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The author has presented estimates for sums of multiplicative functions,
satisfying certain conditions, extended over positive integers » such that n is
less than or equal to x*, the greatest prime factor of » is at most equal to x,
and 7 is relatively prime to a natural number k. These estimates are uniform
in ¢, x, and k.

1. INTRODUCTION

Let p(n) denote the largest prime factor of a positive integer n, let
x > 1, t >> 1 be real numbers, let g(n) be a multiplicative function, and
let k be a natural number. We define #,(x’, x; g) by the following:

Plxt, x;8) = Y. g(n). (L.1)

p(n)y<x
(n,k)=1

Levin and Fainleib [1] have given a systematic discussion of estimates of
such sums subject to g satisfying certain conditions and also subject to
k << (log x)P for some absolute constant D. In this paper, we make the
observation that the restriction on k can be removed in three of their
major theorems. In particular, if we define S,(x*; g) by

Sixtg) = 3 g, (1.2)

n<xt
(n,k)=1

then, by use of Theorems 1 and 2 below, we shall obtain good asymptotic
estimates for {1, (xt, x; g) if we have good asymptotic estimates for S;(x¢; g)

* This paper contains portions of the author’s Ph. D, thesis completed at Syracuse
University under the supervision of Professor H.-E. Richert.
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(the restriction on k arises from the term (B,/log x) m/(x*) in Lemma 3.1.1
of [1]).

As an application of Theorem 2, we shall prove Theorem 4, which gives
an asymptotic estimate for ,(x?, x), the number of positive integers n
such that n < x%, p(n) < x, and (n, k) = 1, that is uniform in ¢, x, and %.

Throughout the discussion, the O-constants will be absolute unless
otherwise indicated and e(n) will denote the function given by

1 if n=1,
W=l i n>1 (1.3)

2. STATEMENT OF THE MAIN THEOREMS

We begin with some basic definitions after the manner of Levin and
Fainleib [1]. In association with the multiplicative function g(n), define the
function A,(n) by the relation

gn)logn =3, g X, (3)

ajn

In particular, if g(n) = 1 for each n, then 2A,(n) is von Mangoldt’s function.
The function A,(n) can be characterized explicitly in the following way
using Lemma 1.1.2 of Levin and Fainleib [1]:

r —1 m—1
logpr ¥ 3 g™ 2™
M) = m=1 Fy gt K=t .
i if n=p",
0 if nspt, .1

where the k,’s, 1 <{ i < m, are natural numbers. If g(n) is O for all integers
that are not square-free, then

A(p7) = (1) log p(g(p))'- 2.2
Next we define
Lx, )= Y ALp", 23)
Pr<x
and
I = 11 (1 + ilig(pm). @.4)

<2
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We begin with the class of multiplicative functions g(n) satisfying the
following two conditions:

L,(x, y) = 7 log min(x, y) + B + A(min(x, y)), 2.5

where t is a fixed complex number, B is an absolute constant, and
h(x) = O(p(x)) with p(x) a nonincreasing, nonnegative function; and

I,(x) = O(log" x), (2.6)

where A4 is an absolute constant.
Let Z(t) be the function satisfying the differential-difference equation

tZ'(t) = —1 Z(t — 1) Q.7

with initial condition Z(¢¥) = 1 for 0 << ¢t << 1. We assume Z(¢) is
continuous at 7 = 1. From the results of Section 3 of Chapter 1 of Levin
and Fainleib [1], the behavior of Z(t) as ¢ — o is as follows:

P_(t) + O(e=) if —7 > 0 s an integer,
Z(t) = O(e—¥) if —7 < 0 is an integer,
~tT (Ao + itl— + ) if 7 is not an integer,

where P_.(¢) is a polynomial in 7 of degree — = with leading coefficient

evr

= T
where v is Euler’s constant and I'(s) is the gamma function,
oft) = tlogt + O(2),
and 4,, 4,, A, ,..., are absolute constants. The function Z(¢) may also
be expressed as the function satisfying the integral-difference equation

1 t~1
1 Z(t) — f Z@)do + 7 f Z@W)do = 0 (2.8)
0 0

with initial condition Z(¢) = 1 for 0 < ¢ < 1, which is the form needed in
Lemma 3 of Section 3.

We now state our first theorem, which is a special case! of Theorem 3.2.1
of Levin and Fainleib [1].

1 1t is free of their restriction on the size of k. The same remark applies to Theorem 2
below.
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THEOREM 1. Let g(n) be a multiplicative function satisfying conditions
(2.5) and (2.6). Let k be a natural number and let x = 1, t = 1 be real
numbers. Then

W, 338) = S5 ) + [ 2 — o) Sy ) o

+ O(t"p(x; k)(log x)™), 2.9)

uniformly in t, x, and k, where A, and A, are absolute constants, Z(t) satis-
fies 2.7), and

px; k) = (k) + 1) p(), 2.10)
where v(k) is the number of distinct prime factors of k.

Given a multiplicative function g(n), we also define two functions similar
to (2.3) and (2.4):

L*x,y) = 3 A———”I(,fr), (2.11)
and Py
o | g(pM)l , '
1) = + )y == ) 12
") 3!;[3:(1 r§1 pr ) : @12

Now we introduce another class of multiplicative functions g(n), namely
those satisfying the following conditions:

L *(x, y) = 7 log min(x, y) + B + h(min(x, y)), (2.13)

where 7 is a fixed complex number, B is an absolute constant, and
h(x) = O(p(x)) with p(x) a nonincreasing, nonnegative function; and

11 *(x) = O(log# x), (2.14)

where A is an absolute constant.
Using Abel summation and Theorem 1, we prove the following theorem
which is a special case of Theorem 3.2.2 of Levin and Fainleib [1].

THEOREM 2. Let g(n) be a multiplicative function satisfying (2.13) and
(2.14). Let k be a natural number and let x > 1, t > 1 be real numbers. Then

t
DXt x5 8) = Si(x*; g) + f xt°Z'(t — v) S(x"; g) dv
0

+ O(x*t*3p(x; k)(log x)*) (2.15)
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uniformly in t, x, and k, where A and A, are absolute constants, Z(t) satisfies
(2.7), and p(x; k) is defined by (2.10).

In applications, Theorems 1 and 2 give genuine asymptotic estimates
only for values of ¢ bounded with respect to x; for example, in Theorem 4,
1 <t < (log x)%5-2 for some 8 > 0. The next theorem gives an upper
bound for certain sums extended over positive integers with small prime
factors that is valid for ¢ < x/(e log x); it extends Theorem 3.3.1 of Levin
and Fainleib [1].

THEOREM 3. Let g(n) be a nonnegative multiplicative function satisfying
the following conditions:

Ly(x, y) = 7 log min(x, y) + B + h(min(x, y)) -+ p(min(x, y)), (2.16)
where

_ 1 = | p(min(y, ))|
h(v) = O(To‘g‘?f) and fz B ogy v < o @17)

for every 8 > 0; and for every prime p and s > —1,

o]

Y &) +o0. (2.18)

rs
r=1 p

Then for every t such that 7e <t < tx/(elog x) and for every natural
number k,

Y ngm<TJI (I + f: g(pf))_l xt

n<xt P r=1
D(n\)<x ik
(n,k)=1

x exp{—tlogt — tloglogt + (1, x)}, (2.19)

Where
_ __loglogt 1
7t x) =1 {l +log7 log ¢ +0(logt);
xlogx ! '

As an application of Theorem 2 with g(n) = 1 for every n, we shall
prove the following asymptotic estimate for the function i,(x¢, x), defined
in the Introduction.
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THEOREM 4. If k is a natural number and 1 < t < (log x)3/5~% where
8 > 0 is an arbitrary real number, then

N-l¢  1ym ZimtD)
ko 20— 3, I 2,

m=0

+ Oy (¥t Jrp(xs R)log 0™ -+ 27Px7(1 + Z(1)

(et x) = x*

£ulke, m)

t ZN(r)

+ &y(k, N) Tlog D" T

) 2.21)

for every even natural number N, where Z(t) satisfies (2.7) with r = 1;

&k, m) = dZ‘k prld) fl ) G-[3]) (og )" 4, 2.22)

v2
forO<m< Nandr =0, 1 where
_{d)  for r=0,
pr(d) = p¥(d) for r=1, (2.23)
with u(d) representing the Mdbius function and [v] denoting the greatest-
integer < v;

p(x; k) = (v(k) + 1) exp(—3(log x)*/*9), (2.24)

where v(k) denotes the number of distinct prime factors of k; (k) is Euler’s
totient function; and A, and A, are absolute constants. The estimate is
uniform in t, x, and k outside the intervals (y, y + €), wherey = 1,2, 3,...,
N + 1 are the discontinuities of Z‘¥+1(t) and € is an arbitrary positive real
number. In particular, if t > N + 1, then e may be chosen such that

l1<<e<t—N.

To give a clearer impression of Theorem 4, we point out the following
corollary.

COROLLARY. Ifk is anatural number and 1 < t < (log x)*/5~%for 8 > 0,
then
Pu(xt, x) = k~lp(k) Z(2) x*
1 0,0t o(x; K)(log x)*2 + 2Wx~<(1 + Z(£))
+ &4k, 0) | Z'(¢ — )] (log x)™}) | (2.25)
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uniformly in t, x, and k outside the interval (1,1 -+ €), where ¢ >0 is
arbitrary.

In particular, if 2 <C ¢t < (log x)%/5-, then
Pilx’, x) = k71g(k) Z(1) x*

+ 0, (x* gz‘lp(x; k)(log x)* + 27®x(1 + Z(1))

+ & 0) 22 ) (226)

log x

uniformly in ¢, x, and k with 1 < e <t — 1.

The proof of the corollary follows directly from Theorem 4 with N = 1
(if ¥ is an odd natural number, there is no change in (2.21) with the
exception of the last term of the O-term; see (7.13)).

We define

Ay=1=Y Sm (.27)

for n = 0, 1,..., with

oy C. (log )™ (log r)yn+?
Cm = lim (Zi T T T (2.28)

r

(¢, = Euler’s constant), and

) = 3 pldyd-s (2.29)

a|k

for any complex number s and r =0, 1. Then Lemma 1 gives some
information about &,(k, m).

LemMma 1. If k is a natural number, M is a nonnegative integer and
r=20,1, then

e, M) = 5 T 252 Gog dyen

dlk

+ 3 i te T 24D og ayen

m=0

= Ou(f,(1)(log log 3k)M+Y). (2.30)
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Levin and Fainleib, combining their Theorem 3.4.1 and their argument
on page 199 of [1], gave essentially the same asymptotic estimate for
Ji(xt, x) as (2.21), but with the restriction k& < (log x)? for some absolute
constant D.

Norton in Theorem 5.21 of [2] removed the restriction on k. For com-
parison, we state Norton’s result in the form of Theorem 5.48 of [2] with
2 <t < (log x)*72:

hilxt, x) = kp(k) Z(1) x*

+ 0 (xt g-??}—)— (]og x)-l + k) x~1 + fl(k) Z(t "- 2) ),

log x

2.31
where (31)

- &i(k) = O((log log 3k)?).

If we assume that 1 < e <t— 1 with 7 fixed and k to be any of the
infinitely many integers for which »(k) > i(log k/log log k), then setting

x = 2*%)(log log k)'/<,

it is easy to see that the error term of (2.26) is

0 (ogiog )
for every positive number A, while the leading term is
xt
kp(k) Z(t) xt > oy(t) Toglogk *
Thus, (2.26) is a genuine asymptotic estimate for ,(x?, x). On the other

hand, the error in Norton’s estimate (2.31) is at least

xt

wkypt=l — X
zhx (log log k)'/<’

which is larger than the leading term.

Theorem 4 gives a genuine asymptotic estimate for i,(x%, x) only for
1 <t < (log x)*/5-2, However, using Theorem 3 with g(#) =n" for
every n, we can write

ity x) < k~lgp(k) xt exp{—tlog t — tloglog ¢ + 5(¢, x)} (2.32)
for k < x and e < t < x/(e log x), where 7(z, x) is defined by (2.20) with

r=1.



SUMS OVER POSITIVE INTEGERS 197

Now (2.32) compares favorably with the following upper estimate of
Norton [2, (3.29)):

P, XMy < erkeloplk) Z(8)x

< ek p(k)x exp :" (log £ -+ loglog £ — 1 — E}g—t)2

(2.33)

for k < x, x > €%, and e < t < log log x/log log log x, with ¢, and ¢, as
absolute constants.

The proofs of Theorems 1 and 2, Lemma 1, and Theorem 4 are given
in Sections 4-7, respectively. The next section, Section 3, contains some
preliminary groundwork.

3. PRELIMINARY RESULTS

Let g(n) be a multiplicative function and let k& be a natural number. We
define a multiplicative function f(n) by

if (k) =1,

__{&(n)
fmy =y it (k) > 1. G.1)

Then we have the following form of (2.5).

LemMAa 2. Let g(n) be a multiplicative function satisfying (2.5) with
p(x) = exp(—A(logx)®), A > 0, and a > 0. Let k be a natural number and
define f(n) by (3.1). Then

Lix,y) = Y A(p") = 7log min(x, y) + B(k) + h(min(x, y); k),

pr<x
pfky
? (3.2)
where
B(k) = B — Y ¥ A(p"), (3.3)

plk r=1

h(min(x, y); k) = h(min(x, y)) + Y, A(p") + Y A(pD) — Y A(pD),
vik Pk plk
pPI>x P>y pT>x
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with

h(min(x, y); k) = O((v(k) + 1) exp{—(4/2)(log min(x, y))*}) (3.4)
uniformly in x, y and k.

Lemma 2 is Lemma 4.1.3 of Levin and Fainleib [1].
We also extend (2.13)

LemMA 3. Let g(n) be a multiplicative function satisfying (2.13) with
p(x) = exp(—A(log x)*), 4 > 0, and a > 0. Let k be a natural number and
define f(n) by (3.1). Then

L) = % ) — riogming, y) + BK) + hminds, 3% K,
-
o (3.5)
where

B(k) B — Z Z a(p ) s

2|k r=1 P

h(min(x, y); k) = hminGx, y) + ¥ 20 4 v M) 5 A2

o P e P ok P
p>x >y pT>x
2>y

with

h(min(x, y); k) = O((v(k) + 1) exp{—(4/2)(log min(x, y))*}) (3.6
uniformly in x, y, and k.

The proof of Lemma 3 is essentially the same as the proof of Lemma 2.

Now we prove the following lemma which is a special case of Theorem
3.1.2 of Levin and Fainleib [1].

LeMMA 4. Let g(n) be a multiplicative function satlsfymg (2.5) and (2.6).
Let k be a natural number and x = 1, t > 1. Then

Y &) = Z(@®) + O@™p(x; k)(log x)™), 3.7

n<xt
(n,P(x))=1
(n,k)=1

where P(x) = [],<z p and Z(t) satisfies Eq. (2.8) with 7 replaced by —.

Proof. In the notation of Chapter 3 of Levin and Fainleib [1], let
0=8,<Bi=1<B,=-+00. Let neM,,v=1,2, denote that either
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n = 1 or that all the prime factors of n belong to the interval (xf»1, xv].
Then any positive integer n can be uniquely expressed in the form
n = mn, , where n,e M, , v = 1, 2. Further, let fi(n) and f,(n) be multi-
plicative functions. Let f(n) = fi(m) fo(ns) and

mlx) = Y f) = % film)fln)- (3.3)

n<x? n<x?
In particular, if fy(n) = e(n) and fy(n) is defined by (3.1),

mlxt) = Y g (3.9

n<xt
(n,P(x))=1
(n,k)=1

Now L, (x, y) = 0 and, by Lemma 2,
L,(x, y) = 7log min(x, y) + B(k) -+ A(min(x, y); k). (3.10)

It is easy to see that the conditions of Lemma 3.1.1. of Levin and
Fainleib [1] are satisfied so that

1 my(x*t) — J. t my(x®) dv

-1
= rJ. mfx?) dv
0

1
log x

+

PIFLC %h (—’:— k) — h (min (£, 2); k),

since 1, = 0, B, = 0, 7, == 7 and B, = B(k).
Therefore, since Y.<, | f(n)] = O@4 log” x) from (2.6), we have

tmxt) — [ gy do— 7 [ mx®) do = O(4p(x; k)log x4,
0 0 (3.11)
Letting

my(x') = Z(t) + Ry(t, x) p(x; k)(log x)*~

and substituting into (3.11), with (2.8), with r replaced by —+, and
Lemma 1.2.1 of Levin and Fainleib [1], we obtain (3.7), which completes
the proof of Lemma 4.

Although we do not need it in this paper, we can derive a lemma similar
to Lemma 4, but for g(n) satisfying (2.13) and (2.14), by using Abel
summation on (3.7).

641/7/2-6
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In order to prove Theorem 3; we need Lemma 3.3.1 of Levin and
Fainleib [1]. The statement of their lemma is incorrect and should read as
follows.

LeMMA 5. Let g(n) be a nonnegative multiplicative function satisfying
conditions (2.16)—(2.18). Define

Py =] (1 Yy —g—(ﬂ) (3.12)

rs
Py SR 4

Jor y > 2 and s a complex variable. If 0 < 8 = 8(y) <1 — 1/log y, then

log 20— 1,0) = 7550+ 719 (125) + 0 (7 —7ig)
* OU: qu“,(luogy 3;‘ ")' (3.13)

The proof of Lemma 5 is the same as the proof of Lemma 3.3.1 of Levin
and Fainleib [1].

4. PROOF OF THEOREM 1

Let fi(n) be defined by (3.1) and let £;(n) = e(n). Then

myx") = u(x*, x; &) 4.1)
and

me(x%) = Su(x*; g).. (4.2)

We now define multiplicative functions £,(n) by the relations,
H
PIACITA (a) =fin), v=12
d\n

Then fy(n) = e(n) and fy(n) = fi(n).
Thus

mixt) = Y gln) = 2(t) + O(t"p(x; K)(log x)*),  (4.3)
offhy
where Z(t) satisfies the equation
tZ@)=r2(t~1)
with initial condition 2(t) = 1 for 0 < ¢ < 1, by Lemma 4.
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Now
my(x*) = ngl(n) = g tfl(nl)fl(nz)
= étﬁ(nl)ﬁ(nz)fl(ml)f2(m2)
= § tfl(nl)f2(n2) m(xt/n).
Thus, using (4.3), we get

) = %, Sl ftm) 2 (1 — 125 )

+ 0 (s )log x)* Y | £ o))

n<xt

= myxt) + ¥, fuln) folns) Z'(v) dv

ft—logn/logzc
n<x? 0

+ O(t*p(x; k)(log x)™).
Hence,

ma) = mx) + [ 26 = ) my) do + O(r*p(x; Ko o

Now (4.4) is an integral equation with respect to my(x?). To solve it, we
proceed as in Levin and Fainleib [1]. Let Z(t) satisfy (2.7). Then using the
Levin and Fainleib argument from (3.2.9)—(3.2.11) of their Chapter 3, we
have

ft Z't—0v) 2’ @wydv + Z'(t) + 2'(t) = 0. 4.5)
0

From (4.4), we get

ft Z'(t — ) mp(x%) dv = ft Z'(t — vy mg(x¥) dv

t t—-u
+ J. m,(x“)f Z(t —u—2v)2'(v)dv du
0 0

+ O(t™p(x; k)(log x)*),
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which, using (4.5) and (4.4) again, is the same as
t t ‘ : :
f Z'(t — vymy(x?) dv = —f 2'(t — v) m{(x®) dv + O(t*p(x; k)(log x)*)
(1] 1]
= m(xt) — my(x) + O(t*p(x; k)(log x)™9).

Hence, using (4.1) and (4.2), we get (2.9) to prove Theorem 1.

5. PROOF OF THEOREM 3
Let 0 < 8§ <1 — 1/log x; then

Y ngm)<x® Y nl-%n)

n<xt n<xt
p(n)<x p(n)<x
(n,k)=1 (n,k)~1
&(p)
< x® [] (1 + Z —Dr
F 2 r=1 p

p 224

j 2«2 r—l
Pk

<w Q] (143 S Pe - 1,9
(

V2«4 r=1
ik

<z [TH+ Z g(p')) PG —1,x).

Thus, using Lemma 5 and also the argument used by Levin and
Fainleib {1] to prove their Theorem 3.3.1, we have the proof of Theorem 3.

6. PROOF OF LEMMA 1

To prove Lemma 1, we need three steps. The argument generalizes work
by Norton [3].

LemMA 6. Let N and k be natural numbers; then

¥ 108™2 _ 0, ((log log 36)%). 6.1)

DIk
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Proof. We have

log¥ log" p log¥ p
pire- 3 Mr. oy M
plk plk plk

r<(log3t)}V¥ p>(log3k)™¥

- 0( y l‘5"’51) +0 ((log 3N Y log"P)

p<(log3k)V Dk
= O((N log log 3k)™),

which proves the lemma.

LEMMA 7. Define the function

— Y (—log p) PP
gds) = EL( log p) (7* + udp) (6.2)

Jor any complex number s and r = 0, 1 with uAn) defined by (2.23). Then,
for any natural number N, there exist integers a(N, /), 1 <j < N + 1, with
a(N, 1) = 1, such that

R ()

gM(s) = 3, (—log p)"** u(p) ¥,

z 27 +mey O

Proof. The result follows by a straightforward argument using induc-
tion on N.

Lemma 8. If k and N are natural numbers, then

Do 3 (1), A g g

dik n=0 n djk
= On (f:(1)(log log 3k)™) 6.4
Jorr = 0, 1; f(s) is defined by (2.29) and g(s) is defined by (6.2).
Proof. Taking the logarithmic derivative of (2.29), we get
S (8) =fAs) gA5) (6.5
with
f7() = ¥, pld) d*(—log d).

|k

Differentiating N — 1 times with Leibnitz’s rule, we get the first equality
of (6.4).
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The second equality of (6.4) follows from the first using induction on N
with the fact that

gm(1) = Ox (3, E°2)

plk P
= On((log log 3k)™*1)
by Lemma 6.
To prove Lemma 1, we write
Ek, N) =), ﬂ’(d) Uz — [o) (log v -+ log d)N dv

dix 1/d
pdd) & (N o [© (0 — 0D .
= %ﬁ Z ( n ) (log d) J;/d——vg—(log )" dv.
(6.6)

Breaking the integral on the right-hand side of (6.6) into two parts, we
get

o= fl,d (o2 0)” 4 o+ [ C=1D (tog oy

v
so that
! ( 1" w1
[ =t togd) (67)
1/ad
and
[F=n (6.8)
1

with A, defined by (2.27) (see Norton [2, Lemma 3.14]). Putting (6.7) and
(6.8) in (6.6), we get the first equality of (2.30). Using Lemma 8, we get the
second to complete the proof of Lemma 1.

7. PROOF OF THEOREM 4

Let g(n) = 1 for every positive integer n.
Then
L,*(x, y) = log min(x, ) + B + h(min(x, y)) 7.1

with A(x) = O(exp(—(log x)3/5-%), 8 > 0,
IT,*(x) = O(log x), (7.2)



SUMS OVER POSITIVE INTEGERS 205

where L,*(x, y) and IT,*(x) are (2.11) and (2.12), respectively. Then by
Theorem 2

o, %) = S + [ 142 — 0) Sl) do

+ O(x't"p(x; k)(log x)™2) (7.3)

uniformly in ¢, x, and k, where 4, and A, are absolute constants Z(t)
satisfies (2.7) with 7 == 1, p(x; k) is defined by (2.24), and

Si(x) = ) L 7.4)
(Dt
Now
Si(xt) = k'p(k) xt -+ x*R(x!, k), 7.5)
where
RO K) =~ 5 i) (&~ ) (7.6)

Putting (7.5) in (7.3), we get
t
du(xt, X) = xt gk—%p(k) (1+ [ Z¢ — o) o) + Reet, k)
0

+ fo "2t — v) RGx, B) do + O(*p(x, k)(log x)*)].

. 1.7
First, we note that

Z@) =1+ f: Z'(t — v) dv. (71.8)

Now we let € > 0 be so small that the interval (¢ — ¢, t) does not contain
any discontinuities of Z¥+)(v). The discontinuities of Z‘¥+1(y) are the
points where Z™+(p), 0 << m << N — 1, might not be differentiable, so
that Z'(v) is N times differentiable on (¢ — ¢, £). Also, since Z¥+Y(v) has
only right discontinuities, ¢ must be small enough that t — ¢ is not a
discontinuity of Z'~*U(v). Thus Z'V+V(y) is continuous on [f — e, £].
Hence, for 0 << v < ¢, we can apply Taylor’s theorem to get

z—v) = ¥ C zimagyom 1 0@ | Z0 — o)
m=0 ¢

for some ¢, such that 0 < ¢; < e.
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Thus,

N-1

[[z¢—vremkyao = Y EX" 1) Zims(y) f omR(x*, k) do
1] m=0

0 (10 — &) fo " | R, K| dv).

7.9)
The sum on the right-hand side of (7.9) is equal to

Dz
) m! (log x)m+

m=0

fo(k’ m)

-y (—m 1!)"‘ (ﬁ?m f: R(, k)t(710g P o 10

ms=0
and the second sum of (7.10) is

[ Z'(®)] ] R, k)| 2Rix—< | Z'(2)|
ON( log x v d) 0"( log x )’ (7.1)

2€

since
| R(v, k)| = O(2®p1),

For the O-term of (7.9), we see that

0 (1zo+0( — &) fo "N | R, B dv)

- o (L2 e ), (1.12)

By the same argument as used by Levin and Fainleib on page 187 of [1],
ZWNHU(t — &) = O(t | ZN(2))). (7.13)
Further,
L ‘Z(— ) Re, Ky do = O (2"”"x“‘ j | Z(e = o) dv)
= O(2'"x—<(1 + Z(1))). (7.19)
Putting (7.13) in (7.12) and (7.11) in (7.10), then (7.12) and (7.10) in

(7.9), and finally (7.9), (7.14), and (7.8) in (7.7), we get (2.21) to complete
the proof of Theorem 4.
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