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Abstract

Small variations of the entanglement entropy §S and the expectation value of the modular Hamiltonian
8 E are computed holographically for circular entangling curves in the boundary of AdS4, using gravitational
perturbations with general boundary conditions in spherical coordinates. Agreement with the first law of
thermodynamics, 6§ = §E, requires that the line element of the entangling curve remains constant. In
this context, we also find a manifestation of electric—-magnetic duality for the entanglement entropy and
the corresponding modular Hamiltonian, following from the holographic energy—momentum/Cotton tensor
duality.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

It has been known for a long time that there is a striking similarity between black hole physics
and thermodynamics [1-3], which suggests a deep connection between gravity and thermody-
namics. This led to several attempts to understand Einstein’s equations as effective equations
emerging from the thermodynamics of underlying degrees of freedom, such as [4]. On the other
hand, AdS/CFT correspondence [5—7] provides a broad framework allowing the description of
gravitational theories with AdS asymptotics in d 4 1 dimensions as emergent from strongly cou-
pled conformal field theories in d dimensions. A fair question in the AdS/CFT framework is
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whether the similarities between gravity and thermodynamics can be explained by considering
Einstein’s equations as thermodynamic relations for the conformal field theory degrees of free-
dom [8].

More recently, it has also been suggested that the connection between gravity and thermo-
dynamics should not be attributed to thermal statistics, but rather to quantum statistics related
to quantum entanglement physics [9-15]. More specifically, it has been conjectured that the en-
tanglement entropy, which is a measure of entanglement between subsystems of a composite
quantum system and which is defined for a given entangling surface that separates the degrees of
freedom of the corresponding conformal field theory into two subsystems, is directly connected
to the area of an open extremal hypersurface in the emergent asymptotically AdS geometry whose
boundary is the entangling surface. This conjecture, which is named after Ryu and Takayanagi
[9,10], provides a quantitative tool to understand how gravitational dynamics emerges from ther-
modynamics related to entanglement in the boundary conformal field theory.

So far, this program has been advanced by comparing the variation of entanglement entropy
to the variation of the expectation value of the so called modular Hamiltonian for any given
entangling surface [16,17]. The latter can be expressed in terms of the holographic energy—
momentum tensor when spherical entangling surfaces are taken in Poincaré coordinates [18],
while the former is provided by the Ryu-Takayanagi formula [9,10]. Enforcing the first law of
thermodynamics for entanglement through holography, imposes constraints for the metric per-
turbations around AdS space, which to linear order turn out to be Einstein’s equations satisfying
Dirichlet boundary conditions [19,20]. In this context, it is also known that all solutions of the
linearized Einstein’s equations with Dirichlet boundary conditions satisfy the first law of ther-
modynamics.

In this paper, we work out the holographic realization of the first law of thermodynamics for
small perturbations of spherical AdSs space-time having axial symmetry and satisfying general
boundary conditions. The general framework for field equations satisfying general boundary
conditions in AdSy is provided in Ref. [21]. The entangling surfaces are now curves, since the
boundary conformal field theory is 2+ 1 dimensional, and they are taken to be circular, bounding
a polar cap region, so that they respect the axial symmetry of the bulk geometry. Our general
result is that the first law of thermodynamics for entanglement is realized holographically in all
cases, hereby extending previous works beyond Dirichlet boundary conditions, provided that the
line element of the entangling curve is inert to the perturbations.

In this context, we also examine the role of gravitational electric-magnetic duality to en-
tanglement physics. It is well known that small perturbations of maximally symmetric spaces
exhibit a rank-2 generalization of electric—magnetic duality, interchanging the linearized Ein-
stein equations with the Bianchi identities in four space-time dimensions. This symmetry was
originally discussed for gravitons in Minkowski space [22], but it was subsequently generalized
in the presence of cosmological constant by considering metric perturbations of dS4 [23] and
AdSy space-time [24-27]. There, it was also found that electric—magnetic duality in AdSs has
a holographic manifestation as energy—momentum/Cotton tensor duality. These considerations
provide the gravitational analogue of the holographic interpretation of electric-magnetic duality
in theories with U (1) gauge symmetry [28], but their physics in the space of boundary three-
dimensional conformal theories still remain largely unexplored.

Duality acts on metric perturbations by interchanging their boundary conditions, hence, our
interest in the holographic description of gravitational perturbations satisfying general bound-
ary conditions in the spirit of Ref. [29]. Extending the applications of gravitational duality to
entanglement entropy and related issues may shed new light into this interesting subject.
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The material of this paper is organized as follows: In Section 2, we present a review of the
notions of entanglement entropy and modular Hamiltonian, together with their holographic de-
scription, and include various formulae that will be used in the computations. In Section 3, we
discuss the general theory of gravitational perturbations of AdSs space-time and formulate the
linearized Einstein equations as an effective Schrodinger problem, splitting the perturbations
into two distinct classes with opposite parity. The presentation is made general, encompassing
arbitrary boundary conditions. In Section 4, we compute holographically the variations of the en-
tanglement entropy and the modular Hamiltonian and compare the two expressions for general
boundary conditions. The first law of thermodynamics for entanglement is verified in all cases,
while describing the subtleties that go into the computation. In Section 5, we address the role of
electric—magnetic duality in holography and study its implications for the first law of thermody-
namics for entanglement. Finally, Section 6 contains our conclusions and a short discussion of
open problems. There are also three appendices containing various technical details and formulae
that are used in the main text.

2. Entanglement entropy and holography

We present a brief account of the notions of entanglement entropy and modular Hamiltonian
together with their holographic description in terms of bulk space geometry. We also derive
some general formulae that will be used later for gravitational perturbations of AdSs space-time
satisfying general boundary conditions.

2.1. First law of thermodynamics for entanglement

Consider a composite quantum system comprising of several subsystems. Even if the com-
posite system lies in a pure state, with density matrix p, this may not be true for its subsystems,
which are hereby described by a density matrix equal to the partial trace of p over the degrees of
freedom of the complementary subsystem,

pa=Trucp. 2.1

When the complementary subsystems A and A€ are not entangled, the reduced density matrix p4
also describes a pure state. Entanglement between systems A and A€ is encoded to the spectrum
of the reduced density matrix p4 under the implicit assumption that the composite system lies in
a pure state. The entanglement entropy is defined as the von Neumann entropy associated to the
reduced density matrix p4,

Sa:=—Tr(palnps). 2.2)

The density matrix p4 is Hermitian and positive semi-definite, leading to the definition of the
corresponding modular Hamiltonian as

-H
oA =e A, (2.3)
Then, the entanglement entropy can be rewritten in terms of the modular Hamiltonian as

Sa=—Tr(palnpa) =Tr(paHr) = (Ha). 2.4

Small variations in the pure state of the overall system or the region A generate variations of
the density matrix, § 04, and, thus, the entanglement entropy will also be perturbed. We have
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3Sa=—Tr[d (palnpas)]
=—Tr(Inpadpa) —Tr(8pa)
=Tr(Hadpa) =0 (Ha), (2.5)

since the trace of the density matrix is normalized to one and thus, Tr(§p4) = 0. Thus, the
variations of the entanglement entropy and the expectation value of the corresponding modular
Hamiltonian are equal

8Sa=6(Hp)=0FE. (2.6)

This equation is the direct analog of the first law of thermodynamics for entanglement physics
[16,17] that leads our work.

2.2. Ryu—Takayanagi conjecture

The Ryu-Takayanagi conjecture [9,10] connects the entanglement entropy of a region A de-
fined by the entangling boundary surface dA in the boundary field theory to the area of an
extremal co-dimension two open surface in the bulk gravitational dual theory with boundary
dA. Specifically, the entanglement entropy is given by

1 extr
Sp = iGr Area (A ) , 2.7
where A®XY is the corresponding extremal co-dimension two surface in the bulk. In the following,
without loss of generality, we set Newton’s gravitational constant Gy = 1.

These expressions are applicable to all holographic models. For AdSs4, which is of interest
here, A is a closed curve and A®X" is two-dimensional. Then, the area of the extremal surface,
which itself will be denoted by A®* in the following, is expressed in terms of the induced metric
as

AT — / d*o /7, (2.8)
where
X" (0) 0X" (0)
Yab = guv a0t 9ob 2.9
and
y =det (yab) - (2.10)

Here, g is the bulk metric, o are coordinates parameterizing the extremal surface, X (o) are
the parametric equations of the extremal surface in the bulk and y is the induced metric on the
extremal surface.

2.3. Entanglement entropy in global AdSy for a polar cap region

Extremal surfaces in AdS space-times have been mostly studied in Poincaré patch coordinates.
In those coordinates, the space-time line element of AdS4 with unit scale is

1
ds2=—2(—d12+dz2+dx2+dy2). (2.11)
z



444 L. Bakas, G. Pastras / Nuclear Physics B 896 (2015) 440-469

Then, for a disc region A in the boundary plane described by (x — x0)% + (y — yo)*> < R?, the
corresponding extremal surface A°X'" in the AdS bulk is given by

(@ =x0)* + (v —y0)* +2° =R,
T=1. (2.12)
Without loss of generality we may take the disc centered at (0, 0).

Passing from Poincaré coordinates (7, z, x, ¥) to global coordinates (¢, r, 8, ¢) with the aid of
the coordinate transformation

_ A/r?2 4 1sint
VrZ+ 1cost +rcosh
1

VrZ ¥ 1cost +rcosh

r sin@ cos ¢

V2 lcost +rcosd

¥ sinf sin @
y= ,
V71?2 4+ 1cost +rcosé

the space-time metric takes the form

=

(2.13)

ds? = — (r2 + 1) ar® + 2 (d92 n sin29dg02) , (2.14)

r2+1
whereas the extremal surface (2.12) corresponding to the choice (xo, yo) = (0, 0) is given in
global coordinates by

1
t=1t, r()= , 0€l0,60], ¢ €[0,2m), (2.15)
cos@+/tan?6y — tan26

where 6y and 7y are specific functions of R and 7o (see Appendix A for more details). Equiva-
lently, we have the parametrization

/ 1
t=tg, 6 (r)=arccos <c0590 1+ r_z) , r€&lcotby,00), ¢ €[0,2m). (2.16)

The region A becomes a polar cap in global coordinates and the complementary cap is the re-
gion A€,

Fig. 1 depicts the regions A and A€ on the spherical boundary of space-time.

It is easy to confirm that the surface (2.16) is extremal, obeying the particular conditions de-
rived by minimizing the area functional (2.8), under the assumption that the surface is rotationally
symmetric, i.e., t =1 (r) and 6 =6 (r), since

/!

(r2 +1)¢'rsin6
\/_ (r2+1)t/2+ﬁ+r29’2

=0, (2.17)
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region A

0A

4

///r/egion A€

__

Fig. 1. The region A has opening angle 6. The entangling curve d A is the thick line.

/

r36’sin 6

Jo P22 o420

1
= 0./ —(r2+1)¢24+ — 202 (2.18
r cos \/ (r2+1) +r2+1+r (2.18)

where prime denotes differentiation with respect to r.

The extremal surface emanates from a polar cap boundary region described by 6 < 6y. An
introduction of non-vanishing parameters xo or yp would rotate the entangling curve so that its
symmetry axis would not anymore coincide with the axis corresponding to the azimuthal angle ¢.
Having said that, we stick to the choice xg = yg = 0 from now on.

Fig. 2 depicts the extremal surface A°*" that emanates from a polar cap region in the boundary
of space-time in global coordinates and extends in the interior of space-time. The radial coordi-
nate in the plot is proportional to the so called tortoise coordinate, arctanr.

Parameterizing the extremal surface with the coordinates ¢ and r, the induced metric turns
out to be diagonal with elements

Fig. 2. The extremal surfaces in AdSy space-time for various choices of 6.
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sin290 (2.19)
Yrr = » .
r? (l + r%) [1 - (l + r%) 005290]
2 1 2
Yoo =1"|1—|1+ 7 ) cos 0o |- (2.20)

The determinant of the induced metric is ¥ = sin*0p/(1 + 1/r2) and the area follows from
Eq. (2.8),

A =27 lim (rsinfp—1). 2.21)

The first term is the divergent “area law” term, while the second one is universal independent of
the UV cutoff’ [30.31].

2.4. Perturbations of entanglement entropy

The area functional (2.8) depends on the background metric g as well as on the embedding
variables X, and, of course, it also depends implicitly on the entangling curve d A curving the
region A in the boundary field theory. Perturbations of the bulk metric induce changes of the
minimal surface. The variation of its area is given in general by

extr extr
SASXT — M 8g + M §X (2.23)
38 g=g0, X=X 85X 2=g0, X=X
as both the metric and the embedding equations of the extremal surface vary around their unper-
turbed values gg and Xj.

When the perturbation obeys Dirichlet boundary conditions, the region A and its boundary
d A remain fixed. Then, the second term vanishes, as the original surface described by equations
X extremizes the area functional with the given loop d A. When the metric perturbations satisfy
general boundary conditions, computing the variation of the area of the minimal surface is more
subtle. For this, we suppose that the boundary loop d A specifying the extremal surface is deter-
mined by a set of parameters b, which may also vary as metric perturbations are turned on. Then,
the area functional has the particular form

AP = A% (g, X (g, b)) (2.24)

and its variation breaks down as follows,

s qosr _ A% (8. X) 5g 4 S48 X0 5X (g,b) 50
38 8=80, X=Xo 3X 8=80, X=Xo 3g 8=80, b=boy
8Aextr , X 0X , b
;AT 8 X) 9X(s.b) 5b. (2.25)
sX 8=g80, X=Xy 3b §=80, b=by
1 Recall that the entanglement entropy for a disk region of radius R in the boundary of AdS,4 | is given by

P ay(R/LY "2 4 a3(R/LY* + .. .4 aq_n (R/L) +ag_i. d odd, 222)

al(R/LY2 4 as(R/L)4* + ... +ag_3(R/L)? +ay_,log(R/L), d even, '

where L is the UV cutoff. The first term is the “area law” term. For d even, the logarithmic term is universal and
connected to the conformal anomaly [9,10,18,30-32]. For d odd, which is the case of interest here (d = 3), the constant
term is universal and it obeys a holographic “c-theorem” [30,31].
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The second term vanishes, as it corresponds to the variation of the area for variations of the
extremal surface with a fixed boundary that is provided by the entangling loop d A. The last term
can be simplified if one considers the area as functional of the metric as well as the parameters b
specifying the entangling loop. As a result, the total variation of the area takes the form

SAextr , X aAextr , b
(8, X) 5g+ (g, D) sh
38 =20, X=Xo L P

1= SATT 4+ SAST, (2.26)

§ Aextr —

hereby defining the individual contributions § Ag*" and SASHY.
The first term follows by varying the relation (2.8) and the result is written in terms of the
unperturbed induced metric yp and 8y, as

1
BAT = 2 / 426 /7o) 8ap . (2.27)

where

0Xo" (o) 9Xo" (0)

(yo)ab = (go);,w 9o Bab ) (228)
3Xo" (o) 9X¢" (0)

8Vap =46 . 2.29

Yab 8uv pyr Py ( )

The second term can be easily calculated for polar caps, for whom A" only depends on a single

parameter b that is taken to be 6. Then, § A7*" follows by varying the relation (2.21) with respect
to the cap parameter 6.

The individual terms SAZ"“ and § A7 will be explicitly computed later for small perturbations
of the AdS4 metric satisfying the linearized Einstein equations with general boundary conditions.

2.5. Modular Hamiltonian for a polar cap region

Unlike the Ryu-Takayanagi formula for expressing the entanglement entropy in terms of the
bulk gravitational theory, there is no similar expression for the modular Hamiltonian. In gen-
eral, the modular Hamiltonian is a non-local operator and there is no way to this day to find
an expression for the modular Hamiltonian for a general boundary state and region A. In some
cases, however, the modular Hamiltonian generates a geometric flow leading to a local expres-
sion.

Such an example is provided by taking a disk region A of radius R in a Minkowski space
boundary [18], in which case the modular flow in the Cauchy development of the disk can be
connected with the modular flow in Rindler space through a conformal transformation; the de-
tails are provided in Appendix B. Then, the modular Hamiltonian is expressed in terms of the
holographic energy—momentum tensor and a conformal Killing vector that leaves invariant the
entangling curve d A and its causal development, as

SE :/dzw;w;“, (2.30)
C

where C is a space-like surface with boundary d A and d X# is the differential volume form on C
[17]. If C is selected to be a constant time slice, it will coincide with the region A. For a disk in
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Minkowski space, this conformal Killing vector ¢ is a linear combination of the Killing vectors
corresponding to the time translation and a special conformal transformation; it is selected so
that ¢ vanishes on 9 A and its causal development.

Using the coordinate transformation (2.13), the conformal Killing vector in question takes the
following form in global coordinates (for more details see Appendix A),

2
L= — T; [(cos (t — tg) cos@ — cosbp) 0y — sin (¢ — ty) sinBdg], (2.31)
S1n 6o

which indeed satisfies the conformal Killing vector equation

2
Vulo + Vil — Eg,wwk =0 (2.32)

and at the same time vanishes at the entangling surface 8 = 6y and ¢t = ty. The conformal Killing
vector ¢ is the boundary limit of a conformal Killing vector field £ in the bulk,

_ 2 rcosé cos (t — ty)
~ sinfp 241

— Cos 90) 0y

+Vr2+1cosOsin(t —tg) 9, — (2.33)

r

A/r? + 1sin sin (¢ —to)8 i|
9 b

which also vanishes at the entangling surface.

Note in passing that if one considers generalized theories of gravity (i.e., higher derivative
corrections) an appropriate generalization of Ryu—Takayanagi conjecture will be required. Such
generalizations can be obtained through the Iyer—Wald theorem that involves bifurcate Killing
horizons generated by the conformal Killing vector £ given by (2.33) [20].

Formula (2.30) can be evaluated for any space-like surface with boundary identical to the
entangling surface. Selecting the ¢ = #( surface and using the specific form of the Killing vector
(2.31), the modular Hamiltonian for the polar cap region 8 < 6y is written as

(2
2 0

4 .
SE = /d& siné (cos 6 — cosbp) Tr;. (2.34)
sin 6y

0

This completes the presentation of the general formulae for the quantities of interest. In Section 4
8 E will be calculated and compared to §S for all different kinds of AdS4 perturbations satisfying
general boundary conditions.

3. Linearized gravity in AdSy

Now we come to the theory of gravitational perturbations of AdSs space-time, allowing for
general boundary conditions. It is convenient to split the perturbations into two complementary
sets with opposite parity and reduce the linearized Einstein equations to an effective Schrédinger
problem, which is exactly solvable. Then, we write down the holographic energy—momentum
tensor for all such perturbations, which will be used later. The material we present here is based
on the discussion found in [26] (but see also [27] for an overview of the subject) and references
therein.
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3.1. Linear AdS4 perturbations

We consider Einstein gravity in four space-time dimensions with negative cosmological con-
stant A,

Ry =Aguv. (3.1)
AdSy is the maximally symmetric solution whose metric takes the following form in spherical

coordinates,

ds? = — f (rydi® + ar 2 (d92 + sin20d 2) (3.2)
- G) ) '

where

fr)=1- %rz. (3.3)

We set the AdS scale /—3/A equal to one to simplify the presentation. For later use, we
define the tortoise coordinate x as

d
dr =2 (3.4)
@)
which is given explicitly as
r=tanx. 3.5)

The tortoise coordinate is an angular variable ranging from O to 7 /2 as r varies from 0 to co.

Next, we consider linear perturbations around the AdSs metric (3.2) satisfying Einstein’s equa-
tions. The gravitational perturbations fall in two complementary classes with opposite parity,
namely axial and polar perturbations. Without loss of generality we restrict attention to axially
symmetric deformations, which are described in terms of Legendre polynomials P; (cosf) in-
stead of more general spherical harmonics Y;" (6, ¢).

3.1.1. Axial perturbations
The metric perturbations of this class are parametrized by two functions hg (r) and &y (r) as
follows,

d 2
ds* = —f(di* + L 4,2 (d92 + sin29d¢2)
fr)
Gd Py (cosB)
do
up to reparametrizations. It turns out that Einstein’s equations are equivalent to the effective

Schrodinger problem with respect to the tortoise coordinate,
d* Wy (x) LLa+D
dx? sin’x

where the functions hq (r) and hp (r) are expressed in terms of the solutions as

+2e~ " sin (ho (r)dt + hy (r)dr)de, (3.6)

Way (X) = 0? Wy (x) (3.7

ho () = - L (tan x Wiy (1)) (3.8)
wdx
hi(x) =sinxcosx Wy (x). 3.9)
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3.1.2. Polar perturbations
The metric perturbations of this class are parametrized by three functions Hy (r), H; (r) and
K (r) as follows,

ds® = — f () di* + Ll 42 (d(ﬂ + sin20d 2)
- G v

4emiotp |: ( 2 dr? >
1(cosO) | Hy(r) | f (r)dt™+ ——
fr)

+2H, (r)dtdr + K (r)r? (d92 + sin29d<p2):|, (3.10)

up to reparametrizations. Similarly to the previous case, Einstein’s equations for polar perturba-
tions turn out to be equivalent to the effective Schrodinger problem with respect to the tortoise
coordinate,

d*Wpot (x) 1+ 1)
 dx? sin’x
which is identical to the one describing the axial perturbations. The functions Hy (r), Hy (r) and
K (r) are expressed in terms of the solutions of the effective Schrodinger problem as

Wpot (X) = 0* Wpot (X) (3.11)

I(+1 d
Hy(x) = < a+1 cotx — w? sinx cosx + cos2x d—> Wpol (X) , (3.12)
x
. d .
Hi (x)= —ta)cosxd— (smx Wpol (x)) , (3.13)
X
Id+1 d
Kx) = < ( ;_ ) cotx + E) Wpol () . (3.14)

Thus, the spectrum and the eigen-functions of the operator —d?/dx? +1(l + 1)/ sin® x in the
closed interval x € [0, 7 /2] completely determine the gravitational perturbations of AdSs4 space-
time. The general solution of the linearized Einstein equations is written as linear combination
of the axial and polar solutions.

3.2. Boundary conditions

The solution of effective Schrodinger problem can be expressed in terms of hypergeometric
functions. The normalizable solution, which vanishes at » =0, is

1 1 3
W (x) = cosxsin'tx F (5 (l+2+w), 5 (+2—w); 1+ > sin? ) ) (3.15)
The other independent solution of the effective Schrodinger problem is
1 1 1
U (x) = Cf’s‘lx F(—(—l—i—l—l—a)), —(=l+1—w); = —1; sin® ) (3.16)
sin‘x 2 2 2

but it diverges as r — 0 and is not normalizable.
The boundary conditions as r — 0o can be systematically described by expanding the nor-
malizable solutions in powers of 1/r, as

I Iz

I
W=lot+—+ =+ 5 +.... (3.17)
r r r



I. Bakas, G. Pastras / Nuclear Physics B 896 (2015) 440-469 451

Using properties of the hypergeometric functions, it turns out that Iy and I; are expressed in
terms of Gamma-functions as

Iy=T""! (é(l+2+w)> r-! <%(l+2—a))>, (3.18)

I =-2r""! (%(1+1+w)> r-! <%(l+l—w)). (3.19)

The coefficients of all other terms are expressed in terms of /o and I, but the details do not really
matter. We only note here, for later use, that

_b 2
n=3 (1(l+1) ® ) (3.20)

The boundary conditions imposed as r — oo are solely described in terms I and 1, since

ly=¥(r=00), h=-——(r=00). (3.21)

Thus, solutions, characterized by Iy = 0 obey Dirichlet boundary conditions for the effective
Schrodinger problem, while solutions characterized by I; = 0 obey Neumann boundary condi-
tions. Solutions with Iy and I; taking more general values correspond to more general (mixed)
boundary conditions determined by the ratio Ip/I;. In the following, we will denote by i the
coefficients of the large r expansion of W (r) associated to axial perturbations and Ji for the polar
perturbations, for distinction.

For given boundary conditions, the spectrum is discrete; for example, for Dirichlet boundary
conditions we find

wp==+Qn+1+2), (3.22)

whereas for Neumann boundary conditions the spectrum is

on=tQn+I+1). (3.23)

More general boundary conditions give rise to intermediate (generally not equidistant) frequen-
cies. In all cases, the spectrum is implicitly determined by ratios of Gamma-functions fixed by
the ratio Io/1I; or Jo/Jj.

3.3. The holographic energy—momentum tensor

The energy—momentum tensor is divergent in asymptotic AdS spaces and appropriate renor-
malization is required to make sense of it, using counter-terms. Here, we summarize the results of
holographic renormalization [33-36] for the boundary space-time metric and the corresponding
energy—momentum tensor for gravitational perturbations of AdS4 space-time satisfying general
boundary conditions, following [26]. Thus, we have per sector the following results, setting New-
ton’s constant Gy = 1:

3.3.1. Axial perturbations
The boundary metric after conformal rescaling takes the form

2ily =il ging d Py (cos0)

ds® = —di® + (d<92 + sin20d<p2> 420 ——didg. (3.24)
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whereas the non-vanishing components of the energy—momentum tensor for small perturbations
are

i _. .. dP;(cosf)
87177(/,:—%(1— D +2) e sm@T, (3.25)
1 . dP 0
8775 = —5 N1 sino [1 (+1) Py (cos6) + ZCoté%} . (3.26)
3.3.2. Polar perturbations
In this sector, the boundary metric after conformal rescaling takes the form
ds? = —di* + (1 — J1e™i® Py (cos 9)) (d@z + sin20d(p2) , (3.27)

whereas the non-vanishing components of the energy—momentum tensor for the corresponding
small perturbations are

8T = % (=DII+1)1+2) Jope ' P (cosb), (3.28)

1 .
87 Too = _é_ll I+1 (1 — a)z) Joe ™' Py (cosH)

1 ) iwt dP; (cos0)
-7 (l d+1) -2 )Joe cot = (3.29)
1 2 —iwt ;2
SnTW:ZZ(lH)(l I+ —1-w )Joe sin26 P, (cos 6)
1 ; dP 0
+5 (z d+1)— 2w2) Joe™ " sin6 cos@l;%s) , (3.30)
] . dP 0
87Tip = Lo (1 = 1) (1 +2) Joe—iot LELCOS0) 3.31)
4 do
In all cases, the energy—momentum tensor is traceless and covariantly conserved,
T.4=0, V., T%=0 (3.32)

with respect to the boundary metric, as required on general grounds.

Eqgs. (3.24) and (3.27) imply that for axial perturbations Dirichlet boundary conditions for the
effective Schrodinger problem correspond to Dirichlet conditions for the metric, while for polar
perturbations Neumann boundary conditions for the effective Schrédinger problem correspond
to Dirichlet conditions for the metric. These results will be particularly useful while computing
the variation of the modular Hamiltonian as an appropriately weighted integral of the energy
density for all kinds of perturbations. It can already be seen that § E always vanishes for axial
perturbations, since 7;; = 0 irrespective of boundary conditions, whereas 8 E does not vanish for
polar perturbations satisfying boundary conditions other than Jy = 0.

4. Entanglement entropy for gravitational perturbations

We are now in position to compute holographically the variation of the entanglement entropy
and the modular Hamiltonian for gravitational perturbations of AdS4 space-time satisfying gen-
eral boundary conditions. First, we compute the variation of the area of the extremal surface
emanating from the loop A, as SASY = (SAZ,Xtr ) AZ"”, then we compute § E, and, finally, we
compare the results with the first law of thermodynamics for the entanglement entropy, §S =S5 E.
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We find that the deformations of the entangling curve dA should be isoperimetric, when the
boundary conditions of the metric allow for fluctuating geometries on the boundary of AdS for,
otherwise, the first law of thermodynamics would not be realized holographically. Our results
generalize earlier work on the subject, going from Dirichlet to more general boundary conditions
for the metric.

4.1. Calculation of(SAz,’“r

First, we work out the contribution SAg’“r to the variation of the area of the minimal surface.
Naturally, we consider the effect of axial and polar perturbations separately.

4.1.1. Axial perturbations
For axial perturbations, the variation of the induced metric on the minimal surface, which is
generally given by Eq. (2.29), turns out to be

Syrr:(syga(p:()’ 4.1

ad
5)/ =8g = h] (r) e‘_lwto SIHQ—PI (COS@) (42)
Y v a0 H:arccos(COSOO /1+%2>

and so the corresponding variation of the area, given by Eq. (2.27), is

SAXT =0. 4.3)

4.1.2. Polar perturbations
For polar perturbations, the variation of the induced metric (2.29) turns out to be

do\?
5]/rr = (Sgrr + (d_) 8g99
r
1 200K : [ 1
= Ho (r) + cos“6pK (r) e—la)loPl <C0590 1+ _2> . (4.4)
I+r r2 <1 - <1 + r%) 005200) r

1 i 1
8Vpp =884y =17 (1 - <1 + r_2> cos290> K(rye'“p (cos90 1+ —2) , 4.5)

’
Syre =0. (4.6)
Then, using Egs. (2.19), (2.20) and (2.27), we find after some algebra that

exir sm@o
SAST f (Ho (r) + K (r))

cot Oy / 1 + r2
1 —iwty 1
+ r2tan26, (K (r) —Ho(r)) |e Py | cosbp,/ 1+ el 4.7)

Trading r with the tortoise coordinate x and expressing Ho and K in terms of the Wy, as given
by Egs. (3.12) and (3.14), we obtain
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7
. 9 2
SAST = / dx =2 [1 (4 1) Wpo — (1 = x)wzquol
z_4

CcoS X sin290
7
2x\ dW - 6
+tanx <1 + 2 ) R e p (220) (4.8)
sin“fy/) dx sin x

The effective Schrodinger problem (3.11) can be used further to eliminate w, leading to the
following expression,

% .
SASKT — o [ dx i sinfp _ c.osx dWpol
8 dx | \cosx sinfy/) dx
71_90

2

6o cot ; 6
(A1) 0T xppm} e~ion p, <C‘,’S 0). 4.9)
tan 6 sin x sin x
It is convenient at this point to employ the following identities among Legendre polynomials,
d
E(PIH E)-Pa@E)=C+D PG, (4.10)
d I+1 1
—P =——-—— (P - P , 4.11
dE 1 () 21+1$2_1(1+1(§) 1—1(§)) (4.11)

to perform integration by parts and get
P pp— sin 6y _cosx dWpol P cosfp\ |2
§ cosx sinfp/) dx sinx / |z g,

, 1(+1 ) b 3
— e 0 | cot by g P C(.)S o) — P C(,)S 0 Wpol .
20+ 1 sinx sin x 4

(4.12)

The contribution from the end-point x = % — 6 vanishes for both bracketed terms, and, thus, the
result is

: infy dW
AT = e~ fim [Sm 0270l b (cos )
x—Z|cosx dx
Id+1
— cotfy T (Pr41 (costp) — Pr—1 (costp)) Wpo | - (4.13)

Going back to the coordinate » and using the asymptotic expansion of the Schrodinger wave-
functions (3.17) together with Eq. (3.20), we arrive at the final expression

SAT = —ne_iwt0|: Jim (rJl +Jo (z d+1)— a)2>) sin6o P, (cos o)
r—00

A+
+ cotfy ml@ (P41 (cos6y) — Pi—1 (cosbp)) |- 4.14)

Note that § Az,m is divergent when the perturbations of the metric do not satisfy Dirichlet bound-
ary conditions, Jj # 0.
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4.2. Calculation of §AJ™

Since we are considering axially symmetric perturbations of the bulk metric, the deformations
of the entangling curve are taken to be independent of the angular coordinate ¢ to conform
with the symmetry. Thus, the variations of the parameter 6y in the polar cap are taken to be
independent of ¢, i.e.,

O (t) =60+ 86 (t). (4.15)

Consequently, SAZ"tr can be derived directly by varying (2.21) with respect to 6y, leading to the
following result

SATT =27 rllngo rcos 0y 80 (to) (4.16)

for all kind of metric perturbations.
Note that § AZ"” also appears to be divergent on general grounds. It is important to see how
these divergences combine with those appearing in § AZ,X“ to form § A,

4.3. Net variation of the entanglement entropy

Summing up the two contributions, we obtain the net variation of the area of the minimal
surface, § A*X", and, hence, the variation of entanglement entropy, §S4. We present the result for
axial and polar perturbations, setting Newton’s constant Gy = 1. Thus, for axial perturbations,
we have

553 = T i 1 cos gy 8675 (19) | 4.17)
2 r—oo

whereas for polar perturbations the result reads
i .
58P — __e—'w’O[ lim (r i+ Jo (10 +1) = @) ) sin6o Pi (cos o)
4 r—00

I(1+1
+ cotby T—I—IJO (P41 (cosBy) — P;—1 (cosbp))

+Z lim rcosf) 6™ (1) . (4.18)

r—o0

The variance of the entropy appears to be divergent, which is unphysical. Specific conditions
should be imposed on §0P°%(1y) to make them cancel, but these will be discussed later, while
comparing 654 with § E 4, together with their geometric meaning.

4.4. Modular Hamiltonian for gravitational perturbations

Next, we compute the variation of the modular Hamiltonian by specializing formula (2.34)
to axial and polar perturbations satisfying general boundary conditions. As before, Newton’s
constant is set equal to 1.

4.4.1. Axial perturbations
Since T;; = 0 for the axial perturbations, we immediately obtain
SEXA — (4.19)

in all cases, irrespective of boundary conditions.
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4.4.2. Polar perturbations

For polar perturbations with Jo # 0, the component 7;, of the holographic energy—momentum
tensor does not vanish, and, hence, the corresponding variance of the modular Hamiltonian dif-
fers from zero.

First, substituting the expression (3.28) for 7;; into Eq. (2.34), yields the following expression
for the variance of the modular Hamiltonian,

)
I—DIG+D)(+2)
sprer U DICHDEHD) )i f d0'sind (cosd — cosbp) P (cosf) . (4.20)
8 sin by
0

Then, we perform integration by parts and make use of formula (4.10) twice to find

n (=DIl+DHI+2)

BEpolar _ J —iwty
A~ sinfy 20+ 1 0¢
Piip(cos6y)  P_p(cosfy) 221+ 1) P (cosbp) @21)
2143 21 —1 Ql-D@EI+3) | '
Next, using the following identity of Legendre polynomials,
C+D PG +HIP 1 E)=QRI+1DEP ) (4.22)
to eliminate P;_, and P4, we arrive at the expression
I-DId+DHI+2)
SEpolar _ 7T ( Joe~i@t
A 8sinfy 21+ 1 0¢
P 0 P 0 2L+ 1) P, O
« | coseo (£ (cosbp) | Pi—1(cosbp)\ (2/+1) P (cosbp) @)
[+2 -1 I-Dd+2
which can be conveniently rewritten as
SEE\OIar _ 7T (=DId+1DHI+2) Joe—iwto
8 sin by 21 +1
[ €S0 (14 1) Py (cos) + [Py (cos60))
x| ———— cos _1 (cos
D12 I+1 0 -1 0
2cos 8y (21 + 1) P; (cos 00)}
——F (P, cosBy) — P;—1(cosbp)) —
(l—l)(l+2)([+1( ) — Pi—1 (cosbp)) I—Di+2)
(4.24)
Using once more the identity (4.22) yields the final result,
s polar T it 1 .
E, :—Ze EJol(l—kl)smGoPl (cosbp)
I1+1
+ cotby T Jo (P41 (cos6y) — Pj—1 (cosbp)) | . 4.25)

We see that in all cases the variance of the modular Hamiltonian is finite.
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4.5. Comparison with first law of thermodynamics

The first law of thermodynamics 65 = §E for the entanglement entropy and the modular
Hamiltonian is a tautology from the point of view of the boundary theory. Its realization through
the Ryu—Takayanagi formula (2.7) and the holographic energy—momentum tensor is not auto-
matic, but it is a consistency check of the whole scheme. Comparing the results derived above,
we find that §S4 = § E4 for any polar cap region A, provided that the entangling curve at the
boundary also deforms, where appropriate, in a certain way. The boundary is not held fixed when
general boundary conditions are imposed on the metric, and, thus, the polar cap region A and
the entangling curve d A also vary. Thus, 66 (#p) should be adjusted accordingly to achieve agree-
ment with the first law of thermodynamics. As will be seen shortly this requirement has natural
geometric interpretation. It also gets rid of the divergences appearing in the computation of §.54.

4.5.1. Axial perturbations
First, we consider the case of axial perturbations and compare the expressions (4.17) for §Sa
and (4.19) for §E 4. The first law is realized holographically provided that

s6™ial (1) =0 (4.26)

irrespective of boundary conditions. Thus, axial perturbations do not require adjustment of the
polar cap region.

A way to understand this is to consider the boundary metric of the perturbed AdS,4 space-time,
prior to conformal scaling, and work out the two-dimensional induced metric on the correspond-
ing polar cap region. For axial perturbations it reads

dsawia =1 (d6% + sin0dy?) . 4.27)

The polar cap is placed on a round sphere that remains inert to perturbations irrespective of
boundary conditions.

4.5.2. Polar perturbations

Next, we consider the case of polar perturbations and compare the corresponding expressions
(4.18) for 654 and (4.25) for § E 4. The first law of thermodynamics for entanglement entropy is
realized holographically provided that the entangling curve in the polar cap region varies accord-
ing to the equation

olar L o Jo (1 2
36P (1) = € 0 [Jl + - <§l I+ —-w ):| tan6y P; (cosbp) . (4.28)
This also takes care of the unphysical divergences appearing in §S4. Note at this end that a
subleading term proportional to Jy is included in the variation 80P (1) it contributes a finite
term to §S4 which should also be removed to match it with §E 4.

In this case, perturbations of the bulk metric require adjusting the entangling curve in the
boundary. To understand what is happening, let us consider the boundary metric of the perturbed
AdS4 space-time, prior to conformal scaling, and work out the two-dimensional induced metric
on the corresponding polar cap region A. For polar perturbations, the induced metric on the
spherical slices of the boundary is

ds?potar = 1 (1 + K (r)e ' P (cos 6)) (d92 + sinzed(pz) , (4.29)
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where K (r) is the radial function appearing in the general parametrization (3.10) of the
bulk space metric. The asymptotic form for K (r) follows from the large r expansion of the
Schrodinger wave function Wy, via Eq. (3.14), and it reads

K(r)=—-J — Jo <ll a+1- w2) +0 <i2) . (4.30)
r \2 r

It implies, in particular, that the condition (4.28) on §6P°!2" (1) takes the following equivalent
form

1.
sPOlr (10 — 5g‘l“’mK(r) tan 6y P (cos bp) 4.31)

up to irrelevant subleading terms.

The deformation of the entangling curve is such that its line element is inert to the perturba-
tion. Using the spherical metric (4.29), we find that the induced line element of the boundary
curve of a polar cap region with parameter 6 is

1 T 1 —iwt :
dl = rlgrgOA/gW do = ran;O (1 + EK (re P, (cos@)) rsinfde. (4.32)

Here, we also take the large r limit as the computations take place on the boundary of space-time,
prior to rescaling. Setting 6 = 6y + 66 (¢y), where 56 (t) is provided by (4.31), we have to linear
order that

<1 + %K (r) e Py (cos(B + 80 (to)))> rsin (B + 86 (10))

1 ; 1
= (1 + EK (r) e Py (cos 90)) rsin (6 + 80 (t9)) = rsinbp + O <—) . (4.33)
r
Thus, although the polar cap region and its boundary undergo perturbations, the line element of
the entangling curve remains constant,
dl = lim rsinfyde. (4.34)
—00

r

Summarizing, we see that for all kind of gravitational perturbations of AdS4 space-time (axial
or polar) and for all kind of boundary conditions, the holographic realization of the first law of
thermodynamics requires that the line element of the entangling curve remains invariant. Re-
gion A, whose entanglement entropy is provided by formula (2.7), deforms with time in such a
way that the line element of the entangling curve remains constant. This requirement also takes
care of the divergences that otherwise would have inflicted the variance of the entanglement en-
tropy. Since the first law of thermodynamics is trivially valid from the CFT point of view, the
above statement should be viewed as addendum to the Ryu—Takayanagi prescription.

Although the laws of entanglement thermodynamics are not yet completely understood, it has
been shown that for spherical regions the reduced density matrix p4 is identical to a thermal
density matrix with effective inverse temperature equal to the perimeter of the entangling circu-
lar curve [18]. Through this connection, our results can be thought to provide the holographic
interpretation of an isothermal process of entanglement thermodynamics.

An interesting question arises by comparing our calculation to previous ones [19,20]. In those
papers, the first law of thermodynamics for entanglement was realized holographically using
gravitational perturbations satisfying Dirichlet boundary conditions, without making reference
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to the contribution § Azx". In our case, even for Dirichlet boundary conditions for the polar per-
turbations of the metric, J; =0, §A*" is non-vanishing. Its contribution is absolutely necessary
for validating the first law of thermodynamics for entanglement. The resolution to this ostensible
contradiction is that each one of the terms arising in 8A§X" and SAS*" depend on the choice of
coordinates, but their net sum is, in fact, coordinate independent when the line element of the
entangling curve remains constant. The variation SAZX“ vanishes for Dirichlet boundary condi-
tions only in some coordinate systems, which include the Fefferman—Graham coordinates used
in Refs. [19,20]. More technical details about this issue are provided in Appendix C.

The demand for isometric deformations of the entangling curve is also strongly connected
with renormalization issues of the entanglement entropy. In odd dimensional conformal field
theories, as in our case, the finite contribution to the entanglement entropy can be contaminated
by the divergent terms, using alternative definitions of the UV cutoff scale L. This issue has
already been noticed in the literature [18]. The universal constant term can be isolated using an
appropriate renormalized entanglement entropy, which in 2 4 1 conformal field theories (and at
least for special choices of the entangling curve) takes the form [37]

0SEE

dL(0A)
where L (dA) is the length of the entangling curve, resolving the above issue. This is also in
agreement, via the Ryu-Takayanagi conjecture, with the definition of renormalized area in the
bulk theory, provided by Graham and Witten [38]; in that work the same contamination arises
from the divergent terms, resulting in a specific choice of radial coordinate to cure the problem.
When the metric perturbations of AdSs are taken in the form (3.6) or (3.10), the corresponding
radial coordinate r does not belong to that special class, calling for a renormalized definition of
holographic entanglement entropy, as in Eq. (4.35). In this language, the term cSA;"” corresponds
to the variation of Sg g, whereas the term 8AZ"“ corresponds to the variation of the counter-term.
Then, as it is implied by our results, the inclusion of the counter-term is equivalent to the state-
ment that the unrenormalized entanglement entropy, which is provided by the Ryu-Takayanagi
formula (2.7), is computed for a region A bounded by an entangling curve that deforms isomet-
rically.

SkE = Segg — L(A), (4.35)

5. Electric-magnetic duality for entanglement entropy

In this section, we review briefly the electric—magnetic duality exhibited by linearized gravity,
together with its holographic manifestation, following [26], and examine the implications to
entanglement entropy.

5.1. Energy—momentum/Cotton tensor duality

Linearized gravity around maximally symmetric backgrounds exhibits a rank-2 generalization
of electric-magnetic duality in four space-time dimensions [22,23]. It is best described in terms
of the Weyl tensor C,,, and its dual counterpart,

~ 1
Cuvpo = EE;LVKACKApG7 (5.1)

as follows:
The Weyl tensor vanishes identically for maximally symmetric backgrounds, Minks, dS4 or
AdS4, which are solutions of the full non-linear Einstein equations with cosmological constant A.
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Linearized gravity around the maximally symmetric solution, whose choice depends upon the
sign of the A, exhibits a symmetry under the interchange of the electric and magnetic components
of the corresponding Weyl tensor. At the level of equations, it amounts to exchanging the role of
the linearized field equations and the Bianchi identities. Two metric perturbations §g,,, and 6g,,,
are said to be dual to each other if

Cruvpo (8) = Cruvpo (&), (5.2)

so that the electric components of the one Weyl tensor are the magnetic components of the other
and vice versa. Although these relations are highly non-local, they are naturally resolved by
decomposing the gravitational perturbations into two distinct classes of opposite parity, namely
axial and polar perturbations. It turns out that

8§polar — 8gaxial , 6§axial — 8gpolar , (5.3)

provided that the solutions of the corresponding effective Schrodinger problems are interrelated
as

- 2i = iw

\ypol = quax ’ Wax = qupol . (5.4

Since the Schrodinger problems of the axial and polar perturbations are identical, though the
precise form of the effective potential depends on the cosmological constant A, the relation
among W and W enforces the two classes of perturbations to have the same frequency w and the
same boundary conditions at spatial infinity.

Specializing the discussion to gravitational perturbations of AdSs space-time, which is the
subject of the present work, one finds that electric-magnetic duality has a holographic manifes-
tation [24-27]. Quite remarkably, the holographic energy—momentum tensor 7,5 and the Cotton
tensor Cyp, of the metric at the boundary of space-time follow from the electric and magnetic com-
ponents of the bulk Weyl tensor (with respect to the radial ADM decomposition of the metric)
as

87 Tap = — lim > Carpr , (5.5)
r—00
Cap = lim r3éarbr . (5.6)
r—o0

The Cotton tensor is traceless, symmetric and covariantly conserved, as for the energy—
momentum tensor, and it measures the deviations of the boundary metric from conformal flatness
due to the boundary conditions one imposes on the perturbations of the metric. The last equations
are general and applicable to the full non-linear regime of AdS4 gravity, but when specialized to
the linearized theory they give rise to the so called energy—momentum/Cotton tensor duality that
is resolved in sectors as

ST A = cayi, 5.7)

a

SnTeZdal _ Cszlar. (5.8)

a

5.2. Duality for entanglement entropy

The extremal surface A®*Y, whose area provides the entanglement entropy, is defined with
respect to a given bulk metric g for a given boundary region. Let us define A*" as the extremal
surface taken with respect to the dual metric g, following (5.2),
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Aextr (g) = ACXUr ). 5.9

The corresponding entanglement entropy is taken to be
~ 1 -
Sa = 7 Area (4%) . (5.10)

Since the unperturbed AdSy space is self-dual, gadqs = gads, the unperturbed extremal surface
is also self-dual. The variation of the dual entanglement entropy for axial and polar perturbations,
which are dual to each other, can be calculated in the same way as the variation of entanglement
entropy. As a direct consequence of Egs. (5.3), we obtain

5 gaxial _ SSpolar’ (5.11)
SSPOIar — BSaxial- (5.12)

Similarly, one can define the variation of the dual modular Hamiltonian using the Cotton
tensor of the original boundary metric, as

SE = é/dvcﬂv;”. (5.13)
C
As direct consequence of Egs. (5.7) and (5.8), it turns out that
§ EXial — § prolar (5.14)
SEPORT = s E¥, (5.15)

It is true that §§ = § E for all kind of perturbations, and, thus, it is also true that
§S =68E, (5.16)

showing that the first law of thermodynamics for entanglement is self-dual under gravitational
duality.

Note in this context that the boundary metric is not identical to the dual boundary metric,
since the duality transformation interchanges Dirichlet and Neumann boundary conditions for
the metric (it only preserves the boundary conditions of the effective Schrodinger problems).
Since the line element of the entangling curve remains inert to perturbations, the entangling
curve is not identical to the dual entangling curve. Likewise, the polar cap region A is not the
same as its dual counterpart A. These differences should be taken into account in the definitions
of the dual thermodynamic quantities above.

6. Conclusions and discussion

In this paper we studied the variation of the entanglement entropy and the expectation value
of the modular Hamiltonian for small gravitational perturbations of AdSs space-time satisfying
general boundary conditions. We found that the first law of thermodynamics for entanglement is
realized holographically through the Ryu—Takayanagi formula, provided that the line element of
the entangling curve on the boundary remains constant, hereby generalizing previous results on
the subject. It should be viewed as addendum to the Ryu—Takayanagi prescription. In this context,
we also noted that the perimeter of the entangling curve is the “area” appearing in the “area
law” term for entanglement entropy. Thus, our demand that the line element of the entangling
curve remains constant is equivalent to the statement that the “area law” term is inert to metric
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perturbations for all different kind of boundary conditions. In turn, this appears to be equivalent
to using a certain renormalized form for the holographic entanglement entropy.

Although our presentation is technically limited to metric perturbations and entangling curves
that are axially symmetric, choosing polar cap regions with circular boundary, we expect it to
generalize in the absence of axial symmetry. It will be interesting to see how exactly this happens.

We also examined the implications of electric-magnetic duality of linearized gravity for the
entanglement entropy and the associated first law of thermodynamics. We defined a dual entan-
glement entropy and a dual modular Hamiltonian and found that they also satisfy the first law of
thermodynamics for appropriately related dual regions A and A at the boundary of AdS,. These
results too can be thought to provide an additional consistency check of the Ryu—Takayanagi
conjecture.

Typically, electric—magnetic duality connects the dual degrees of freedom of the theory in a
non-trivial and non-local way. In the absence of excitations, it reduces to a trivial local relation,
but this is not any more so in the presence of excitations. If one defines the entanglement entropy
in a region by tracing out the degrees of freedom in the complement, the same degrees of freedom
will correspond to a different region in the dual description. Thus, the dual entanglement entropy
should be defined for a different entangling curve. Our results, showing that the holographic
realization of the first law of thermodynamics is achieved only when the line element of the
entangling curve remains constant, are in accord with the different boundary conditions satisfied
by dual gravitational excitations so that the dual boundary metrics differ.

It would be interesting to see if such considerations can also be applied to other backgrounds
such as AdSy4 black holes. Perturbations of black holes exhibit a duality relation which is best de-
scribed in terms of supersymmetric partner potentials for the effective Schrodinger problems
of the axial and polar sectors. Although this duality has no direct interpretation in terms of
the electric and magnetic components of the Weyl tensor in the bulk, as in AdS4 space-time,
it has holographic manifestation as energy—momentum/Cotton tensor duality for the hydrody-
namic modes of black holes [39]. We hope to address the related thermal effects of black holes
elsewhere.

Acknowledgements

This research is supported and implemented under the ARISTEIA action of the operational
program for education and long life learning and is co-funded by the European Union (Euro-
pean Social Fund) and National Resources of Greece. A preliminary account of the results was
presented by one of us (G.P.) at the workshop “Aspects of Fluid/Gravity Correspondence” held
in Thessaloniki, Greece, 16-20 February 2015. We thank the organizers for their kind invitation
and the participants for fruitful discussions.

Appendix A. Useful relations in Poincaré and spherical coordinates
It is known that in Poincaré coordinates, the extremal surface corresponding to a disk region
with radius R centered at (xg, yo) is given by the “hemisphere”,
(x—x0)*+(y—y)’ +* =R,
T=1. (A.1)

Changing to global spherical coordinates, using the coordinate transformation (2.13), the surface
(A.1) takes the form,
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/ 1
cosf = cos by 1+—2,
r

t=tp, (A2)
where 6y and #( are given by
1-R*+ 7}
cosfy = 0 , (A.3)
[(R +10)* + 1] [(R — 10)* + 1]
1 R2 _ 22
costy = + 0 . (A4)

IR+ 102 +1][(R —10)> + 1]

To express the variation of the modular Hamiltonian for the polar cap region in spherical
coordinates, we needed the expression for the conformal Killing vector in the boundary, ¢, that
leaves the entangling curve invariant. This is the limit of a conformal Killing vector in the bulk, &,
which in Poincaré coordinates and with the appropriate normalization takes the following form
(201,

b4

e=2[(R-2—@c—w? =@ —x? =0 —y0?)

=20 = 70) (20 + (- = x0) & + (0 =300 8y) | (A5)

In our analysis, the entangling curve is taken to be axially symmetric, as for the metric per-
turbations. This selects xg = yp = 0, so that the center of the disc is placed at the north pole.
Furthermore, since the AdS4 metric is static, we may choose a specific instant of time to simplify
the calculations. The choice 79 = +/1 + R? implies that

tanfy = R, (A.6)
costg=0. (A7)

At that instant, the conformal Killing vector & in the bulk takes the form

5:1[(R2—12—(1’—\/1+R2>2—x2—y2>8,

R
—2(1 -V +R2) (20: + x0, +yay)]. (A.8)
Converting to spherical coordinates by the transformation (2.13), we find

27+/1+ R? [(rcos@sint 1 )8
= t

§

R JT+r2 VIt R
V1 +r2sinfcost
— T+ r2cosfcostd, + YT r-sinocos 89], (A.9)
r

which can be rewritten as

_ 2w rcosé cos (t — ty)
" sinfy 1+r2

—cos 90) 0y

v1+r25in95in(t—to)a i|
9 |-

r

+ vV 14+rZcosOsin(t — tg) 9, —

(A.10)
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Then, the boundary limit of this expression provides the desired conformal Killing vector ¢,
which reads

.= [(cos (t — tg) cosB — cosBy) 0; — sin (t — ty) sinHdy ] (A.11)

~ sin6p

and is used to compute the variation of the modular Hamiltonian in Section 2.5.
Appendix B. The modular flow for a disc in Minkowski space-time

It is not known how to express the modular Hamiltonian for a general region and state. This
difficulty stems from the fact that, in general, the modular Hamiltonian is a non-local operator.
Exceptionally, in some cases, the modular Hamiltonian generates a geometric flow and can be
expressed as a local operator. Here, we outline how this is actually realized for a disk region in
Minkowski space-time.

The modular Hamiltonian defines a symmetry of the system. More specifically, the symmetry
group is provided by the unitary operators U (s) = e~'# and it is called the modular group,

Tr(pU (s) OU (—s)) = Tr (,Opis op—”) —Tr (,o_is,o,oiSO) —Tr(p0). (B.1)

We define O (s) = U (s) OU (—s). When the modular Hamiltonian is not a local operator, this
flow is non-local.

If one extends the modular group to imaginary parameters, there will be a periodicity relation
in imaginary time,

Tr(pO1 (i) O2) =Tr (pU (i) O1U (=i) O2) =Tr (pp*l 01p02) =Tr(p0201). (B.2)

Thus, the state p is thermal with respect to the time evolution of the modular symmetry with
temperature 7 = 1.

Let us consider Minkowski space-time in coordinates X*. The Rindler space R is defined
as the causal development of the half plane X' < 0. The causal development of a region A is
the set of space-time points whose causal space-time curves necessarily cross region A. The
modular transformations map the local operators O (X) in Rindler space R to themselves. More
specifically, the modular flow acts on the coordinates as follows,

Xt (5) = XTet?s, X (s) = X', (B.3)

where X* = X! & X0 and the Latin indices i run from 2 to d — 1.
The modular Hamiltonian for R can be calculated explicitly. Transforming to the usual
Rindler coordinates X* = ze*™/ R the metric becomes
2
ds® = —%drz +d? +dXidx', (B.4)
corresponding to a thermal state with temperature 7 = 1/27 R. Thus, the density matrix can be
expressed as

e—2JTRHr

PR = 5 onRH; (B.5)

with modular Hamiltonian

Hp =27 RH; +logTre 2" R (B.6)
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The result for Rindler space can be subsequently used to obtain the modular Hamiltonian for
a disc D of radius R. The conformal transformation

Xt —X,X"CH ct

" , B.7

Y T CaX,C 1 X, XPC,C7 | 2C,C ®.7)
with

cr=(0, L o 0 (B.8)

=(0. 550, )

yields

Nuwd X*dX" = Q% n,dxtdx” (B.9)
with

Q=1-2X,C"+X,X"C,C°. (B.10)

. 2 2 : )
Letting r = \/ (x")"+...+ (x?=1)" and t = x°, we see that this conformal transformation maps

the half plane X 1 <0 to the disk D, r < R, and the Rindler space X + < 0 to the causal de-
velopment of the disk D, xT < R, where x* = r + ¢. For later use, we express the new radial
coordinate as

! XiXi+ (R X,XV\* (B.11)
r=— — . .
Q 4R
Also, the inverse coordinate transformation is
% W v Ou ¢
X :Q(X +2XUX C ) - m, (B12)
where
1 -1
Q= (Z + Cex® + C;LC’\xe”) . (B.13)

We want to determine the form of the modular flow in the new coordinate system. For this
purpose, we first make use of Eqs. (B.3) and (B.12) to find the flow of the conformal factor €2,

X'(s) X,XV
R 4R?

1
=Q - 2 [(Cosh2ns — l)X1 + sinh2rrsXO]

Q)=1-

IR?+r2—1% 1 ?+ R*—r? 1
=Q Ao + = cosh2ns¥ —sinh2ws —
2 R? 2 R? R
Q L .
= =2 (R coshmws — x smhrrs) (R coshms + x~ sinh ns) . (B.14)

The radial coordinate », which is given by Eq. (B.11), also flows through its dependence on the
conformal factor,

_ b Xixi (R Xo X? 2— @ B.15
=95 T\ g ) BTOME (B.15)
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Similarly, the modular flow of the new time coordinate can be expressed as

X%(s)  cosh2ms X"+ sinh27s X!

t = =
©=a9w Q)
t 1, 1>+ R?> —r?
= R | cosh2ns— — —sinh2gs —— |, (B.16)
Q(s) R 2 R2
which in turn implies that
Q t 1 >+ R*— 12
ﬁxi (s)=r £ R|cosh2mrs— — = sinh2ns¥
Q R 2 R?
1
== (Rcoshms & x¥ sinh7s) (x*coshrs F Rsinh7s). (B.17)
Finally, we obtain
2 (5) = in coshms F Rs%nhrrs _ (R+x%) — (R—xF) T . (B.18)
Rcoshzs Fx*sinhrws (R+x%) + (R — x*) eF27s
The modular flow in the new coordinates yields by differentiation
axE R2 _ +2
SO} I St (B.19)
s |y—o R
ar (s) rt
= 27—, (B.20)
s |s—p R
At (s) R — 242
=r— (B.21)
0s  |s—o R

clarifying the action of the modular Hamiltonian on local operators in the new coordinates. Re-
stricting attention to the time slice t = 0, one recovers the usual expression for the modular
Hamiltonian for a disk of radius R [18], namely

R2

_2
- 7%, (B.22)

Hp =2 [ a¢7!
D JT/ X 2R

Appendix C. Coordinate dependence of subleading terms in SAE,"“, ) Ai"“

The individual contributions to the variation of the area, § A;"” and 8 A", which appear in
Section 4, are coordinate dependent, unlike their sum which is coordinate independent when the
line element of the entangling curve remains constant. Furthermore, the term § Ag*" only vanishes
for Dirichlet boundary conditions provided that one works in coordinate systems, unlike ours,
where specific metric elements (to be made more precise later) contain no contributions that fall
like 1/r close to the boundary. These statements are substantiated below by performing a small
perturbative coordinate transformation altering the 1/r asymptotics of the metric elements,

=TT, €

The area of the extremal surface in AdSy is provided by Eq. (2.21). Writing the result in terms
of the r’ coordinate, we have
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AT Z 07 Jim (\/r’z—i—s(to,é(r))r’ sin@o—l)
'— 00

r

=27 lim ((r’ + @) sinfp — 1) . (C.2)

r'—o00
The change of coordinate introduces a change in the area of the minimal surface in AdS4, which
functionally resembles 8AZX“,

8A,™" = me (19, 00) sin p. (C.3)

This seems to be odd at first sight, because the area should be independent of the choice of coor-
dinates, but A**" is infinite and the result depends on the way one is taking the limit. Ultimately
we are interested in finding a result that is independent of the limiting process.

On the other hand, the metric element g, of AdS4 space in the r’ coordinate is expressed as

pp = (r’2 +e(t.6) r/> sin%6 . (C.4)

Demanding that the length of the entangling curve remains invariant, we obtain

1
80 (t9) = — FE (t9, 6p) tan by , (C5)

which, in turn, gives a non-vanishing contribution to the area of the minimal surface, which

resembles § A%,

8AL™" = —me (19, 00) sin 6y . (C.6)

Thus, demanding that the line element of the entangling curve remains constant, we arrive at
the following result,

5A;,e*“ + 84,7 =0. (C.7)

This provides the desired coordinate independent prescription for taking the limit. The variation
of the area of the minimal surface in AdS4 should be zero under changes of coordinates. Likewise,
for perturbations of AdSs space-time, the combined variation § Ag’“r ) AZ"“, which is not zero,
does not depend on the choice of coordinates, unlike the individual terms § AZ,"“ and § AZX” that
depend upon it.

As an illustrative example of the effect that coordinate transformations may have to the com-
ponents of the variation of the area of the minimal surface in the presence of gravitational
perturbations of AdS, space-time, we consider the case of polar perturbations. Using the change
of coordinate (C.1) with the choice

—iwt 1 2
e(,0)=e Jo EZ(H_ 1) — w” ) P;(cosB), (C.8)
we find

. 1
SA;,em =—mwe "0 lim |:(r/J1 + EJOI I+ 1)) sinfy P; (cos 6p)

r’'— 00
ld+1

+ cotby m.}o (P41 (cosBp) — P;—1 (cos 90))i| (C.9)

and
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SA, T = e Tim r'Jy sin6y Py (cosfp) . (C.10)

r'—o00

One can readily verify that BA;,eXtr +8A, ™ = A + 84, using the results of Section 4,
as advertised.
Choosing Dirichlet boundary conditions for the metric, J; = 0, we find that § A;Jem vanishes,

whereas SA’gem is finite, equal to 4w § E. Note at this end that the asymptotic behavior of gy, in
the r’ coordinate is

, 1
8y =1’ sin’6y (1 +0 (72)) . (C.11)

Summarizing, the term § AZ"“ can only be neglected for Dirichlet boundary conditions and in
coordinate systems where the metric elements corresponding to elementary lengths parallel to
the entangling surface do not contain subleading terms that fall like 1/r close to the boundary.
This is precisely the content of the calculations reported in earlier works [19,20], using Dirichlet
boundary conditions and writing the metric in Fefferman—Graham coordinates which obey the
restrictions stated above. If any one of these restrictions do not hold, the variance § AZ"“ will be-
come relevant in the calculation and the need for invariance of the line element of the entangling
surface will come into play, as in our calculations. As emphasized above, the individual terms
§A™" and §A,°*" contain gauge artifacts, but not their sum, which is coordinate independent.
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