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Weak and strong duality results are established under invexity hypotheses for
symmetric dual variational problems without positivity constraints. Self-dual
problems and static symmetric dual programs are included as special cases. © 1990
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1. INTRODUCTION

Duality in nonlinear programming is usually treated using the scheme of
Wolfe [9], in which the formation of a dual involves the introduction of
new variables corresponding to primal constraints. Thus, except in linear
programs, the primal cannot be obtained by forming the dual of the dual.

The concept of symmetric dual programs, in which the dual of the dual
equals the primal, was introduced and developed in papers such as Dorn
[2], and Dantzig, Eisenberg, and Cottle [1]. Mond and Hanson [5]
extended symmetric duality to variational problems, giving continuous
analogues of the previous results.

Assumptions common to these works are those of convexity and con-
cavity. Since the identification of invex functions in Hanson [3], many
results which formerly required convexity have been extended using
invexity, including the variational problems discussed in Mond, Chandra,
and Husain [4]. In this paper, we apply invexity to a symmetric dual
variational problem, without the positivity constraints of Mond and
Hanson [5], but with an extra condition on the invexity. The special case
of self-dual variational problems, along with the reduction to static sym-
metric dual programs without positivity constraints when there is no time
dependency, is presented.

2. NoTATION

Consider the real scalar function f(z, x, x', y, y'), where te[t,, 1], x
and y are functions of ¢ with x(¢)e R" and y(¢)e R”, and x’ and y’ denote
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SYMMETRIC DUALITY WITH INVEXITY 537

derivatives of x and y, respectively, with respect to ¢. Assume that f has
continuous fourth-order partial derivatives with respect to x, x', y, y".
f. and f.. denote the gradient vectors of f with respect to x and x’, i.e,,

re(Zn ) wme ne(Z Y

oxV "7 ox"

Similarly, f, and f,, denote the gradient vectors of f with respect to y

and y'.
The following observations are used for proving strong duality:

%fy' =foit S VAL V' + [ X + e X"
Consequently,
=t
i =t
L =t
e

The analogous properties of (d/dt)f. could be employed for a converse
duality theorem, but such a result is more efficiently established via

symmetry.
Note that vector inequalities are defined component by component.

3. SYMMETRIC DUALITY

We consider the problem of finding functions x: [¢;, ¢,]— R" and
y: o, t,1 = R™, with (x'(z), y'(1)) piecewise smooth on [1,, 1], to solve
the following pair of optimization problems.
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(P) Minimize

J'[ 055 = w07 it x )

o
T d ’ '
+ v(1) Ef*"(t’ x, x', y, y') | dt
subject to: x(25) = xq, X(1) =Xz, y(to) = yo, ¥(t,) =y, (1)
d ! ’ ’ ’
Efv’(hx,xay’y)zfy(t’x’xsyay)5 te[t09tf] (2)

(D) Maximize

[ | 5= 507 ot

4]
T d ’ ’
+X(t) E.fx’(t, X, X yﬂ y ) dt

subject to: x(1o) = xo, x(t7) =X, p(ta) = yo, ¥(ty)= ys

d ’ ’ 7 14

Efx'(taxvx’ y’y)sfr(t’ X, X, }”J’)v te[t()a tf], (3)
where (2) and (3) may fail to hold at corners of (x'(z), y'(¢)), but must be
satisfied for unique right- and left-hand limits.

These are Problems I and II stated in Mond and Hanson [ 5], with the
constraint x(z) >0 removed from I, and y(¢) >0 removed from IL

DeriniTioN.  The functional jg f (f as given above) is invex in x and x’
if for each y: [1y,1,] > R™, with )’ piecewise smooth, there exists a
function #: [#5, 2, ] x R" x R"xR" x R"— R" such that

i
j‘ [f(ts X, X’, Vs )")—‘f(f, u, ll,, Vs y,)] dr
I
i
Zf n(, x, x' u,u')"
]

d
<[ty =G ettt |

for all x: [y, 1,1 = R, u: [#,, t,] = R" with (x'(¢), u'(¢)) piecewise smooth
on [, t/].
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Similarly, the functional —j’,g f is invex in y and y' if for each
x: [ty,t,1—>R", with x" piecewise smooth, there exists a function
& [, 1] X R x R™ x R™ x R™ — R™ such that

_JU [f(, x, x",v,0")— f(t, x, x', y, y')] dt

0

!/ 7
>~ &0,y )

]
’ 14 d ’ ’
X fv(t5x’xsy3y)_Eify-’(t’xaxay’y) dt

for all v: [t,, t,]1 = R™, y: [to, t;] = R™ with (v'(¢), y'(¢)) piecewise smooth
on [to, t/].

In the sequel, we will write n(x, u) for (1, x, x’, u, '), and &(v, y) for
¢t v, 0y, ¥')

As shown in Mond and Smart [7], ji{) f1is invex in x and x’ iff, for each
fixed y, a critical point yields a global minimum; and —{¥ f is invex in y
and y’ iff, for each fixed x, a critical point yields a global maximum of {7 f.

THEOREM | (Weak Duality). Ifj;{]f is invex in x and x', and —ijofis
invex in y and y', with n(x,u)+u(t)=0 and &(v, y)+ y(t)=0 for all
te[ty,t,] (except perhaps at corners of (x'(t), y'(t)) or (u'(t),v'(2)))
whenever (x, y) is feasible for (P) and (u,v) is feasible for (D), then
inf(P) = sup(D).

Proof. Let (x, y) be feasible for (P), and (u, v) be feasible for (D).
Then

ty
f [f(t, X Xy, v = ()T flt, x, x y, )
+ (t)Tﬁf t, x, x' ")
y dl A S "’ysy
- [f(t’ u, ', 0, 0")—u(t)" fo(t,u,u’, v, ")
+u(t)T£f (t ! Y| | dt
dt x’ s U, U, 0,0

i d
> — f’ (v, y)T[fy(t, x, x', y, y')—afy'(t, x, x', ¥, y’)] dt

ty d
+f nCe, )| felt,u, o, 0,0 —— folt,u,u', v, 07) | dt
H dt
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i
+
Iz

0

d
— ()" [fy(t, XX,y y)— 7 Lot x, X', y, y/)] dt

4 d
+ I ’ u(t)T[fx(t, u,u', v, L’/)—Ef\f’(t’ u, u', v, v’)] dt

0

for some functions n and & by assumptions of invexity

- _f,[j (v, y)+ y(0)”
d
X |:fy(t’ x, x', Ys yl)—d_tfy’(t’ x, x', Ys .V):I dt

i
+ [ rtx )+ (o))

0
d
X l:fx(t, u, u', v, v') —Zi—tfx/(t, u,u', v, u’)] dt

20 by (2) and (3) with 5(x, u)+u(z)=0 and (v, y)+ y(¢) 2 0. Hence,
inf(P) = sup(D). |

Remark. If the invexity assumptions of Theorem 1 are replaced by con-
vexity and concavity (i.c., [ fis convex in x and x’ for each y, and [ f
is concave in y and y’ for each x), then the conditions n(x, «) + u(z) >0 and
E(v, Y+ y(2) 20 become x(¢) =0 and v(¢) = 0. These constraints may be
added to Problems (P) and (D), respectively, to obtain the dual pair of
Mond and Hanson [5].

In the following theorem and proof, f* represents f(z, x*, x*', y*, y*)
and partial derivatives are similarly denoted.

THEOREM 2 (Strong Duality). Let (x*, y*) be optimal for (P), and
assume that the system

d d d d?
o7 (1,515 )+ 5| 0 G |+ Ga| 773 |0

only has the solution p(t)=0, te[ty,t,]. Then (x*, y*) is feasible for (D).
If, in addition, the invexity conditions of Theorem 1 are satisfied, then
(x*, y*) is optimal for (D), and the extreme values of (P) and (D) are equal.

Remark. This theorem also serves to correct the statement of the
system of differential equations given in Theorem 2 of Mond and Hanson

(51
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Proof. Applying the necessary conditions of Valentine [8], if (x*, y*)
minimizes (P), then there exists e R and A: [#,, 1,] = R™ such that

d d
* — * _ kT % T o N\ AT 2 f% _ f*
Hr =i 1r oyt ey 3 )i (G-

satisfies
H*‘i *+_d_2_H*_0 (4)
Yoodtt Y Tder T
d d*
H* - — H*4+—H*=
F S HE Ao HE=0 (5)
and
i (% 5= 1x)=0 (6)
"t 7
Ao=0 (7)

A=0 (8)

throughout [#,, #,] (except at corners of (x*'(¢), y*'(¢)) where (4) and (5)
hold for unique right- and left-hand limits). A, and A(¢) cannot be
simultaneously zero at any t€ [#,, {,], and 4 is continuous except perhaps
at corners of (x*'(¢), y*'(1)).

Using the observations on (d/dt)f, from the notation section, (4)
becomes '

d d d
I BUNL AV A s (=i p*\T D
(/“ o) ) < vy d[ yy > + dt |:(A /“Oy ) dt y'y ]

d2
+W[—(i—ioy*)T T]=0 (9)

and (5) becomes

d d
Ao f ¥ A — T rx 7 % V1 7 rx
Ofx +( l()y ) ( Xy dt _vx) '1'0 dt fx

d d
—— | A=A y¥ )T [ f* —— % . —f*.
dt I:( o) ) ( vx dt yx Vi >:I

2

d
+Jt—2[—(}t—ioy*)7f;x/]=0. (10)
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By assumption, the only solution of (9) is A — A, y* =0. This gives i,>0,
since if 4,=0 then A=0 everywhere, contradicting the necessary condi-
tions.

Equation (10) now becomes

d
Ao f*—hog— fh=
Ofx' A’Odtfx 0;

d
*——" *.: .
I3 dtfx 0 (11)
Equation (6) gives
d
T{Z fx _ f%)=
(Gr3-10-0
1e.,
d
— T =0 (12)

By (11), (x*, y*) is feasible for (D). From (11) and (12), (P) and (D) have
equal objective values at (x*, y*), namely j;fof(t, x* x¥ p* y¥)de

If the invexity conditions of Theorem ! are satisfied, then, by weak
duality, (x*, y*) is optimal for (D), and the extreme values of (P) and (D)
are equal. |

A converse duality theorem may be stated; the proof would be analogous
to that of Theorem 2.

THEOREM 3 (Converse Duality). Let (x*, y*) be optimal for (D), and
assume that the system

po (11—t )+ 2 0 4 s |+ (a0 210

only has the solution p(t)=0, r€[1y, t,]. Then (x*, y*) is feasible for (P).
If, in addition, the invexity conditions of Theorem 1 are satisfied, then
(x*, y*) is optimal for (P), and the extreme values of (P) and (D) are equal.

Remark. The system of differential equations in Theorem 2 may be
rewritten as

d . de(t)" . _dp)’
p(0) [ L ] dr (dt > az S =0
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If f does not explicitly depend on y', this reduces to p(1)” f ¥ =0, which has
only a zero solution iff /¥ is nonsingular for all t€ [1,, t/].

4. SELF-DuaLITY

Assume that m=n, f(1, x, X', y, V)= — f(t, y, y', x, x") (ie., f skew-sym-
metric) for all (x(¢), y(1)), te [t, t,] such that (x'(¢), y'(t)) is piecewise
smooth on [, t,] and that x4 = y,, x,= y,.

It follows that (D) may be rewritten as a minimization problem:

(D'} Minimize

f” [f(t, ¥, ¥ X%, x) = x() flt, p, ¥ x, X')

o

O ol 2, 7% x )] d
subject to: x(2y) = xq, x(1,) = x,, ¥(to) = x0, y(t,) = x,

d
dtf(t YL Xz Ly, X xX).

(D) is formally identical to (P); that is, the objective and constraint
functions and initial conditions of (P) and (D’) are identical. This problem
is said to be self-dual.

It is easily seen that whenever (x, y) is feasible for (P), then (y, x) is
feasible for (D), and vice versa.

THEOREM 4. Assume (P) is self-dual and that the invexity conditions of
Theorem 1 are satisfied. If (x*, y*) is optimal for (P), and the system given
in Theorem 2 only has a zero solution, then (y*, x*) is optimal for both (P)
and (D), and the common optimal value is 0.

Proof. By Theorem 2, (x*, y*) is optimal for (D), and the extreme
values of (P) and (D) are equal to [¥ f(z, x*, x*', y*, y*') dt.

From self-duality, (y*, x*) is feasible for both (P) and (D), so
Theorems 1 and 2 give optimality in both problems, and thus objective
values of j’fft y*, v¥, x* x*)dr.

But j’/f(t y*, ¥, x* x¥ydi= — (Y f(1, x*, x*', y*, y*') dt by skew-
symmetry.

Hence jﬁ{)f(t, x*, x* p* y*¥)dr= —f;{)f(t, x*, x*, y* y¥)de=0. |
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Natural boundary conditions may be dealt with as in Mond and Hanson
[5], since the extra transversality conditions required for the formulation
of (P) and (D) are independent of any positivity constraints on x and y.

5. StAaTIC SYMMETRIC DUAL PROGRAMS

If the time dependency of Probiems (P) and (D) is removed, and f is
considered to have domain R”x R™, we obtain the symmetric dual pair
given by

(SP) Minimize f(x, y)— p"f,(x, y)
subject to: f,(x, y) <0

(SD) Maximize f(x, y)—x"f.(x, y)
subject to: f.(x, y)=0.

These are the programs considered in Dantzig, Eisenberg, and Cottle [1]
and Mond and Hanson [6], except that here the positivity constraints
have been omitted.

DerFINITION. The function f: R”"xR” - R is invex in x if for each
ye R™, there exists a function n: R” x R” —» R” such that f(x, y)— f(u, y) =
n(x, u)¥ f.(u, y) for all x, ueR", and — f is invex in y if for each xeR",
there exists a function & R™ x R™ — R™ such that —f(x,v)+ f(x, y)=
—&(v, )T f(x, y) for all v, ye R™

The following theorems may be proved along the lines of Theorems 1, 2,
and 3.

THEOREM 5. If f is invex in x, and — f is invex in y, with n(x, u)+u=0
and E(u, y)+ y =0 whenever (x, y) is feasible for (SP) and (u, v) is feasible
Jfor (SD), then inf(SP) = sup(SD).

THEOREM 6. Let (x*, y*) be optimal for (SP), and assume that [}, is
nonsingular. Then (x*, y*) is feasible for (SD). If, in addition, the invexity
conditions of Theorem 5 are satisfied, then (x*, y*) is optimal for (SD) and
the extreme values of (SP) and (SD) are equal.

THEOREM 7. Let (x*, y*) be optimal for (SD), and assume that f¥, is
nonsingular. Then (x*, y*) is feasible for (SP). If, in addition, the invexity
conditions of Theorem 5 are satisfied, then (x*, y*) is optimal for (SP), and
the extreme values of (SP) and (SD) are equal.
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The pair (SP) and (SD) will be self-dual when m=n and f is skew-
symmetric (Le., f(x, y)= —f(y, x) for all x, ye R").

We state without proof a static version of Theorem 4.

THEOREM 8. Assume (SP) is self-dual and that the invexity conditions of
Theorem 5 are satisfied. If (x*, y*) is optimal for (SP), and f%, is non-
singular (equivalently, f¥.  is nonsingular), then (y*, x*) is optimal for both
(SP) and (SD), and the common optimal value is 0.
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