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To every symmetric Markov process there correspond two random fields over the
state space: a Gaussian (“free”) field ¢, and the occupation field T, which
describes the amount of time spent by a particle at each state. For the Brownian
motion in d > 2 dimensions both fields are generalized. Using a relation between T,
and the field &, = :¢1:/2 established in a previous publication, polynomials of the
fields T and ¢ are investigated. In particular, polynomials of T characterize self-
intersections of the process.

1. INTRODUCTION

1.1. A typical example of a symmetric Markov process is the Brownian
motion in R with killing rate k. This is a Markov process with the tran-
sition function

Pix B) = pix, y) midy), (L.1)

where m is the Lebesgue measure and the transition density p,(x, y) is defined
by the formulae

p(x,y)= t_d/ze—ktp (u)’

Vi (1.2)

@)= (@n) e 11
A path in R? is a mapping w from an open interval (e, {) to R? (a is the
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birth-time and { is the death-time of w). There exists a measure P on the
space W of all continuous paths such that

P(a <t,,w(t)€EB,,..w(lt,)EB,, t, <)

=J‘ j m(dzl)ptz—tl(zl’dZZ)"'pt,,*l,, l(zn~l’dzn) (1.3)
B

1 n

for all ¢, < --- <1, and all Borel sets B,,..., B,. (¢ = —0, { = +00 P—a.s. if
k=0, and —0 <a <{< 400 P—as. if k>0.)
Along with P we introduce, for every x, y, a measure P, concentrated on
paths with @ =0, w(0+) = x, w({—) = y, such that
P (a<t,,w(t)EB,,.,wt,) €EB,,t, <L) (1.4)
= JB

1

| Pl dz) i (@15 dze) Py, (200 d20) 8(2,0Y)
forall 0 <¢, <t,--- <t, and all Borel sets B,,..., B,. Here

e o]
goy)=] plxy)d (1.5)

is the so-called Green’s function. Heuristically, P ., =g(x,y) X the
probability law of the path conditioned to be born at time O at point x and to
die at point y. To every pair of measures g, v there corresponds a measure

Py = | Poyu(dx) v(dy). (1.6)
As usual, we put X,(w) = w(?).
1.2. 1In the case d = |, there exists, for every z, a random measure 4, on
I (local time at z) concentrated on (a, {) such that

J‘ p(z, X)du—~A,(I) in L’P)ass|0 (1.7)

for every finite open interval 1. Since py(z, -) tends to the delta function 6. as
s | 0, it is natural to write

A(D= j 8.(X,) du. (1.8)
1
The occupation field is defined by the formula

TZ=AZ(0,+oo)=f° 5.(X,) du. (1.9)
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For d > 2, T is a generalized random field. We denote by M, the set of all
o-finite measures A such that

j A(dx) g(x, »)* A(dy) < co. (1.10)

If A € M|, then there exists a random measure A, such that, for every finite
open interval I,

A4, =lim j pMX)du  in L(P), (1.11)
where
Y = p,x ) A(dy). (112)

(The integrand in formulae (1.8) and (1.11) is not defined for t & (a, {) and
we put it equal to 0.) We can get (1.11) by formally intergrating (1.8) with
respect to A, and we use the symbolism

T,(I) = j du j A(dz) 6,(X,).
I
The occupation field is defined by the formula
(e o]
T, = j du j A(dz) 6,(X,). (1.13)
0
We put
T,,= jo Pz, X,) du. (1.14)
It turns out (see Sect. 5) that
T,_z=jp,(z, dx) T,. (1.15)
Formula (1.11) means that, in a certain sense, the generalized field T is the

limit of T, , as ¢ | 0.

1.3.  The powers of the occupation field are defined by a limit procedure
starting from

ST" zs n
=3 B ()T (1.16)

n
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To define the coefficients B,,, we introduce the functions

nr’

C,=1,
) (1.17)
Cit, z) :J Pz, dx,) - pfz, dxj)g(xnxz) R4 © PR 33 J=2,3..

and we consider the generating function

[“8

Fu)y=> Cu’ (1.18)
=1

J

H

and its inverse . We define B,, as the coefficients in the expansion

o«
e“™= N" B (t,z)u"v". (1.19)

n 0

Formula (1.16) can be rewritten in the form

et . n -
AR ¥
Pl

— T, .
Tl u"=e . (1.20)

For d=1, T, is well defined for every z and we put

T
n!

=Q,(T.),
where
Qn(v) = \‘ ﬂnrvr’ ﬂnr = lim B'H’(t’ z)'
=0 tlo

By passing to the limit in (1.19), we get

[ee]

N B uv =2 0,)u" =exp{uv/1 + uhl, (1.21)

nr=0

where 4 = g(z, z)(k/2)"/?. By comparing this expression with the generating
function of the Laguerre polynomials Lg, we arrive at the formula Q,(v) =
(=h)" L "(v/h). (Usually, the Laguerre polynomials are considered only
for a > —1.)

Passage to the limit in the case d = 2 is more sophisticated. We say that a
measure A is admissible if A(dz)=f(z)m(dz) and [ f*dm < oo for all
k=1,2,..

THEOREM 1.1. Suppose that d <2 and k> 0. There exists a random
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field :T™ , indexed by admissible measures A such that, for all uy,v E N =
M NM,,

i7", = lim j Mdz)iTr:  in LYP,,). (1.22)
The identity
[e o] (e ¢]
Tio=| du| du,psX,) - p(2X,) (1.23)
0 0
suggests the symbolism
[e¢] [e o]
Tr= [ duy e | du 0(X,) - 0K, ) (1.24)
0 0

Heuristically, :T7: describes the “size” of the random set {(u,,..., u,): w(u,) =
<+ =w(u,) =z}. In other words, it characterizes the space location of self-
intersections of order n.

1.4. To prove Theorem 1.1 we use a relation between the occupation
field and the free field.

For d =1, the free field can be defined as a Gaussian field ¢, such that
(4,)=0 and {4,9,)=g(x,y). (The random variables ¢, are defined on a
probability space (£, #, II) which is totally unrelated to W and { ) means
the integral with respect to I7).!

If d > 1, then g(x, x) = o0; however,

gx)=| plxy)d, s>0, (1.25)

is finite for all x,y (if k> 0). There exists a Gaussian system ¢ s > 0,
x € R? such that (g, > =0, (§; .8, ,) = &+, »). The function ¢, () can
be chosen to be measurable in x, w. The free field is a generalized field which
is, in a sense, the limit of ¢, as s 1 0. More precisely, for every A € M,
there exists an L2(IT)-limit?

61=lim J 8, A(dx). (1.26)

' Actually, g(x,y)=(c/2)e """, where ¢=1/2k and ¢, is a stationary Ornstein—
Uhilenbeck process.

? Integrals in formulae (1.26) and (1.28) are a certain type of improper integral described in
Subsection 2.2.
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Wick’s powers :Y": of a Gaussian random variable Y with mean O are
defined by the generating function

[18

%:Y":zexp(uY—u2<Y2>/2). (1.27)

n=0

It

In particular, :Y°:=1, :Y': =Y, :Y:=Y>—(Y*). If A€M, then there
exists an L*(IT)-limit

9"y =lim J 67 A(dz). (1.28)

It is common to write [ :¢": A(dz) for :¢":,. The most important for us is the
field

& =10%,/2, AEM,.

The class M, contains all admissible measures if d < 3. If d> 3, then it
contains only the null measure and the field ¢ is trivial.

1.5.  The functions &, and :¢":, are defined up to /I-equivalence. So are
the functions

Y =f (&3 s &)y (1.29)

where f'is a Borel function on R* and 4,,...,4,,..., € N. It has been proved
in |1, see Theorem 6.1] that, if f is bounded, then for all 4, v E N,

,Y=P,(Y*) (1.30)
where

Y* =f(é/1] + TA]s"'s é}l” + TA,,"")

(for all versions of T, ).

We extend (1.30) to all positive f by a monotone passage to the limit and
then to all Borel f such that either I7,,|Y| < © or P, (| Y*|) < o, by
linearity.

We say that two functions F,, F, on 2 X W are equivalent and we write
F\x F, if F,=F, I X P, —almost everywhere for all 4,v € N. It follows
from (1.30) that Y* is defined up to equivalence. (In particular, T, is defined
up to P, —equivalence for all u,v € N.)

We denote by .#, the o-algebra in £ generated by the functions {;, AEN
and all sets of J/I—measure 0. Every .#,-measurable function Y is
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II-equivalent to a function of the form (1.29). Hence we have a map Y — Y*
from the space of classes of IT-equivalent .#,-measurable functions on 2 to
the space of classes of equivalent functions on 2 X W.

We note that if

Y=h(Y 0. Y,) I—as., (1.31)
then
Y* = h(Y¥,.., YE,..) (1.32)
In particular, if
Y=IlimY, II—a.s. (1.33)
then
Y* = lim Y¥* (1.34)

1.6. We write Y=Lim Y, if ((Y,— Y)*)— 0 for every p > 1.
The proof of Theorem 1.1 is based on the identity (1.30) and the following
result.

THEOREM 1.2. Suppose d <2 and k > 0. Then :¢":, is defined for all n
and all admissible measures A. For every t > 0, there exist:

(i) a 2 X Fymeasurable function ¢, ,(w) such that

Sz =J' Pz, dx) &, II—as.  foreach z€E; (1.35)

(ii) #-measurable functions b,(t,z), 0 r<n such that, for all
admissible measures 4,

9™"5/2" = Lim [ €1 A(dz), (1.36)
where
o= 2 bunlts 2) .. (1.37)
We put

ML =0, 2 (1.38)
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To describe 4,,, we introduce the functions

1
L»,‘(t» 2)=—= | pfz,dx,) -+~ pz, dxj) glxy, x,) - g(x_,-‘_ 15 %;) g(xjv X,)
2j

(1.39)
and the generating function
Pluy=> L (1.40)
i=2
The functions b,,(7, z) are defined by the formula
W) u’
v - (@) __ —pr
e —n‘}'éob"r(t’Z)”-'L . (1.41)
In the case d = 1, ¢, = (92 — h)/2 is defined for every z and we put

where

R,@)= X a0’y Vi =limb, (1 2).

r=>0

We get from (1.41) that

| o+ h/2 |

o u" . u"
14 hu) e = Y Z_v"=N"R —. (1.43
(14 hu) xP? 1+ hu u% Mg Yarp ¥ T 2 ”(U)n! (1.43)

0 !
Hence R,(v)= (=h)"n! <L V2((v/h) + (1/2)), where 2{"Y? are the
Laguerre polynomials corresponding to the I-distribution with parameter 3.

It is easy to check that :T7: = (:£7:*). We show in Section 5 that there is
an analogous relation between :77:, and ", in the case d = 2.

1.7.  Using the identity (1.30) we deduce from Theorem 1.2 the following
result which contains Theorem 1.1 as a particular case.

THEOREM 1.3. Under the conditions of Theorem 1.1, there exists, for

every i,j > 0, a field :&" :T: indexed by admissible measures X such that, for
all u,v €N,

(&5, =lim [ Ad) i 23Tl in LY(IXP,) (1.44)
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For every polynomial

fu,v)=> c,u't,
we write
G T =D (8T, (1.45)
If f(u) is a polynomial, then
CFEED* =1f(C+ T, (1.46)

We write, symbolically,
(T, = j £: T Mdz).

1.8. Theorems 1.1, 1.2, and 1.3 will be proved for right Markov
processes in a measurable state space (E,.#) with a symmetric transition
density (see [1, Sect.4]) which has the property: there exist positive
constants, ¢, ¢, d, 0 such that:

1.8(A) Forallt>0,x€E,
1—p(x,E)<ct’.
1.8(B) For every k=1, 2,..,

Jg(x, »mdy)<c,  forall x.

1.8(C) For every £k,

| P, dx) pz: dy) g )t < ey llog 1]

for all z and all sufficiently small ¢ > Q.
1.8(D) For all x and all sufficiently small ¢,

fpt(x, dy)(g(x, z) — g(¥, 2))* m(dz) < ct’.

In addition, we assume that:
1.8(E) There exists a separable topology in the state space E such
that g.(x,y) is continuous in x,y for every s >0 and % is the Borel
o-algebra.
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In the Appendix we check that conditions 1.8(A) through 1.8(E) are
fulfilled for the Brownian motion in RY for d<2 and k > 0. They are
satisfied also for a wide class of transient symmetric diffusions on two-
dimensional manifolds.

1.9. This paper is a continuation of the article 1] to which we refer for
the history of the subject.

2. PRELIMINARIES

2.1. Let.# be a family of finite measures on a measurable space (E,. 7).
We denote by .#* the completion of .# with respect to a measure u and by
.#7 the intersection of .#* over all u €. #. We say that a set BC E is
#-negligible if BE.# 7 and if u(B)=0 for all g € M. If the set {f+ g} is
#-negligible, then we say that f and g are .#-equivalent and we write /=g
#—a.s.

We do not distinguish .#-equivalent functions. We denote by L’(.#) the
set of all .# “-measurable functions f such that || f]|, = (u(/*))'"* < oo for all
1 € #. We introduce a topology into the linear space L’( #) using the
family of norms ||f|,, u € #. It follows from ([2, Theorem 3]} that, if

fu—f,—0in L*(#) as m,n— co, then there exists /€ L*( #) such that
fo=fin LI(A).

2.2. We denote by L({.#) the set of all .#“-measurable functions such
that || £, = @(| f1*))'"* < oo for all k> 1. By the Schwartz inequality,

178 NS N2 8 2 2.1

and therefore L(#) is an algebra. Of course, L(#) < L*( #).
A real-valued function u, defined for sufficiently small positive 7 is called a
logarithmic germ if there exist constants ¢ and é > 0 such that

Ju,| < c llog £]° (2.2)

for all sufficiently small ¢ > 0. It is called an infinitesimal germ if there exist
¢ and 6 > 0 such that

u,| < et (2.3)

for all sufficiently small ¢ > O.

An L(.#)-valued function f, is called a logarithmic germ in L(#) or a
logarithmic L(A#)-germ if || f,||, . is a logarithmic germ for all 4 € # and all
k=1,2,... We say that f, is an infinitesimal L(#)-germ if, in addition,
|l £ill,... is an infinitesimal germ.

It follows from (2.1) that the set of all logarithmic L(.#)-germs is an
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algebra. We claim that the set of all infinitesimal L(.#)-germs is its ideal.
Indeed, by the Schwartz inequality,

w(f &) <IN 8- (2.4)

2.3. Let .# be a family of finite measures on (E,, B;), i=1,2. We
denote by .#; X.#, the set of all product measures u, X y,, 4, € .#,
u, € A#,. The spaces L*(#,) and L*(#,) are naturally imbedded into
L*(#, X #,). On the other hand, to every f€ L*(#, X.#,) there
corresponds a family of functions f, (x,) =f(x,, x,) which belong to L*(#,)
for .#—almost all x, € E,. We note that

[ 156l () < o0 (2:5)

for u,—almost all x, and that, for every u, € #;, the integral

Fu2) = [ S fer) i (dx,) (2.6)

defines an element of L2(#;). Moreover

1 My S E DY 1 My s @7

Suppose that £ — fin L*(#; X A;). It follows from (2.7) that /(" —
in L2(#,) for every u, € #,.

Let 4 be a set of germs in .#] such that a,(E,) is logarithmic for each
a € A. We denote by Z,(#, X #,;) the set of germs f, in L(.#, X #,) such
that

My

L= [ 1/ %)l adx,) myldxy)

is logarithmic for any a €A, u,€.#,, and k=1,2... Obviously
Z,( A, X #,) is an algebra. Let

Ji =J 1 Jfr(xn X,) fi(Xy5 x,) 42(dx,) k a(dx,) a,(dx,).

We note that J, < J/%32 , for 0 <1< 2k and
Ji < IZkﬂz(El)k—l alE,). (2.8)

Hence if f€ Z,(# X.#,) and if J, is an infinitesimal germ, then J, is
infinitesimal for all k=1, 2,.... We denote by £(#; X .#;) the set of all
germs which satisfy these conditions.
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We write f,~0 if j;,atsz,(xl,xz) a,dx,) is an infinitesimal germ in
L{.#,) for every a € A. We note that

(S0 |) KIVPLE o (BN for k=12,3..., (2.9)

and therefore f,~ 0O for every f€ Z%(#, X .#,). Writing f, ~ g, means that
ft — & 0.

2.4, We call S a subspace of L*(#) if S is closed in L’(.#) and
invariant under addition and multiplication by real numbers.

Let S be a subspace of L’(#;). We denote by L>(#) ® S the minimal
subspace of L*(.#, X .#,) which contains all functions

[l x)=fix)fi(x),  fLiELYA). fES. (2.10)

If f has the form (2.10), then, for every u, € 4, f, =u,(/))/f; belongs to S.
Hence f, € S for all f€ L*(#)® S and all y, € . #,.

2.5. Two elements f,g of L*(#) are orthogonal if u(fg)=0 for all
1 €. #. A function [ is the (orthogonal) projection of f on a subspace S if
f€ S and if f—fis orthogonal to S. If the projection exists, it is determined
uniquely up to .#-equivalence.

If f'is the projection of fon L2(.#;) ® S then, for every u, Evlnfj” is the
projection of f, on S, in other words, we have the following commutative
diagram

projection

LA X #) LA(#)®S
"‘J “ll (2.11)
Lz(/lz) projection S

The existence of the projection can be proved in one important particular
case.

LEmMA 2.1. Let .# be defined on (E,,B,) and let u be defined on
(E,, B,). Let S be a subspace of L*(u). Then, for every f& L*(# X u), the
projection of fon L*(#,)® S exists and it is given by the formula

.f~=zgn(xl) hn(xz)’ (212)

where h, is the orthonormal basis in S and

8a00) = [ £(x1, %) Byxy) ().

580/58/1-3
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Proof. We have 3 g2 < f(x,,x,)* u(dx,) and therefore (u, X u)(g2hi) <
(u, X u)(f*) < oo for all u, € #. Elements g,h, form an orthogonal system
in L2(#, X u). Hence the series (2.12) converges in L>(.# X u). Obviously
the sum is the projection of f on L*(#) X S.

2.6. The concluding part of this section is devoted to functions from a
measurable space (E,.#) to a Hilbert space L*(IT), where II is a probability
measure on a measurable space (2, % ). We note that L*(IT) is separable if
# is countably generated (that is if it is generated by a countable family of
sets and the sets of II-measure 0).

We put (F)=1II(F) and ||F||=(F»)".

LEMMA 2.2. Let an element U, of L*(I) be given for every x € E and
let the function (U, U,) be B X B-measurable. If L*(II) is separable, then
there exists an £ X # "-measurable function V (w) such that V. =U,
II-a.s. for every x € E.

Proof. The function f,(x)=|U,— Z| is #-measurable for Z="U,,
y € E. Therefore it is #-measurable for all Z € L*(T). Let Z,...., Z,,.,..., be a
countable everywhere dense subset of L2(IT). For every ¢ > 0 and every n,
the set {x:|U,—Z,|<e}=B,, belongs to #. We put n(x,e)=
min{n: x€B,,} and we note that V, (w)=Z,, (@) is ZXF-
measurable and that |V, , — U,|| < € for all x. Using Chebyshev’s inequality
and the Borel-Cantelli lemma, we prove that

limV,., . =U, II—a.s. forevery x€F

(cf. proof of Lemma 1.1 in [1]). The function lim sup,_,, V,-., =V, is an
# X F -measurable version of U,.

2.7. Let A be a o-finite measure on (E, #) and let X,(w) be a & X .7 -
measurable function. If, for some B € .2,

[ 1X:l ) < oo, (2.13)
B
then the Lebesgue integral

Yy(0)=| X.(0)i@)

exists for almost all w, and Y, belongs to the minimal subspace of L*(IT)
which contains all X,, z€ B. If {|X,|| < oo for A—almost all z, then there
exists a sequence B, ] E such that each B, satisfies (2.13). We write ¥ =
g X, A(dz) if || Y, — Y| - O for every such a sequence.
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3. RANDOM FIELDS SUBORDINATE TO THE FREE FIELD

3.1. In [1], we have defined a Gaussian algebra G(x), x = (x,,..., X,,) as
an algebra of polynomials of x;, i=1,..,n and (x;x;) = (x;x;), i,j=L,....n
with two operations F - (F) and F - :F:. For

F= (I:[ (x,.rxj)) I;[ IaI Xp, (3.1)

we have

P = ([T 1S ox,). (3.2)

e (a.b).(c.d)

where the sum is taken over all pairings ((a, b), (c,d)) of the pairs (a, ff)
subject to the condition a # c¢. (Formula (3.2) is convenient to describe in
terms of Feynman’s diagrams.) An example: in the algebra G(x,y), x=
(X vees X,)s ¥ = (¥ 50 ¥,,), We have

(o e X2 1py e Pty = X0 P e (K i (3.3)

where (k,,..., k,) runs over all permutations of 1,..., n.

In the present paper we deal only with the monomials (3.1) subject to the
conditions i, #j, and k,, # k., for a #+ c. We denote by G*(x) the minimal
algebra and by G*(x) the minimal cone which contains such monomials. By
(3.2), if FE€ G*, then (F) is a linear combination with positive coefficients
of the monomials

N (xpxpym, (3.4)
i#j

If X,,.,X, are random variables with a joint normal probability
distribution, with mean 0, then to every element F of G(x) there corresponds
a random variable F(X,,..., X,) which we get by substituting X, for x; and by
interpreting (X,X;) as the covariance of X; and X,. For an arbitrary
F€e G(x), {F)(X,,.,X,) is equal to the expectation of F(X|,..,X,}). We
write (F), for (F)(X,,..., X,) if (X;X;) = g(x;, x;).

The image of :x¥: is Wick’s power :X¥: defined by (1.27).

3.2, Let p/(x,y) be a symmetric transition density in a measure space
(E,.#,m) subject to conditions 1.8A through 1.8E. We consider the
Gaussian family ¢, , described in Subsection 1.4 and we denote by .#, the
M-completion of the o-algebra generated by this family in the space 2. We
note that || ¢, . — ¢, .|| » 0 as r | s. Together with the condition 1.8E this fact
implies that .#;, is countably generated.

The following theorem has been proved in [1]:
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THEOREM 3.1. Let FE G*(x) and let

F(q’s.x) = F((os,xlr'-; (ps,x,,)’
v, (xM,, xP) = (F(xV) ... F(x'P)),.

If A is a o-finite measure on (E", ") and if

j v,(x, ») A(dx) Ady) < o0, (3.5)

then the integral
1= [ F(g,,) Mdx) (3.6)

(in the sense of Subsection 2.6) exists and it defines an element of L(I).
Moreover there exists a limit

¢,=Lin®, , (3.7)
and

(@, D)= [0,V xP) A (@6 D) (D) (38)

JSor all measures A,,..., A, subject to condition (3.5).

To mention explicitly the element F of G*, we write
@, = [ Flp,) Mdx) = F(p),.

The free field and its powers correspond to F(x) = :x": and formula (1.28) is
a particular case of {3.7). We put F(p), =F,(¢), — Fy{@), if F=F,—F,,
F,,F,€ G*¥(x).

3.3. We denote by A the set of all admissible measures A on (E, %) in
the sense of Subsection 1.3 and by A the set of all A-germs q,(dz)=
a,z) m(dz) such that m(a¥) is a logarithmic germ for all k=1,2,... We
consider sets ¥ 5(A4 X IT) © &,(A4 X IT) = L(A X IT) defined in Subsection 2.3.

We introduce the following measures on (E”, #")

P{(z,dx)=p(z,dx,) --- p,(z, dx,),
(3.9)
A¢(dx) = p{ (A, dx) = j AMdz) pi(z, dx).

The rest of Section 3 is devoted to proving the following theorems:



POLYNOMIALS OF THE OCCUPATION FIELD AND RELATED RANDOM FIELDS 35

THEOREM 3.2. Let F€ G*(x), x=/(x,,.,X,). For every sufficiently
small t, the measures p}(z, -) and A} =p}(4, -), A € A satisfy condition (3.5);
there exists a . % X F,-measurable function D,(z, w) such that, for every z,

Dz, w) = f F(p,) pl(z, dx) T—a.s. (3.10)
We have
qu:J @ (z, w) A(dz2). (3.11)
THEOREM 3.3. Formula (3.10) defines an element of ¢,(A X ). It
belongs to %(A X I) if
Fe)=x; oo Xy =X o0 X 0 (3.12)

where k is an arbitrary positive integer and i,,.., i, J ... J, take values in
the set {1, 2,..., n}.

3.4. We need the following lemma.

Lemma 3.1. Let A(dz)=p(z)m(dz) and let |p|,= (m(p*))""*. There
exist constants ¢ and 6 > 0 (depending on k but independent of p) such that:

3.4(A) For all t,

| Pds dx) pi2s dv) gx, ) < el 1o -
3.4(B) For all sufficiently small t,

[ pi(, dx, dy) g(x,p) <cllpl, log ¢]°.
3.4(C) For all x and all sufficiently small t,

| pix.dy)(e(x. 2) = g(». 2)) p (A dz) < lplls 1.

Proof. The integral in 3.4A is equal to | p,(4, dy) A(y), where

h(y) = | m(dx) p(x, dz) p(z) g(x. )"

1/2

< ([ mid) s, d2)p) ([ i) p. 4 g5, %)

<lpl; ([ max) g(x,y)“)l/z,
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and 3.4A follows from 1.8B. The estimate 3.4B follows from 1.8C. Let
Vx(dy, dz, du) = px, dy) m(dz) p(z, du).

By Holder’s inequality, the integral in 3.4C is not larger than I}/2I)/*I}/*,
where

I, = { yddy, dz, du)(g(x, 2) — g(3. 2))’,
I, = [ v(dy, dz, du)(g(x.2) ~ (3 2))",
I = [ y,(dy, dz, du) p(w)".
By 1.8D,
1< [ pix, dy)(g(x 2) — g(2, 7)) mldz) < e P,
By 1.8B,

I < [ pdx, dy) m(dz)(g(x, 2) — g(2, 2))* <.

Since I, < m(p*), this proves 3.4C.

3.5. Proof of Theorem 3.2. 1t follows from (3.4) that v,(x, ) belongs to
the algebra Q(x, y) generated by the functions g(x;, x;), g(»;, ), i#/ and
g(x;,y;). By Holder’s inequality, to prove that a measure 1 satisfies the
condition (3.5), it is sufficient to check that, for every k,

j g(xi,x)¥Adx) < oo foralli#], (3.13)
j gxi, y)*A(dx)A(dy) < 0 foralli,j. (3.14)

This follows from 1.8B,C for pf(z,-) and from 3.4A,B for A}. The same
arguments show that, for every A € 4,

JP?"(L dx, dy) vy(x, y) < oo (3.15)

Since the Hilbert space L*(IT) is separable and since, by 1.8E, g(x,y) is
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# X #-measurable, there exists, by Lemma2.3, a .# X.#,-measurable
function @ subject to condition (3.10).
We note that

([ 2z @0))? ) < AE) [ 2tz ) (2"

By (3.8) and (3.15), the right side is finite. Using Fubini’s theorem, we get
that, for every u which satisfies the condition (3.5),

(0. ] @) = [ (@,02)) 40a2)
= [ udx) p(z, dy) vy(x, y) A(d2)
= [ u(dx) A2(dy) vo(x, p) = (2,0,
which proves (3.11).
3.6. Proof of Theorem 3.3. For every integer k, ®* has again the form
(3.10) (with n replaced by nk). Therefore, to prove the first statement of

Theorem 3.3, we need only to check that, for every @ of the form (3.10) and
for every a € 4,

[ (@) ald)
is a logarithmic germ. By (3.8),
(®2)) = piz, dx)(F(x),
and, by (3.4) and Hoélder’s inequality, it is sufficient to prove that
| piz. @) g,y x)* afdz)

is logarithmic for any i+, k = 1, 2,.... This follows from 3.4B.
To prove the second statement of Theorem 3.3, we show that

= [ (@ 2) @ (2))* adz) a(d2) (3.16)
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is infinitesimal for every a € 4. By (3.10) and (3.8),

J,= [ piay, dx) pia,, dy) v, »).

It follows from (3.2) that, for F given by (3.12), v,(x,y) = (F(x) F(»)), is
the sum of terms

q:j(x’ )& y) — &(x, 1))

where gj; belong to the algebra Q(x, y) defined in the proof of Theorem 3.2.
Using 3.4A,B and Holder’s inequality, we show that

| pie,, dx) Pl dy) g )
is logarithmic for every g € Q(x, y). On the other hand,
[ pr(a,, dx) pita,, dy)(eCei, ) — 8, 9)) <[ Bl d) (),

(3.17)

where

9(») = | Pie, dx,, dx)(8(x,,7) — 8(x; ).
Using the inequality (a + b)* < 2a* + 2b%, we get

9(») <4 [ adz) p 2, dx)(e(z, 7) — g(x.»))"

and (3.17) is infinitesimal by 3.4C. So is (3.16).

3.7. We denote by H(x) the set of all functions h(x) such that pf(a,, #")
is a logarithmic germ for every a € 4 and every r=1, 2,.... By Hélder’s
inequality, H(x) is an algebra and, by 3.4B, it contains all functions g(x;, x;),
i #J.

All the statements of Theorems 3.2 and 3.3 remain true if we replace
measures p(z, dx) with p}(z, dx) h(x). In particular,

¥,(z, ) = [ F(p,) h(x) p(z, dx) (3.18)

is an element of &,(A X IT) and ¥, belongs to £4(A X IT) if F is given by
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(3.12). (The only change needed in proofs is the replacement of v,{x.,y) by
h(x) h(p) va(x, y) and (F), by h(x)(F),.)
4. PoweRrs OF THE FIELD ¢
4.1. We note that, by 1.8A,
Dz, E)~ 1. 4.1)

LEMMA 4.1. Let h€ H(x), x=(x,,..,x,) and let i,,..., i, take values in
the set {1,...,n}. Put

ne= [ pdedyyol  ay(tz) = piz dx) h(x). (4.2)
We have
| Piz.dx) By, e 0 : ~ an(t D) 0k 4.3)
and
0] = [ Pl dx)o., o 0~ i (4.4)

Proof. We have

[ P1*' (2 dx,dy) hx)igk i = a(t,2) [ P2 dy)iok
By passing to the limit as s | O and by applying Theorem 3.1, we get
[ pi 'z, dx, dy) h(x)0k: = (e, 2) nk. (4.5)
Analogously, for F € G¥(x),
| Pi (@ dx. dy) h(x) Flp,) = [ Pz, dx) h(x) F(9,) p.(2. E).  (4.6)
By Subsection 3.7, ¥%(A X II) contains the germ

@z, W)= [ pI* (@, dx, dy) h(x): B, - B, — [ I (2. dx, dy) h(x): @

4.7
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and (4.3) follows from Subsection 2.3, (4.5), (4.6), and (4.1). To get the
second part of (4.4), we put A= 1 in (4.3) and we use (4.1) once more.

To finish the proof, we note that §,,= [ p(z,dx)p, belongs to the
minimal subspace of L?(IT) which contains @s.y» >0,y € E, and that

(B, 05,0 = lsifrol <J Pz, dx) ws,x<ps,y>

= lim [Pz @) 8., fx,3) = lim g1+ 2 1) = 01,05,y
Hence
7% =fp,(z, dx) ¢, =Lim J Pz, dx) ¢;
and we have

07 s =Lim | pi(z,dx):p , -+ 0
SlO ¥ n

= J’p;'(z, ax):Q, =t P i

4.2, We consider graphs I' which consist of a finite number of vertices
and a finite number of bonds: each bond connects two different vertices. We
denote by I'(n) the set of all graphs with vertices 1, 2,...,n such that each
vertex has multiplicity O, 1, or 2, i.e., it belongs to O, 1, or 2 bonds. For
every I' € I'(n), we denote by J, the set of vertices of multiplicity k. Each
connected component of I is either an m-chain

et PRl ST m2>0
or an m-loop
By —iy— o — i, mz2

(in both cases m is the number of bonds, O-chains are isolated points).

We denote the number of m-chains by c,, and the number of m-loops by /,
and we call the collection ¢,, ¢, ..., I3, [5,..., the characteristic of I'. The total
number of chains is equal to r=n-3,,,mec,—> . ,m,. By
permutations of the labels 1...., n, we get from a graph I all the graphs with
the same characteristics. We denote by S the set of permutations which do
not change I' (i.e., which map every bond into another bond). If | S| is the
order of S, then the number of different graphs with the same characteristic
as I' is equal to n!/|S|.
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To evaluate | S|, we consider the subgroup H of S which preserves each
connected component of 7. Its order is equal to

270 [ @2m)'m.

m2>2

The cosets S/H are in a 1-1 correspondence with the transformations in the
space of the connected components which map m-chains to m-chains and
m-loops to m-loops. The number of such transformations is equal to

[TsoCm! | [ms2 ln!- Hence

1S| =272 [T et [] @m)= 1, (4.7a)

m>0 m>2

4.3. The following identity has been proved in |1, see (2.16)|:

]1 Cxl/2)= N 270 [T (x| &3/2) [] x5 (4.8)

rer(n) bonds iedgy i€d,

where the first product is taken over all bonds of I". Since

”leJp,(z,dx)(p” —leJ.D,(Z dx)H 0% s

i

it follows from Theorem 3.1 that
re=| Pl dx) [ wi/2.
i=1
and, by (4.8),

= X [piea)vi@:]] @i/ ] 02" (49

rer(ny iedy €J,

where

V)= [ &x,,x,) (4.10)

bonds

We note that

i) = piz,dx) Vi) = [1 € [] @mL)n  (@1D)

m>1 m>2

where the functions C,, are defined by (1.17) and the functions L, by (1.39).
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We conclude from (4.9) and (4.3) that

Lo~ 2 a6 z)n/2, (4.12)
r=0
where
a,(t,z)y=> 2°7hf.(t, 2), (4.13)
r

I runs over all graphs in I'(n) with r chains. Obviously, f.(¢, z) depends only
on the characteristic of I. By (4.7a) and (4.11),

gcmfl glm
a,,=n! > [ = 1I5% (4.14)
CosClyenes I3yeee, m>1 Cm—1° mz2 lm'

where the sum is taken over all collections of nonnegative integers ¢, c,,
Cyseens I35 I3, SUCh that

Z Cna1=1T; Z me,, _, + Z mi, =n.
1

m>1 m> m>2
It follows from (4.14), that
[c¢]
efWrvE - N Gur yymyr. (4.15)
n,r=0 n!

We note that (a,,) is a triangular matrix with diagonal entries equal to 1.
Such a matrix is invertible and the entries of the inverse matrix (b,,) can be
obtained from q,, by addition, subtraction, and multiplication.

Formula (4.15) is equivalent to (1.41). To prove this, we rewrite (4.15) as
the system of equations

n & r
Z a u _ gL W _ﬂ, r=0,1,.., (4.16)
~ o r!

and we rewrite (1.41) as the system

. @.17)

Du)" u"
— L@ W) L
¢ ) v Z,,: n! b
It is easy to see that (4.16) and (4.17) are equivalent.
Suppose that f€ Z,(A), i.e., | | f(z)|* a,(dz) is logarithmic for every a € 4
and every k= 1, 2,.... Then d/(dz) =f,(z) a,(dz) belongs to A for every a € 4
and therefore, it is legitimate to multiply any equivalence relation by f. By
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Subsection 3.7, the algebra Z,(A) contains all functions a, of the form (4.2)
and, therefore, it contains the coefficients a,, in (4.12) as well as the entries
b,, of the inverse matrix.

It follows from (4.4), (4.12), and (1.37) that

1 2'; r . . )
SO~ T N b1 2) G = (4.18)
n=>0
By (4.18) and (1.28),
. _(oln.
| %5 A(dz) = lim j " A(dz)  in L. (4.19)
2 t[0

4.4. We denote by I', the subspace of the Hilbert space L*(IT) generated
by 0, - 04,5 Ayyes A, € M, (Iy consists of constants). It is well known
that LZI(H) is the orthogonal sum of I, p=0, 1, 2,.... We put

D
=\ 1,

=0

r

<p

=

IfXET, YET,, then XYET,,,.
In particular, ¢, , € I',. Hence &7, and :£ .: belong to I',,,.
By Nelson’s hypercontractivity estimate,

It follows form (1.28) that :p”:, €T,.

r

(Y < (k= 1) | Y (4.20)
for all k > 1, YE T, (see references in Sect. 1 of [1]).
Hence (4.19) implies (1.36).
4.5. We consider formal series

=
F(u)= }_, un(p;‘nz)’

n=0

where @™ are random variables, and we write F(u)~0 if ®{"”’~0 for
n=0,1,2...1If

(e 0]

Fl)= Y u'fy(t,2) &,

n=0
then we put
(e e

Fu)y= D u'f,(t, 2)&] 5

n=0
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In this notation, formula (4.12) can be rewritten as

eu{,'z ~ Eesﬁ(u)-& Cf(u){,,zz. (4.21)

Since (n7,) =0 for n > 1, we have from (4.1) that ({7 .) ~ a,, and therefore

(e"tt:) ~ ), (4.22)

5. POLYNOMIALS OF & AND T

5.1. We assume that there exists a right process X,(w) with the transition
density p,(x, y) (see the definition in Sect. 4 of [1]).

First, we prove formula (1.15). If A(dx)=p,(z, dx), then, by (1.11) and
(1.12),

v
4,(0,v)=1lim j Pz, X)du in L*P). (5.1)
s10Jg

To prove (1.15), it is sufficient to show that

A30,0)= [ pfe, X,) du (52)

for all v < oo. We fix v and we denote the right side in (5.2) by Y,. Because
of (5.1), formula (5.2) will be proved if we show that

Y,=1iIr01 Y,,, in L*P). (5.3)

It follows from (1.3) that, for u, < u,,
PP, (2 Xy, P2, X,) = [ P2 %) m(dx) Puy o (509) M) P (2, 7)

=Ptl+12+u2—u1(z9 Z)

and therefore

u i+t uy
PY, Y, =2 fo du,ft » P2, 2) du,
1 2

v 2+ u
12j0du1j pufzz)du, as 1,5t

2t

Since gz, z) < oo for ¢ > 0, this implies (5.3).
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5.2. We denote by .#” the set of all measures P,,, u,vE N. All these
measures are defined on the minimal o-algebra #, which contains all the
sets {a =0, X(w)EB}, t>0, BE.#. We consider the mapping ¥ - Y*
described in Subsection 1.5 and we note that, by (1.30) and the Schwartz
inequality,

P, {(Y*¥)") =P, ((Y)*)=(0,0.Y")

< <¢2¢2>1/2<Y2k>1/2 (5:4)
ure *

We denote by L (IT) the set of all elements of L(/I) which are

- #-measurable. By (5.4), Y*€ L(II X.+") for all Y € L (IT) and
Y*=limY¥*in LI X.¥") if Y=LimY,. (5.5)
The algebra L(A X IT) contains all functions ¢,(z, w) =¢, .(w). We denote
by LA X II) the minimal subalgebra which contains ¢, and L(A). If

@ € L (A x IT), then, for every z € E, the function @, belongs to L(IT), and
the formula

D*(z, w, w) = DX (w, w)

defines a .# X.#, X.#,-measurable function. We claim that, for every
AE A,

(P = (D)™ (5.6)
This is an immediate implication of

LEMMA 5.1. Let A be a finite measure on (E, #). Let Y.(w) be a
# X.F-measurable function such that

J1¥.14(dz) < 0
and let
Y, = j Y.A(dz).

If U (w, w) is an .# X #, X .#,-measurable function and if U, = Y* for each
z, then

Y= j U, Mdz).
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Proof. We put
1Yl =qrp,  NUl" =P, Ul

and we note that
Iy’
(A

ME) | Y1,
@uo ' IY.

The functions || Y,|’ and ||U,||” are #-measurable and finite —a.e. Hence
(see, e.g., [4, p.131]) for every &> 0, there exists a partition of E into
disjoint sets A4,,...,4,,,..., such that

V/ANY/AN

1Y,— Y|’ <s, U,—U"<¢ forallz,x€4d,,n=1,2,... (5.7)
We choose a point z, € 4, and we put

Z=Y7Y,MA,), V=YU, A4,

By (1.32), Z* =~ V. Using (5.7) and Fubini’s theorem, we get || ¥ — Z|’
eME), || U,A(dz) — V||" < eAM(E). Now we consider a sequence of partitions
and we get two sequences Z, and V, such that Z}¥ ~ V,,lim Z, = Y [I—a.s.,
lim V, = [ U,A(dz) P,, X II—a.s. Lemma 5.1 follows from (1.34).

5.3. According to the definition in Subsection 2.3, Z,(4 X II X #")
means the set of all germs ¥(z, w, w) in L(A X IT X .#") such that, for every
a€A,PeEV,and k=1,2,..,

[ ¥ (@) adz)

is a logarithmic germ. The algebra Z,(A4 X IT X .#") contains all elements of

the form (3.10) and (4.2). Indeed, elements (3.10) and, in particular, 7% (w)

belong to &, (A X IT) by Theorem 3.3, and elements a,(¢, z) belong to &,(A).
Let us show that 7, (4 X IT X .#") contains the germs T, ,(w). We have

" (n
C)*=C.+T)" =2 ( k ) Y
k=0
Since (&f ) >0, we have ((&7,)*) > T", and, by (1.30) and (5.4),
P, Ti, <P, )" <llo, 0, K"

Hence | P, T?,a/dz) is logarithmic for each a € 4.
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We observe that the algebra %,(4 X II X.#") contains the functions
a,(t,z) and b, (1, z) as well as the elements i} and 77 defined by formulae
(1.37) and (1.16).

LEMMA 5.2. Let ®,€EZAXID), V,EL(AXV). Then ¥,=®,V,
belongs to Z5(A X IT X .A#").

Proof. For every PE .+~

PXY(2) ¥/(2)) =(P2) P(2)) PV (2) V (2).

Hence, for every a € A4,

2

(J |P{¥(2) ¥ (%)) a(dz) a,(dz‘))

< [(P(2) 25 ald2) adD) [ (PV (2) V() adz) a(a?)

The first factor is infinitesimal, and the second factor is logarithmic.

54. If ¥, € % (A X 1T X.#"), then writing ¥, ~ 0 means that ¥; , is an
infinitesimal germ in L(IT X .#") for each a € 4 (again this is a particular
case of a general concept introduced in Subsection 2.3).

LemMMA 5.3, It is legitimate to multz'ply the equivalence relations (4.1),
(4.3), (4.12), and (4.18) by any germ V, € T, (A X .#").

Proof. This is obvious in the case of (4.1). Let @, be defined by (4.7).
Then @,V, belongs to FY(A XTI X .#") by Lemma 5.2, and therefore
oV, ~ O This justifies the multiplication of (4.3) by V,. Formula (4.4)
follows from (4.1) and (4.3) and the proof of (4.12) and (4.18) uses only the
equivalence relation (4 4) and certain equations. We denote by (¥}, the
projection of Y& L*(4 X II X.#") on the subspace L*(A)® I, ®Lg( 47
(such a projection exists by Lemma 2.1). By Subsection 2.5, { ¥}, = ({ ¥, ).
for all A € A. Therefore P({¥,},); < P¥} for every PE IT X .4, and

(W), ~0 if ¥,~0. (5.8)

D

Suppose that ¥, is a germ in %,(4 X IT) with values in L,(A X IT). Then,
by (5.7), (5.4) and the Schwartz inequality,

P (1)) <paod)(Ye)'”
SSCHUIRES FAVEMG SRV

580/58/1-4
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Hence
vk ~0 if ¥,~0. (5.9)

5.5. THEOREM 5.1. If p is odd, then {i}:*},=0. If p=2i and
n=1i+j, then

(ene), ek T

n! o (5.10)

Proof. For the sake of brevity, we omit the subscript ¢ in our
computations. By (4.12)

En~ D an™/2n (5.11)
r=0
We note that
2r}

n for p=2r, =0 otherwise. (5.12)

p=1
It follows from Lemma 5.3, (5.11), (5.8), and (5.12) that
{£'T},~0  for podd, (5.13)
and, taking into account (4.18), that
{fiTj}zl ~ an'l”Tj/zl ~a;ig" T. (5.14)
By (4.16)

a,a'/it =e“ Y€ w)'/1. (5.15)

s

il
~

By virtue of (5.14) and (5.15),

{e*¢* Dy = i (£} i_u_’
= g
S W W i EW)
~,-,,-Z=oa”7 K= el (5.16)

On the other hand, by (5.11) and (4.18)

n
é" ~ Z anr;é’;'
r=90
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Hence, by (5.9),
€+ =@~ Y g,
and, by (5.8),
{(E+ 1)}~ rioa,.r{ff’i*}z,-
In combination with (5.15), this implies
HEAT N i @e‘ﬂ"){?érf*}z/

{e
r=0 r:

= e’ W etTix, (5.17)
By comparing (5.16) and (5.17), we get

O

{1et¥W0xy,, e Tl
or, by substituting & () for u,
ul
{feguf*}n ~7€wu)rf~flf- (5.18)
It follows from (1.20) that
e@(u)T — EeuT; (519)
and we can rewrite (5.18) in the form
ul
fiefi* )y ~ Jy i€t (5.20)

which is equivalent to (5.10).
5.6. Proof of Theorem 1.3. By (1.36) and (1.38), for every 4 € 4,

= ]-;llfgl €
By (2.11), (5.6), and (5.5), this implies

(A R (7Y L in L>(ITX.A4). (5.21)
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Formula (1.44) follows from (5.21) and (5.10). Moreover we have

(85 T7), = () (5.22)
ST = (1+J)' A .

We conclude from (5.22) and (1.45) that

(€)% = 3 (%) b Z( )(c' ety
=0 =0
— i+ Ty,
which implies (1.46).

APPENDIX

THEOREM. The Brownian density (1.2) satisfies conditions 1.8A through
18E ifd< 2, k>0.

Proof. 1t is easy to see that, if this statement is true for a density p,(x, ),
it is true also for the density f,(x, ) = 4%p,.,(Ax, Ay), where A > 0. Therefore
without any loss of generality we can assume that k=14. If d=1, then
g(x,y)=4e """* and the theorem is trivial. For d=2, g(x,y)=
7 'K(|x — y|), where K(r) is the positive solution of the Bessel equation

r’K"(r)+ rK'(r)—r’K(r)=0
which has the following asymptotic:
n 172
K(r)~ (?;> e’ as r— o,

K(r)~ |In

%) as r—0.

Besides K, = —K' is positive monotone decreasing and

1 1/2
K,(r)~(5) e’ as r-» o,

K(r)~r! as r—0

(see [3, Sects. 3.71 and 7.23)).
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Condition 1.8A holds with J = 1. Changing variables by the formula
y—x =2z, we get that

[ 80x, )% m(@y) = const [ K(z)* m(dz)
= constj K(r)*rdr < 0.
Hence 1.8B is satisfied. Since g(x, y) < const for all [x — y| > 1, we get

J Pz, dx) p(z, dy) g(x, y)* < const for all 1.
lx—yt>1

On the other hand, for all sufficiently small ¢,

p(z,dx) p(z, dy) g(x, »)"

Jl.\‘~yl<1

< const 2Lz, x)p(z,y) lln |x —y”" m(dx) m(dy).

lx=yl<1

Changing variables by the formula ¥ = (x —z) ¢~ ',

see that this expression does not exceed

J=(y—2)t7" we

const [ p(¥) p() |In | - 7| + In /1] m(d%) m(dp)
Since
[ ) () |10 |x = yl[* m(@x) m(dy) < w0 forall &,

we get 1.8C.
The integral in 1.8D is equal to

const [ p(y) m(dy) m(dz)(K(z =)~ K(z=x =y V1))’ (1)

We have |K(r,) — K(r)| <|r, —r,| Ky(r)) for r;, <r,. Let r, be the smallest
and r, be the largest of two quantities |z — x|, |z —x —y \/¢|. We note that
r—rl<Viy, hence |K(r)—K(r)<VIyK,(r)K(r) and the
expression (1) does not exceed

const \/1 [ p(») m(dy) m(dz) | y| K (r,) K(ry). )



52 E. B. DYNKIN

To prove 1.8D, it is sufficient to show that the integrals of the form (2) with
ry=|z—x| and with r, =|z —x—y /t| are finite. Changing variables by
the formula 7=z — x in the first case and by the formula Z=z—-x—y \ﬁ
in the second case, we arrive at the same expression

const /¢ J m(d?) K,(1£]) K(IZ'|)J m(dy) p(y) | y|

which is finite.
Condition 1.8E holds in the topology of R”.
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