma, and resulting in chemo-hyper-
elastic constitutive equations.

– The fact that the collagen fibers are mechanically active only
in extension results in a directional response, even if the spa-
tial distribution of the fibers is random. In presence of chem-
ically induced swelling, chemo-mechanical coupling results
in stiffening of the mechanical response due to fiber recruit-
ment. Chemical shrinking has opposite effects. The phenom-
enon is quantified through the angle bm which is a measure
of the size of the cones of fibers which are mechanically
active.

– Progressive uncrimping of the fibers is not directly
accounted for, but replaced by an overall nonlinear stress–
strain law. For articular cartilages, the influence of this non-
linearity on the chemical variables is small. In fact, a model
in which fibers have a linear mechanical behavior in exten-
sion, namely for small kc in (4.3), yields virtually the same
results for chemical variables (concentrations, etc.), but of
course not for mechanical variables (stress, strain, etc.).

– The chemo-mechanical response accounts for both electric
shielding at large ionic strength, and variation of the fixed
electric charge (the key engine of electro-chemo-mechanical
couplings) due to acid–base reactions, calcium or chloride
binding.

– For both articular cartilages and corneal stroma, the chemo-
mechanical coupling is strong: changes of the concentrations
of ions and fixed charges imply significant changes in strains
at given stresses, or in stresses at given strains. The converse
mechano-chemical coupling is strong only in corneal stroma
due to the large compliance of the matrix.

The simulations have assumed a random directional distribu-
tion of collagen fibrils. Still, the influence of a non-isotropic colla-
gen network, displaying rotational symmetry about the traction
axis has been tested for articular cartilages. The directional distri-
bution UðbÞ is described by a single harmonic,

UðbÞ ¼ U0

4p
þ 3

4p
ð1�U0Þðcos bÞ2; ð7:1Þ

with a coefficient U0 2�0;3=2½. The ratio of the fiber density along
the symmetry axis and in an orthogonal direction is equal to
3=U0 � 2. Isotropy corresponds to U0 ¼ 1. While the various
mechanical entities depend strongly on the collagen directional dis-
tribution, the stress ratios displayed in Fig. 11 are found to be quite
insensitive to even relatively large deviations with respect to an iso-
tropic collagen network.

Here, as a trade off, the chemo-mechanical model has exploited
the osmotic pressure. The key advantage is that arbitrary types of
ions are accounted for in a straightforward manner that does not
require the determination of parameters. While the model embeds
the salient features of the experimental data, the drawback is
certainly its lack of accuracy. Calibration of a more complete che-
mo-mechanical model where the weight of individual ions is
accounted for requires data along several chemical and mechanical
loading paths (Loret and Simões, 2005a,b). Experimental measure-
ments of stresses and strains in the three directions of space would
be most welcome, so as to assess the three dimensional validity of
the constitutive equations.

Experiments involving changes in pH and controlling the
mechanical conditions at the boundaries are necessarily complex.
A particular difficulty consists in defining a trustful reference state
that can be used to compare the effects of the subsequent mechan-
ical and chemical loading processes. The hypertonic state with
large sodium chloride concentration and neutral pH has been used
to start the simulations. On the other hand, one might argue that
the loading processes that the specimens of articular cartilages
and corneal stromas have undergone are so severe that the initial
state may have been wiped out. In any case, despite the complexity
of these loading processes, the simulations reproduce quite well
the available data, which exhibit strong instances of chemo-
mechanical coupling, or mechano-chemical coupling, or both.
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