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INTRODUCTION

Recently the problem of uniform approximation of e * on [0, 00) by

rational functions has received much attention. One main motivation was
given by the fundamental paper [3] of Cody et al., where the application to
the construction of numerical procedures for initial value problems was
considered. Besides the special questions arising from this application, the
asymptotic behaviour of the approximation error has been considered [1, 7,
8, 11, 13, 14]. To our knowledge the best rate of approximation so far has
been obtained in [11] using an appropriate translation of a Padé-
approximation (a still better rate was announced in [6] using Laguerre—
Padé-approximation, however, the proof is incorrect and incomplete).

Here we introduce as a new aspect the question whether the rate of
approximation can be improved by using piecewise Padé-approximation (the
total number of parameters remaining unchanged). We show that this rate
indeed improves significantly. The thorough analysis of the local error of
Padé-approximation constitutes the main part of our work, thereby extending
and sharpening the results of [8] and [11] for the error on [0, o0). This was
made possible by the special form of the Padé-approximation of ¢~ but
from our result a similar improvement of the rate of approximation may also
be expected in the case of best rational approximation.

1. PoINTWISE ERROR ESTIMATES

It is well known (e.g., [10]) that the (m, n) Padé-approximation of e has
the form
Je @ +x)me " dt .
Jemie—x)"e'dt’ (1)
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From this it follows directly that

s =x)"u"e " du

e"*—R, (—x)= S X e i (1.2)

We introduce now the following functions (m < n)
f@O)=e " t1=0", glt):=e *"(1+0Dr (1.3)

where

x' = x/n, ri=m/n. (1.4)

Then a simple calculation yields by (1.2) for x > 0
e = Ry (=) = [ S0 dt/jw g(0)" dt. (1.5)

0 0

The investigation of this error is done by Laplace’s method or “meéthode du
col” according to which the values of the integrals in (1.4) are determined
essentially by the maxima-of their integrands. This is carried out in detail to
show that the method yields very precise estimates (exact up to a factor of
order n® log n) in a simple manner. To our knowledge such estimates do not
exist in literature (however, see [4, 6.3.3]).

THEOREM 1. For all x>0, n>2 and r=m/n € (0, 1] there holds

Cnx £ (x >"<|e_x R, (=)< 8enx £ ( x r)"
- _’r - rn - T s
x+n+m n = " Sx+nt+m n

with the constant C = [3e(n + 1)(1 + 2n)*log(1 + 2n)|™"'. The quantity
E(y,r) is defined by

E(y, 1) :=e"‘y;(——>r (1.6)

via the abbreviating notations
p=p(y,r)y=y+l+r,  q=q(ypr)=y—1l-r
hi=h(y,r)=\/p* — 4y =\/q* + 4ry. (L7)
Proof. By direct calculation we find that (with y=x' in (1.7))
x't* =p/2 —\/p*j4—x' (1.8)
X't =—q/2 + /4 + rx’ (1.9)
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determine the points ¢* and ¢ of the maxima of the functions f(¢) and g(¢),
respectively. We show then for the numerator in (1.5) that

f )"

i DS fof(t)" de < A¥f(Fy. (1.10)

To this end we observe that for any a € (0, t*)
1 r*
| Sz [ f@de>al(t = a)y ey
t'—a

The maximum with respect to a is obtained for a = ¢*/(n + 1) which gives
the left-hand side in (1.10). For the upper estimate we split [§ = [ + [, and

use
freraraer [ e (1) (1525 ) e

By (1.8) we have t* = (p —x'r*)~". Hence

t<x’+ r )
1 —¢*

and after the substitution u = n + nt/t* we get

—t/t"

. t ’
e‘“(l—l_t*)gexp =e

[ rera<pey [ vy au

<Srey (£)'m

n

/2
_l el/lZnt*f([*)n-
n

Together with the trivial estimate

N

[ sy de<epey
0

the right-hand side of (1.10) now follows.
As to the denominator in (1.5) we show

Loon (™ 314 2n) log(1+20)
gy <[ gy ar 2F2VIBAE g
ex 0 X
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Here the left-hand side follows similarly as above. For any a > 0 we have

0 " +a
|, g@rdr>] ) di>aem g
t

and maximization with respect to a yields @ = 1/x which gives the desired
estimate.
For the proof of the right-hand side of (1.11) we write with 5 > 0

(14+b6)(t"+1/x) ©

[eo]
j g(t)"dtgj + =1, +1, (1.12)
0 (1+H) +1/x)

0

We have

L=(+ b)ﬁo [e= U+ (1 4 by (1 4+ (1 + b) £)]" dt

t+1/x

< (1 + b)l+rn+n efbx(t“+l/x)J g(t)" dr.

"+ 1/x

The choice b= 2(1 + 2n) log(1l + 2n) yields
(1 +b)l+rn+ne~b < (1 +b)]+2n e—bg%
for n > 2 so that

LI, +5L)5 o L<I/4 (1.13)

Now by (1.9) there holds x't" < 1+ r < 2 and consequently

LiSA+0) +1/x)g(t")" < (1 +b0)(2n + 1) g(17)"/x,

establishing the right-hand side of (1.11) by (1.12) and (1.13).
The theorem now follows from (1.10) and (1.11) taking into account
E(x',ry=f(t*)/g(t") and the inequality
x 2x
X,
x+n+m X+n+m

which is a consequence of (1.8). 1

We remark that the result of Theorem 1 is a more precise statement of the
classical property |e ™ —R,, (—x)=0(x|"*"*"), |x|-0, of Padé-
approximation since one can easily show that E(y, r)" = O(|p|"*"), | »| -0,
for fixed r > 0.
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For the following we need the counterpart of Theorem 1 in case x < 0. To
this end we assume 7 to be even since otherwise there is a pole in (1.1). After
replacing x by —x in (1.2), (1.5) a short calculation yields

. _ Lleta=or)mdt et
€ = Ry a0 = Iele ™A —nr)"d 1+47! (1.14)
where
A==€ Jl o(s)" ds/foo w(s)" ds
and

o(s):=e (1 —s)s", w(s) :=e " s(1 +s)".

But ¢(s)", w(s)" are equal to f(s)" and g(s)", respectively, except for the
interchange of m and n (see (1.3)). Thus A can be estimated in Theorem 1
(cf. (1.10), (1.11)) leading to

Cs*xlo(s)w(s)]" < e*A <des*xlo(sH) ()] (LI5)

with same constant C. The numbers s* and s are given by (note the
interchange of m and n)

x's* =p/2 —\/p*/4 —rx’
x's"=—q/2 +\/q*/4 + x".
Substitution of these formulas into (1.15) yields

Cs*xF(x/n, r)" < A < des*xF(x/n, r)"

where
F(y, r)=eﬁ—2%(%;—%)r, (1.16)
and
Re=h(y,r)=\(y—1-r1)+4y. (1.17)
Now, using the inequality
rx 2rx

—_— xSt ——
x+n+m > S x4n+m
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and in (1.14)

1
3 —— < min(1, 4),

1.
—mm(l,A)gHA

we obtain finally as the counterpart of Theorem 1.

THEOREM 2. For all x> 0, n even and r =m/n € (0, 1] there holds

Cmxe*
————————min(l, F(x/n, r)"
it min(1, F(x/n, r)")
Semxe™ | u
<'8X~an.n(x)'<mmln(1=F(x/n’ r)")

where C is defined in Theorem | and F(x/n, r) is given by (1.16), (1.17).

2. LocAlL ERROR ESTIMATES

The pointwise error estimates of the preceding section are now used to
derive asymptotically exact error estimates for intervals of the form [0, a|,
a > 0. The crucial point here is the optimal choice of the parameter r = m/n
and of a number « € [0, a] by which the Padé-approximation (1.1), (1.2)
may be translated. These questions can be attacked successfully because the
functions E(y, r) and F(y, r) introduced above depend on y, , respectively,
in a rather simple manner, as the following two lemmas of technical nature
will show.

LEmMa 1. The following assertions are true:
(i) E(p,r) is strictly monotone increasing in y for fixed r€ (0, 1} if
Y <o(r),

o) =5 (o(1)i= o), @D

and strictly monotone decreasing for y > o(r).
(il E(y,r) is strictly monotone increasing in r for fixed y € (0, o) if
r + 1 <y and strictly monotone decreasing in r if r +1 > y.

Proof. We only show part (i) in detail. Its proof relies on the formulas
(1.6), (1.7) and the relations between the quantities p, ¢ and A appearing in
them. We have
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2
E(y,r)! 5E(y, r)

g LR Q4R Ry 1)

p—h p+h h+gq h—gq
, 2(h—ph") (h—h'qg
=h"—1+ pz_hz +2r hz_qz
2h—h'
g g et k)

2y

where we have used the relations p> — k> =4y, h* — g’ =4ry, p+qg=2y.
The solution of the equation A(y, r) =y is then y = ¢(r) given by (2.1).
Part (it) follows from the relation

2 h
5;E(y,r):E(y,r)ln<hiZ). 2.2)

Concerning F(y, r) we have the simpler statement of
LEMMA 2. F(y,r) is strictly monotone increasing in y € |0, ©0) for fixed
r€ (0, 1] and strictly monotone decreasing in r € (0, 1] for fixed y € (0, o).

Lemma 2 is a direct consequence of the following formulas obtained from
(1.16), (1.17):

9
oy

h g —h
Fn=oFOon  gFon=Foun (). @3

As a first step we derive from Lemma 1 local error estimates for the Pade-
approximation (1.2) on [0, a] with » € (0, 1] being fixed.

LemMAa 3. For each a >0 and r € (0, 1] there holds
{lle™ = Rypuy (=Moo 101" = min(1, @) E(min(a/n, ¢(r)), r).

Here and in the following the symbol = stands for equality up to a factor
which is bounded by positive absolute constants from above and below and
which tends to 1 as n— oo.

The proof follows immediately from Theorem 1 and Lemma 1, together
with the observation that ¢(r) > 3 and the inequalities

Lo (1 x>< X <min (1 x)
—min (1, =~ ) ————— < mi ,—
4 n) S x+n+m n( n

which are a consequence of (1.18).
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Lemma 3 shows that a = ¢(r) - n gives the critical length of the interval
{0, a] beyond that the local error is always equal to the global error on
[0, o0). In the latter case an easy calculation yields

L(r) =E(p(r),r)=32r)" (1 —r)' " (2.4)

This function has already been found by Ni et al. |8] in their study of the
global error on [0, 00). It is strictly convex in r& [0, 1] and attains its
minimum at r = 1/3 where L(1/3) = 1/3. Hence we obtain as a corollary of
Lemma 3 one of the main results in [8]:

COROLLARY 1. For r € (0, 1] define

A(r) = ’}LI?O ”eix _R[rn].n(—x)||(l:(/>','l(),oo)‘

Then A(r) has a minimum for r = 1/3 with A(1/3)=1/3.

With the help of Lemma 3 this result can now be extended to any interval
[0, a]. To this end we define for a >0, n €N and r € (0, 1]

An(a’ r) = {Heix - R[rn],n(_x)“oo.lo,a]}l/n' (25)

THEOREM 3. There holds

inf A,(a, r) ~ min(1, a'’") min(§, E(a/n, 1)).

1/n<r<1

Remark. This shows that the optimal choice for r is r=1 if a {a,,
where a, is determined by the equation E(a,/n, 1) =1/3 (a,=n - 1.660605).
In case a > q, the local error and the global error are asymptotically equal
according to Corollary 1. The optimal choice here is r=1/3.

Proof of Theorem 3. If a/n< 1/2 we have min(a/n, ¢(r)) =a/n so in
view of the monotonicity property in Lemma 1(ii) the assertion follows
directly from Lemma 3. In the other case we define r, (uniquely) by
a/n=¢(r,). Then Lemma 1(ii) shows that

inf . E(min(a/n, p(r)), r)

1/nr<

m L(r))

=min( inf E r), i
(ra<r<l (a/n, ), 1/n<r<r,

= min(min(E((¢(r,), ,); E(a/n, 1)); l/niﬂf . L(r)))

<rg

= min(E(a/n, 1); y inf  L(r)).

ngrgra
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But since L(r)>L(1/3)=1/3 and since for a/n > a,/n > 4/3 there holds
o(r,) > 4/3 or r, > 1/3 we conclude

inf E(min(a/n, ¢(r)), r) = min(E(a/n, 1), 1/3)

1/ngrgl

establishing Theorem 3. 1§

The error estimate of Theorem 3 can still be improved when using an
appropriate translate of the Padé-approximation (1.2), i.e.,, we consider
instead of (2.5) the (smaller) quantity

Bn(a’ r) = inf ”e—x - evaR[rn],n(_x + a)”ét/)’,'[O,a]‘ (26)

0<a<a

In order to study its behaviour we need as a counterpart to Lemma 3

LEmMMA 4. For each a > 0 and r € (0, 1] there holds
{16 = Ripnyon0o 0.0} = [ min(1, @) &>/ min(1, Fa/n, r)).

The Lemma follows from Theorem 2 and Lemma 2.

THEOREM 4. Let

R := inf inf max{F(y,r), e *L(r)} 2.7)

0<r<l y>0
and define the function G(x) for x > 0 implicitly by

G(x):={F(z,1):F(z, )= e *F(x — 2z, 1), 0 < z < x}. (2.8)
Then

Y i2f<1 B, (a, r) = min(1, a)"/" min(R, G(a/n)). 2.9)

Remark. The number R describing the asymptotic behaviour of the
global error (a= o) has the value (4.0982107..)"' and was already
computed by Rahman and Schmeisser [11] by a somewhat different method.
It is attained in (2.7) for the values (cf. [11])

r=r*=0.4832939.., y=y*=0.3598078.... (2.10)
In case a < a,;, where a,/n = 3.428985... is given by
R =G(a,/n) (2.11)

the local error is less than the global one and described by the function

640/40/1-7
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G(a/n) showing that the choice r=1 is then optimal for Padé-
approximation.

Proof of Theorem 4. For fixed r and a € [0, a] we have by Lemmas 3
and 4

Ne~x - e_aR[rn],n(_x + a)“::«é','[o,a]

= e~a/n ”e—-v - R[rn],n(_y)“:)é',’[—a,a—a]

= e~ /" max{[le” — R[rn],n(J’)l|clx/>','[o,a1 e ™ — R[rn].n(‘)’)l|clx/>'.’[o.a—a]}

~ max{[r min(1, @)]"/" - min(1, F(a/n, r)),

min(1, a — a)"/" e~ */"E(min((a — a)/n, ¢(r)), r)}.
From this we get
. ~ . 1/n )
1/n12f<1 B, (a,r) =~ min(l, a) 1 (2.12)

where

I:= l/niilf<1 Kigf@ max{F(a/n, r), e~ *"E(min((a — a)/n, o(r)), r)}.  (2.13)

(The upper estimate here is immediate; the lower one requires some
additional arguments showing, e.g., that the cases F(a/n,r) > 1, a > a/2 and
a < min(1, a/10) do not give the infimum.)

For fixed a > 0 we now introduce
I, := inf inf max{F(a’, r),e”*'L(r)} (2.14)

1/n<r<1 min(o(r),aY<a’'—a’<a’

I,:= inf inf max{F(a’, r),e”* E(a' —a',r)} (2.15)

= 1
1/n<rgl 0<a’ —a'<min(e(r),a’)

where we put a’:=a/n, @’ =a/n. Then we have I=min(/,,/,). Now in
(2.15) apart from the case r=1 we need only consider those a’ with
a’ —a’' > 1 + r since otherwise both terms forming the “max” are decreasing
in r so that the infimum is attained for r=1 again. Also we have then
necessarily r > 1/3 since in case 1+ r > ¢(r) the feasible set in (2.15) is
empty. Thus in view of ¢(1)= oo and

inf  max{F(a’,1),e “'E(a’ —a’, 1)}

0<a’'~a’'<a

= inf  max{F(a',1),e ' F(a’' —a', 1)} =G(a’)

0<a’ —a'<a’

we find
I, = min(G(a'), 1/312{<l H(r)) (2.16)
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where we have introduced {provided that the feasible domain is non-void)
H(ry=H(r,a'")
= inf max{F(a',r),e *'E(@’ —a',r)}. (2.17)

r+iga’—a’'<min(o(n,a’)

Below we shall prove the following crucial

LEMMA 5. If a'<3.6, then on each subinterval [c,d] of
[max(r,, 1/3), 1] the infimum of H(r) has a value >min(H{(c), G(a’)) where
ry=r(a) € [1/3, 1] is defined by

F(a' —o(r),r)=e 9t L(r). (2.18)
If no such r, exists then we set r, :=0.

Now, if 1/3<r<r, in (2.16) we have a’ —¢(r)>a’ —¢(r,) >0 and
therefore by (2.18) and Lemmas 1 and 2 F(a',r) > e * E(a’ — a’, r) for all
feasible a’ in (2.17) which does certainly not give the infimum. Hence we

may assume r > max(1/3, r,) in (2.16). But then with the help of Lemma 5
we see that for a’ 3.6

I, > min(G(a'), H(max(1/3, r,))) > min(G(a'), I,).
Here we have used that by (2.18) H(r))=max{F(a'—e(r,),r)
et LGy 21,  as  well as  H(1/3)=max{F(a’ —4/3, 1/3),
e '**31(1/3)} > 1,. Hence we have from the foregoing estimate for 7, and
by (2.7)

I'=min(I,,I,) > min(I,, G(a')) > min(R, G(a')).
On the other hand clearly I < min(Z,, G(a’)).

Now G(x) is monotone increasing in x (this follows directly from the
definition (2.8) by wuse of e *F(x—z 1)=e "E(x—z1)). Thus
G(@')< R, for all aga, < 3.6n In the complementary case a > a; we
have G(a’')> R =1, since then the numbers r=r*=04832939.. and

a' =y =0.3598078... from (2.10) satisfy the constraints in (2.14): a’ >
3.428985... > a’ + ¢(r*). Thus the assertion of the theorem is proved. 1

Proof of Lemma 5. We treat the case r, =0 first. Then we must have
F(a' —(1/3), 1/3) < e @Y1 (1/3) and so for all feasible a’ in (2.17)
by Lemmas 1 and 2

Flo',rygFla@ —1—nrr)
L Fla’—4/3,1/3)
< e“"’“"3E(4/3, 1/3)

< e-a’+1+rE(a’ —(a' —1=r)r< e'“'E(a' —a',r)
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From this we find

H(r)= inf e “'E(@ —a',r)

r+ial—a’Sminte(ry,a’}
=e "M YE(1 +1,7)
which is strictly increasing for r € [1/3, 1]. Thus the assertion of Lemma §
holds.

Now let r, > 1/3. Let us assume further on that r < r, where r, € [r,, 1] is
defined by

Fla' —1—ry,r)=e """ E(1 4+ r,, 1) (2.19)

and r, := 1 if no such r, exists. Then for every r € [r,, r,] we have F(a', r) <
()e *E(a’ —a’, r) where ¢’ =a’ —min(p(r),a’) (@' =a’ — 1 —r respec-
tively). This shows that for any r& [r,,r,] there is a unique f(r)€
[a’ — min(p(r), a’),a’ — 1 — r] such that

H(r)=FB(r),r)=e PPE(a’ — B(r), r). {2.20)

From this defining equation and with the help of the formulas in Lemmas |
and 2 we derive

e 8" OE/or — OF for

= dF/oy + e PDE(a’ — B(r), r) + e 2" OE /oy
_ In((p+ B)/(p— ) + In((h + 9)/h — q) 221
h/B(r) + (@’ — B(r)) '
where (with values for y according to (2.20))
p=pr)+1+r Bi=~/p* —4rB(r) =\/(B— 1 — r)* + 4B(r)
(2.22)
gi=a —B(ry—1—r,  h:=\/q* +4r(@a —B(r)). (2.23)

An easy calculation using {2.21) shows

“"f(r) In (:ig)— 5;':) In(ﬁiZ)] (2.24)

sgn H'(r) = sgn [

We want to show now that the expression in brackets which we shall denote
by K(r) has at most one zero. For this it will be sufficient to prove that

B =p



PIECEWISE PADE-APPROXIMATION 93

d Bh+@—-p/Hr) h+gq q'h—qh'
O>EK(r)=—— ln( )-!-

i h—q 2rh
_ BR-pR) <p+i7) _ph' —p'h
h? p—h 2rh

(2.25)

We need some auxiliary inequalities. In view of r € [r,, r,| we have
l+r<a —B<o(r)=(14+r)?2(1 —7). (2.26)

Since ' *'F(1 + r,r) > e**F(4/3,1) > 1 > L(r) > E(@’ —f,r) = €*F(B,r)
we know further

L+r>p=4(r). (2.27)
Now there holds f’ > 0 by (2.21) and
Bh+ (@ —-pHu
=/ (@ —B)r—1D)+ (1 +r]+ (@ = -+ 1+r)

so that by (2.26) the first term in (2.25) is negative. From (2.26) and (2.27)
it follows that f < @’ — f8 and hence that

>1‘23:/;) (al'trﬁ) =(a’h—ﬂ)2'

In view of the inequality In((1 + x)/(1 —x)) > 2x for x € [0, 1) this implies
by (2.21) that (x = h/p)

(2.28)

g In((p + B)/(p — 1)) g_

2h/B >
From this estimate and the formula

BR—Bh" = (1/R)B'[p* — 2Bp + BB+ 1 — )] = B(p — 2B)}
we see that also the third term in (2.25) is negative. The remaining terms are

q/h_qh/ —pﬁ'/ _p/k"’
2rh 2rh

l+r+a —f 1+r-—f
h? R

(@ —p)a' —f—1+r) _ﬁ(ﬂ+1—r)g

rh* rh?

=B

(2.29)
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so that in order to establish (2.25) we only need to show that both terms in
brackets are positive. The second one we can transform to

@—-p)a —-p—1+r) BB+1-r)
rh? rh?

1
=rh—2ﬁ{}?a’(a’—2ﬂ—1+r)—,8(,8+1—r)(h2—h~2)}.
But because of A*>p(B+1—r) and K —A*=a'*—2a'(B+1—-r)<

a’(a’ — 28 — 1 + r) this expression is positive.
For the first term in brackets in (2.29) we have

l+r+a' =8 (1+r—p)

n? i
=%7 [-8 + 820+ +a' ]+ (1 +1@~r—a’)l.

By (2.27) the function Q(6) := —f* +Bl2(1 + 1) +a'] + (1 + NG —r—a’)
is strictly monotone increasing for all § = 8(r) of (2.20). Assuming then that

B =pB(r) > 0.64r, rE [r;,r) (2.30)
we see that the term in question is positive if

0(0.64r) = —0.1296r + r(3.28 — 0.36a') + 3 —a’' > 0

for all r > 1/3. But since Q(0.64r) is monotone increasing for a’ < 8 this is
true if Q(0.64/3) > —0.0144 4+ 1.09 + 3 — 1.12a’ > 0 which is the case for
a’ € 3.6. Hence under assumption (2.30) we have proved that (2.25) holds.
By (2.24) this means that H(r) is either monotone (decreasing or increasing)
in r or else has only one interior extremum which must be a maximum then.
Hence for a' < 3.6 and for any subinterval |c,d]| < |r,, ;]

inf H(r)=min(H(c), H(d). (2.31)

In order to prove (2.30) let us assume the contrary. Then (2.20), (2.26)
imply

e® %" F(0.64r,r) > E(@' — B(r),r) > E(r+ 1, 1) (2.32)
for some r € [r,, r,]. Then we consider the function (for any fixed & > 0)

¥(r) := e® F(br,r)/E(r + 1, r).
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Similarly to the computation of (2.21), (2.24) we get with the help of the
formulas of Lemmas 1 and 2

e’ F(br,r) p—h h
q]l — —_ —_——
) Eir+1,r) b+r+lnp+h l+r+1

where, according to the choice of y, we have to set (cf. (2.22), (2.23))
p=l+(+b)r, Fhi=\/p'—4br*, h=2\r(r+1). (2.33)

We shall now show ¥’(r) > 0 for b=0.064. We have

d 3 p—h h

P LAY A e
_h—Hk(1+7) f{’r—h~+p’f{—pl?
T (1) r’ 2r'b

With the help of (2.33) we can verify that
[A—h'A+1)]1+7r) ==2[A1+7)]""'<0

and that for b€ (0, 1)

(A'r—h)2b+p'h— ph’ (p—2r)_—1+(1—b)r<0
2r’b rh rih '

Thus ¥(r) has at most one zero for any b€ (0,1) and will turn from
positive to negative values there. But for b = 0.64

b+2—yb*+4
sgn ¥'(1)=sgn b+\/b2 4 +1In 2 +1
g ¥(1)=sg b+2+/b'+4 V2

=sgn{0.15..} >0

which shows that ¥/(r) > O for b = 0.64. Now this implies a contradiction to
(2.32) because

max e *F(0.64r,r) €% °‘F(0,64, 1)
i3<r<1 E(r+1,r)  ~ EQR, 1)

=0.9605... < 1.

Hence our assumption B(r) > 0.64r in (2.30) is proved. In order to complete
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the proof of Lemma § it remains to study H{r) on the interval [r,, 1] (if it is
non-void). We observe that

H(ry> H({r) = inf max{F(a’,r),e"* E{a’ —a’,r)}.
0<a’ —a’ <min{p(r),a’)
(2.34)

Then for r > r, there is always a feasible 5{1'} satisfying
H(r)=F@(r), r)=e PVE@ — f(r), r).

For f'(r) and H'(r) there hold the same formulae as in (2.21), (2.24).
However, if 7€ [r,, 1] with r, <1 by (2.19) we must have then f(r) >
a’'—1—r (in contrast to (2.26)) whence ¢ <0 in (2.23). An immediate
consequence of (2.24) is then sgn H'(r) < 0 so that by (2.34) for all
re|r,, 1]

H(r)> H(r) > H(1) = G(a’).

Together with (2.31) this finally establishes the complete assertion of the
lemma. §

Remark. The proof of Lemma 5 is complicated by the fact (cf. (2.24))
that for H{r) we can only show that it is either monotone or concave.
Indeed, this behaviour is confirmed by numerical results for the eritical
values of a. '

3. OPTIMAL PIECEWISE PADE-APPROXIMATION

The local error estimates of the preceding section enable us to achieve the
final goal of this paper, namely, to investigate whether the rate of approx-
imation (on [0,00)) can be improved by using piecewise Padé-
approximation with equal total number of parameters. We look for the
optimal distribution of the pieces and the degrees of the approximating
rational functions. On every single interval I = [b, c] = [0, o0) we use Padé-
approximation with optimal choice of the center and the ratio r of the
degrees of the numerator- and denominator-polynomial, Hence as a
generalization of (2.6) for n =10, 1, 2,... we consider the local error

E(n+1,1) = unlgfgx ,dof e ™ —e "Ry u(—x + @0 5,01 (3.1)

with R, .(x) defined by (1.1). Our aim is then to determine the asymptotic
behaviour (¥ — o) of the error

Ey:=inf {sup E(n,, 1) Y n, < N,|J 1, =10, ). (3.2)
i (R VAL - i
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The crucial point in the subsequent analysis is the following scaling property
(easily verified from the definition (3.1))

Em+1,I+a)=e E(n+1,I), a>0 (3.3)

where I + a denotes the interval [ translated by a. In [12] it has been shown
that for any family with property (3.3) the sequence {E,},., can be deter-
mined as a fixed point of the following operator T defined on the class of
sequences € 1= {ey}ycy Of numbers

min(ey, €y), N22

Te)y = 3.4
(Te)y e, N=1 (3.4)
where
eyi= inf {e %, :e %, =EN—v[0,a])} 3.5)
<@L
1<vE<N~1

The application of the operator T to a sequence {e,} of (global) errors may
be interpreted as the attempt to improve the error ¢, by adding a new subin-
terval with N —~v parameters in an optimal way to the partition with »
parameters and error e,.

A further important property established in [12] is the monotonicity of T,
i.e., for any two sequences &V < @? (to be understood component-wise),
there holds

Te'V L Te®, {3.6)

Finally, we need

LEMMA 6. Define the operator T as in (3.4), (3.5) but with E(n, [0, a})
replaced by E(n, [0, a]) where KE(n, [0, a]) < E(n, [0, a]) for some constant
K > 0. Then, if a sequence ¢ is a fixed point of T, the sequence & with

e,:=Ké, is a fixed point of the operator T.

This fact has not been explicitly formulated in [12] but follows from the
easily verified inequality e, > e, for e, defined as above. Now we prove

LEMMA 7. Define T as in Lemma 7 with
E(n, [0, a]) := min(R, G(a/n))" (3.7)

where R and the function G(x) are introduced in Theorem 4. For y >0
denote by €7 the sequence of numbers e, :=e~ ™. Then €'” is a fixed point
of T for any y >y, , where y,= 1. 88716923 is defined by

e "= G(y,). (3.8)
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Proof. In view of the definition

e, N = 0<i‘§1£OO {e"“,,:e"%,,=EN —v,[0,a])}
1<pvgN-1

we have (N—v=n, a’ :=a/n)

€N im {7797 1 (y —a) n=yN + nlog min(R, G(a’))}. (3.9)
ey,N O<a’<oo
I<ngN-1

The constraint here is equivalent to
—(N—n)y/n=a’ +log min(R, G(a’)). (3.10)

Since the left-hand side of (3.10) is always <0 and since G is a monotone
increasing function this means that a’ < y, where

0 =1y, + log min(R, G(,))-
However,

G(y,) = e~ = (6.600657267...)~' < R~' = (4.0982...)"".  (3.11)

(We remark that by (2.8) y, can be easily computed successively from the
equations 1 = F(y, — z, 1), e’F(z, 1)=e~""? . F(y, — z, 1) in the unknowns
¥, — 2z and z.)

The restriction a’ <y, shows now that y >y, in (3.9) implies e,y > e, -
But by definition (3.4), (3.5) for T this is just the assertion of the lemma. [

The main result of this section is now easily established:

THEOREM 5. The error E, of optimal piecewise Padé-approximation of
e * on [0, oo) defined by (3.1), (3.2) can be estimated by

Cie "W LE L Che ™ (3.12)

with positive constants C,, C, of size O(N* log N). It can be obtained (up to
these constants) by approximating e™* on [0, y,N| by the Padé-approximant
of Theorem 4 and on [y,N, ) by the zero function.

Proof. From Lemmas 6 and 7 we conclude that
e,=Ke™"", K < min(l, a) (3.13)

is a fixed point of the operator T defined by (3.1), (3.2) and (3.4), (3.5).
Here, we have used estimate (2.9) of Theorem 4 and assumed that X is a
constant not depending on a. But this assumption is justified in view of the
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fact that for any fixed point of T the feasible @ may be bounded from below
by a 2 y,n (see (3.9), (3.10)).

On the other hand, from the monotonicity of 7" we know (cf. [12,
Corollary 3]) that any fixed point € of T with e, < C;R" < E(n, [0, ®0))
{(with C, according to Theorem 4) gives a lower bound for E,. Since this
condition for e, is satisfied by (3.11) and (3.13) the lower estimate of the
theorem is established.

Concerning the upper bound we consider the special approximation on the
intervals [0,y,N] and [y,N, c0) as described above. By Theorem4 we
immediately verify that this yields the estimate

Ey < Cymax(G(yo), e )Y

where C, has size O(N* log N). §

Theorem 5 shows that passing from global Padé-approximants to Padeé-
splines we can improve the rate of approximation of e * on [0, o) from
R > 1/(4.1) (see (2.9)) to G(y,) < 1/(6.6) (see (3.11)). If one uses best
rational approximation instead, a further improvement should be possible
with a better rate, than that of best rational approximation on [0, co) which
is still unknown. We cannot hope to achieve this by using a piecewise
rational approximation which employs Padé-approximation on the initial
interval {0,a]. This can be seen by the same arguments as above since
applying repeatedly the operator T to such an initial approximation would
again lead to the lower bound of Theorem 5.

From the above analysis it is also clear that we have to study the local
error on intervals of the form [0, an] (n— o and « fixed) so that the sharp
estimates of [2, 5] cannot be used for this purpose. Better estimates than for
classical Padé-approximation might be obtained by using Padé-Laguerre-
approximation for which explicit formulae have been obtained by Németh
[6]. They are of the same nature as (1.1), (1.2) but involve complex
integrals. An asymptotic estimate for the pointwise error is then derived as in
Theorems 1 and 2 of Section 1. However, the “méthode du col” has then to
be replaced by its modification to the complex case known as the “saddle-
point method.” From the formulas in [6] one can easily derive that the error
for the (m, n) Laguerre~Padé-approximation has at least m + n + 1 zeros on
[0, c0). However, it is not clear which one of the m + n extrema of the error
is estimated in {6] where the method is applied only formally. In addition the
estimate in [6] becomes definitely wrong for general intervals [0, an], a > 0.
The correct applications of the saddle-point method (cf. {9]) certainly still
requires much work.
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