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1. Introduction
In this paper we study the Cauchy problem of multidimensional generalized double dispersion equations

Uy — Au— Auge + A2u=Afu), xeR" t>0, (11)
u(x,0)=uo(x),  u(x,0)=u1(x), xeR", (12)
where f(u) satisfies

n—2

) {f(u)=a|u|p, a>0, M2<p<™forn>3;
1<p<ooforn=1,2.
Considering the possibility of energy exchange through lateral surfaces of the waveguide in the physical study of nonlin-
ear wave propagation in waveguide, the longitudinal displacement u(x, t) of the rod satisfies the following double dispersion

equation (DDE) [14,1,2]

1
U — Uyy = Z(Guz + aug — buixy) (1.3)

and the general cubic DDE (CDDE)

1
U — Uxy = Zl(cu3 +6u + aus — buyy + dut) (1.4)

XX’
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where a, b and ¢ are positive constants. In [3,15] Chen and Wang studied the initial-boundary value problem and the
Cauchy problem of the following generalized double dispersion equation which includes above Eq. (1.4) as special cases
Ugt — Uxx — QUxxer + DUxxxx — dUxee = f (W), (15)

where a > 0, b > 0 and d are constants. For the case f’(s) > C (bounded below) they proved the existence of global
solutions. And they also shown the nonexistence of the global solution under some other conditions to deal with the global
well-posedness of (1.4). Recently in [11,12] for the nonlinear term f(u) satisfying more general conditions than both convex
function and f(u) = |u|P, the Cauchy problem and the initial-boundary value problem for a class of generalized double
dispersion equations

Uge — Uxx — Uxxet + Uxxx = f (W,

were studied respectively. For both of above problems the authors obtained the invariant sets and sharp conditions of global
existence of solution by introducing a family of potential wells. However, for the multidimensional cases it is still open to
give the local and global well-posedness for the Cauchy problem (1.1), (1.2). Most recently, in [13] the authors considered
the Cauchy problem of the multidimensional nonlinear evolution equation
un—Au—Aun+A2u—kAut:Af(u), xeR" t>0, (1.6)
u(x,0)=uo(x),  ux,0)=u(x), xeR", (1.7)

where k is an arbitrary real constant. They first gave the existence of local solution. Then by some estimates of local solution
they attempted to obtained the existence of global solution. Also they showed the lack of global existence. Note that in [13]
in order to obtain the global existence of solution for problem (1.6), (1.7) the authors requested

@) [(i) F(u)>0, VueR; or
(i) f’(u) is bounded below, Vu eR.

So the global existence of solution for Cauchy problem of Eq. (1.4) and its multidimensional generalization were solved.
However for Eq. (1.3) we have f(u) = %uz, F(u) = %u3 and f’(u) = 3u, which do not satisfy (A). In general, for f(u) =alu|?,
a>0, p>1we have F(u) = ﬁ|u|pu and f’(u) =ap|u|P~2u, which do not satisfy (A) too. Therefore the results of [13] are
not applicable for Egs. (1.3) and (1.1) with f(u) =alu|P.

In this paper we study the Cauchy problem (1.1), (1.2), where f(u) satisfies (H). We aim to give the sufficient and nec-
essary conditions for the global existence of solution for problem (1.1), (1.2). In order to do this, we employ the variational
methods and the existence of the invariant sets of solutions [4-10]. Throughout this paper we denote LP(R") and HS(R")
by LP and H® respectively, with the norm || - [, = I| - lLo@ey, I - 1= - Il .2@n and the inner product (u, v) = fRn uvdx. We
also define the space

H={ueH"| (—A)"Zue %},
with the norm

luly =l + |~ 2u] 5
and the space

L={ue L2 | (—A)_%u € LZ},
with the norm

lul? = ul, + (=) 2u,

where (—A)™%v = Z~1(|g]722 Zv), F and £~ are the Fourier transformation and the inverse Fourier transformation
respectively.

Lemma 1.1. H is dense in L.
Proof. This lemma follows from the fact that H! is dense in L2. O

We like to give the following conclusions, which will be used in the future discussions.
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Proposition 1.2. (See [13].) Assume that s > 5, ug € H%, uy € H™', f € CI*1(R). Then problem (1.1), (1.2) admits a unique local
solution u(t) € C([0, T), H®) N C1([0, T), H~ 1), where T is the maximal existence time of u(t). Moreover if

su u(t s T+ | ue(t 5— s
s (0] + 0] ) <o

then T = oo.

From Proposition 1.2 we see that if we take s =1, ug € H!, uy € L? in Proposition 1.2, since n < 2s =2 we can only
know the local existence and global existence of solution for n = 1. In other words, for the case s=1, ug € H', uy el?itis
impossible for us to derive any local and global well-posedness results for problem (1.1), (1.2) for n > 1. One maybe thinks
this is just a special example. But indeed this restriction goes along with s perpetually. One can easily check that if s =2,
we can only discuss the case n < 3 if we like to lean on Proposition 1.2. So this local well-posedness theory does limit us
to find more general conclusions. In the present paper, we aim to find another way to get more general results about the
well-posedness problem for (1.1), (1.2). And certainly Proposition 1.2 is abandoned in this paper.

Definition 1.3. We call u(x,t) a weak solution of problem (1.1), (1.2) on R" x [0, T), if u € L0, T; H'), u; € L°°(0, T; L)
satisfying
t

() ((—A)’%ut, (—A)’%v) + (ur, v)+/((u,v)+(Vu,Vv) + (f),v))dr

0
= ((=A)"Zuy, (=A)"2v) + (u1,v), VYveH, Vte[o,T). (1.8)
(ii) There holds u(x, 0) = ug(x) in H'; and
us(x,0) =uq(x) inlL. (1.9)
(iii) E(t) <E©) forallte[0,T), (1.10)

where

E(t)zl(H(—A)*%utH%||ut||2+||u||i,1)+ F(u) dx,
2

He—

F(u):/f(s)ds.
0

2. Preliminary results

In this section we will give some preliminary results in order to state the main results of this paper. First for prob-
lem (1.1), (1.2) we introduce the following functionals

1 1
J(u>=§(||u||2+||Vu||2)+fF(u)dx=5||u||i,l +fF(u)dx,
Rn Rn

1 = ulR, + [ uf s
Rn
d = inf
JQN](”)’
N={ueH"|Iw) =0, |luly #0},
where f(u) satisfies the assumption

Ho) {f(u)=a|u|p, a>0, 1<p<™forn>3;

l<p<ooforn=1,2.

Clearly if f(u) satisfies (Ho), the above functionals can be well-defined on H!(R").

Lemma 2.1. Let f(u) satisfy (Ho), u € H' and



742 R.Xu, Y. Liu /J. Math. Anal. Appl. 359 (2009) 739-751

(p()\):—%/uf()\u)dx.
RH

Assume that [, uf (u) dx < 0. Then

(i) @A) isincreasingon 0 < A < oo.
(ii) limy 9@ ) =0, lim)_ 1o @(A) = +00.

Proof. This lemma follows from

(p()\):—%/uf()\u)dx:—)»p*]fuf(u)dx- o

Rn R
Lemma 2.2. Let f(u) satisfy (Ho), u € H'. Then

(i) limy—o J(Au) =0.
(i) () =1L J (), Va > 0.

Furthermore iffR" uf(u)dx < 0, then

(iii) limy— 400 J (AU) = —o00.
(iv) In the interval 0 < A < oo there exists a unique A* = A*(u) such that

d JGa) =0
da NV

(v) J(iu) isincreasing on 0 < A < A*, decreasing on A* < A < oo and takes the maximum at A = 1*.

(vi) I(Au) > 0for 0 < A < A*, I(Au) <0 for A* <A < oo and I(A*u) =0.

Proof. Parts (i)-(iii) are obvious.
Note that fp, uf (u) dx # 0 implies ||ul|,: # 0 and

d
3 0w =x(lullh, —e),

which together with Lemma 2.1 gives parts (iv) and (v).
Part (vi) follows from part (ii) and (2.1). O

Lemma 2.3. Let f (u) satisfy (Ho), u € H'. Then
(i) IfO < |lull g1 < ro, then I(u) > 0;

(i) IfI(u) <O, then |lully1 > ro;
(iii) IfI(u) =0and ||ul|y;1 #0, i.e.u € N, then |[ul| 1 > ro, where

1 p=1 llullp1
ro= (T) , Ci= sup AL}
aCy ueH!, u#0 llull e

Proof. (i) If 0 < ||u||y1 < ro, then I(u) > O follows from

+1 +1 +1
/uf(u)dx</|uf(u>|cb<=a||u||,’j+1 <acy™ ullh
RH RH
+1 -1 2 2
= aCl P 2y < ),

(ii) If I(u) <O, then ||u||y1 > ro follows from

2 +1 -1 2

Il < —/uf(u)dx<aC£ 2 ),

Rl’l
(iii) If I(u) =0 and ||u|| 41 # 0, then we have

(2.1)
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2 +1
lullg z—/Uf(u)dX<an lul?y IIUIIHl,
Rn

which together with [lu]lg1 # 0 gives |[ully1 >r10. O

Lemma 2.4. Let f (u) satisfy (Hp). Then

2

. Cp—1 1\

(ii) Ifu € H! and I(u) < 0, then
Iw) < (p+D(Jw) —d). (2.3)

Proof. (i) For any u € \V, by Lemma 2.3 we have [|ul|y1 >ro and

1 1 1
Jw = 5 ul?, +/F(u>dx=5||u||i,1 o [wranax
R" R"
_ 1 2 _ p—-1 ,
= (5= 5 Wl 1 = P i > P,
which gives (2.2).

(ii) Let u € H! and I(u) < 0, then from Lemma 2.2 it follows that there exists a A* such that 0 < A* <1 and I(A*u) =0.
From the definition of d we have

1
d< J(Wfu) = §||x*u||§11 +/F(k*u)dx

Rn

1
—||)\”‘u||H1 +— ’ +l A*uf(k*u) dx

— (1 ! I ¥ull?, + ! 1V u)
“\2 p+1 HY D p

p—1 112 2 P— 2
=——||A*u =A—|u
RS RS
p—1
<———|ull%,
2(p+1)
From this and
u _ —1I(u
Jw = 2 +1)|I ||H1 1 (w)
we get

p— 2
<—|u
TTESTLALY
which gives (2.3). O

1
=](u)—m1(u),

Now we define two subsets of H!(R") which will be proved to be invariant under the flow generated by problem (1.1),
(1.2). Set

W={ueH"|Iw)>0, J(u)<d}u{o};
V={ueH"|Iw <0, Ju <d},
and
W' ={ueH"|Iu) >0}u{o};
V' ={ueH"|Iw) <0}
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3. Invariant sets
This section will show that the subsets W and V of H'(R") are invariant under the flow of (1.1), (1.2).

Theorem 3.1. Let f (u) satisfy (Ho), ug € H', u1 € L. Assume that E(0) < d. Then both sets W' and V' are invariant under the flow
of (1.1), (1.2).

Proof. We only prove the invariance of W’, the proof for the invariance of V'’ is similar. Let u(t) be any weak solution of
problem (1.1), (1.2) with ug € W/, T be the maximal existence time of u(t). Next we prove that u(t) e W’ for 0 <t < T.
Arguing by contradiction we assume there is a t € (0, T) such that u(t) ¢ W’. According to the continuity of I(u(t)) with
respect to t, there is a tg € (0, T) such that u(tp) € dW'. From the definition of W’ and (i) of Lemma 2.3 we have B;, C W',
B, ={ue H!| lully1 <ro}. Hence we know 0 ¢ dW’. So u(tg) € 9W reads I(u(tp)) =0 with |u(to)lly1 # 0. The definition
of d tells J(u(tp)) > d, which contradicts

1 1
S 2w+ uel?) + @) <E© <d, 0<t<T. (31)
So the prove can be completed. O

And the following corollary can be concluded from the above Theorem 3.1.

Corollary 3.2. Let f (u) satisfy (Ho), ug € H', uy € L. Assume that E(0) < d. Then

(i) All weak solutions of problem (1.1), (1.2) belong to W provided I(ug) > 0 or |lug||y1 = 0.
(ii) All weak solutions of problem (1.1), (1.2) belong to V provided I(ug) < 0.

Next we consider the case E(0) <0, which is a special case of the energy restriction E(0) <d.

Corollary 3.3. Let f(u) satisfy (Ho), ug € H', u; € L. Assume that E(0) < 0 or E(0) = 0, lluglly1 # 0. Then all weak solutions of
problem (1.1), (1.2) belong to V.

Proof. Let u(t) be any weak solution of problem (1.1), (1.2) with E(0) <0 or E(0) =0, |lugllyt #0, T be the maximal
existence time of u(t). From

p—1
2(0+1)

we see that if E(0) <0 or E(0) =0 with |luglly1 # 0, then I(ug) < 0. Hence from Corollary 3.2 we get u(t) € V for
0<t<T. O

1 1
E(H(—Ar%ul 12+ hunl?) + lluoll?: + o7 (0) = E©),

4. Existence and nonexistence of global solution

In this section we study the existence and nonexistence of global solution for problem (1.1), (1.2). And we give some
sharp conditions for global well-posedness. These results are independent of the local existence theory, so they are not
restricted by the conditions for the local solution.

Let ugp € H, ug €L, {Wj}i-; be a basis function system in H. Construct the approximate solutions of problem (1.1), (1.2)

um(x,t)=Zgjm(t)wj(x), m=1,2,... (4.1)
j=1

satisfying

((—A)_%umtt, (_A)_% Ws) + (Umit, Ws) + (Um, Ws) + (Vium, VWs) + (f(um)» Ws) =0,

s=1,2,....,m, (4.2)

Un(x.0) =Y ajmw;(X) > up(x) inH, (4.3)
j=1

Umt(X,0) = bjmw;(X) > u1(x) inL. (4.4)

j=1
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Multiplying (4.2) by g¢,,(t) and summing for s we get

iE t) =

i m(t) =
and

Em(t) = Em(o)v (4-5)
where

1
Em(t) = 5(|| (A 2t |* + el + umll + 1 Vum])?) + / F(um) dx,
RH

F(u)= / f(s)ds. (4.6)
0

Lemma 4.1. Let f (u) satisfy (H), ug € H, uy € L. Then F(ug) € L. And for the approximate solutions up, defined by (4.1)-(4.4) there
holds Er,(0) — E(0) as m — oo, where

E(0) = (||< A 2w |P + lur ]2 + Juoll® + [ Vuol?) +/F(u0)d><-
Rn
Proof. First from (H) we have

|Fu)| < |u|P“, Vu eR,

where 2(1+ ) <p+1< 2 forn>3,2<p+1<oo for n=1,2. From this and ug € H' we get F(up) € L'.
From (4.3), (4.4) we get that as m— oo

[ (=) 2ume O + [ume ©)|* + [um(©) |* + | Vum©@)]* = || (=A) " 2us |* + w12 + luoll + [ Vuo ||
Next we prove

/F(um(O))dx—> /F(uo)dx as m — oo.

Rn Rn

In fact we have

’/ um(O) dX—/F(llo)dX

| 1<q,r<oo,

/ | £ m)| | (©) — 1] d < | £ (g, |t (©)

RH
1 1
—t+-o=1,
q r
where gom:uo—l—e(um(O)—ug) 0<9<1
(i) Ifn>3. Chooseq—— r—m We have

|um(©) —uo ||, < Clum(0) — oy — 0 asm— oo,
|\f<gom>||£=f(a|<pm|P)’dx=A||<pm||§£
]Rﬂ

From (H) we have 2 < pr < ;25 hence || f (¢m)|Ir <
(ii) If n =1, 2. Choose q =r =2, then we have

|um(0) — u0||q < |um(0) —ug| - 0 asm — oo,

[f@m )= | f@m)]|” < Allgmll3:
Since 2 < 2p < oo, we get || f(¢m)|lr <C.
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Thus for above two cases we always have

/F(um(O))dx—> /F(uo)dx asm— oo
R" R?
and E;(0) > E(0) as m— oco. O

Corollary 4.2. Let f (u), ug and uq satisfy the conditions of Lemma 4.1. Assume that E(0) < d. Then E,,(0) < d for sufficiently large m.

Lemma 4.3. Let f(u) satisfy (H), ug € H, uq1 € L, E(0) < d. Assume that I(ug) > 0 or ||ug||y1 =0, i.e. up € W'. Then for the approxi-
mate solutions up, defined by (4.1)-(4.4) there holds up, € W' for 0 <t < oo and sufficiently large m.

Proof. Arguing by contradiction, we assume that there exists a f > 0 such that up,(t) ¢ W’ for some sufficiently large m.
Then by the continuity of I(un,) with respect to t it follows that there exists a tg > 0 such that uy(tg) € 9W’. On the other
hand, from the definition of W’ we have 0 ¢ dW'. Hence I(um(to)) =0 and ||upm(to)||y1 # O for some sufficiently large m.
From the definition of d we get J(umn(to)) > d, which contradicts (by (4.5))

Em(t) = l(|| (—A) 7t H2 + llume 1) + J (um) = Em(0) <d, 0<t<o0 (4.7)
2

for sufficiently large m. O

Corollary 4.4. Under the assumption of Lemma 4.3 we have

2(p—|—1)d

—d. | (=AY 2 ume|* + lumel® <2d, 0<t < oo, (4.8)

lumli?; <
for sufficiently large m.

Proof. From (4.7) we get that for sufficiently large m there holds

p—1
2(p+1)
which together with u,,(t) € W’ gives (4.8). O

1 1
S (18 2l + e ) + Il + 51t = En(©) <d. 0<t<ox,

Theorem 4.5 (Global existence). Let f(u) satisfy (H), up € H, uy € L. Assume that E(0) < d, I(ug) > 0 or |lug||y1 = 0. Then prob-
lem (1.1), (1.2) admits a global weak solution u(t) € L>(0, oo; H') with u;(t) € L%(0, 0o; L) and u(t) € W for 0 < t < oo.

Proof. For problem (1.1)-(1.2), construct the approximate solutions up(x,t) by (4.1)-(4.4). From Corollary 4.4 it follows that
{um} in L%(0, 0o; H'); {um} in L%°(0, oo; L) are bounded respectively. Moreover by an argument similar to that in the proof
of Lemma 4.1 we can get {f(up)} are bounded in L*°(0, co; L"), where r is defined in the proof of Lemma 4.1. Hence there
exists a u and a subsequence {u,} of {upy} such that as v — oo

U, —u in L°°(O, 00; H]) weakly star and a.e.in Q =R" x [0, c0);

Uyr — Uy in L%°(0, oo; L) weakly star;

fuy) = x = f@) inL>(0,00;L") weakly star.

Integrating (4.2) with respect to t from 0 to t we get
t
_1 _1
((_A) ZUme, (—A)72 Ws) + (Ume, ws) + /((um, ws) + (Vum, Vws) + (f(um)v Ws)) dt
0
_1 _1
= ((_A) 2Ume(0), (—A) ™2 Ws) + (umt(o)’ Ws)- (4.9)
Let m = v — oo in (4.9) we obtain
t
_1 _1
(=) 2up, (=A) "2 ws) + (ue, ws) + [ (W, ws) + (Vu, Vws) + (f (u), ws)) dt
0
1 1
=((=A)"2u1, (—A)"2ws) + (U1, wg), Vs
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and
t
((—A)*%ut,(—A)*%v)+(ut,v)+/((u,v)+(Vu,Vv)+(f(u),v))dr
0
= ((=A)"2uy, (=A)"2v) + (u1,v), Vv eH, Vte[0,o00).
On the other hand, from (4.3) and (4.4) we have u(x, 0) = ug(x) in H! and u;(x, 0) = uq (x) in L.

Next we prove that above u satisfies (1.10).
Note that the embedding H! < LP*! is compact under the condition 2(1 + %) <p+1< HZT"Z forn>3;2<p+1<o00

for n =1, 2. Thus from {un} is bounded in L>(0, co; H') it follows that there exists a subsequence {u,} of {un} such that
as v — oo

u, — u in LP*! strongly for each t > 0.

Hence

‘[F(uv)dx—/F(u)dx
Rn R"

where(]:p—H,f:prl,uU:u+0(uU—u),0<0<1.From

</|f(vv)!|uv—u|dx< T N —
Rn

luy —ullg—0 asv— oo,

and
r p Fd ptl p+1 <
”f(Vv)”;: (a|Vv| ) X=a? ||Vv||p+1 <C
Rl’l
we get
/F(u,))dx—>/F(u)dx as v — o0.
R® R®
Hence

1 1/, . _1 L -
S (18 2| + el + uly) < 5 (iminf [ (=)~ Zuye |* + liminf Juyel? + iminf uy [, )

| _1 2 2 2
< S iminf([[(=A) 72 e[+ luvel* + lluvlig) - (by (4.5))
:liminf(Ev(O)—/F(uv)dx) = lim (EU(O)—/F(uU)dx)
V—>00 V—>00
Rn R7

= E(0) —/F(u)dx
Rn

which gives E(t) < E(0) for 0 <t < oo. Therefore above u(x) is a global weak solution of problem (1.1), (1.2). Finally from
Corollary 3.2 we get u(t) e W for 0<t <oco. O

Corollary 4.6. Under the conditions of Theorem 4.5, for the global weak solution of problem (1.1), (1.2) given in Theorem 4.5 we further
have

u(t) € L0, T: H), VT > 0.
Proof. From
t
(—A) 2y = /(—A)—%u, AT + (=A) " 2up, 0<t < o0

0
we get
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t
oy bul < [ Ia)bufdr + [ -a) Huol
0

<T A)~? A)~? 0<t<T
X OgltaSXT(H(_ ) utH)"‘H(_ ) Uopl|f, xtx 1,

which gives

(—A)2uel®(0,T;L%), VT >0
and

u(t) e L*°(0,T; H), VT >0. O
Corollary 4.7. If in Theorem 4.5 the assumption “E(0) < d, I(ug) > 0 or ||ug|ly1 = 0”is replaced by “0 < E(0) <d, |luollyt <10”
where rg is defined in Lemma 2.3. Then the conclusion of Theorem 4.5 still holds and

2(p+1)

oot FO em Rt P <260), o<t <oo

2
lullf <
Proof. Note that ||ug|ly1 < ro implies 0 < [lugllg1 < 1o or |ug|lyr =0. If 0 < [lugllg1 < ro, Lemma 2.3 immediately gives

I(ug) > 0. Then the proof is completed by Theorem 4.5 and

p—1 2 1
—||u + ——Iu)=E({t)<E0)<d, 0<t<oo. ]
+1)” I p+1() (t) <E(0)

1 _1 2 2
5(”(_A) 2ug |7+ fluel )+2(p

Next we prove the global nonexistence of weak solution for problem (1.1), (1.2).

Theorem 4.8 (Global nonexistence in V ). Let f (u) satisfy (H), ug € H, u1 € L. Assume that E(0) < d, I(ug) < 0. Then problem (1.1),
(1.2) does not admits any global weak solution.

Proof. Let u(t) € L°(0, 00; H') with u.(t) € L*°(0, o0; L) be any weak solution of problem (1.1), (1.2), T be the maximal
existence time of u(t). Now we need to show T < oco. Arguing by contradiction, we suppose that T = +o0. Let

¢ = [ (=) 2u|® + full?.

From the proof of Corollary 4.6 (note that in the proof of Corollary 4.6 the assumptions u € L°°(0, co; H), u; € L*(0, oo; L)
and ug € H are required only), it follows that ¢ (t) is well defined for 0 <t < co. Then we have

$(6) =2((—A) Zup, (—=A) " 2u) + 2(uq, u),
$©) =2] (=) 2ue|* + 20l + 2((=A) " Zuge, (—A)7u) + 2(uge, u)
=2[ (= A) e |” + 2fuel? 4 2((—A) e, 1) + 2, u)

¢}

=2||<—A>—%ut||2+2||ut||2—2<||u||i,1+ / uf(u)dX)

=2 (=A) " Zue|” + 20ue? - 21 ). (4.10)
From Schwartz inequality we get
(B©)* = 4(((=A) 21, (~A) 2 ue) + (u, up)’
= 4(((=8) " 2u, (=A) 2up)” + U u)? +2((—A) 3w, (—A) 2ug) (U, up))
<A( =) 2u P =y 2ue | 4 P luel® + =) 7u P uel® + ul? | (—2)" 2u )
which gives

(@0)> <4p®) (| (=) 2ue|? + lluell?).

Hence
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. 3.
$OH(®) — %(qxr))z > 6O~ + D(| (=) 2ue[* + 1 )2) - 21w).
From (1.10) we get
—(p+ 1)(||(—A)_%ut||2 + lluel®) = 2(p + D(J ) — E0)) > 2(p + D(J (w) — d).
So by Theorem 3.1 and (2.3) we have
. 3.
$OG®) — %(W))2 > 26 (P +D(JW —d) — W) >0

and

—o
¢(t)a+2
On the other hand, from (4.10) and (2.3) we get

(¢(t)d§(r)—(a+1)(¢3(t))2) <0, a:g, 0<t<oo. (411)

(¢70) = 4

b(t)
o)
Hence there exists a tp > 0 such that ¢(t) > ¢(ty) > 0 for t > to and

—2I(w)>2(p+1(d— Jw) >2(p + 1)(d — E(0)) =80 > 0,
Sot +$(0), 0<t < oo.

VoWV

B (t) > P(to)(t — to) + P(to) = p(to)(t —to), to <t < oo.

Therefore there exits a t; > 0 such that ¢(t1) > 0 and q.S(t]) > 0. From this and (4.11) it follows that there exists a T{ > 0
such that

lim ¢~ %) =0
t—>Tq
and
lim ¢ (t) = +o0, (412)
t—>Tq
which contradicts T = +o0. So we prove the nonexistence of global weak solutions. O
From above Theorem 4.8 and Corollary 3.3 we can conclude

Corollary 4.9. Let f (u) satisfy (H), ug € H, uy € L. Assume that E(0) < 0 or E(0) =0, |[ug||y1 # 0. Then problem (1.1), (1.2) does not
admits any global weak solution.

From Theorems 4.5 and 4.8 we can obtain a sharp condition for existence and nonexistence of global weak solution for
problem (1.1), (1.2) as follows.

Theorem 4.10. Let f (u), ug and uq be same as those in Theorem 4.5. Assume that E(0) < d. Then when I(ug) > 0 problem (1.1), (1.2)
admits a global weak solution; and when I(ug) < 0 the problem (1.1), (1.2) does not admit any global weak solution.

The above theorem can be followed by another form as follows for problem (1.1), (1.2).

Theorem 4.11. Let f (u), ug and uy be same as those in Theorem 4.5. Assume that E(0) < dg, where dg is defined in Lemma 2.4, i.e.

2
p—1 ( 1 )Pf1
dy=—— —— .
2(p+1) \ gcPH!
Then when ||ug|| 1 < ro problem (1.1), (1.2) admits a global weak solution; and when |lug||y1 > ro problem (1.1), (1.2) does not admit

any global weak solution, where rq is defined in Lemma 2.3, i.e.

1

1 -1 u 1
T0=<—+1> . Co= sup e
aCf ueH?!, u#0 ”u”H1
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Proof. We will complete this proof by considering case |[ug|lg1 < ro and case |[ug|ly1 > ro separately as follows.

(i) Since |luglly1 < ro implies 0 < |lugllyr < 1o or |lugllyt = 0. If 0 < |luglly1 <ro, from Lemma 2.3 we can derive
I(up) > 0, which makes Theorem 4.5 work to make sure the weak solution exists globally.

(ii) If fluollyr = ro, then by

2

1 12 2 p—1 2 1 p—1 ( 1 )ﬁ
Ly 3w P+ 1) + <P ol + —Tu) = EQ) <dg= P~ 1
2(”( )" 2ug [T+ lluq ) 2(p+1)” ollgn p+1(o) (0) <do 20+ 1) \gcrH

_ p—-1 5,

=12

2(p+1)

we get I(up) < 0. Then Theorem 4.8 gives that there is no global weak solution for problem (1.1), (1.2). O

2

p=1.2
rg <Trg.

Note that F(ug) = #mmpuo. Hence if ug(x) > 0 a.e. in R", then from E(0) < dg we can obtain \|u0||f11 < 7Es)

Therefore we have the following corollary.

Corollary 4.12. Let f(u), ug and uq be same as those in Theorem 4.5. Assume that E(0) < do and ug(x) > 0 a.e. in R™. Then prob-
lem (1.1), (1.2) admits a global weak solution.

5. Generalization and example

In this section we give a generalization and an example for the results of this paper.

Generalization 5.1. Clearly all the results of this paper also hold when we replace Eq. (1.1) by
U — AU — aAug + bA2u = Af),

where a and b are positive constants.

Example 5.2. Consider the multidimensional generalization of Eq. (1.3)

Ut — AU — aAuy +bA%*u = Af(u), (5.1)

where a and b are positive constants, f(u) = %uz. It is easy to check that this f(u) satisfies (H) for 1 <n < 5. Hence from
Theorem 4.11 we can obtain the following

Theorem 5.3. Let f(u) = %uz, 1<n<5,ug € Handuy € L. Assume that
1 2 1 2 2
| (=) 2un | " + ua ? + lluoll* + ||Vuo||2+fu§;<x>dx< §<ﬁ) : (52)
*

RN

Then when

2
2
2 2
u u —
luoll” + [[Vuoll <<3C2>

problem (5.1), (1.2) admits a global weak solution; and when

2
2
2 2
uol|l® + [|Vuoll* > | —
lluoll [Vuol| <3C,§>

the problem (5.1), (1.2) does not admit any global weak solution.

Corollary 5.4. Let f(u), n, ug and uq be the same with those in Theorem 5.3. Assume that ug(x) > 0 in R" and (5.2) holds. Then
problem (5.1), (1.2) admits a global weak solution.
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