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1. Introduction

The flow and heat transfer phenomena of a viscous liquid over a stretching surface have promising applications in a
number of technological processes such as metal and polymer extrusion, continuous casting, drawing of plastic sheets, etc.
Crane [1] first studied the steady two-dimensional boundary layer flow due to the stretching of a flat elastic sheet. Since
then the problem has been extensively studied by taking into account many different physical features either separately or in
various combinations. In most of the cases, the solution turns out to be again in a closed form closely mimicking the solution
of the original problem. Later on several researchers, see e.g. the references cited in [2], have explored various aspects of
the accompanying heat transfer occurring in the infinite fluid medium surrounding the stretching sheet. Thin film flow due
to stretching phenomena has been discussed by a number of workers such as Wang and Pop [3], Liu and Anderson [4],
Mahmood et al. [5], Wang [6], Dandapat et al. [7], Anderson et al. [8] and Siddiqui et al. [9]. The stretching problems [10-14]
for steady and unsteady flows have been studied extensively in various aspects, such as for non-Newtonian fluids, MHD
flows, porous plates, porous medium, with and without heat transfer analysis. Although the stretching problems [10-14]
have been studied extensively, much less emphasis has been given to a shrinking sheet problem. Shrinking sheet is a surface
which decreases in size to a certain area due to an imposed suction or external heat. Shrinking film is one of the common
applications of shrinking problems in industries. The shrinking film is very useful in packaging of bulk products since it can be
unwrapped easily with adequate heat. Shrinking problem can also be applied to study the capillary effects in smaller pores,
the shrinking-swell behavior and the hydraulic properties of agricultural clay soils since associated changes in hydraulic
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and mechanical properties of such soils will seriously hamper predictions of the flow and transport processes which are
essential for agricultural development and environmental management strategies.

The homotopy perturbation method introduced by He [15] has been accepted as an elegant tool in the hands of
researchers looking for simple yet highly effective solutions to complicated problems in many diverse arenas of science and
technology. In a series of papers, He [16-18] has outlined and refined the HPM, showing its usefulness by solving algebraic,
nonlinear ordinary differential equations, bifurcation, partial differential equations and problems involving discontinuities.
This method, which does not require a small parameter in an equation, has a significant advantage in that it provides an
analytical approximate solution to a wide range of nonlinear problems in applied sciences [ 19-28]. In general, the solutions
produced by the HPM are as accurate as the solutions given by the other methods like decomposition method [29-33], the
iteration method [34-36], the tanh method [37] and the transformed rational function method [38].

The tanh method [37] or more generally the transformed rational function method [38] can provide closed-form
solutions, which are very efficient if computer algebra systems are adopted. Ma and Fuchssteiner [37] presented some
explicit traveling wave solutions to a Kolmogorov-Petrovskii-Piskunov equation through two ansatz. Using a Cole-Hopf
transformation, this Kolmogorov-Petrovskii-Piskunov equation was written as a bilinear equation and two solutions to
describe nonlinear interaction of traveling waves are generated. Backlund transformations of the linear form and some
special cases were considered. Finally, they remarked that any Riccati equation possesses an important property: given a
particular solution, its general solution may be found by quadratures.

Ma and Lee [38] used the transformed rational function method to obtain exact solutions to the 3 4+ 1 dimensional
Jimbo-Miwa equation. This new method provides a more systematical and convenient handling of the solution process
of nonlinear equations, unifying the tanh function type methods, the homogeneous balance method, the exp-function
method, the mapping method, and the F-expansion type methods. Its key point is to search for rational solutions to variable-
coefficient ordinary differential equations transformed from given partial differential equations.

It is really worth considering or commenting upon if such methods work for solving boundary-valued problems. Even
more specifically, it is very interesting to check if there exist linear subspaces of the solution space of the considered
problem [39]. Ma and Fan [39] explore (for example, for exponential waves) that the linear superposition principle does
not apply to nonlinear differential equations. But, it can hold for some special kind of wave solutions to Hirota bilinear
equations.

Keeping in view the above analysis, the aim of the present investigation is to study the thin film flow of viscous fluid over
a shrinking/stretching sheet with variable temperature dependent viscosity and thermal conductivity by means of HPM. In
addition, the investigations regarding the fluid problems due to shrinking sheet are not available in the literature by means
of the homotopy perturbation method.

2. Formulation for shrinking sheet problem
Consider a thin elastic sheet that emerges from a narrow slit at the origin of a Cartesian coordinate system. The continuous
sheet at y = 0 moves in its own plane with velocity
U = bx (2.1)

where b > 0 corresponding to stretching and b < 0 corresponding to the shrinking and the surface temperature T; is defined
as

=Ty 4 T [ 26 (2.2)
s — 1o ref 21)0 . .
Here Ty is the temperature at the slit and T, can be taken as a constant reference temperature such that 0 < T,f < Tp..
Variation of the viscosity and thermal conductivity with temperature are assumed to be in the form:
= poe§T-T0) (2.3)
k =ko[1+ c(T — Tp)], (2.4)
where o and kg are the viscosity and conductivity of the fluid respectively at slit temperature To. The velocity and

temperature field in the thin liquid layer are governed by the two-dimensional boundary layer equations for mass,
momentum and thermal energy:

% + a—v =0, (2.5)
dx  dy
ou ov 10 u
e = ey (1) 20
ua—T + va—T = Li (ka—T> , (2.7)
dax dy  poCp dy \ 9y
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Fig. 1. Variation of f’ for different values of A (shrinking case).

with the boundary conditions
u="U; v=—Vp; T=T, aty=0,
nou/dy = aT/dy = 0; v=udh/dx aty=h

where py is the density, u is the viscosity, T is the temperature, ¢, is the specific heat, Vj is the suction velocity, and h is the
thickness of the film. Let us introduce the dimensionless variables f and 6 and the similarity variable n as

(2.8)

¥ = (bv)'’xf (), (2.9)
b 1/2
n= (*) Y, (2.10)
Vo
b 2
T =To+ Ty |:2):0i| o(n). (2.11)

In which ¢ (x,y) is the physical stream function which automatically ensures mass conservation (2.5). The velocity
components are readily obtained as

u =3y /dy = bxf'(n), (2.12)

v =—3y/dx = —(bvo)*f (). (2.13)

The mathematical problem defined in Eq. (2.5) to (2.8) are then transformed into a set of ordinary differential equations and
their associated boundary conditions:

ﬁ// _ (f/)z — (-1 _Ae) [Ae/f// _f///] ,

P[26f —f6'] = (1—56)8" — 8(6')?, (2.14)
f0) =S5, fl(0)=-1, f(B) =0, f"(B) =0,
00)=1, @B =0 (2.15)
where

§=—C[Tl,—Tol, A=-¢(T,—To), B=(b/v)"*h,

<buo>”2 T—To (2.16)
S=|— and 0 = .

V2 T, — To

The five dimensionless parameters, appear explicitly in the transformed problem, such as the Prandtl number P = vg,00¢;/ko,
the variable viscosity parameter A, thermal conductivity parameter §, steadiness parameter S, height of fluid film 8.
According to HPM [15-18], Eq. (2.14) takes the form

A=pL( —f)+p (" — () — A —A0)[A0f" —f"]) =0
(1=p)La(0 — 60) + p (P[20f —fO'] — (1 —860)6" +8(6')*) =0

f=fo+pfi+pfrt+--+ 6=0+ph+p0h+---. (2.18)

(2.17)
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Fig. 2. Variation of f’ for different values of A (stretching case).
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Fig. 3. Variation of f' for different values of S (shrinking case).
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Fig. 4. Variation of f’ for different values of S (stretching case).
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Fig. 5. Variation of f’ for different values of 8 (shrinking case).

6=01,5=01,P=01,6= 0.1

1.006 |

1.004 |

1.002 |

f(27)

0.998 |

0 0.02 0.04 0.06 0.08 0.1
Ul

Fig. 6. Variation of f’ for different values of 8 (stretching case).
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Fig. 8. Variation of 6 for different values of § (stretching case).
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Fig.9. Variation of 6 for different values of S (shrinking case).

Assuming L1f = 0 and L0 = 0, substituting f and 6 from Eq. (2.18) into Eqs. (2.17) and (2.15) and some simplification and
rearrangement based on powers of p-terms, we have

p(()) : L]fo =0 and L290 =0

@ =s  fO=-1,  fB)=0  ffB) =0 (2.19)
0o(0) =1,  6,(B) =0

where L; and L, are defined as

94 92
Li=—, L, =—. 2.20
=5 k=30 (2220)

Keeping in view Eq. (2.19), we obtain initial guesses are as follows

f — '7: 2 i l _77:
om=S—n+ ,3_3’7 2 28) Oo(n) = =~ = pn + 1. (2.21)
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Fig. 10. Variation of 8 for different values of S (stretching case).
pV s Lify + 5 — ()2 — (1= A6p) [A6gfy —fi'] =0,

p<1).L201—L290+P[290f0 — fo3] — 1—590)9”+5(9) =0,
O =0, fl®=0  fi(B)=0, f(B=0 60 =0, 6B =0 (2.22)

j—1 j—1 m—1 k
Lifi — L +f24 — ka,ﬂflfk —A Z%G/ipk +A° Z Om-—1-k Z O’
k=0 k=0 k=0 =0
j—1
—A Z ka}/—//l—k +fy_//1 - Os
k=l

p? : L6, — L6, 1+2P20kf - PZ@,J, - k+329;’9k (2.23)

k=l k=l
+529,(J =0/ =0
f(O) = 0 fo=o0,  fi(B=0 f(B) =0, 6;(0) =0, 8/(B) =0

On solving Egs. (2.22) and (2.23) in any software like MATHEMATICA, MAPLE or MATLAB we can obtain any order of
approximation.

2.1. Stretching sheet problem

For stretching phenomena, the governing equation is (2.14), however, the boundary conditions for stretching case are as
follows:

foO=s, fO=1 fB =0  f'(B=0, (2.24)
0(0)=1, 0'(B)=0.

The solution of the above boundary value problem has been calculated using the procedure given in [15-28]. To avoid the
repetition, the complete solution is not defined, however, the initial guesses are as follows

fon) = 77:_ 2 i i :_
oM =S+n+ 5 3n 2/32+2/3 bo(n) = Bn+1. (2.25)

Graphical behavior of the physical parameters has been calculated for 10th order approximation.

3. Results and discussion

In this study our main focus is to investigate the effects of viscosity, thermal conductivity, Prandtl number and height of
fluid film.
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Fig. 11. Variation of 6 for different values of S (shrinking case).
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Fig. 12. Variation of 6 for different values of P (shrinking case).

The graphs for the function f'(n) and 6(n) are plotted against n for different values of the parameters appearing
in Egs. (2.14) and (2.15). Figs. 1 and 2 show the effects of A on the velocity component f’ for shrinking and stretching
respectively. Figs. 1 and 2 depict that there is a very slight change in the velocity f” with the increasing values of A for
shrinking and stretching respectively. Figs. 3 and 4 explains the effects of S on the velocity component f’ for shrinking and
stretching respectively. It is observed that with the increasing values of S, f’ decreases for both cases (shrinking/stretching).
The height of fluid film 8 has opposite effects on f’ for shrinking and stretching. It is seen that f’ increases for shrinking and
decreases for stretching (see Figs. 5 and 6). The variation of § on 6 is plotted in Figs. 7 and 8. It is observed that the behavior
of § on 6 is similar for shrinking and stretching, increases with the increasing values of 4. Figs. 9 and 10 explain the variation
of S on 6. It is observed that the behavior of S on 6 is similar to that of §. Figs. 11 and 12 show the effects of 8 and Prandtl
number on € respectively. It is seen from the figures that 6 decreases for different values of 8 and P.

4. Conclusion

Steady flow of a thin liquid film over a shrinking/stretching sheet is studied in the light of variation of fluid properties
due to temperature differences. In this study, emphasis is given on how velocity field, temperature distribution changes
due to the variation of viscosity, thermal conductivity. We have used similarity transformation that reduces the governing
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equations to a system of nonlinear ODEs which are then solved analytically by HPM. The analytical results for the effects of
variable viscosity and thermal conductivity on a thin film flow over a shrinking/stretching sheet by means of HPM yet not
available in the literature. Such kinds of analytical results have never been reported by using the homotopy perturbation
method.

Acknowledgments

The authors are grateful to the referees whose comments improved the presentation of the paper.

References

[1] LJ. Crane, Flow past a stretching plate, Z. Angew. Math. Phys. 21 (1970) 645-647.
[2] H.I. Andersson, J.B. Aarseth, B.S. Dandapat, Heat transfer in a liquid film on an unsteady stretching surface, Int. J. Heat Mass Transfer 43 (2000) 69-74.
[3] C.Wang,I. Pop, Analysis of the flow of a power-law fluid film on an unsteady stretching surface by means of homotopy analysis method, J. Non-Newton.
Fluid Mech. 138 (2006) 161-172.
[4] L.C. Liu, H.I. Anderson, Heat transfer in a liquid film on an unsteady stretching sheet, Int. J. Therm. Sci. 47 (2008) 766-772.
[5] M.Mahmood, S. Asghar, A.M. Hossain, Squeezed flow and heat transfer over a porous surface for viscous fluid, ]. Heat Mass Transfer 44 (2007) 165-173.
[6] C. Wang, Analytic solutions for a liquid film on an unsteady stretching surface, Heat Mass Transfer 42 (2006) 759-766.
[7] B.S.Dandapat, B. Santra, K. Vajravelu, The effects of variable fluid properties and thermocapillarity on the flow of a thin film on an unsteady stretching
sheet, Int. J. Heat Mass Transfer 50 (2007) 991-996.
[8] H.I. Anderson, J.B. Aarseth, B.S. Dandapat, Heat transfer in a liquid film on an unsteady stretching surface, Int. J. Heat Mass Transfer 43 (2000) 69-74.
[9] A.M. Siddiqui, R. Mahmood, Q.K Ghori, Thin film of a third grade fluid on a moving belt by He’s homotopy perturbation method, Int. J. Nonlinear Sci.
Numer. Simul. 7 (1) (2006) 7-14.
[10] L. Xu, He’s homotopy perturbation method for a boundary layer equation in unbounded domain, Comput. Math. Appl. 54 (2007) 1067-1070.
[11] B.Raftari, A. Yildirim, The application of homotopy perturbation method for MHD flows of UCM fluids above porous stretching sheets, Comput. Math.
Appl. 59 (2010) 3328-3337.
[12] B. Raftari, S.T. Mohyud-Din, A. Yildirim, Solution to the MHD flow over a non-linear stretching sheet by homotopy perturbation method, Sci. China
Phys. Mech. Astron. (2010) doi:10.1007/s11433-010-4180-1.
[13] P.D. Ariel, The three-dimensional flow past a stretching sheet and the homotopy perturbation method, Comput. Math. Appl. 54 (2007) 920-925.
[14] P.D. Ariel, Extended homotopy perturbation method and computation of flow past a stretching sheet, Comput. Math. Appl. 58 (2009) 2402-2409.
[15] ].H. He, Homotopy perturbation technique, Comput. Math. Appl. Mech. Eng. 178 (1999) 257-292.
[16] ].H. He, Homotopy perturbation method for bifurcation of nonlinear problems, Int. J. Nonlinear Sci. Numer. Simul. 6 (2005) 207-208.
[17] J.H. He, Homotopy perturbation method for solving boundary value problems, Phys. Lett. A 350 (2006) 87-88.
[18] J.H. He, Recent developments of the homotopy perturbation method, Topol. Methods Nonlinear Anal. 31 (2008) 205-209.
[19] A.M. Siddiqui, M.A. Rana, S. Irum, Application of homotopy perturbation and numerical methods to the unsteady squeezing MHD flow of a second
grade fluid between circular plates, Int. J. Nonlinear Sci. Numer. Simul. 10 (6) (2009) 699-709.
[20] E. Hesameddini, H. Latifizadeh, An optimal choice of initial solutions in the homotopy perturbation method, Int. J. Nonlinear Sci. Numer. Simul. 10
(2009) 1389-1398.
[21] M.S. Shadloo, A. Kimiaeifar, Application of HPM to find analytical solution for MHD flows of viscoelastic fluids in converging/diverging channels,
J. Mech. Eng. Sci. 225 (2) (2011) 347-353.
[22] P.D. Ariel, Homotopy perturbation method and the natural convection flow of a third grade fluid through a circular tube, Nonlinear Sci. Lett. A 1 (2)
(2010) 43-52.
[23] Praveen Kumar Gupta, Mithilesh Singh, Homotopy perturbation method for fractional Fornberg-Whitham equation, Comput. Math. Appl. 61(2)(2011)
250-254.
[24] Changbum Chun, Rathinasamy Sakthivel, Homotopy perturbation technique for solving two-point boundary value problems-comparison with other
methods, Comput. Phys. Commun. 181 (2010) 1021-1024.
[25] Y. Khan, N. Faraz, A. Yildirim, Q. Wu, A series solution of the long porous slider, Tribol. Trans. 54 (2011) 187-191.
[26] M. Jalaal, M.G. Nejad, P. Jalili, M. Esmaeilpour, H. Bararnia, E. Ghasemi, Soheil Soleimani, D.D. Ganji, S.M. Moghimi, Homotopy perturbation method
for motion of a spherical solid particle in plane couette fluid flow, Comput. Math. Appl. 61 (2011) 2267-2270.
[27] S.M. Moghimi, D.D. Ganji, H. Bararnia, M. Hosseini, M. Jalaal, Homotopy perturbation method for nonlinear MHD Jeffery-Hamel problem, Comput.
Math. Appl. 61 (2011) 2213-2216.
[28] Najeeb Alam Khan, Nasir-Uddin Khan, Muhammad Ayaz, Amir Mahmood, Analytical methods for solving the time-fractional Swift-Hohenberg (S-H)
equation, Comput. Math. Appl. 61(2011) 2182-2185.
[29] Y.Khan, An effective modification of the Laplace decomposition method for nonlinear equations, Int. J. Nonlinear Sci. Numer. Simul. 10 (11-12) (2009)
1373-1376.
[30] Y. Khan, N. Faraz, Application of modified Laplace decomposition method for solving boundary layer equation, J. King Saud Univ. Sci. 23 (2011)
115-119.
[31] Y. Khan, N. Faraz, A new approach to differential difference equations, J. Adv. Res. Differ. Equ. 2 (2) (2010) 1-12.
[32] Y. Khan, F. Austin, Application of the Laplace decomposition method to nonlinear homogeneous and non-homogenous advection equations, Z.
Naturforsch. 65a (2010) 849-853.
[33] Y.Khan, Q. Wu, Homotopy Perturbation transform method for nonlinear equations using He’s polynomials, Comput. Math. Appl. 61 (2011) 1963-1967.
[34] N.Faraz, Y.Khan, A. Yildirim, Analytical approach to two-dimensional viscous flow with a shrinking sheet via variational iteration algorithm-II, J. King
Saud Univ. Sci. 23 (1) (2011) 77-81.
[35] J.H. He, G.C. Wu, F. Austin, The variational iteration method which should be followed, Nonlinear Sci. Lett. A 1 (1) (2010) 1-30.
[36] N. Faraz, Study of the effects of the Reynolds number on circular porous slider via variational iteration algorithm-II, Comput. Math. Appl. 61 (2011)
1991-1994.
[37] W.X. Ma, B. Fuchssteiner, Explicit and exact solutions to a Kolmogorov-Petrovskii-Piskunov equation, Int. J. Nonlinear Mech. 31 (1996) 329-338.
[38] W.X. Ma, J.H. Lee, A transformed rational function method and exact solutions to the 3 + 1 dimensional Jimbo-Miwa equation, Chaos Solitons Fractals
42 (2009) 1356-1363.
[39] W.X. Ma, E. Fan, Linear superposition principle applying to Hirota bilinear equations, Comput. Math. Appl. 61 (2011) 950-959.


http://dx.doi.org/doi:10.1007/s11433-010-4180-1

	The effects of variable viscosity and thermal conductivity on a thin film flow over a shrinking/stretching sheet
	Introduction
	Formulation for shrinking sheet problem
	Stretching sheet problem

	Results and discussion
	Conclusion
	Acknowledgments
	References


