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1. Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). The Laplacian matrix of G is defined
asL(G) = D(G) — A(G), where D(G) is the diagonal matrix of vertex degrees of the graph G, and A(G)
is the adjacency matrix of G. Let ;41(G) > u2(G) > --- > un(G) = 0 be the Laplacian eigenvalues of
G, i.e,, the eigenvalues of L(G), where n = |V(G)|. Let Sx(G) = Zle ni(G),where1 < k <n.

Let d, be the degree of v in G. Let d7(G) = |{v € V(G) : d, > i}| fori = 1,2, ..., n. Obviously
di(G) = d5(G) = --- > d}(G). If G is a graph with n vertices, then the Grone-Merris conjecture
states that [6]

k

SK(G) < >.d; (G)

i=1
for 1 < k < n. Very recently, it was proven by Bai [1].
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Lete(G) = |E(G)| for the graph G. As a variation of the Grone-Merris conjecture, Brouwer proposed
the following conjecture, see [3,7].

Conjecture 1.1. Let G be a graph with n vertices. Then

Sk(G) < e(G) + (" ; 1)

for1 <k <n.

Brouwer verified Conjecture 1.1 by computer for all graphs with at most 10 vertices, see [7]. For
k = n — 1 or n, Conjecture 1.1 follows trivially because S(G) = 2e(G). For k = 1, Conjecture 1.1
follows from the well-known inequality it1 (G) < n, see[5]. Haemers et al. [7] showed that Conjecture
1.1 is true for all graphs when k = 2 and is true for trees. See [3] for progress of Conjecture 1.1.

Recall that an n-vertex connected graph G is unicyclic (bicyclic, respectively) if e(G) = n (e(G) =
n + 1, respectively).

In this paper, we give various upper bounds for Si(G), and in particular, we show that Conjecture
1.1 is true for unicyclic and bicyclic graphs.

2. Preliminaries
Let A1 (A) > A3(A) > --- > A,(A) be the eigenvalues of the n x n symmetric matrix A.

Lemma 2.1 [4]. Let A and B be two real n x n symmetric matrices. Then

k k k
> Ai(A+B) < > Ai(A) + > Ai(B)

i=1 i=1 i=1
for1 <k <n.
For a graph G with E’ C E(G), let G — E’ be the graph obtained from G by deleting the edges in E’.
IfE' = {e}, then we write G — e for G — {e}.
Let G U H be the vertex-disjoint union of the graphs G and H. For integer k > 1, let kG be the
vertex-disjoint union of k copies of the graph G.

Let K, be the complete graph with n vertices. Let Kj s be the star on s 4 1 vertices, in particular,
K10 = K;.

Lemma 2.2. Let H be a subgraph of graph G, and |V(H)| = ny > 2. Then
Sk(G) < Sk(H) + 2(e(G) — e(H))
for1 <k <ny.

Proof. If G = H, then the result is obvious. Suppose in the following that H is a proper subgraph of G. Let
1<k<nyand E(G)\E(H) ={e1, ez, ..., e },wherer = e(G) — e(H). Let |V(G)| = n. By Lemma 2.1,

Sk(G) < Sk(G —eq) + Sk(Ky U (n — 2)Ky)

=S5(G—ey)+2
<S(G—e;1—e)+2+2

<...
<S(G—e4—ey—---—ep)+2r

=Sk(HU (n — m)Kq) + 2(e(G) — e(H))
=Sk(H) +2(e(G) — e(H)),

as desired. [
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Obviously, the upper bound for Si(G) given in Lemma 2.2 is better than the trivial upper bound
2e(G) if and only if Sy (H) < 2e(H) (which implies that k < n; — 2).

Lemma 2.3 [7]. Let G be a tree with n vertices. Then Sy(G) < e(G) +2k — 1for1 <k <n.

Lemma 2.4 [7]. Let G be a graph with n > 2 vertices. Then S(G) < e(G) + 3.

3. Upper bounds for S (G)

In this section, we give various upper bounds for Si (G).
Recall that the clique number of a graph G is the number of vertices of a maximum complete
subgraph of G.

Proposition 3.1. Let G be a graph with clique number w > 3. Then
Sk(G) <2e(G)+wk —w+1)

for1 <k <w-—2.

Proof. Obviously, K, is a subgraph of G. Note that the Laplacian eigenvalues of K,, are « with multi-
plicity w — 1,and 0. If 1 < k < w — 2, then Sx(G) = kw, and thus by Lemma 2.2,

5(C) < SilKy) + 2 (e(c) . (‘;))
— ko +2(e) - (“
= Kw e 5

=2e(G) +wk —w+1),
as desired. O
Proposition 3.2. Let G be a graph with maximum degree A > 2. Then
Sk(G) < 2e(G) — A+k
fort <k<A-—1.

Proof. Obviously, Kj 4 is a subgraph of G. Note that the Laplacian eigenvalues of K; o are A 4+ 1, 1
with multiplicity A — 1,and 0.If 1 < k < A — 1, then Sx(G) = A + k, and thus by Lemma 2.2,

Sk(G) < Sk(K1,a) +2(e(G) — A)
=(A+k)+2(e(G) — A)
=2e(G) — A+k,

as desired. [J

A matching M of the graph G is a subset of E(G) such that no two edges in M share a common vertex.
The matching number of G is the maximum number of edges of a matching in G.

Proposition 3.3. Let G be a graph with matching number m > 2. Then
Sk(G) < 2e(G) —2m + 2k

fori <k<m-—1.
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Proof. Obviously, mK, is a subgraph of G. Note that the Laplacian eigenvalues of mK, are 2 with
multiplicity m, and 0 with multiplicity m. If 1 < k < m — 1, then S¢(G) = 2k, and thus by
Lemma 2.2,

Sk(G) < Sp(mKz) + 2(e(G) — m)
=2k + 2(e(G) —m)
=2e(G) — 2m + 2k,

as desired. [

Proposition 3.4. Let G be a graph with n vertices and without isolated vertices. Then
Sk(G) < 2e(G) —n+ 2k

for1 <k <n.
Proof. Suppose first that G is connected. Let T be a spanning tree of G. By Lemmas 2.2 and 2.3,

Sk(G) < Sk(T) + 2(e(G) — e(T))
< (e(T) +2k—1)+2(e(G) —n+1)
=2e(G) — n + 2k.

Now suppose that G is not connected. Let G, G, . .., G be all the components of G. Suppose that k;
of the first k largest Laplacian eigenvalues of G are Laplacian eigenvalues of G;, where 0 < k; < k,
1 <i<tand Zle ki = k. Suppose without loss of generality that ki, kp, ...,k > 0 = k11 =
-+ =k, where 1 < r < t.Then Sx(G) = >[_; Sk, (G). Let H = Uj_, G;. Obviously, Sx(G) = Sk(H).
Let n; = |V(Gy)| fori = 1,2, ..., t. By the proof above, we have S,(G;) < 2e(G;) — n; + 2k; for
1 <i<r.Then

Sk(G) = Sk(H) = D Sk, (Gi)
i=1

r r r
<> 2e(G) — D ni+ > 2k
i=1 i=1 i=1

=2e(H) — |V(H)| + 2k.

Note that e(G;) > 1forr +1 < i < t since G contains no isolated vertices. Forr + 1 < i < t,
e(G;) — n; > —1, and thus 2e(G;) — n; > 0, implying that 2e(G) — n > 2e(H) — |V(H)|. Then the
result follows. O

The upper bound for Sy (G) given in Proposition 3.4 is better than the trivial upper bound 2e(G) if
andonly if1 <k < L%J.

IfG = %Kz for even n, then equality in Proposition 3.4 holds for 1 < k < %

For a connected graph on n vertices with 1 < k < n — 2, it was shown in [9] that

2e(G)k + \/e(G)k(n — k — 1)(n? — n — 2e(G))
n—1

Sk (G) =<

with equality if and only if G = K7 ,—1 or K, whenk = 1,and G = K, when2 <k <n — 2.

If G = Kj n—1, then the bound in Proposition 3.4 is better than the one mentioned above in [9]
for2 < k < n — 3,and if G = K, then the bound mentioned above in [9] is better than the one in
Proposition 3.4 for 1 < k < n — 2. Thus these two bounds are incomparable in general.
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For a graph G with n vertices, let G be the complement of G. Note that L(G) + L(G) = L(K;). By
Lemma 2.1,

Sk(G) 4 Sk(G) > kn
for1 <k <n-—1,and
Sk(G) + Sk(ﬁ) >nn—1)

for k = n. If both G and G have no isolated vertices, then since e(G) + e(G) = @ we have by
Proposition 3.4 that

Sk(G) + Sk(G) < n? —3n + 4k

for1 <k <n.

Proposition 3.5. Let G be a graph with n vertices, of which ny are not isolated vertices. Then

Sk(G) < e(G) + (" i 1)

for1 < k < nif9 — 8(n; — e(G)) < 0, and for {”7 Vg_sz(”l_e(c))—‘ <k <nif9—8(m
—e(G)) = 0.
Proof. If n; = O, then G is an empty graph, and thus the result is obvious. Obviously, ny # 1.

Suppose that ny > 2. Let H be the graph obtained from G by deleting all isolated vertices. Obviously,
Sk(G) = Sk(H) for 1 < k < nq,and Sg(G) = Sy, (H) forn; +1 <k <n.

For1 < k < n if9—8(n; —e(H)) < 0,and for P*— VH‘Q“‘“””W <k < nyif9—8(n; —e(H)) >

0, we have

k+1
2e(H) —m +2k§e(H)+( ) )

and thus by Proposition 3.4,

k+1 k+1
Sk(G) = Sk(H) < 2e(H) —nq + 2k < e(H) +( 5 )= e(G) +( 5 )

Forny +1 < k < n, since Sy, (H) = 2e(H) < e(H) + ("‘;1), we have

SK(G) = Sy, (H) < e(H) + (’“ ; 1) <e(G) + (" er ]).

The result follows. [J

4. Conjecture 1.1 for unicyclic and bicyclic graphs

3+4/9-8(n—e(G))
2

If G is an n-vertex unicyclic graph, then e(G) = n, and thus = 3. By Proposition

3.5, we have Conjecture 1.1 is true for n-vertex unicyclic graphs when 3 < k < n.Recall that Conjecture
1.1 is true for k = 2, see [7]. Thus we have
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Corollary 4.1. Conjecture 1.1 is true for unicyclic graphs.

eoe
——
S
Q
——
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eee
—_—
S

U!(a,b) U (a.b)

Fig. 1. The graphs U,ll (a, b) and Uﬁ (a, b).

In the rest of this paper, we show that Conjecture 1.1 is true for bicyclic graphs. If G is an n-vertex
bicyclic graph, then e(G) = n + 1, and thus F“Li ”9_82("_6(6))—‘ = 4. By Proposition 3.5, we have

Conjecture 1.1 is true for n-vertex bicyclic graphs when 4 < k < n. By the fact that Conjecture 1.1 is
true for k = 2 (see [7]), to show Conjecture 1.1 is true for n-vertex bicyclic graphs, we need only to
show that it is true for bicyclic graphs when k = 3.

We need some lemmas.

Lemma 4.1 [2]. Let G be a graph on n vertices with degree sequence §1 > §, > --- > 6. If G 2%
Ks U (n — s)Kq, then us(G) > 8s —s+2for1 <s <n.

Let ¢ (G, x) be the characteristic polynomial of L(G).

A pendent vertex is a vertex of degree one. A pendent edge is an edge incident to a pendent vertex.

Let U,l (a, b) be the graph obtained by attaching a and b pendent vertices to two vertices of a triangle,
respectively, wherea+b =n—3,n > 4,a > b > 0.Let Ug (a, b) be the graph obtained by attaching a
and b pendent vertices to two non-adjacent vertices of a quadrangle, respectively, wherea+b = n—4,
n > 5,a> b > 0.The graphs U,l (a, b) and U,f (a, b) are presented in Fig. 1.

Lemma4.2. Forn >9,a > b > 0, u3(U}(a, b)) < 2 and 3(U(a, b)) = 2.

Proof. By direct calculation, we have
¢ (Up(a, b), x) = x(x = )"f (x),

¢ (UZ(a, b),x) = x(x — 2)(x — 1)" °g(x),
where

fx) = Xt — (n+ 5)x3 + (5n+ ab + 7)x2 — (7n + 2ab + 3)x + 3n,

g(x) =x* — (n+4)x> + (5n 4 ab + 1)x*> — (6n + 2ab — 2)x + 2n.
Let x; > X3 > X3 > X4 be the roots of f(x) = 0,and y; > y2 > y3 > y4 be the roots of g(x) = 0.
By Lemma4.1, we have () (U; (a, b)) > 2 > 1,andthus ,uz(U; (a, b)) = xy,and 3 (U; (a, b)) = x3
or 1. Note that f(2) =n—2 > 0and f(1) = —ab < 0.Then x3 < 2, and thus /Lg(U; (a, b)) < 2.
By Lemma 4.1, we have 1 (U2(a, b)) > 3, and thus w1 (U2(a, b)) = y1, t2(U2(a, b)) = y; or 2.
Note that g(2) = 2n — 8 > 0and g(1) = —ab < 0.Theny; < 2 < y», and thus Mz(Uﬁ(a, b)) =y
and pu3(U2(a, b)) =2. O

Lemma 4.3. Let G be a graph with n > 11 vertices. Suppose that there are two edges e1, ey € E(G) such
that G—{eq, e2} = HUK,, where H = U, (a, b) for some integersa, bwitha+b=n—2—i,a>b >0
andi =1, 2. Then S3(G) < e(G) + 6.

Proof. By Lemma 4.2, the first three largest Laplacian eigenvalues of H U Ky are w1 (H), 2 (H) and 2,
i.e., S3(HUK;) = S»(H) 4+ 2. By Lemmas 2.2 and 2.4,
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Fig. 2. The structures of graphs in U}, U2, U3, and Uy, and graphs U3, US, and U’.

n—2i—14 o

eo e

Fig. 3. The tree T. withi = 0, 1,2, 3.

S3(G) <S3(HUKy) +2-2
—S,(H) + 6
<(e(H)+3)+6
=e(G) +6,
as desired. O
For n > 11, we define four classes of n-vertex bicyclic graphs, denoted by U}, U2, U3, and U?, for

which the structures of graphs in them are given in Fig. 2. We also need three n-vertex bicyclic graphs,
denoted by U3, US, and U for n > 11, see also Fig. 2.

Lemma 4.4. LetG € UL Ul or G = Ul withi = 5,6, 7, wheren > 11. Then S3(G) < e(G) + 6.

Proof. Foreach graph G, leteq, e; be the edges as labeled in Fig. 2. Then the result follows from Lemma
43. O

Lemma4.5[8]. LetGbeagraph. Then (11(G) < max{dy,+my : u € V(G)}, wherem, = le, > wveE@) dv-

Fori = 0,1, 2, 3, let T,’; be the tree obtained by attaching i paths with two vertices to the central
vertex of Ki n—zi—1, where n > 2i + 1, see Fig. 3. In particular, T,? = Ky n—1.

Lemma 4.6. (i) Forn > 6, we have 1 < p»(T2) < 2.7,5,(T2) < e(T?) + 2. (i) Forn > 7, we have
1 < ua(T2) < 2.7,5(T2) < e(T2) + 2.
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Proof. By Lemma 4.1, up(T2), ua(T2) > 2 > 1.
By direct calculation, we have

¢ (T2, x) = x(x — )" 5F (x),

G (T2, %) = x(x — 1)" g (x),

where

fx) =x — (n+4)x* + (6n — 1)x> — (11n — 14)x* + (6n — 5)x — n,

glx) = x - (n+ 6)x6 + (9n + 3)x5 — (30n — 42))(4 + (45n — 87)x3
—(30n — 48)x*> + (9n — 8)x — n.

Letxq > X > X3 > X4 > X5 be the roots of f(x) = 0,and y1 > y2 > y3 > y4 > y5 > ys > y7 be the
roots of g(x) = 0. Obviously, Z?zl xi = n+ 4and 2,721 yi=n-+6.

By Lemma4.l, 11 (T2) > n—2, ua(T2) > 2,and u1(T2) > n—3, na(T3) > 2.Thus w1 (T?) = xy,
p2(T2) = x3,and w1 (T2) = y1, w2 (T2) = ys.Itiseasily checked that both f (x) and g (x) are increasing
for x < 0.38, and thus f(x) < f(0.38) < O and g(x) < g(0.38) < 0, implying that x; > 0.38 and
y7 > 0.38.

(i) Note that f(2.7) < 0.Thus xy < 2.7 < X1,X4 < 2.7 < x3,0r X5 > 2.7.1f x5 > 2.7, then

n+4=x1+x3+x3+x4+x5
>n—2)+274+27+274+27=n+38.38,

a contradiction. If x4 < 2.7 < x3, then

n+4=x1+xy+x3+ x4+ x5
>n—2)+274+2.7+0.38+0.38=n-+4.16,

a contradiction. Thus p(T2) = x; < 2.7.
By direct calculation, S; (Tﬁ) < e(Tﬁ) +2for6 <n <9.1fn > 10, then by Lemma 4.5, m(Tﬁ) <
n—2+4 n%.and thus

$2(T2) = i (TE) + w2 (TF)

2 o
n—3 ’

<(n—2+

2
=n+07+ ——
n—3

<n+0.7+
- 10-3

<n+1=e(T,f)+2.

(ii) Note that g(2.7) < 0.Thusy, < 2.7 < y1,y4 < 2.7 < y3,¥6 < 2.7 < ys,0ory; > 2.7.1f
y7 > 2.7, then

n+6=y1+y2+y3+ys+ys+ys+y7

>M—=3)+27+27+27+27+27+27=n+13.2,
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a contradiction. If yg < 2.7 < ys, then
n+6=y1+y2+y3+ys+ys+ys+y7
>n—3)+274+27+27+2.7+0.38+0.38 =n+ 8.56,
a contradiction. If y4 < 2.7 < y3 forn > 18, then since g(2.5) > 0, we have y4, > 2.5, and thus
n+6=y1+y2+y3+ys+ys+ys+yz
>n—3)+274+27+2.54+038+0.38+0.38=n+6.04,

a contradiction. By direct calculation, y, < 2.7 < yq for 7 < n < 17. Thus ,uz(Ts) =y, <2.7.
By Lemma 4.5, 144 (Ts) <n—3+ ,1%4, and thus
S2(T) = i (T3) + pa(T7)

3
-3+ — 2.7
vty

n_

3
=n—034+ ——
n—4

3
<n—03+-—
7—4

<n+l=e(T3)+2.

The result follows. [J

Lemma 4.7. Let G be a bicyclic graph with e, e3, e3 € E(G). Suppose that each bicyclic graph H with
[V(H)| < |V(G)| satisfies S3(H) < e(H) + 6.

(i) If G — eq consists of two nontrivial components, then S3(G) < e(G) + 6.
(ii) If G — {e,, e3} consists of two components with at least three vertices, then S3(G) < e(G) + 6.

Proof. (i)Let Gy and G, be the two components of G—ey. Then G—e1=G; U G,. It is easily seen that ei-
ther one of them is a tree and the other one is a bicyclic graph, or both of them are unicyclic graphs. Note
that Conjecture 1.1 is true for trees (see [ 7]) and unicyclic graphs (see Corollary 4.1),and |V (G;) | <|V(G)|
fori=1, 2. We have S3(G;) <e(Gj)+6 fori=1, 2.If S3(Gy U G3) = S3(Gq), then by Lemma 2.2,

53(G) <S3(G1 UGy) +2
=S53(Gy) +2
< (e(Gy) +6)+2
=e(G1) +8 <e(G) + 6.
If S3(G1 U Gy) = S3(Gy), then as above, we have S3(G) < e(G) + 6. Suppose that S3(Gy U Gy) #

S3(G1), S3(Gy). Suppose without loss of generality that the first three largest Laplacian eigenvalues of
G1 UG, are 41(Gy), u2(Gy), and 1(Gy), i.e., S3(G1 U Gy) = S2(G1) 4+ S1(G2). By Lemmas 2.2 and 2.4,

53(6) <S3(G1UGy) +2
=5,(G1) + S1(Gp) + 2
= (e(G1) +3) + V(G2 + 2
= ((G) +3)+ (e(G2) +1) +2
=e(G) + 5.
Thus (i) follows.
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(ii) Let G3 and G4 be the two components of G — {e,, e3}. Then G — {e3, e3} = G3 U Gy. It is easily
seen that one of them is a tree and the other one is a unicyclic graph. Since Conjecture 1.1 is true for
trees and unicyclic graphs, we have S3(G;) < e(G;) + 6 fori = 3, 4. If S3(G3 U G4) = S3(G3), then by
Lemma 2.2,

S3(G) <S3(G3UGy) +2-2
=53(G3) +4
<(e(G3) +6)+4
=e(G3) + 10 < e(G) + 6.

If S3(G3 U G4) = S3(Ga), then as above, we have S3(G) < e(G) + 6. Suppose that S3(G3 U G4) #
S3(G3), S3(G4). Suppose without loss of generality that the first three largest Laplacian eigenvalues of
G3 UGy are M1 (Cg), U2 (G3), and M1 (C4), ie., S3 (G3 @] G4) =5 (Gg) +$ (G4). By Lemmas 2.2 and 2.4,

S3(G) <S3(G3UGy) +2-2
=52(G3) + 51(Gs) + 4
< (e(G3) +3) + |V(Ga)| + 4
= (e(G3) +3)+ (e(Gs) +1) +4
=e(G) + 6.
Then (ii) follows. O

Lemma 4.8. Let G be a bicyclic graph. Then S3(G) < e(G) + 6.

Proof. Let n = |V(G)|. Recall that Conjecture 1.1 is true for all graphs with at most ten vertices (see
[7]). Thus the result holds for n < 10. Suppose that the result is not true. Let G be a counterexample
with the minimum number of vertices, i.e., S3(G) > e(G) 4+ 6 with n > 11.

Case 1. There are two vertex-disjoint cycles in G. Note that each edge, say eq, lying on the unique path
joining the two cycles is a cut edge. Obviously, the two components of G — e are both unicyclic graphs
(which are nontrivial). By Lemma 4.7 (i), we have S3(G) < e(G) + 6, a contradiction.

Case 2. There are two cycles in G with a common vertex. Let C™") and C® be the two cycles of G with
a unique common vertex u.

If there is a non-pendent edge, say e,, outside the cycles in G, then G — e, consists of two nontrivial
components, and thus by Lemma 4.7 (i), we have S3(G) < e(G) + 6, a contradiction. Thus every edge
outside the cycles of G is a pendent edge.

Denote by 11 and u; the two neighbors of u in ¢ . ThenG— {uuq, uu,} consists of two components,
one of which containing uy, denoted by G, is a tree, and the other one containing u is a unicyclic graph.
If e(G1) > 2, then there are at least three vertices in each component of G — {uuy, uu,}, and thus by
Lemma 4.7 (ii), we have S3(G) < e(G) + 6, a contradiction. Thus e(G1) < 2.Note thate(G;) > 1.Then
e(Gy) = 1,ie., CY is atriangle and the two vertices on C!) different from u are both of degree two in
G. Similarly, C @ jsa triangle and the two vertices on C @) different from u are both of degree two in G.

Thus G is the bicyclic graph obtained by identifying a vertex of two triangles, and attachingn — 5

pendent vertices to the common vertex. By direct calculation, @1 (G) = nand u2(G) = u3(G) = 3,
i.e,, S3(G) = n+ 6 = e(G) + 5, a contradiction.
Case 3. There are two cycles sharing common edge(s) in G. Note that there are three cycles in G. Let
™ and €@ be the two cycles of G such that the remaining one has the maximum length. Let A be
the set of the common vertices of C(") and C?. Let v; and v; be the two vertices in A such that the
distance from v; to v, is as large as possible. If there is a non-pendent edge outside the cycles in G,
then by Lemma 4.7 (i), S3(G) < e(G) + 6, a contradiction, and thus every edge outside the cycles of G
is a pendent edge.
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Denote by v3 and v4 the neighbor of v; and v, in CV different from the vertices in A, respectively.
Let G; be the component of G — {vqv3, vov4} containing vs. If e(G;) > 2, then by Lemma 4.7 (ii),
S3(G) < e(G) + 6, a contradiction. Thus e(G;) < 1. Denote by vs and vg the neighbor of v; and
vy in C @) different from the vertices in A, respectively. Let G, be the component of G — {v{vs, vovg}
containing vs. As above, we have e(G,) < 1.1f |A| > 3, then denote by v; and vg the neighbor of v¢
and v, in A, respectively (v; = vg if |A| = 3), let G3 be the component of G — {v;v7, v,vg} containing
v7, and as above, we have e(G3) < 1.

Let nj = |V(Gj)| forj = 1,2 and n3 = |V(G3)| if |A| > 3 andn3 = 0if |A] = 2. Thenn; =1, 2,
np, = 1,2,and n3 = 0, 1, 2. By the choice of c™ and c@, we have n3 < min{ny, ny}. Suppose
without loss of generality that ny < n; and d, > d,,.Ifd,;, < 4,thenn < 10, a contradiction. Thus
dy, > 5.Let G = G — {vqv3, vivs, viv7} if |A| > 3 and G’ = G — {vqvs, vivs, viva} if [A] = 2.1t s
easily seen that G’ consists of two components, one of which containing v{, denoted by Gy, is a tree,
and the other one containing v, denoted by Gs, is also a tree. Let nj = |V(G;)| for j = 4, 5. Obviously,
Gy = T& with ng > 3, implying that p1(G4) = ng > 3, n2(G4) = 1. For Gs, we have

Ty, if (ny,mp,n3) = (1,1,0), (1,1, 1),
Tr}f, if(nl’nz’ n3) = (]’27 0)7 (172’ ])7

12

Gs
Ty if (n1,n, n3) = (2,2,0), (2,2, 1),

T,?S if (n1, nz, n3) = (2,2, 2).

IfGs = T,? ,then the first three largest Laplacian eigenvalues of G4 U G5 are ng, ns, 1,i.e.,53(G4UGs) =
n+1, ancf thus by Lemma 2.2,

S$3(G) <53(G4 UGs)+2-3

=m+1)+6=e(G) +6,

a contradiction. If Gs = T), then G € UL, U}, and thus by Lemma 4.4, S3(G) < e(G) + 6, a con-
tradiction. If Gs = T2, with ns = 5, then (ny, ny, n3) = (2, 2, 0), implying that G = U}, US, or U7,
and thus by Lemma 4.4, S3(G) < e(G) + 6, a contradiction. Suppose that G5 = T,fS with ns > 6,
or Gs = TSS with ns > 7. By Lemma 4.6, we have 1 < ©3(Gs) < 2.7 < 3 < u1(Gy), implying
that the first three largest Laplacian eigenvalues of G4 U G5 are t1(G4) = na, (1(Gs), 12(Gs), i.e.,
S3(G4 U Gs) = ng4 + S2(Gs). By Lemma 4.6, S5 (Gs) < e(Gs) + 2. Now it follows from Lemma 2.2 that
S3(G) < 53(64 U Gs) +2-3
= (n4 + 52(Gs)) + 6
< (ng +e(Gs) +2) + 6 =e(G) +6,

a contradiction.
Combining Cases 1-3, there is no counterexample, and thus the result follows. O

By Lemmas 2.4 and 4.8, Proposition 3.5, we have

Corollary 4.2. Conjecture 1.1 is true for bicyclic graphs.
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