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1
d
Pi(f)(Z)=/f(<p(t2))g(t2)7t, z€B,
0
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Bloch space where g € H(B), g(0) =0 and ¢ is a holomorphic self-map of B. The boundedness and
Bloch-type space compactness of the operator from the Bloch space B or the little Bloch space By to the
gg?nn;iec(:g:: Bloch-type space B,, or the little Bloch-type space B o, are characterized. In the main

Essential norm results we calculate the essential norm of the operators Pé : B (or Bg) — By, (or By o) in
Unit ball an elegant way.
© 2009 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Let B be the open unit ball in C", D the unit disk in C, H(B) the class of all holomorphic functions on the unit ball and
H® = H*°(B) the space of all bounded holomorphic functions on B with the norm

I flloo =sup|f(2)].
zeB

Let z=(z1,...,2y) and w = (wy, ..., wy) be points in C", (z, w) = ZZ:] zxwy and |z| = /(z, z).
For f € H(B) with the Taylor expansion f(z) = ZIﬂDO aﬂzﬁ, let

"=y |Blag?’
18120

be the radial derivative of f, where 8= (1, B2, ..., Bn) is a multi-index, || = 1 +--- + B and 28 = 25" ... 2" (see [29]).
A positive continuous function p on [0, 1) is called normal [30] if there is § € [0, 1) and a and b, 0 < a < b such that

L) is decreasing on [§,1) and lim ) =0,
(1—-nr)¢ r—>1 (1 —r)a
p) B

is increasing on [§,1) and lim = 00.
1 —rp gon[s,1) P (1P

If we say that a function w : B — [0, 00) is normal we will also assume that it is radial, that is, u(z) = u(|z|), z € B.
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The weighted space Hl"f = HZO(IB%) consists of all f € H(B) such that
sup i (2)| f(2)| < oo,
zeB

where p is normal. For u(z) = (1 — |z|%)#, B > 0 we obtain the (classical) weighted space Hg" = HZO(IB%).
The little weighted space H;‘fo = H;‘TO(IB%) is a subspace of H}y consisting of all f € H(B) such that

lim u(z)|f(2)| =0.
lz|—>1
The Bloch-type space, denoted by B, = B, (B), consists of all f € H(B) such that
B (f)=sup u@|f (@) < oc,
zeB

where p is normal. With the norm

IflB, =|fO)|+Bu(f)

the Bloch-type space becomes a Banach space.
The a-Bloch space B* is obtained for t(z) = (1 — |z|*)%, a € (0, o0) (see, e.g., [26,35,38] and references therein).
The little Bloch-type space By o is a subspace of B, consisting of those f such that

|llim1 w@|Rf(@)]|=0.

Bearing in mind the following asymptotic relation from [36] (see also [8] for the case of the a-Bloch space)
bu(f) = sup w(@)|V f (2)| = sup u(2)|9f )| (1)
zeB zeB

we see that By, can be defined as the class of all f € H(B) such that b, (f) is finite. Also the little Bloch-type space is
equivalent with the subspace of B, consisting of all f € H(B) such that

lim n@)|vf@)|=o.

From this observation and for some technical benefits, for the norm of the «-Bloch space we choose the second definition,
that is, f € B* if and only if

I fllge = |f(O)| + sug(1 —12%)*|Vf(@)] < o0.
4SS

If ;(z) = (1 — |z|%), then the quantity b, (f) in (1), will be denoted by b(f).

Let ¢ be a holomorphic self-map of B. For f € H(B) the composition operator is defined by Cy f(2) = f(¢(2)) (see, e.g.,
the monograph [9] or recent papers [10,18,27,37]).

Let g € H(D) and ¢ be a holomorphic self-map of D. Products of integral and composition operators on H(D) were
introduced by S. Li and S. SteviC in a private communication (see, e.g., [23,24] and [25], as well as related paper [20]) as
follows

@(2) z
Colef @)= / F@g@de and J5Cyf(2) = f Flo©)g@)de. @)
0 0

Operators in (2) are extensions of the following integral operator
z
T2 = [ Fog ©de
0

which was introduced in [28]. Some other results on the operator T, can be found, e.g., in [1-3,31]. For some results on
n-dimensional extensions of the operator, see [4-7,11-17,19,21,22,32-34,36] and references therein.

One of the interesting questions is to extend operators in (2) in the unit ball settings and to study their function theoretic
properties between spaces of holomorphic functions on the unit ball in terms of inducing functions.

Assume that g € H(B), g(0) =0 and ¢ is a holomorphic self-map of B, then we introduce the following operator on the
unit ball

1
d
P(gp(f)(Z)=/f(g0(tz))g(tz)7t, feH®), zeB. (3)
0
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If n=1, then g € H(D) and g(0) =0, so that g(z) = zgo(z), for some gg € H(ID). By the change of variable ¢ =tz, it follows
that

1 z
d
Pf:f(l)sz(<p(t2))tzgo(t2)7t =/f(§0(§))go(§)d§-
0 0

Thus operator (3) is a natural extension of the second operator in (2).

Here we study the boundedness and compactness of operator P;% from the Bloch space B or the little Bloch space By
to the Bloch-type space B, or the little Bloch-type space B, o. In Sections 4 and 5 we calculate the essential norm of the
operators P : B (or Bo) — By, (or By.o).

Throughout the paper C will denote a positive constant not necessarily the same at each occurrence. The notation A < B
means that there is a positive constant C such that A/C < B < CA.

The following lemmas are used in the proofs of the main results.

Lemma 1. Suppose g € H(B), g(0) =0, w is normal and ¢ is a holomorphic self-map of B. Then the operator Pff] : B (or Bo) — By,
is compact if and only if Pf) : B (or Bo) — By, is bounded and for any bounded sequence (fi)ren in B (or Bg) converging to zero
uniformly on compacts of B, we have || P(gp fllB, — 0ask — oo.

The proof of Lemma 1 follows by standard arguments (see, for example, the proofs of Proposition 3.11 in [9] and Lemma 3
in [34]). Hence, we omit its proof.

Lemma 2. Suppose f, g € H(B) and g(0) = 0. Then
RPE(N @) = fp2)g).

Proof. Assume that the holomorphic function f(¢(z))g(z) has the expansion Z,s aﬁzﬁ. Since g(0) =0, note that ag = 0.
Then

1
R[PE(H)](2) = m/ Zaﬂ(tz)ﬁ% = m(Z %zﬁ> =3 ap,

o F#0 p#0 B0

which is what we wanted to prove. 0O

Lemma 3. Let f € B(B). Then the following inequality holds

1 14|z
|f@] <IIflpmax{1, =In :
21—z

Proof. The proof of the lemma follows from the following inequality

1+ 2|
1—1z’

|f@) - fO)|=

1—|z2t2

1 1
[1vsea. 2 <o [ 2 =bngm
0 0

where b(f) =sup,ep(1— 21|V f(2)|. O
2. The norm of the operator Pf, : B (or Bg) = By

In this section we calculate the norms ||P§>||B—>BM and ||P(gp||50_>gu.

Theorem 1. Assume g € H(B), g(0) =0, w is normal, ¢ is a holomorphic self-map of B and Pg : B (or Bo) — B, is bounded. Then

1+1p@)| } 5)

1P -5, = 1785, = sup @ (@) max{1. 51
el 071 zeB 2 1-1]p@)

Proof. If f € B, then by Lemma 2 and (4) we obtain

1. 1+|p@2)]
1PEfl5, = itelgu(z)lg(z)f(w(z))l <Iflls it;gu(z)!g(z)l maX{L InT— 0@ }
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from which it follows that

1+|¢(Z)|}. s

1
g z
1Pl 5m, < igg“(z)‘g(zﬂ max{l, 2Nz lp(2)|

The same inequality holds for P : By — By.
Now we prove the reverse inequality. By taking the function given by fo(z) =1 € By and using the boundedness of
Pf) : B— By, we obtain

1PN 55, = 1follB|PE ] 5.5, = PG fol 5, = supn@)]g@]| fo(¢(2)| = sup u(2)|g(2)]. (8)
zeB zeB
The same inequality holds for P(gp :Bo — By,.

For w € B, set

1+ (z, w)

1
=_In—2 7/

fw@ 2 1=z w)
with In1 =0. Since f,,(0) =0 and

1—z[%)|w] 1— |z . 1—|z?
< <minyl, ——,
1—(z,w)2| ~ 1—|w?z? 1—|w|?

(1-12%)|Vfw@| = T

it follows that supy,cp | fwlln <1, and fy € By for each fixed w € B.
From this and the boundedness of Pf, : B (or Bo) — B, we have that when ¢(w) # 0 and for every t € (0,1) the
following inequality holds

1P¢ 1 55— 5, = P& Fromyioem |15,

1+ t{p(2), p(w)/lp(w)l)
1 -t{p(2), p(w)/lp(w)I)
L+tpw)l

1—tlpw)|’

Note that (10) obviously holds if ¢(w) =0.
Letting t — 1 in (10), we obtain that for each w € B,

1
=sup iu(2)|g(2)] 5 [in
zeB

1
> iu(w)!g(w)\ln

. 1 1+ lp(w)
1P ] 50—, > g1W)lgw)]in T 20

From this and since w is an arbitrary element of B, it follows that

1+ lp@)]

— 1
1—1p(2)] (a

1Pel 55, = 1supu(z)]u(z)]ln
0 " 2 2B

Note also that

17555, = 1P6] 5y, (12)
From (8), (11) and (12) we obtain that
g g 1. 1+]¢2)]
1PEl5.5, > P85, > sup (ol max {1, 5m 3 OB
From (7) and (13), equalities in (5) follow. O

Corollary 1. Assume g € H(B), g(0) =0, w is normal and ¢ is a holomorphic self-map of B. Then Pg : B (or Bg) — By, is bounded
if and only if

1+ lp@)] }

14
1—]¢@)| (14)

1
sup i(2)|g(2)| max{l, —In
zeB 2

Proof. If Pf, : B (or Byg) — B, is bounded, then (14) follows from Theorem 1. If (14) holds, then the boundedness of
P§ : B (or By) — By, follows from (6). O
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3. The boundedness of the operator Pf, :Bo— By,
Here we characterize the boundedness of the operator P : By — By, 0.

Theorem 2. Assume g € H(B), g(0) =0, w is normal and ¢ is a holomorphic self-map of B. Then Pf, : Bo — By.0 is bounded if and
only if P§ : By — B, is bounded and g € HY-

Proof. Assume that P(gp : Bo — B0 is bounded. Then clearly P;% : Bo — B, is bounded. Taking the test function
fo(z) =1 € By we obtain g Hfffo.

Conversely, assume Pg :Bp — B, is bounded and g Hl"fo. Then, for every polynomial p, we have

n@|RPip(2)| = n(@|g@p(p@)| < 1@|g@|Iple — 0, as|z| — 1.

Since the set of all polynomials is dense in By, for each f € By there is a sequence of polynomials (py)ken Such that
lim || f — pkllg=0. (15)
k— o0
From (15) and since the operator Pf, : Bg — By, is bounded, it follows that
g g g
|Pgf = Pgpilg, < PGl 5pmp, If = Prllsy = 0.

as k — oo. Hence P(g/J (Bo) C By,,0- Since By, o is a closed subset of 5, the boundedness of P(g/J : Bo — By,o follows. O

4. Essential norm of P} : B (or Bo) — By

Let X and Y be Banach spaces, and L : X — Y be a bounded linear operator. The essential norm of the operator L: X — Y,
denoted by ||L|le,x—v, is defined as follows

ILlle.x—y :inf{ IIL+ K| x—y: K is compact from X to Y},

where | - ||x—y denote the operator norm.

From this definition and since the set of all compact operators is a closed subset of the set of bounded operators it
follows that operator L is compact if and only if ||L|le,x—y = 0.

Here we prove the main result in the paper, namely, we calculate the essential norm of the operator Pf; :B (or By) — By.

Theorem 3. Assume g € H(B), g(0) =0, w is normal, ¢ is a holomorphic self-map of B and Pf, : B (or Bg) — By is bounded. If
l@lloc =1, then

g Y _ 1 1+ ]¢(2)|
”Pw ||e,5’_>3M =|P§ “e,Bo_usﬂ =3 ‘l(zr(rzl)fglzﬂ(lﬂg(z)\ In T—le@|’ (16)
while if |¢|lco < 1, then
1PEle 5, = 1PE e 5y, =0 (17)

Proof. First assume that ||@|lc = 1. Set the following family of test functions

(A+wD>\ () 1+ (w]
1—(z, w) 1—|w|

—&
ffv(Z)z(ln ) , weB\{0}.

It is easy to see that

1+ [w|
n—
1T—w|

—&
|£5,0)] < (In(1+ w)))**! (1 ) <21 1n2
and

llilml}f;f,(O)} =0. (18)
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o1+ 1w\ ¢
In
1—|w|

Further we have

(1—1z1%)|w| n (1 +|w?

(1-1z23)|VfE@|=(E+1)

N—(zw) | 1-(z,w)
1—|z? 1 2 1 -
<(8+])( |z| )|W|<ln( +|wl) +2n> (ln +|W\> (19)
1—|z||w] 1—|zl|w] 1—|w|
1 2 1 -
<+ D(1+12)w] lnMJrzn In Wl ) (20)
1—|w| 1—|w|
From (20) it follows that
limsupb(fy) <2(e+1) (21)
[w|—1
and from (19) that, for each fixed w e B\ {0}, f& € Bo.
Hence (18) and (21) imply
li el.<2 1). 22
Jim £ <2+ D) (22)

Now, assume that (¢(zy))ken is a sequence in B such that |¢(zx)| — 1 as k — co. Note that from (22) it follows that the
sequence Fp(z) = (S(Zk)(z), k € N is such that

lim [|Fyllp <2(e + 1), (23)
k— o0

and that Fj, converges to zero uniformly on compacts of B as k — oco. By Theorem 3.16 in [38] it follows that F, — 0 weakly
in By as k — oo. Hence for every compact operator K : By — B, we have that

lim [|KFll5, =0. (24)
k—o00

Assume that K : By — B, is an arbitrary compact operator. Then from the boundedness of P(gp : Bo — B,, we have that
for each ke N

IFelis| PE + K 5,5, > | (PE + K) (R s, > | PEFel s, — 1KFills,. (25)
Letting k — oo in (25) and using (24) we obtain
i VFls| P + K |, > Himsup(| PEFel, ~ 1KFils,)
= lilllsip | P& Fe| 5,
=limsup sup u(2)|g(2)||Fr(¢(2))]
k—oo zeB

> “in sup 14(zx) |g(z) Fie (¢ (z1)) |

. 1+ ()|
=limsu Z Zi) | In ———.
msup ju( lg@o[In — o)
From this and (23) we have
. 1+ 19 (@)l
2(e + D[ PE + K > limsup u(z zi)| In ————2° 26
€+ D|PE+K| 5,5, msup ju( 0 |g@o)| T lo@] (26)

Taking the infimum in (26) over the set of all compact operators K : Bg — B, and since ¢ is an arbitrary positive
number, we obtain

. 1 1+ o)l
g
| P% ||€.B(]*>B;L = hl?lsololp EM(Zk)g(Zk) In T lo@)l’
which implies the inequality

1+1p@|

1
IPSlle.By—5, = limsup =i (z)g(2) In :
e T @)1 2 1- g
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Now we prove the reverse inequality. Assume that (r))cy iS a sequence which increasingly converges to 1. Consider the
operators defined by

1
d
Pf’;(p(f)(z)=/g(t2)f(fl<ﬂ(f2))7t, leN. (28)

0 . . . . .
Assume that (hy)ren is a bounded sequence in B (or Bp) converging to zero uniformly on compacts of B. Since g € HS,
we have

1@)|R PRy () (2)| = n(2)|g@hi(ng (2))] < <l sup [he(w)| — 0,
wi<n
as k — oo. Hence by Lemma 1, for each [ € N, Pw B (or By) — By, is compact.
Let p € (0,1) be fixed for a moment. Employing Lemma 2, the fact that g € H}?, and the following formula (see, 38,
Theorem 3.14])

1. 1+ pw(@l
su @-fw)==In——F"——, z,weB
feB. uflﬂsglyf fw) 2 1-lpw®@|

(where ¢y, is the involutive automorphism of B that interchanges 0 and w), we have

1PG = Prglp s, = e s SUPM(Z)!g(Z)Hf 9) — f(ne@)|
B\

< sup  sup w(@)|g@||f(e@) - f(ne®@)]
If15<1 lp@I<p

+ sup  sup wu@|g@||f(e®@)— f(ne@)|
Ifls<Te@)|>p

<lligllu sup  sup |f(e(@) — f(np@)| (29)
Ilf\ls<ll<p(2)\<p

1+ 1@y (ne@)|

+ sup wu(2)|g2 —l T ool (30)
\w<z>|>pﬂ | ! — @p@) (ne(2))|
Since
9(@) = Py (n9(2)) — 3¢ Qo e(2) | _ o @)|(1 — rz)
|0 (e (@)| = el 1) - D <o),
1—({ne(2), ¢(2)) 1—-rle2)]
and since the function
h(x) =In ﬂ (31)
—-X
is increasing on the interval [0, 1), we obtain
1+ 19p(2) (T1§0(Z))| 1+ |p(2)|
sup n@|g@|n ———————— sup u(2)|g(2) ln — (32)
[p(2)|>p | | 1- |‘p<p(z)(rl§0(z))| lp@)|>p | } —le@I
Now we estimate the quantity in (29). Let
Ii:= sup sup |f(p(@)— f(ne@)|
Ifls<1lp@I<p
By using the mean value theorem and the definition of the Bloch space, we obtain
I[< sup sup (1— r:)|<p(2)| sup |V f(w)]
Ifis<1l9@I<p
< sup |Iflis
1- P2 Ifl<1
=Cp(1-r)—0 asl— oo. (33)
Letting [ — oo in (29) and (30), using (32) and (33), and then letting p — 1 we obtain the inequality
. 1 1+ e
Ps < limsup = u(2)g(z) In ———. (34)
H ‘ﬁ”e,B—»Bu o @1 2 1— \‘/’(Z)I

From (27), (34) and since

1P ”e,B—»BM > | Pg “e,Bo—us,u
both equalities in (16) follow.
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Now assume ||¢|l~o < 1, then similar to operators in (28) it is proved that the operator Pf) : B (or Bg) — By, is compact,
which is equivalent with (17), finishing the proof of the theorem. 0O

The following result regarding the compactness of the operator P(‘g/J : B (or By) — By, is a direct consequence of Theo-
rem 3.

Corollary 2. Assume g € H(B), g(0) = 0, w is normal, ¢ is a holomorphic self-map of B such that |¢|l.c = 1, and the operator
Pf) : B (or Bo) — By, is bounded. Then the operator Pf, : B (or Bo) — By, is compact if and only if

lim u(2)|g(2)|In 1+le@l _

=0. 35
lp(2)|—1 1—]e@)| %)

5. Essential norm of the operator P(g,J : B (or Bo) = By,o
Here we calculate the essential norm of the operator Pf, : B (or Bo) = By 0.

Theorem 4. Assume g € H(B), g(0) =0, u is normal, ¢ is a holomorphic self~-map of B and the operator P(gp :B (or Bo) = Byois
bounded. Then
1+ ()]

‘ 36
1—lp(2)]| 38)

1
1P6le.5-5,0 = 1Péle 5y, 0 = 5 imsup ] @) In

Proof. Since Pf) : B (or Bg) — B0 is bounded, then for the test function fo(z) =1 € By, we obtain that g € H;fo.
First assume ||¢|l~ < 1. Then, similar to operators in (28) it can be proved that Pf, :B(orBo) — B0 is compact. Hence
g _
“ P<P He,B (or Bo)—=>Buo 0.

On the other hand, since ||¢|l <1, and g € Hfffo, it follows that

1+lp@l _ <m1+||<p||w
1=lp@l =\ 1= gl

from which (36) follows in this case.
Now assume ||@|loo = 1. It is clear that

li‘n? Sl;p w(2)|g(2)|In ) ‘Zl‘im] w(@)|g@| =0,
z|— g

w > lim sup M(z)|g(z)| In w

limsup u(z)|g(2)|In .
msupu(@)[g@|In 37 o) > limsup 1= 9@

Assume that (zp)ken is such a sequence that

1+le@| _
1-lp@| _kL'Eo“(Zk)}g(zk)lln

1+ ez

limsu 2)|g(2)|In .
\zmpu( @] 1— @zl

If supgen l9(z)| < 1, then in view of the fact g € Hfﬁo, the last limit is zero and consequently the second limit in (37) is

also zero. Otherwise, there is a subsequence (¢(zy))en such that |¢(zy)| — 1 as [ — oo, so that both limits in (37) are
equal, that is,

w = lim sup M(z)|g(z)| In m

limsup u(z)|g(2)|In .
1zl —>1 n@| | 1-19@|  |p@)=1 1—|e2)]

From this and by Theorem 3 the result follows in this case, finishing the proof of the theorem. O

Corollary 3. Assume g € H(B), g(0) =0, w is normal, ¢ is a holomorphic self-map of B and the operator P(g/, : B (or Bo) = By o is
bounded. Then the operator Pf, : B (or Bo) — B0 is compact if and only if

1+lp@)|

=0. 38
1-lp@| %)

lim pu(2)|g(2)|In
lz]—>1
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