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Abstract—In this paper, a theoretical framework for the least squares finite-element approxi-
mation of a fractional order differential equation is presented. Mapping properties for fractional
dimensional operators on suitable fractional dimensional spaces are established. Using these proper-
ties existence and uniqueness of the least squares approximation is proven. Optimal error estimates
are proven for piecewise linear trial elements. Numerical results are included which confirm the
theoretical results. © 2004 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

In this paper, we investigate the least squares approximation to the following two-point boundary
value problem containing a fractional differential operator:

—d—a— (k@> = f, in [a, b],

dx* dz
¢(a’) = ¢07 (1)
B(b) = ¢1,

where 0 < a € 1, and d‘i—aa denotes a fractional order differential operator in the finite domain
[a, b]. Physical models containing fractional differential operators have recently received renewed
attention from scientists. The interest in such models is mainly due to the observation of power-
law patterns in physical systems, in particular in contaminant transport of ground-water flow [1].
Using a probabilistic argument, one can show that a subdiffusive power law pattern leads to a
partial differential equation containing fractional differential operators.

The diffusion equation may be derived by considering a continuous time random walk, governed
by a jump probability density function whose first and second moments in space and time exist and
are finite. However, the diffusion which occurs in complex systems may violate the assumption
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that the mean waiting time between two successive jump events is finite and/or the assumption
that the variance of the jump length probability density is finite [2-5]. In this case, a fractional
order diffusion equation results, i.e.,

371¢ _ 872¢
atm Qx| (2)

where 0 < vy <land 1<y <2

To date, all the analysis of fractional differential equations has been for the infinite domain,
using the Fourier transform [1,6]. The inclusion of boundary conditions in fractional differen-
tial equations introduces additional difficulties. In this paper, we study the approximation of
fractional differential equations on finite domains using variational methods. In [7,8], several
definitions are given for a fractional differential operator on a finite domain. Herein, we con-
sider the Riemann-Liouville fractional differential operator. Summarized in the Appendix are
the definitions of the Riemann-Liocuville operators, as well as several results used in this analysis.

The paper is organized as follows. First, we provide a derivation of the fractional advection-
dispersion equation. Second, a fractional derivative space is introduced, and results are proven
which aid in our analysis. Third, a least squares variational form for (1) is derived, and existence
and uniqueness results are proven. Fourth, optimal error estimates are derived for the variational
form for piecewise linear trial elements. Finally, numerical results are given which support the
theoretical optimal error estimates.

2. PHYSICAL MODEL

Let ¢(x, t) represent the concentration of a solute at a point x at time ¢ in an arbitrary bounded
connected set 0 C R%. The conservation of mass equation may be defined as
8¢ .
—a?:—V-F-l—f, in Q, (3)
where F is the mass flux and f denotes a source term. The mass flux term can be decomposed
into

F = Fa + Fd, (4)

where F, denotes the flux from advection, F'y from dispersion. An equation for advective flux is
given by
F,= ¢V, (5)

where v is the (known) velocity of the fluid.
The advection-dispersion equation results when Fick’s first law of diffusion is used to model
the dispersive term, i.e.,

Fy= —kVé. (6)

However, in the application of solute transport in highly heterogeneous porous media, dispersive
flux does not appear to follow Fick’s first law [1]. The argument for a fractional dispersive flux
was given in [2] and interpreted in terms of a nonlocal superposition principle in [9], and in terms
of a probabilistic argument in [10]. Similar to equation (20) in [2], the j*P component of the
dispersive flux can be written as

(Fa); = (p-ooD;f + qsz;") (— g%) : )

This equation may be interpreted as stating that the mass flux of a particle is related to the
negative gradient via a combination of the left and right fractional integrals, where p +¢ = 1,
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and & is the diffusion coefficient. Equation (7) is physically interpreted as a Fick’s law for
concentrations of particles with a strong nonlocal interaction.
Combining (3) and (7), the d-dimensional fractional advection-dispersion equation (FADE)
may be stated as
d¢

Bt
where the components of V® are a linear combination of the left and right Riemann-Liouville
fractional differential operators, and 0 < o < 1,

=V (v§) + V- (kV$) + f, inQ, ®)

(VE)s =P D3, — g2, D, 9)

In the case o = 1, (8) reduces to the traditional advection dispersion equation. In a more general
version of (8), k is replaced by a symmetric positive definite matrix.

The derivation of (8) in terms of a continuous time random walk results when representing the
jump length probability density function as a product of d univariate Lévy densities. Another
version of the FADE as presented in {11] relies on viewing the jump length p.d.f. as a multivariate
Lévy density. The FADE has been studied in one dimension [1], and in three dimensions [6], over
infinite domains using Fourier transform techniques.

3. FRACTIONAL DERIVATIVE SPACES

In order to perform a finite-element analysis for fractional differential equations, it is necessary
to construct appropriate function spaces. In this section, we construct and analyze a set of spaces
J?(2), which depend on the square integrability of the Riemann-Liouville fractional derivative of
a function. For the remainder of this paper, we let Q = [0, b] and denote for a positive, negative,
Or ZEero,

D> :=yD2

Rl

10
IDQ* = ;E.DI(:, ( )

where o Dy and Dy represent the left and right fractional differential operators defined in (78)
and (79), respectively.

DEFINITION 1. For s = m + o, where m is a nonnegative integer and 0 < o < 1, define

J(Q) == {u e H™(Q) | D%u, D**u € H™(Q)}. (11)
We associate with J*({2) the norm || - ||5, and seminorm | - |4, given by
1/2
lofls = (Rl +12°u2) " s = Dl (12)

For s a nonnegative integer, the J*({2) spaces coincide with the Sobolev spaces H*() [12,13].
However, for s noninteger, the spaces J°(2) and the fractional order Sobolev spaces H*(f2) are
not equivalent. For example, for 2 = [0, b], constant functions are in H*(Q) for all s, yet constant
functions are not in J*(€2) for 1/2 < s < 1. We will prove equivalence of J*(Q) and H*(Q) for
the case that Q =R,

DEFINITION 2. Define the space J§(f2) as the closure of C$°(Q}) under the J* norm.

LEMMA 1. For s > 0, the spaces H*(R) and J°(R) are equivalent.
Proor. Letu € L%(R), and & denote the Fourier transform of u. For s = m+a as in Definition 1,
note that for u € H*(R) then v € H™(R). Similarly, for v € J*(R), then u € H™(R). From [13],

ue H*(R) & (1+|w[?)*?4 € LA(R).
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Since u € L2(R) we have
(1 + |w[?)** & € [2(R) & (iw)*d, (—iw) @ € LX(R)
& _wDiu, . DS u € L*(R),
using (88). From these observations, and the fact that v € H™(R), we have the equivalence of
H*(R) and J*(R).
Also, we have that the norms || - || g=r) and || - || se(r) are equivalent since

2 .
el ey = || 1+ o) 2

~ QA wl*) @l 2y ~ el -

L*(R)

We apply a variational formulation over the J*(£2) spaces, which are not in general equivalent
to the H*(Q) spaces. Therefore, we develop properties of the J(Q) spaces which will be useful
in the later analysis in Sections 4 and 5.

LEMMA 2. Let s > 0. Then u € L*(Q) satisfies
- b
ID7*u]| oy < m”uﬂm(n)- (13)
ProoF. Recall that for convolution integrals of functions in the L spaces [1], we have that

[l * vllze < |lwllzr [[v]] 2o (14)

Noting that any fractional order integral operator can be written as

51
D %u= ) *u(x), (15)

substituting (15) into (14) yields (13). 1
LEMMA 3. Let s > 0. The following mapping properties hold:
(i) D*: J*(Q) — L?%(Q) is a bounded linear operator;
(ii) D¢ : L3(Q) — J*(f) is a bounded linear operator.
PROOF. Let s = m + « as in Definition 1. Property (i) follows directly from the definition
of J5(), as
3 2 s, 112 1/2
IDouly < (el + 1D%ll3)
(ii) From the definition of J*(}),
s St sy, [12)
[=ull, = (Io*ull}, + [2D~*ul3) ™. (16)
From (81) and the semigroup property (80), we have that, for u € L?(Q), [|D*D~u||} = |lu|?,

and
D], =

2
m

s 12
[D*D~ull,

13 Iz

|D*D* D=, (17)

k

I
=3

%2

M

k
Using (13), there exist constants ¢, k =0, ..., m, such that

s 1|2
| D%, < exllul3. (18)
Therefore, combining (18), (17), and (16) we obtain the bound

m 1/2
o], < (1+zck) fulo .
k=0

I
=3
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LemMA 4. For u € J§(82), we have
DD = u. (19)
ProoF. By definition of J§(Q), there exists a sequence {¢,}32,; C C§°(Q) such that
lim |ju— ¢p]ls =0. (20)
Applying the triangle inequality, we have
[0 D% ], < [0 D = b, + DD =, + b —ull (21)
Since ¢, € C$(R), ¢n satisfies the hypotheses of A.7. Therefore, from (84),(82) we have
D=*D?¢y,, — dnllo = 0. By the mapping properties in Lemma 3,
'lD_SDS(“ - ¢n)”s <eilu— @nlls-
Thus,
“'D_S'Dsu — u“s < eslu — Pnlls-
Taking the limit as n — oo, (22) implies
|D~*D*uw —uf|, =0. (22) B
COROLLARY 1. (Fractional Version of Poincaré-Friedrichs.) For all u € J§(<2),

bS
l[ull L2y < Te+D) D%l p2q - (23)
Proor. Combining Lemimas 2 and 4, we have
—s b*
lell e = D Ds“”[ﬁ(m = T(s+1) 1D ullpa(qy - n

We can now establish a semigroup property for fractional differential operators.
LEMMA 5. For s,t > 0 and u € J§T*(R), we have
Dstty = D*Diu, (24)
PrROOF. Let u € JS(Q). Then by Lemma 4, and the semigroup property for fractional inte-

grals (80),
w =Dt Dty = DTIPTIDI Yy,

Applying D*D* to both sides and using (81),
D*D'D DDy = DD,

= Dty = DD, |
COROLLARY 2. For u € J5+4(Q),
s bt s+t
D%l 2 gy < ) 1D 4] 12 gy - (25)

ProoOF. Replacing u in (23) with D*u and using (24) and Lemma 4, the stated result follows. i

REMARK. All of the results in Lemmas 2-5, Corollaries 1 and 2 hold also for the right fractional
differential operator D**.

We will now provide a result which shows adjoint properties of the left and right Riemann-
Liouville differential operators to be used later in the analysis. We begin by showing properties
for the fractional order integral operators as defined in (76) and (77). First, we note the adjoint
property of the left and right Riemann-Liouville fractional integral operator [8], which is
(D%, U)L2(Q) = (u,’D_s*v) L2() Vu,v e LE(Q). (26)

An important property of the J*({2) spaces which generalizes from the fractional order Sobolev
spaces H*(Q2) is that a function in J* is continuous provided that o > 1/2.
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LEMMA 6. Let 1/2 < a < 1, u € J¥(Q). Then u is continuous on 2.
PRrooOF. From Theorem 3.6 in [8], we have that for all f € L%(Q),

D= f(2) = D f(w)| < elz — u1* IS |2 e)- (27)
As Du € L?(Q), we apply (27) to obtain the continuity of the function D~*D*u on ). Anal-

ogously, as D*u € L%(Q), we obtain that the function D~**D**v is also a continuous function
on .

We complete the argument using the following properties of the Riemann-Liouville fractional
order operators [7]

D*D%u(z) = u(x) — c12* 72, (28)
D**D*u(z) = u(z) — co(b — z)*" L. (29)

Combining (28) and (29)
D*D%u(z) — D™ **D*u(x) = ca(b — )1 — e1z* L.

As D~°D%y and D~**D**y are both continuous on €, then ¢; = ¢y = 0. [

LEMMA 7. Let 0 <a <1, ue J¥). Then

'Do‘—lu(x)| 0.

=0 =

Proor. We consider two cases for a.

Case I. 0<a<1/2

Set f(z) = D*"lu(z). Note that f € H(Q), as f € L*(Q) by Lemma 2 and Df € L*(Q) by
the assumption that u € J¥(Q). Therefore, f is continuous on .

As u € L%(Q), there exists a sequence {¢,}32; C C$°(9) such that

Jim[lu = énllL2(0) = 0. (30)

Let t > 0. As f(z) is continuous, applying the mean value theorem, we have that there exists 7,
0 <71 <t such that

¢
fe= [ 1@ s
0
From the definition of f and ¢,,, we obtain

fit = /O D Vg, (z)dx + /0 DV (y(z) — ¢n(z)) da. (31)

Using the Cauchy-Schwarz inequality, we bound the third term in (31) as

t
| P ) = u(@)) da < |z [P 6)|

— t1/2 “D(a——l) (’U. . ¢n)

L2[0,t]

L2[0,t]
< ert®2Mu — ¢, |2y,  from (13).
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To bound the first term in (31}, we use the mean value theorem and the continuity of ¢, to
obtain

/D(“ Vo, (x)da:—// F(l— an( ) d€ da

RECER I
/ tn(o(z)) llm m dé¢ dz, 0<o(z) <z,

33
:c(l a) (33)
/ ¢nlc dzx
Ir2-a
t2 o
= OnT) > 0<r<t.

Combining (32) and (33), we obtain the bound

Fmt < n()gm—m ( ) +ert® 2w — gu 120 (34)
Therefore, dividing through by ¢ and taking the limit as t — 0, we obtain that

170 < erllu — gnll2(@)- (35)

In view of (30), it follows that f(0) = D"‘;lu(x)|$=0 =0.

CaseIl. 1/2<a< 1.
By Lemma 6, u is continuous on ). Therefore, we may apply a generalized mean value theorem
to the integral D* 1u to obtain

z— 6 —a
Dal()""U,(Io hm/ -—‘———i—f)a—)dg Oﬁmoﬁ.'l:,
i _51 [+
= u(ao) i = T@—_‘;r
ml—-a
= u(l‘o)m.
Therefore, taking the limit as z — 0, we obtain the stated result. ]

LEMMA 8. Let 0 < o<1, ¢ € HY(R), and u € J*(). Then

(~Dé,u) sy = (DO~%6,D%u (36)

)Lz(n) '
Proor. From the definition of the Riemann-Liouville fractional differential operators, (78),(79),
(D(l“’)*¢>, Dau) - (—DID,;%, DODQ-%) .

As ¢ € H3(§2), we can commute the differential operator and the fractional integral operator on
the ¢ term. To see this, note that under the change of variable w = £ — z, we obtain

(:c
~D,Dy%¢(z) = —D $(&) dE
/ P(a) 37)

b—z W
D/ 1¢(x—|—w)dw
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Using Leibniz’s rule in (37), we obtain

b—z wa—l — o
—D.D;%¢(x) = /0 m(“DﬂfB +w))dw + Uk e
= . Dy *(—=D)¢(x).

Therefore, this result and (26) yields

(D<1—a>*¢, D*u) = (.D;*(~D)¢, DoDE V)
= (—D¢,OD;“DOD;°*—1)U) .

Similarly, commuting the operators oD and D on the u term, we obtain

(P1-7¢, D) = (~D¢, DoD;'u) + (D¢, [oD2  u(z)],_, %) .

Finally, using Lemma 7 and (81), we obtain (36). 1

4. PROBLEM FORMULATION

We now apply the function spaces and operator properties developed in Section 3 to the solution
of the following model problem.

PrROBLEM 1. For 0 < a <1, f € L?[0,1], find (¢, ) satisfying

Dé—u=0, in[0,1],
Dy = f, in [0,1], (38)
#(0) = ¢o, #(1) = ¢1.
Note that this formulation corresponds to the steady-state FADE with no advection terms, and
p=1.
Separating out the nonhomogeneous boundary conditions, the solution (¢, u) satisfying Prob-
lem 1 can be decomposed into (¢, us) and (¢s, up) satisfying Problems 1a and 1b, respectively.

PROBLEM 1a. For 0 < a <1, f € L?[0,1], find (a4, u,) satisfying
Dog —uq =0, in [0,1],
D*uq = f, in [0,1], (39)
$a(0) =0,  ¢q(1) =0.
PrOBLEM 1B. For 0 < a < 1, find (¢, up) satistying

Dgp—up=0,  in|0,1],
D%y, = 0, in [0, 1], (40)
#5(0) = ¢o, #5(1) = ¢1.

The solution to Problem 1 is given by ¢ = ¢, + ¢» where
&6 = ¢o + (¢1 — ¢o)z°.

Therefore, we restrict our attention to the solution of Problem la. We apply a least-squares
finite-element analysis similar to that in [14,15].
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Let £ and V denote

L= {4 |y e (D)}, (41)
Vi={v|veJ*N}. (42)
Define the functional
1
L(y,v) = 5/ {1DY — o + D — f2} da, (43)
0
which is to be minimized over all ¢ € £, v € V. Define the bilinear form B([-, -], [-,]) : [£ x V] x

[£LxV]—>Ras
B([¢, ul, [¥,v]) := /n {(D¢ — uw)(DY — v) + (D*uD)} dz,
and the linear functional F(-,-): L x ¥V — R as
= D*v dx.
F(4,)i= [ fDvds

Taking the first variation of L(1, v), we have that the least squares solution (¢, u) of (43) satisfies
the variational form

B([¢,u], [¥,v]) = F(¥,v), V(,v) e Lx V. (44)
Next we show that there exists a unique solution to (44).

THEOREM 1. There exists a unique solution to (44) in the space L x V.

Proor. We verify that the bilinear form B([-,-],[,]) is continuous and coercive on (£ x V) x
(€ x V) with respect to the norm

1/2
6, ullexv = (IelF + llull2) (45)
Continuity follows from an application of Cauchy-Schwarz and the triangle inequality.

B([¢,u]v [1/"’ vD = (D¢ - u, D¢ - U) + (Dauv Dav)
< (1D¢llo + llullo) (1 Dllo + [[vllo) + [D*ully D], (46)
< 3, ullexvliv, vl exy-

In order to prove coercivity, we first note that from the definition of the bilinear form B,
B([¢,ul, [¢,u]) 2 [| D¢ ~ ull5, (47)
B([¢,u], [¢,4]) > |Du]3. (48)
Using the definition of the adjoint (79) and Lemmas 3 and 5,
—D¢ — Da*D(l_a)*¢

= [Dgllo 2 e; [P using (25).

0 k
Thus,

1D — ullg = | Do|§ + 2(~Dé, u) + [[ull

2
> & ||pU=| +2(=Dg, w) + ull (49)

=2 ”D(l—a)*¢

2
(1—oc)= a 2
| +2(P9g, D7) + flull,
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by Lemma 8. Combining (47)—(49), we obtain

<1 + %) B(,ul,[4,u]) 2 & DU~

2 1

| +2 (DO, Do) + — D%} + ful}
0 (&3]

2

+ g (50)
0

DA 1 Lpey
C1

> [lulle.
& B([6,ul, [¢,u]) > c3ull3.
Then, from (47),(50), and the triangle inequality

(l " %) VB8, 4, [6,4)) = |Dé — ullo + lullo > | Délo,

which, together with the Poincaré-Friedrichs lemma, implies

B(l¢,ul, [¢,u]) = esi 1 (51)
Combining (48), (50), (51) we obtain

B([,ul, [p,u]) = calld, ullcxv- (52)
Finally, by (46) and (52), B satisfies the hypotheses for the Lax-Milgram theorem from which
existence and uniqueness of a solution to (44) immediately follow. 1
Note that B([-,],[-,+]) defines an inner product on the space £ x V. Thus, we can define an

energy norm with respect to this inner product as
gy ull = (B((g,ul, [, u]) /% (53)

To compute an approximation (¢n,ur) to (¢, u) satisfying (44), we introduce finite dimensional
subspaces £ C £, V* C V, and then seek ¢, € £* and up € V* which satisfy the variational
form '

B([¢hauh]7 wjh)vh]) = F("phyvh)v V(’(,bh,’l)h) € Lp X V. (54)
COROLLARY 3. There exists a unique solution (¢p,us) € LM x V! satisfying (54).

PROOF. As L£" x V" are subspaces of £ x V then the argument used to prove Theorem 1 can
similarly be applied directly to £* x V*. |

5. ERROR ANALYSIS

5.1. Approximation Properties

For this exposition, we consider piecewise polynomial approximations of ¢ and uw. We shall
first prove approximation properties for the spaces J*(2) and J§().

THEOREM 2. Let {S,} denote a family of partitions of Q, with grid parameter h. Associated
with Sy we let X, () represent the finite dimensional vector space of continuous piecewise linear
polynomials. We denote by Z"¢ the continuous piecewise linear approximation to ¢. Then the
following approximation properties hold.

(i) For ¢ € J°(2), there is a constant Cy4 such that for all s — 1 <t < s,

|6~ T"9|, < Cah" | —T"¢],. (55)
(ii) For ¢ € J*(Q), k integer, there is a constant C4 such that for allk —1 <t <k,
|¢ — T"¢|, < Cah**|gl. (56)

(iii) For ¢ € H*(Q), there is a constant Cy4 such that for all s — 1 <t < s,
¢ —I"¢|, < Cah*~"|gls- (57)
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ProoF. To prove Part (i), note that for each subinterval I; := [z,-1,z;] of S*, ¢ —T"¢ € H§(I;).
(For functions ¢ € J*(2) which are not continuous, we interpret 7" as the Clément interpolation
operator [16].) Thus, from (23)

HD‘ (¢ —Ih¢) ”Lz(Ij) <eal(zr; - xj—l)s_t ”Ds (¢ o Ih¢) HLZ(I;')
<ah* ™ ||D* (6~ T") || sy, -

Summing over the intervals I; yields the result.
To prove Part (ii), apply Part (i) together with the fact that for k integer [17],

|6 —I"¢||, < c2 Uien)fh ¢ — vll-

The result follows when we substitute v = 0.
The proof of Part (iil) is found in [17]. 1
5.2. Error Estimates in the Energy Norm

In this section we present an optimal error bound for the error in the energy norm {|| - |||
Denote

6=¢—¢h, € = U — Up, (58)

where (¢, u) solves (44) and (¢p, up) solves (54) with £ = YV = X,
LEMMA 9. Let ¢, €, ¢, u be defined as in (58), then

leell <2fl¢ -2, u-Ull, V®e€Xu UecXx (59)
ProoF. Note that from (44) and (54), we have

B([¢h - q),’ll,h - U]> [Tp,'U]) = -B([(lS - (IJ,u - U}a [’l/},’l)]), VW),U}, [¢7U] € Xh X Xh-
Substituting ¢ = ¢p — &, v = up — U, we obtain
llgn — &, un — Ul||> = B(l¢ ~ &, u— U], [dn — ®,un — U])

60
< 6= B,u—U|llén — &, un — U]]. (60)
Now, using (60),
lesell = 16— ém, w — ul
< 16— &,u—U|| + lén — &, un U] (61)
<2l6— &4~ U]]. '

THEOREM 3. Let ¢, e, ¢, u be defined as in (58). Then there exists a constant Cy such that
e el < Cra(|dlz + [ul14a). (62)
ProOOF. From (53) and (46), we have
I —@,u~Ul| <V3(p—8i+u-Uls), V®eXn UeXa
Since (®,U) is arbitrary, applying Lemma 9 yields
Madusm@(§§J¢—¢h+¢gJu—Uu). (63)
From (56), we then obtain

e, elll < 2v3(Cah|dlz + Cahluliia). (64) n
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5.3. Error Estimates for ¢, v in L?

Now that we have an error estimate in the energy norm, we apply a form of the Aubin-Nitsche
lemma in order to pull the energy error estimate down to an estimate in the L? sense.

LEMMA 10. Let €, e be defined as in (58). Then there exists a constant Co such that

D%l-1 < Cohle.elll. (65)

PrOOF. We introduce the boundary value problem

Dw~z=0, in Q, (66)
D%z =mn, in Q, (67)
w =0, on 042,

ne H3(Q), with |gl1 <1.

Note that as 7 is continuous, equations (66) and (67) hold pointwise. First, we have the a prior
bound
[wlata = |2l14a < Cr | D***2||, = CEllnll1 < Ck. (68)

Multiplying (67) through by D“e and integrating over Q yields

/T;D"‘edx = /D“zD“eda:
= B([w, 2], [¢, €]) (using (66))
= B([w — wp, 2 — 21, [¢, €]) (using Galerkin orthogonality)
< Nlw —wh, z = zalllllfe; el
< V3(lw = waly + |2 = znla)lle, el
< V3(Cahlwlz + Cahlzlita) llle el
< V3Cah ([wlz4a + |2l14a) [l €l
< 2vV3C4Cihl|le,el||.

Finally, taking the supremum over all such 7 as defined in (67), we obtain (65). |
LEMMA 11. Let €, e be defined as in (58). Then there exist constants Cs, C4 such that

lello < Cshllle; el + Cal|Del}_; - (69)

Proor. Introduce the boundary value problem

D%y =, in Q,

70
w =0, on 9. (70)

Again, as € € H}(f), (70) holds pointwise. First, note the a priori bound
lwllz < Celiello- (1)

Multiplying both sides of (70) by € and integrating over €1, we obtain

ez = /——Dzwedm

= / DwDedx.
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Now, adding and subtracting,
llel|2 = /Dw(De—e) dx-}—/Dwed:E
= B(jw, 0], [¢,€]) — / —Dwedz

= B{jw — ws,0],[¢,€]) — /D(l_a)*wl)”e dz,

where we have used Galerkin orthogonality in the first term and (36) in the second. Applying a
form of the Cauchy-Schwarz inequality to each term, we have

lell3 < liw = w, Ol e, el + [ DA~ w|| (D%,
s¢@@—wmnm&m+(Wwwwqﬁ+Wwﬂmwaﬁmwﬁ4

N2
< V3Cahfwlslleell + (IDwl + | D2wll3) " 1D,
< V3Cahllwlzllle el + w2 D%l _;
< V3CaCghlellole,elll + Cllelio D]l _; -

Finally, dividing through by ||e[lo we obtain (69).

|

THEOREM 4. Let ¢, e, ¢, u be defined as in (58). Then there exists a constant Cs such that
lelo < Csh® (Igll2 + ull14a),  and (72)
lello < Crh(lgll2 + lullite) - (73)

PROOF. The estimate in (72) follows from a combination of Lemmas 10, 11, and Theorem 3 with
Cs = C1(Cs + C2C4). Estimate (73) follows from Theorem 3, as

lleflo < lile:elll- (74) 1

25

1 } | — = Left Derivative of Phi 1 \ / \
~— Left Derivative of Phi 2 Ny N
- — - Left Derivative of Phi 3 N N
15 1 1 1 1 1 i i ] 1 ]
0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1

(a) Plots of D3¢, for i = 1,2,3 and n = 1/h = 4 on the interval [0, 1].

Figure 1.
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m Order of derivative in parentheses
corresponding to the line above.

©

H L 1 1 1 1 1 | 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09
(b) Plots of D*¢; for & = 0,0.25,0.5,0.75, 1 on the interval [0, 1].
Figure 1. (cont.)

Table 1. Experimental convergence results for Example 1.

h “(;S - J)huo Cvgce. b — Gl Cvgce.
Rate Rate

1

1 1.347085 - 10~2 1.451860 - 10~1

% 3.292250 - 10-3 2.03 7.225961 - 102 1.01
1

T 8.070548 - 10—4 2.03 3.600218 - 10—2 1.00
1

= 1.988848 - 10~¢ 2.02 1.804189 - 10~2 1.00
ElZ 4.922038 - 105 2.01 9.020557 - 103 1.00
1

o8 1.221814 - 1075 2.01 4.510428 - 10~3 1.00

6. NUMERICAL RESULTS

In this section, we present numerical results for the least squares approximations which support

the analysis in Section 5.

Let S denote a uniform partition on [0, 1], and X" the space of continuous piecewise linear
functions on S*. We associate with X" the standard basis of hat functions on the uniform grid
of size h := 1/n. For this choice of X" the approximation property holds, and thus our error

analysis is applicable.

For the “hat functions” ¢;(x), i = 0.--n, there exists a closed form expression for D*¢;(x).
In the left panel of Figure 1 are the left fractional derivatives of order one half for the hat
functions ¢1, @2, ¢3, on the interval [0,1] for n = 4. Note that the fractional derivatives are
nonlocal, with the support of ¢; being the unbounded interval ((§ — 1)/n, co). Illustrated in the

right panel of Figure 1 are different order fractional derivatives for ¢;.
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Table 2. Experimental convergence results for Example 2.

h ”d) — én ”0 Cvgce. [lu — dnllg Cvgce.
Rate Rate

1

1 6.682513 - 10—3 7.397892 - 10~ 2

% 1.306160 - 10—3 2.36 3.713726 - 10~2 0.99

Ilé 2.648486 - 104 2.30 1.841490 - 102 1.01

31—2 6.361133- 103 2.06 8.0009481 - 103 1.03

EXAMPLE 1. We consider ¢(z) = 22 as the exact solution of the equation D*5¢ = f. From the
definition of the fractional derivative we compute

2z

=7pls =

The associated boundary conditions are ¢(0) = 0, ¢(1) = 1. Because of the nonlocal supports
of D¢;, the stiffness matrix is not sparse, but, as in [18], contains a fully occupied submatrix.
Table 1 summarizes the numerical results for this example. Observe that experimental rates of
convergence agree with the theoretical rates of 2 for ¢ and 1 for u as presented in Section 5.

ExaMPLE 2. For the second example, we set
1 .
¢(z) == oy} (2\/5 — V2 cos(mz)FresnelC (\/2}) ~ V/2sin(rx)FresnelS (\/ﬂ)) ) (75)

where FresnelC(z) denotes the Fresnel cosine integral, and FresnelS(z) denotes the Fresnel sine
integral. We then see that

DY5¢(x) = sin(nz),

subject to the boundary conditions provided by (75). Presented in Table 2 are the numerical
results for this example.

APPENDIX A

DEFINITIONS AND PROPERTIES OF
THE RIEMANN-LIOUVILLE OPERATORS

We define the fractional integral and differential operators in terms of the Riemann-Liouville
definition given in [7,8,19].

DEFINITION A.1. (Left Riemann-Liouville Fractional Integral.) Let u be a function defined on
[a,b], and o > 0. Then the left Riemann-Liouville fractional integral of order o is defined to be

a

oD %u(z) := % /:(a: —5)7 Yu(s) ds. (76)

DEFINITION A.2. (Right Riemann-Liouville Fractional Integral.) Let u be a function defined on

la,b], and ¢ > 0. Then the right Riemann-Liowville fractional integral of order o is defined to be

b
<Dy Tu(z) = % /z (s —x)° tu(s) ds. (77)



1032 G. J. Fix anp J. P. Roop

DeFINITION A.3. (Left Riemann-Liouville Fractional Derivative.) Let u be a function defined on
the interval [a,b], > 0, n be the smallest integer greater than y (n~1 < pu <n), ando =n—p.
Then the left Riemann-Liouville fractional derivative of order u is defined to be

oDFu(z) = D"y D=%u(z) = (;‘i—nn <r_(la_) / "z — 5)7Lu(s) ds) . (78)

DEFINITION A.4. (Right Riemann-Liouville Fractional Derivative.) Let u be a function defined
on the interval [a,b], p > 0, n be the smallest integer greater than p (n — 1 < p < n), and
o = n — u. Then the right Riemann-Liouville fractional derivative of order u is defined to be

 Diuz) = (~D)* Dy ?u() = (—1) e (L (s — 2)"Yu(s)ds | (79)
dzn \ T'(o) J,

With these definitions, we note some of the properties of the Riemann-Liouville fractional
differential operators, as outlined in {7,8].

PROPERTY A.5. (Semigroup Property.) The left and right Riemann-Liouville fractional integral
operators follow the properties of a semigroup, ie., for v € LP[a,b] forp > 1,

oD e D u(z) = o DIF Vu(z), Vz €la,b], Yu,v>0,

80
Dy Dy u(z) = . Dy ¥ u(x), Yz €la,b], Yp,v>0. (80)

PROPERTY A.6. (Fractional Fundamental Theorem of Calculus Part I.) The left (right) fractional
derivative acts as a left inverse of the corresponding fractional integral, i.e., for u € LP[a,b] for
P21,
oDEDZ u(z) = u(z), Vz€la,b, Yp>0, (81)
DDy u(z) = u(z), Vzelab], Vp>0.
PrOPERTY A.7. (Initial Conditions.) Let p > 0, and n —1 < p < n, then the following
statements are equivalent for u € C*|a, b]:

oD DEu(z) = u(x), Vz € [a,b], (82)
[« Dt Tu(z)] _ =0, i=1,2,...,n, (83)
’U,(J>(a,)=0, ]:0’1,,71__1 (84)

PRrROPERTY A.8. (Terminal Conditions.) Let p > 0, and n — 1 < p < n, then the following
statements are equivalent for u € C*[a, b]:

Dy " Dfu(z) = uz), Vwela,b), (85)
[ng—ju(m)] =0, i=1,2,...,n, (86)
u(j)(b)=0, i=0,1,...,n—1. (87)

PRrOPERTY A.9. (Fourier Transform.) The Fourier transform of a Riemann-Liouville operator
satisfies the following:

F (oo Diu()) = (iw) i(w), (88)
= (

F (D% u(x)) —iw)*i(w),

for all 1 positive, negative, or zero, where i(w) denotes the Fourier transform of u.
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