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Abstract

The concept of 2-rainbow domination of a graph G coincides with the ordinary domination of the prism GUK>. In this paper,
we show that the problem of deciding if a graph has a 2-rainbow dominating function of a given weight is NP-complete even when
restricted to bipartite graphs or chordal graphs. Exact values of 2-rainbow domination numbers of several classes of graphs are
found, and it is shown that for the generalized Petersen graphs GP(n, k) this number is between [4n/5] and n with both bounds
being sharp.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Domination and its variations in graphs have been extensively studied, cf. [5,6]. For a graph G = (V(G), E(G)), a
set S is a dominating set if every vertex in V(G)\S is adjacent to a vertex in S. The domination number y(G) is the
minimum cardinality of a dominating set of G. Domination presents a model for situations in which vertices from S
guard neighboring vertices that are not in S. A generalization was proposed in [2] where different types of guards are
used, and vertices not in S must have all types of guards in their neighborhoods.

Let G be a graph and v € V(G). The open neighborhood of v is the set N(v) ={u € V(G) | uv € E(G)}, and its
closed neighborhood is the set N[v] = N (v) U {v}. Let fbe a function that assigns to each vertex a set of colors chosen
from the set {1, ..., k}; thatis, f: V(G) — 2({1, ..., k}). If for each vertex v € V(G) such that f(v) = ¥ we have

U ra=q.....k,

ueN (v)

then fis called a k-rainbow dominating function (kRDF) of G. The weight, w( f), of a function fis defined as w( f) =
ZUeV(G) | f(v)]. Given a graph G, the minimum weight of a kRDF is called the k-rainbow domination number of G,
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which we denote by 7, (G). For a set X of vertices in G we denote by f(X) = J,cyx f(x). Clearly when k = 1 this
concept coincides with the ordinary domination.

Rainbow domination of a graph G coincides with the ordinary domination of the Cartesian product of G with the
complete graph, in particular y,;(G) = y(GUKjy) for any graph G [2]. In the language of domination of Cartesian
products, Hartnell and Rall obtained several observations about rainbow domination, for instance:

min{|G|, y(G) + k — 2} <y (G) <ky(G)

for any kK >2 and any graph G [4]. The attempt in [4] to characterize graphs with y(G) = y,,(G) was inspired by the
following famous open problem [7].

Vizing’s Conjecture. For any graphs G and H, y(GUH) > y(G)y(H).

One of the related problems posed in [3] is to find classes of graphs that achieve the equality. There it was shown
that y(GOH) = y(G)y(H), if G is any graph with y(G) = y,(G) and H is a so-called generalized comb.

In [2] rainbow domination was introduced and studied in relation with paired-domination of Cartesian products of
graphs. In addition, a linear-time algorithm for determining a minimum weight 2-rainbow dominating function of an
arbitrary tree was presented. In this paper we concentrate on the case k = 2, that is, the 2-rainbow domination of graphs,
and show that the decision version of this problem is NP-complete. In addition, some bounds and exact results for
several standard classes of graphs are proven.

In the next section, we prove that the problem of determining whether a graph has a 2-rainbow dominating function of
a given weight is NP-complete even when restricted to chordal graphs (or bipartite graphs). Then in Section 3 we study
the 2-rainbow domination parameter for some classes of graphs. We present exact results for paths, cycles and suns,
and upper and lower bounds for the generalized Petersen graphs. In the last section we add some more observations
and pose a few open problems, concentrating mostly on algorithmic issues.

2. Complexity of 2-rainbow domination problem

It is well-known that the domination problem is NP-complete when restricted to chordal graphs (resp. bipartite
graphs) [6]. We use these two results in showing that the same holds for the 2-rainbow domination problem. First, we
pose it as a decision problem.

2-RAINBOW DOMINATING FUNCTION

INSTANCE: A graph G and a positive integer k.
QUESTION: Does G have a 2-rainbow dominating function of weight k?

Theorem 2.1. 2-RAINBOW DOMINATING FUNCTION is NP-complete.

Proof. First note that 2-RAINBOW DOMINATING FUNCTION is in NP. Indeed, given a function f : V(G) —
2({1, 2}) of weight k one can clearly check in linear time whether it is a 2-rainbow dominating function (notably, for
each vertex u with f(u) = @ one has to check whether in the neighborhood of u both colors appear).

Let G be an arbitrary graph, an instance of the problem DOMINATING SET. We shall construct a graph G’ from
it such that for any positive integer k: G’ has a 2-rainbow dominating function of weight k + |V (G)| if and only if G
has a dominating set of size k. Namely, let G’ be obtained from G by adding a leaf to each vertex of G. That is, for
V(G)={vy,...,v,} wehave V(G')=V(G)U{uy,...,u,},and E(G') = E(G) U {vju;li =1, ...,n}.

Let D be a dominating set of G of size k. Then by setting f (v;) = {1} precisely when v; € D, and f(u;) = {2} for
all i we get a function of weight n + k which is clearly a 2-rainbow dominating function of G’. Indeed, every vertex v;
from V(G)\D has a neighbor u; with f(u;) = {2}, and a neighbor v; € D with f(v;) = {1}.

Let fbe a 2-rainbow dominating function of G’. Since every leaf must be dominated, we easily derive that w(f) > n.
Then w(f) = n + k for some positive integer k. Let f’ be a function obtained from f by setting f’(u;) = {2} and
f'(vi) = f(v;) U {1} whenever f(u;)={1,2}. It is obvious that f’ is also a 2-rainbow dominating function of G’ and
w(f") <w(f) (the weight of f” is smaller when {1} C f(v;) and f (u;) ={1, 2} for some i). Let D be the set of vertices
from V (G) such that f/(v;) # @. We claim that D is a dominating set of G. Suppose D is not a dominating set of G. Then
thereisavertex v; € V(G) such that f’(vj) ={ and for every vertex v; € V(G) adjacentto v; we have f'(vi)=#9. Since
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f'is a 2-rainbow dominating function of G" we infer f’(u;) = {1, 2} which is in a contradiction with the construction
of f’. We derive D is a dominating set of G. Let D’ be the set of vertices v; from D such that f (v;) = {1, 2}. Itis easy to
see that for every j such that v; ¢ D" we have f'(u;) # #. Thus w(f")>2|D'| + (|D| — |D'|) + (n — |D'|) =n + |D|.
Hence the size of D is at most k.

Hence y(G) <k if and only if y,,(G") <n + k for any positive integer k, in particular y,,(G") = y(G) + n. One can
construct G’ from G in linear time, and given a 2-rainbow dominating function of G’ one can construct a dominating set
of G in linear (that is polynomial) time. This can be done by first constructing f’ from f, and then selecting all vertices
from V(G) with nonempty weight which yields a dominating set. This implies that 2-RAINBOW DOMINATING
FUNCTION is NP-complete. [

Since the graph G’ from the above proof is chordal (resp. bipartite) if G is chordal (resp. bipartite) we infer two
corollaries by using the fact that domination problem is NP-complete when restricted to chordal graphs (resp. bipartite

graphs).

Corollary 2.2. 2-RAINBOW DOMINATING FUNCTION is NP-complete even when restricted to chordal graphs.
Corollary 2.3. 2-RAINBOW DOMINATING FUNCTION is NP-complete even when restricted to bipartite graphs.
3. Classes of graphs

3.1. Paths and cycles

The following observation is an easy exercise and is left to the reader.
Observation 3.1. y,(P,) = |n/2] + 1.

In [2, Observation 2.6] a 2RDF of C,, was found showing y,,(C,) < |n/2] + [n/4] — |n/4]. We prove that this
inequality is in fact equality for all cycles.

Proposition 3.2. Forn >3, y,(Cy) = |n/2] + [n/4] — [n/4].

Proof. Clearly y,(Cy) =7, (Py—1) = [ (n — 1)/2] 4 1, since for every optimal 2RDF of C,, there is a vertex x with
f(x) =0, and frestricted to C,, — x is obviously a 2RDF of C,, — x.

Note that |n/2]| + [n/4] — |n/4] = |(n — 1)/2] + 1 except in case n = 2 (mod 4). Hence the proof is complete
except in this case.

Let n = 2 (mod4), and let f be a 2-rainbow dominating function of C,, of minimum weight. Suppose there is a
vertex x € C, with f(x) = {1, 2}. Then we get w(f)>2 + yo(Py—3) =2+ [(n — 3)/2] + 1 =n/2 + 1. Finally
suppose that | f(x)| <1 for all x € C,. Then we derive that for any pair of adjacent vertices x and y to at least one
of them f assigns a nonempty value. Hence w(f) >n/2, and note that w(f) = n/2 implies that there must be two
vertices x and y with a common neighbor in C,, such that f(x) = f(y). This is a contradiction with f being a 2RDF. We
derive that also in this case w(f)>n/2 + 1. Since n/2 + 1 = |n/2] + [n/4] — |n/4] we infer that also in this case
V2 (Ca) = /2] + [n/4] — [n/4). O

Interestingly, y,,(Cy) = 7y,(C,) for n >3 where y, denotes the total domination number.

3.2. Suns

Recall that a graph is chordal if it contains no induced cycles of length at least 4. A sun S, is a chordal graph on 2n
vertices (n>3) whose vertex set can be partitioned into sets W = {wy, wa, ..., w,} and U = {uy, us, ..., u,} such
that W is independent and u; is adjacent to w; if and only if i = j ori = j + 1 (modn), cf. [1]. If U induces a complete
graph then the graph is called the complete sun.

Proposition 3.3. Forn >3, y,(S,) =n.



B. Bresar, T. Kraner Sumenjak / Discrete Applied Mathematics 155 (2007) 2394—2400 2397

Proof. Let f : V(S,) — 2({1, 2}) be defined as follows: For evenn let f(w;)={1}ifi = 1 (mod?2) and f(w;)={2}
if i = 0(mod?2). For odd n let f(u,) ={1,2}, f(w;) ={2}ifi = 0(mod 2) for 2<i<n — 1 and f(w;) = {1} if
i = l(mod 2) for 3<i <n — 2. Then, fis a 2RDF of S,,. This implies y,(S,) <w(f) =n.

It remains to show that y,,(S,) >n. Let f be a 2-rainbow dominating function of S, of minimum weight. Let W’ be
the subset of W, of vertices w; such that f(w;) # @ and W’ = W\W'. If W' = W, then 7,,(S,,) >n. Otherwise, for
every vertex w € W” we have f(N(w)) = {1, 2}. From the definition of suns we get |N (w;) N N(w;)|<1, for every
distinct i and j. Itis then easy to derive that Y, .,/ | f ()| = |W”|. Hence yo (S) = W/ |+ X,y | f )| =W/ [+ |W|=
W|=n. O

3.3. Generalized Petersen graphs

The domination invariants of generalized Petersen graphs were studied in [8]. Let us recall what a generalized
Petersen graph is, cf. also [8].

Let n >3 and £ be relatively prime natural numbers and k < n. The generalized Petersen graph GP(n, k) is defined
as follows. Let C,,, C;, be two disjoint cycles of length n. Let the vertices of C,, be uy, ..., u, and edges u;u;+; for
i=1,...,n—1and u,u;. Let the vertices of C; be vy, ..., v, and edges v;vj+¢ fori =1, ..., n, the sum i + k being
taken modulo 7 (throughout this section). The graph GP(n, k) is obtained from the union of C, and C}, by adding the
edges u;v; fori =1, ..., n. The graph GP(5, 2) is the well-known Petersen graph.

Proposition 3.4. For a generalized Petersen graph GP(n, k) we have y,,(GP(n, k) <n.

Proof. Clearly for the proof it suffices to find a 2RDF of GP(n, k) of weight n. We distinguish two cases with respect
to the parity of k.

Case 1: k odd. We define f : V(GP(n, k)) — Z({1, 2}) as follows. Let f(v;) = {2} and f(u;) = @ if i is odd, and
f;) ={1} and f(v;) =@ if i is even. For u; € C, with f(u;) =@ (implying j is odd) we have f(v;) = {2} and
S (ujy1) = {1}, hence Uxenpy1 f (x) = {1, 2}. Forv; € C,, with f(v;) =¥ (implying j is even), we have f(u;) = {1}.
Since k is odd, j + k is odd, and for the vertex v that is adjacent to v; we have f(v;yr) = {2}. We infer fis a 2RDF
of GP(n, k) with w(f) =n.

Case 2: k even. Since n and k are relatively prime, n is odd. Also in this case we define fin such a way that for all i,
f(vi)=0@if and only if f(u;) # @. In addition, let f(v;) # @ imply f(v;) ={2}, and let f(u;) # @ imply f(u;) ={1}.
Clearly this yields w(f) = n, and to define fit is enough to specify f (v;) for all i.

Let i be a natural number between 1 and n. Let d = |n/k]. For i with i / k <d we define f as follows. If [ (i — 1)/k]
is even we set f(v;) = {2} if and only if i is odd (for instance f(v1) = {2} and f(vg) =0).If [(i — 1)/k] is odd we set
f(v;) = {2} if and only if i is even (for instance f(vg+1) =@ and f(vox) = {2}). For definition of f~values on vertices
with largest indices we distinguish three cases.

Case 2.1: n = 3 (mod 4). Then n = dk + 3 and we set f(vgk+1) = f (Vak+3) =0, and f (vgr4+2) = {2}. It is easy to
check that fis a 2RDF.

Case 2.2:n = 1 (mod 4) and d is odd. Then n = dk + 1 and we set f(v,) = . Again it is easy to check that fis a
2RDF.

Case 2.3: n = 1 (mod 4) and d is even, then n = dk + 1. In this case by setting f(v,) = ¥, v, would not have a
neighbor with f(x) = {2}. On the other hand by setting f (v,) = {2} we have three consecutive v’s, that is vy, Vgk+1, V1
to which f assigns {2}. By definition of f, for all their neighbors in C,, we have f (u;) = @. But then u, does not have
neighbor with f(x) = {1}. The solution is that we reassign f (vgx) =¥ and let f(v,) = {2}. Note that vy is adjacent to
vg—1 and f(vk—1) = {2} hence vy is 2-rainbow dominated. For all other vertices one checks similarly as earlier that f
is 2RDE. [

We believe that this bound is close to the exact result for many classes of generalized Petersen graphs. One
argument for this is demonstrated by the following lower bound for domination number of an arbitrary
graph G:

ﬂ VG
)(G) > LM(GJ,
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which implies that for the generalized Petersen graph GP(n, k)
WGP k) > | 5 |

Hence for any 2RDF fwith | f (x)| € {0, 2} for all x € V(GP(n, k)), we have w(f) >n.
In addition, let us present a general lower bound for y,, (GP(n, k)).

Proposition 3.5. For any relatively prime numbers n and k, with k < n, we have
72(GP(n, k) > [3n].

Proof. Let n and k be relatively prime numbers, and denote H = GP(n, k). Let fbe a 2RDF of H of minimum weight.
Let S={x € V(H) : f(x) # #}. Then for every u € V(H)\S we have | f(N(«))| >2. By summing this up for all
vertices of V(H)\S we get

Y SN @) =20V H)| = [S) =21V (H)| =y (H)).

ueV(H)\S

Since every vertex from S is adjacent to at most three vertices (from V (H)\S) we find that on the left-hand side of the
above inequality each weight is counted at most 3 times. Thus

392 (H) Z2(IV(H)| =y (H)),
which readily implies
T (H) =3IV (H)| = 3n.

Since 7, (H) is an integer we derive 7, (H) > f%n}. O

Now we show that there are several classes of generalized Petersen graphs that achieve the lower bound from
Proposition 3.5. Below we present 2RDFs of GP(n, 2) for different odd n. We use two lines where in the first line
there are values of vertices of C,, = {uy, ..., u,}, and in the second line of the vertices of C}, = {vy, ..., v,}, such that
u; lies above v; for all i. Note that the only 2RDFs values used are {1}, {2} and # (which we denote by 1, 2, and 0,
respectively). Since k is even, n is odd, and we distinguish the following five cases:

n=1(modl0):
1001020020 .. 1001020022 1
0220001100...02200011000
n =3 (modl10) :
1001020020 .. 1001020020 100
0220001100...0220001100 022
n=5(modl0) :
1001020020 .. 1001020020 10011
0220001100...0220001100 02200
n="7(modl10) :
1001020020. .. 1001020020 1001020
0220001100...022000110002200 11
n=9(modl0) :
1001020020 .. 1001020020 100102002
0220001100...0220001100022000110.

Note that for n = 3 (mod 10) and n = 9 (mod 10) we have 7, (GP(n, 2)) = {%n], and for other odd n we have

72(GP(n,2)) = [§n] + 1.
On the other hand, there are generalized Petersen graphs that achieve the upper bound from Proposition 3.4. In
particular this holds for the Petersen graph GP(S, 2).
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Fig. 1. The first case from the proof of Proposition 3.6.

? 12 ?
Fig. 2. The second case from the proof of Proposition 3.6.

Proposition 3.6. 7,(GP(5, 2)) =5.

Proof. For the proof it suffices to show that one cannot construct a 2RDF function f of GP(5, 2) with w(f) = 4.
Suppose that there exists such a function f. First let | f (v)| <1 for every vertex v € V(GP(S, 2)). Then clearly there
exist adjacent vertices u € V(Cs) and v € V(Cg) such that f(u) =¥ and f(v) = . Because of symmetry there are
essentially two possible ways how to dominate «# and v (see Fig. 1, where values on u and v are marked by 0), but in
both cases fis not a 2RDF.

Now let f(v) = {1, 2} for some vertex v of GP(5, 2). Then there exists an induced cycle Cg which is not dominated
by v (see Fig. 2). It is easy to see that we cannot dominate this cycle to obtain a 2RDF f of weight at most 4. [J

4. Concluding remarks

1. We suspect there are infinite families of graphs that achieve the bound n from Proposition 3.4. Our candidate families
arise from the Petersen graph as the first graph in the sequence. We pose two questions:

Question 1. Is y,(GP(2k + 1, k)) =2k + 1 for all k >2?
Question 2. Is y,(GP(n, 3)) = n for all n =7 where n is not divisible by 3?

2. Alinear algorithm for determining a 2RDF of minimum weight of an arbitrary tree was presented in [2]. The algorithm
was based on the related concept of so-called weak 2-domination. Intuitively, we could call it a monochromatic
version of 2-rainbow domination.

Let G = (V, E) be a graph and let f be a function that assigns to each vertex a number chosen from {0, 1, 2} called
its weight; that is, f: V. — {0, 1, 2}. For v € V, we define

flol= Y faw)
1

ueN[v
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Fig. 3. Dually chordal graph.

for notational convenience. We call a vertex v € V a bad vertex with respect to fif f(v) =0and f[v]<1; otherwise,
we say that v is a good vertex with respect to f. Note that if v is a good vertex with respect to fand f(v) = 0, then
flv]=2. If every vertex of T is a good vertex with respect to f, then fis called a weak {2}-dominating function
(W2DF) of G. The weight w(f) of fis defined as w(f) =), .y f(v). The minimum weight of a W2DF in G is
called the weak {2}-domination number of G, which we denote by 7., (G).

Using analogous arguments as in Theorem 2.1 one can prove

Corollary 4.1. The decision version of the weak {2}-dominating function (W2DF) is NP-complete (even when re-
stricted to chordal graphs, resp. bipartite graphs).

The main reason for introducing this concept was the following relation.
Observation 4.2 (Bresar et al. [2]). For every tree T, p5(T) =y (T).
The following question is thus relevant.

Question 3. For which classes of graphs is 7, (G) = 4,1 (G) for every graph G of a class?

If for a class of graphs the Question 3 is negative, this seems to reduce the chances of an efficient algorithm for the
2-rainbow domination of that class.

Beside trees, one can easily see that interval graphs also have the property y,, (G) =7,,, (G) for any graph G. However,
we were not able to design a desired algorithm even for the subclass of proper interval graphs.

Question 4. Is there a polynomial algorithm to find an optimum 2RDF (or W2DF) of an arbitrary (proper) interval
graph?

Question 3 has a negative answer in the class of dually chordal graphs. On the left-hand side of Fig. 3 there is a dually
chordal graph with a minimum W2DF, while on the right-hand side a minimum 2RDF of the same graph is shown.

It is also clear that cycles and circular arc graphs have graphs G with y,,,(G) < 7,5 (G) while this is open for instance
for strongly chordal and doubly chordal graphs.
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