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1. Introduction

In this paper, we consider the following two-dimensional (2D) viscous liquid-gas two-phase flow
model

m; + div(mu) =0,
nt + div(nu) =0, (1.1)
(mu); +divimu @ u) + VP(m,n) = uAu+ (u+A)Vdivu in 2 x (0,T),

with the initial and boundary conditions
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(manau)|t=0:(m07n05u0)(x)7 IHQ, (1‘2)

ux,t)=0, onasf2 x (0,T), (1.3)

where £2 € R? is a bounded domain with smooth boundary. Here m = o0, and n = agpg denote
liquid mass and gas mass, respectively; u, A are viscosity constants, satisfying

w>0, pw+xr=0. (14)

The unknown variables «;, ag € [0, 1] denote liquid and gas volume fractions, satisfying the funda-
mental relation: o; + ag = 1. Furthermore, the other unknown variables o, and pg denote liquid and
P—Pio
a
respectively, in liquid and gas, and P; and p; are the reference pressure and density given as con-
stants; u denotes velocities of liquid and gas; P is common pressure for both phases, which satisfies

P(m,n) = C°(—=b(m,n) +v/b(m,n)2 + c(m,n)), (1.5)

. P
with CO=1a?, ko= po — =2 >0,a0= (%)2 and
1

gas densities, satisfying equations of state: o = pj0 + , Pg = aﬂz where q;, ag are sonic speeds,
g

2
b(m,n):ko—m—<‘;—g) n=kg—m—agn,
I

2
a
c(m,n) =4k <a—g> n = 4kgagn.
I

For more information about the above models, we can refer to [8,10,16] and references therein.
Let us review some previous works about the viscous liquid-gas two-phase flow model. For the
model (1.1) in one-dimensional (1D) case, when the liquid is incompressible and the gas is polytropic,

i.e, P(m,n) = Cply(plfm)?’, Evje and Karlsen in [4] studied the existence and uniqueness of the global

weak solution to the free boundary value problem with u = pu(m) =k #, B e (O, %), when the

fluids connected to vacuum state discontinuously. Yao and Zhu in [14] extended the results in [4] to
the case 8 € (0, 1], and also obtained the asymptotic behavior and regularity of the solution. Evje,
Flatten and Friis in [2] also studied the model with & = pu(m,n) = kz(m:’% (B € (0, %)) in a free
boundary setting when the fluids connected to vacuum state continuously, and obtained the global
existence of the weak solution. Also, for the case of connecting to vacuum state continuously, we
investigated the free boundary problem to the model with constant viscosity coefficient, and obtained
the global existence of the unique weak solution by the line method, where we used a new technique
to get the key upper and lower bounds of gas and liquid masses n and m, cf. [15]. Specifically, when
both of the two fluids are compressible, their results can consult the reference [3].

But there are few results about the multidimensional model of this kind. Recently, Yao, Zhang and
Zhu in [16] obtained the existence of the global weak solution to the 2D model when the initial en-
ergy is small. And this can be viewed to be a generalization of the results in [3] from one-dimensional
to two-dimensional. In this paper, we prove a blow-up criterion in terms of the upper bound of the
liquid mass for the strong solution to the 2D viscous liquid-gas two-phase flow model in a smooth
bounded domain.

Before giving the main result, we state the following local existence of the unique strong solution
without initial vacuum, the proof of which is similar to that in [1]. In fact, Cho, Choe and Kim in [1]
deal with the local existence of the unique strong solution with initial vacuum for the single-phase
Navier-Stokes equation, where the initial data must satisfy a natural compatibility condition. The
initial assumptions and the properties of pressure in the present paper satisfy the assumptions in [1],
and there is no initial vacuum, so the proof of the local existence of the unique strong solution for
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the viscous liquid-gas two-phase flow model is simpler, compared to [1]. We omit the details of the
proof here.

Theorem 1.1 (Local existence). Let §2 be a bounded smooth domain in R? and q > 2. Assume that there exist
constants my, my, nq and nq with 0 <my <my < oo, 0 < ny < ny < oo, such that the initial data mg, no, ug
satisfy

0<mq < iI)}fmo < sgpmo <mp < oo, 0<n < il)‘(lfno < sgpno <1y < oo,
mo,ng € WH(2),  upe HY(2) N H*(2). (1.6)
Then, there exist a T1 > 0 and a unique strong solution (m, n, u)(x, t) to the problem (1.1)-(1.3), such that
m,n>0, mneC([0,T1, W'(2)),  meneeC([0, T1], L9(2)),

u e C([0, T11, Hy(£2) N H2(2)) N L2(0, T1; W21(£2)),
ug € L(0, Ty; L*(2)) N L%(0, Tq; H{(£2)). (1.7)

The following is then the main result of this paper.

Theorem 1.2. Let 2 be a bounded smooth domain in R? and q € (2, co). Assume that the initial data my,
no, up satisfy (1.6). If T* < oo is the maximal existence time for strong solution (m,n, u)(x, t) to the problem
(1.1)-(1.3) stated in Theorem 1.1, then

“PSTLLP”T"”LOO(O,T;LW(.Q)) = 00. (1.8)
Remark 1.1. It is easy to verify
d 0 b
Pm = —m =C"{1— T > 0,
c

+ (1.9)

P op 0l ag + —20 (m4apn+ko)y >0 mn>0

= — = — > U, ,n>0U.

n= o 0 e 0 0

This shows that P(m,n) is increasing in m and n for m,n > 0.

Remark 1.2. In a forthcoming paper, we will consider the local existence of the strong solution and
also give a blow-up criterion for the 2D (or 3D) viscous liquid-gas two-phase flow model (1.1), when
there is initial vacuum, i.e., mg > 0 and ng > 0.

Just because of the similarity of the viscous liquid-gas two-phase flow model with the Navier-
Stokes equation, so some ideas used to get the blow-up criterion of the strong solution for the Navier-
Stokes equation will be applied to deal with the two-phase flow model. For the 2D compressible
Navier-Stokes equations, Sun and Zhang in [12] obtained a blow-up criterion in terms of the upper
bound of the density for the strong solution. For the 3D compressible Navier-Stokes equations, Sun,
Wang and Zhang in [11] also obtained a blow-up criterion in terms of the upper bound of the density
for the strong solution, when A < 7u. In the both papers above, the initial vacuum was allowed and
the domain included both the bounded smooth domain and RN, N =2, 3. It also worths mentioning
recent works [6,7], under the assumptions
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N=2, p+r>0 Q=T

N=3, A<7u, £ isasmoothdomain including R,

Huang and Xin proved the following blow-up criterion: if T* < oo is the maximal time of the exis-
tence of the strong solution, then

T
lim, / [FUO) e ) de = 0.
0

In our present paper, we want to obtain the same result for the viscous liquid-gas two-phase flow
model. Because of the complexity of the pressure P(m,n), we can only deal with the simpler case:
the domain is smooth and bounded; there is no initial vacuum. We remark that the result also applies
to 3D case at the end of this paper, see Theorem 4.1.

2. Preliminaries

In this section, we give some useful lemmas which will be used in the next two sections.

Lemma 2.1. Let 2 C RN be an arbitrary bounded domain with piecewise smooth boundaries. Then the fol-
lowing inequality is valid for every function u € Wg'p(.Q) orue WhP (), fQ udx=0:

1—
lulliace) < CLIVUllfp o) lullr ), (2.1)

where oo = (1/r — 1/q)(1/r — 1/p + 1/N)~1; moreover, if p < N, then q € [r, pN/(N — p)] for r <
pN/(N —p),and q € [pN/(N — p),r] forr > pN/(N — p).If p > N, then q € [r, o0) is arbitrary; moreover,
if p > N, then inequality (2.1) is also valid for ¢ = oco. The positive constant C1 in inequality (2.1) depends on
N, p, r, @ and the domain $2 but independent of the function u.

Lemma 2.2. Let 2 c RN be an arbitrary bounded domain with piecewise smooth boundaries. Then the fol-
lowing inequality is valid for every functionu € WP (£2):

lullace) < Co(llull ey + 1Vl o) Il ), (2.2)

where N, p, r, q and o are the same as those in Lemma 2.1. The positive constant C, in inequality (2.2) depends
on N, p, r, « and the domain §2 but independent of the function u.

The above two lemmas can be found in [9,13] and the references therein.
Next, we give some LY (q € (1, oo]) regularity estimates for the solution of the following boundary
problem:
LU := pAU 4+ (u+1)VdivU=F in 2, 2.3)
Ux)=0 onas. ’

Here £2 c RN is a bounded smooth domain, L is the Lamé operator, U = (Uq, Us,...,Uy), F =
(F1, Fa, ..., Fy). From (1.4), we know that (2.3) is a strong elliptic system. If F € W~12(£2), then
there exists a unique weak solution U € H(l)(SZ). In the subsequent context, we will use L~ 'F to de-
note the unique solution U of the system (2.3) with F belonging to some suitable space such as
WP (£2). Sun, Wang and Zhang in [11,12] give the following estimates:
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Lemma 2.3. Let q € (1, 00), and U be a solution of (2.3). Then there exists a constant C depending only on p,
A, q, N and $2 such that

(1) if F € LY(£2), then
Ul w2y < ClIF a2 (2.4)
(2) if Fe W=149(82) (ie, F =div f with f = (fi))NxN, fij € L9(82)), then
NUllwracey < Cllf llae)s (2.5)
(3) if F =div f with fij = akhﬁﬁj and h{ﬁj e Wy () fori, jk=1,2,..., N, then
U a2y < ClihllLace)- (2.6)

Lemma 24. If F =div f with f = (fij))nxn, fij € L®(2) N L%(£2), then VU € BMO(£2) and there exists a
constant C depending only on (., A and £2 such that

VU llamoc2) < C(IIf ey + 11 l2(0))- (2.7)

Here BMO(S2) denotes the John-Nirenberg’s space of bounded mean oscillation whose norm is
defined by

I fllsmoc2) = 1 fll .22y + Lf 1Bmo(2)

with the semi-norm

[flemo2) =  sup ][ |f () = fa,m|dy,
xE.Q,re(O,d).Q ®

where 2,(x) = Br(x) N §2, B;(x) is the ball with center x and radius r and d is the diameter of §2. For
a measurable subset E of RV, |E| denotes its Lebesgue measure and

1

X = d = d .

farx ][f(y) y 2 00] / fy)dy
2r(X) £2r(x)

Lemma 2.5. Let §2 be a bounded Lipschitz domain in RN and f € W19(§2) with q € (N, oo). Then there exists
a constant C depending on q, N and the Lipschitz property of the domain £2 such that

I fllzec2y < C(1+ 1 fllBmocy In(e + IV flliace)))- (2.8)
3. A priori estimates

Let (m,n,u) be a strong solution to the problem (1.1)-(1.3) in [0, T) with the regularity stated in
Theorem 1.1. We assume that the opposite of (1.8) holds, i.e., there exists a positive constant M, such
that

limsup [[m|| o (0,;10(2)) <M < 00. (3.1)
T—>T*
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In this section, we denote by C a general positive constant which may depend on w, A, £2, mg, no,
ug, M, and the parameters in the expression of P in (1.5).
Let

Ty =sup{T € (0, T*); m(x,t) >0, forall (x,t) € 22 x [0, T]}. (3.2)

n(x,t)
m(x,t) "

At first, we give the estimate of

Lemma 3.1. Under the conditions of Theorem 1.2, we have

n(x,t _
0<sg< ( )<50<oo, 0<T<Tj, (3.3)

= T mx, b)

— i o ¢, — no
where sg = infycp mg» 50 =SUPxe@ mp-

Proof. Define the particle trajectories x = X(t, y) given by:

d
Ex(t’ y) =u(X(t, y),t),

X0,y)=y.

n n
(-) +u-V(—>:O, (3.5)
m/j, m

(3.4)

From (1.1); and (1.1);, we have

which implies

4 (Xt y). 1) =0
a(a)( (7)’), )_ )

Nt _mo g ;
m(x’t)_mo(x (t,x)) :=so=so(x,t), forte(0,T}),

where X~ denotes the inverse of X. It follows

n(x,t) <
mx, t)

0<so< min{ n—O(X”(t, x))} < max{ n—O(X’1(t, x))} <Sp<oo. O (3.6)
mo mo

Then, we give the basic energy estimate.
Proposition 3.1. Assume
ImllLeeo.1:00002)) <M, 0T <Tj. (3.7)
Then we have

||\/au||Loo(o’T;L2(_Q)) < C, ||Vu||L2(0’T;Lz(Q)) < C, 0 < T < Tik (38)
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Proof. Let
1 2 *
Al) = EWIUI +Qm,n)rdx, 0<t<T<Ty,
Q

where Q (m,n)=m J;" P(Ss'zﬁs) ds. Then we have from (1.1) that

1
A(t) = /{§|U|2mt +mu - up + Qmme + ant} dx

1 . . .
= /{—§|u|2 div(mu) + w/[-mu - Vu! — 9;P(m, n) + pAu’ + (u + 2)djdivu]
2

— Qmdivimu) — Qp div(nu)} dx

1 . . .
= /{—§|u|2 div(mu) + w/[-mu - Vu! — 9;P(m, n) + pAu’ + (u +1)djdivu]

—Quu-Vm—Quu-Vn— Qumdivu — andivu}dx

1 S .
= /{—§|u|2 div(mu) — mwu'du! —u-VP(@m,n) — M(aiuf)z — (0 + A)(divu)?
2

—divuP — div(uQ)} dx

= /{%V(|u|2) - (mu) —mulu'du’ — div(uP)

—div(uQ) — u(aiuj)z — ( + 2 (divu)? } dx.
Here we have used integration by parts, boundary conditions (1.3) and the following identity

QO+nQn:Q+Pv

which can be easily obtained from the expression of Q (m,n). From (3.9), we get

A/(t)—i—/{,uWulz+(u+k)(divu)2}dx:f{%V(|u|2).(mu)—mujuiaiuj}dx
2 2

/{%8i((uj)2)mui —mululdu’ } dx

2
07

which implies

(3.9)
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t
1 2 2 L2
2m|u| +Q@m,n)}dx+ {mIVul® + (u + 1) (divu)*} dxde
2 0 2
1 2
= Emoluol + Q (mg, ngp) ¢ dx. (3.10)

2

From (3.10), (3.3), (3.7) and the expression of P(m,n), we get

t
/m|u|2dx+//|Vu|2dxdr<C/m0|uo|2dx+C‘/Q(mo,no)dx
2 0 2 2 2

gcfm0|u0|2dx+C/|mlnm|dx+Cfmdx+/\/ﬁdx
2 2

2 2

+C‘ / Q(m,n)dx
Q

+C/|molnm0|dx+C/m0dx+/./modx
2 Q 2
<C. (3.11)

This completes the proof of Proposition 3.1. O

The following arguments are similar to that in [11,12], which discussed the single-phase Navier-
Stokes equations. We enclose its proof for the self-containedness of the present paper.

Proposition 3.2. Under the condition (3.7), we have for some r > 2 that

sup fmlulrdng, 0<T<Tj. (3.12)
0<I<T)

Proof. Multiplying (1.1)s by r|u|"—2u, and integrating the resulting equation over §2, we obtain

d
g [ il dx+ /[r|u|f—2(mw|2 + O wdiviy? + (- 2)[Viul*)
2 2

+rOc+ ) (Viul"2) - udivu]dx

=r/div(|u|r_2u)de<C/m%|u|r_2|Vu|dx

Q Q
2
r—2 2 C r '
<€f|u| [Vu|“dx + g(/m|u| dx) dx, (3.13)
Q 7]

where we have used P(m,n) < Cm%, which can be obtained from (3.3), (3.7) and the expression of P
easily, where C depends only on M, So and the parameters in the expression of P.
Note that |V|u|| < |Vu|, we get that
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rlul"2 (1| Vul® + A+ wdivu)® + p(r —2)|Vul \2) +r(+ ) (Viul™?) - udivu
> rul™ 2l Vul? + o+ ) divi)? ] + 1+ w) (Vi 2) - udivu
> rul™ 2 [l Vul? + 0+ ) (divu)? — O+ w) (r — 2)|Viul||divu|]

A A
> r|u|r’2|:<,u — J;“(r - 2)>|Vu|2 n %(4 - r)|divu|2].

We can choose 2 <r <4 and r — 2 small enough such that the last term is bounded from below by
Clu~2|Vul?, ie.,

rlul ™2 [l Vul® + (0 + p)(divu)® + pu(r — 2)|Viul |2] +r(+ ) (VIul""?) - udivu
> Clul"?|Vul?, (3.14)

where (1.4) has been used. Inserting (3.14) into (3.13), and taking & = % we may apply Gronwall’s
inequality to conclude (3.12). O

Just as in [11,12], we introduce the quantity w, which is defined by
w=u-—v, v:L‘1VP(m,n),

where v is the solution of

UAV + (A + pn)Vdivy =VP(m,n) ing2, (315)
v(x)=0 onagn. ’
From Lemma 2.3, for p € (1, co), we can get that
||v||W1~P(Q) < CHP(nLn) ”Lp(g)y
By using Egs. (1.1), we find w satisfies
morw — uAw — (A + pu)Vdivw =mF in2 x (0,T), (317)
w(x,t)=0 ondfR x[0,T), ’

with w(x, 0) := wo(x) = ug(x) — vo(x) and

F=—u-Vu—L"'V(3P(m,n))=—u-Vu+ L 'Vdiv[P(m,n)u]

+ L7'V[(Pmm + Ppn — P(m,n)) divu].

Lemma 3.2. Under the condition (3.7), we have

P(m,n) <C, Pp(m,n) <C, Py(m,n) < C.
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Proof. From (3.3) and (1.9), we know that the bounds of P(m,n) and P, (m,n) are obvious. So we

only need to give the bound of P,(m,n). At first, we estimate the term %ﬁko in the expression of
+c

P, as follows:

[ m + aon + ko }2 B k& + (m + agn)? + 2kom + 2koaon
Vb2 +c B k% + (m + agn)? — 2kgm + 2kgagn

(ko +m)* + agsgm?® + 2apsom* + 2koaosom

(kg —m)2 + a050m2 + 2agsom? + 2koagsom -

When M < k” , which implies m < M < k“ , then

< (ko + 1\/1)2 + (1(2)5(2)1\/12 + 2agsoM? + 2koagsoM

(ko — M)?
_ kot M)? + a2s2M? + 2apSoM? + 2koagSoM c
b (ko — M)? o

When M > "2—0: Case 1: m< "2—0 < M, then

9k3 + a2sak? + 2agsok3 + 4agsoky 9k0 + a2s3k2 + 2aoSok3 + 4aosoko
k2 s k2

2.

\

Case 2: 7“ <m< M, then

4ko <14 8ko
aosom + 2agpsom + 2koapso = GOSOko + 2apsoko + 4koagso

—

= C3.

Then we obtain

m+agn + ko .
————— <min{/C1, V/C2,/C3},
Vb2 +¢ { )

which implies

do
P =C°{ao+7(m+aon+ko)}<c. O
" N )
Then, using the similar arguments as those in [11,12], we can get the regularity estimates about w,
where we have used the estimates in Proposition 3.1 and Proposition 3.2.

Proposition 3.3. Under the condition (3.7), we have

<C,

1
VWl 1:12(02y) < C, jm? 3tW”L2(0,T;L2(.(z)) S

[v2w],. <C, 0<T<T}. (3.18)

(0,T;L2(£2))

From Proposition 3.3, (3.16), Sobolev embedding theorem, Poincaré inequality and Lemmas 2.1-2.2,
we can get the following regularity estimates about u.
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Corollaty 3.1. Under the condition (3.7), we have for any p € (1, oo) that

IVullpeoo,1:12(2y) < Cs lullreeo,1;00(2)) < C, IVull20.1:00(2y) <C, 0T <Ty.

Next, we give high order regularity estimates of w, the proof of which are due to [5,11] for the
single-phase Navier-Stokes equations.

Proposition 3.4. Under the condition (3.7), we have for any 2 < p < oo that
||VW||L2(O,T;W1’p(Q)) < C, 0 § T < Tik (3.19)
Proof. We rewrite Eq. (1.1)3 as
mil + VP(m,n) —Lu=0, ie, mi' +8P(m,n) —puAu' — (.4 pn)ddivu=0

where we define the material derivative % by % =g =g +u-Vg for function g(x,t). Taking the
material derivative to the above equation and using the fact f = fr +div(fu) — f divu, we have

mi} +muldju’ + 8 Pe + 3 (3 Pul) = w[Aul + 3;(Au'ul)]
+ (+ w[didivue + 9;(@r divwyud)]. (3.20)

Multiplying (3.20) by ii' and integrating the resulting equation over £2, we obtain

m|u| dx — M/(Aut—i-a](Au u ))u dx—()»+u)/ d; divue + 9;((9; divu)u’ ))u dx
2

dt
:/(Ptdivit+8iPu18jiti)dx. (3.21)
2

By using the integration by parts and boundary conditions (1.3), the wu-term, (A + w)-term and the
right-hand side of (3.21) can be estimated as follows:

—/L/(Aui +3;(Au'ul))i' dx
2

= M/(ajuiaja" + Autulgit) dx
= [ [9;(d" — uFdut)oji’ + Au'uld;i'] dx

[IVa|? — djukau’d;u’ — ukaedju'du’ — deu'ay (u/dju’)] dx

{0\ b\ b\ Q

u

=p [ [V - djufau’an + divud;u'dji’ + ukdjuaea it — deu'de(uld;i’)] dx
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= ,u,/[|Vl'1|2 - 3]‘ukakuiajili + divuajuiajiti — 8,<ui8,<ujajiti] dx

3 .
> T“/|Vu|2dx—cf|w|4dx,
2 2

—(A 4w /(8,- divue + 0;((9; divu)uj))iti dx

=+ /[diva divu; +divi(u - Vdivu) — divuaiujajiti + divu(divu)z] dx

2

=0 +M)f[|divu|2 —divadu/aju’ — divudiu’a;i’ + divi(divu)?]dx
2
R
+’u/|dlvu| dx—e()»—i—,u)/lvm dx——(k+u)/|Vu| dx
—C(A+M)/|VUI4dx,
and
/(Pt divii + 8;Pu’d;i’) dx
2
[(Pmme + Pnne) divit + 8 Pul9;u'] dx

[(=mPm —nPp)divudivii — u - VP(m,n) divii + 8; Pu’d;ir']

Il
B B D D

[(=mPm —nPy)divudivii + Pdiv(udivi) — Pdiv(u - Vi) ]

[(—=mPp —nPp)divudivii+ P(divudivil — diu’d;i’)]

. . |7
< ClIVulli2io) I Vitll 2y < ClIVitllizgg) < € + L1 Vitlz g,

Substituting (3.22)-(3.24) into (3.21) and choosing ¢ = if A+ u > 0, we have

_H
8(A+u)’

d
&/mhﬂzdx—l—u,/|Vu|2dx+(k+u)/|divu|2dx<Cf|Vu|4dx+C.
2 2 2

2

If A + @ =0, there is no need to estimate the (A + u)-term, we still have
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(3.22)

(3.23)

(3.24)
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dt mli| dx+u/|Vu| dx<C/|Vu| dx+C.

Then, for all >0 and A + © > 0, we have

dt mi| dx+u/|Vu| dx<C/|Vu| dx+C. (3.25)

In the following, we estimate the term fQ |Vu|*dx. From Egs. (1.1)3 and (3.15), we know that w
satisfies

{/LAW + A+ p)Vdivw =mit in £2,

w(x) =0 ond. (3.26)

From Lemma 2.3, we get

W2y < Climill 2 q) < ClVmil2g).

which together with the interpolation inequality, Sobolev embedding theorem, (3.16) and Corollary 3.1

yield
IVullfs gy < 1Vl 2 IVUllfs o) < CIVUll sy IVUls o)
< CIVulfs g, (IVWils (@) + IV VIILs(2))

< CIVUlZs ) (1 + 1VWg1(e))

< CIVUlsig) (1+ VW] 2(g))

(

<Vl o (1+ VMt 20 )- (3.27)

£2)

Substituting (3.27) into (3.25) and noticing || Vu/|? € L1(0, T), which was shown in Corollary 3.1,

we get by Gronwall’s inequality that

L8(£2)

T

/m|a|2dx+//|va|2dxdt<c. (3.28)

2 0 2

From (3.28), (3.26), Sobolev embedding theorem and Poincaré inequality, we can get the following
high regularity estimates about w:

VW20 1.wip2) <G, (3.29)
and this completes the proof of Proposition 3.4. O
In the following, we give the estimates of derivative of the liquid and gas masses.
Proposition 3.5. Under the condition (3.7), we have for q € (2, co) that

sup [[(Vm, Vn)(©)| g, <C. O<ST <T7. (3.30)
te[0,T]
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Proof. Differentiating Eq. (1.1); with respect to x;, then multiplying both sides of the resulting equa-

tion by q|9;m|9-28;m, we get

3 1aim|? + div(1gim|%u) + (q — D)|:m|? divu + gm|9;m|I2imd; divu
+q|a;m|929;md;u - Vm = 0.

Integrating the above equality over 2, we obtain

d
Ef|Vm|qu<C/|Vu||Vm|qu+q/m|Vdivu||Vm|q’1dx
2 Q2

2
< CIVull @) I Vmilfy g, + C[ VUl jo o) IVMI e ).

Similarly,

d
E/Wnﬂdxg(?/|Vu||Vn|qu+q/n|Vdivu||Vn|q_1 dx
2 2

< C[[Vullpe(e) I Vall] @) T C||VZU|!L4(Q)IIVn||Lq(Q)
Applying Lemma 2.3 to (3.15), we obtain
[V2V] 10y < CUIVMIlLa@) + IVRllLace).
then, by using Lemma 2.4 and Lemma 2.5, we get
2
1VVii@) < C(1+ IV Viiamoce) Ine + [ V2V 14 )

< C(1+[IPllpsen2(2) In(e + [VPla(e)))

<C(1+1In(e+ VMm@ + 1IVnla(e))),

where we have used Lemma 3.2 in the above two estimates.
From (3.33)-(3.35), we get

d
E(HVTHHM(Q) + IVnlace))

C1+ IVWIle@) + IVVIe@) (IVmlla) + 1VAllae)) + C| VZw “Lq(m

SC(1+IVWlwiace) +In(e + VM) + 1Valla)) (IVmlla @) + 11VnllLa(2))

+C”V2W”Lq(9)'

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

Note that [[VW(y1qg) € L%(0, T) by (3.19). Then by Gronwall’s inequality, we obtain (3.30). This

completes the proof of Proposition 3.5. O

From (3.7), (3.28) and Proposition 3.5, we can obtain the bound of ||V2u|\Lz(Q).
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Corollaty 3.2. Under the condition (3.7), we have

”u”LOC(O,T;HZ(Q)) <C, 0<T < TT
Proof. We rewrite Eq. (1.1)3 as
UAU+ A+ p)Vdivu =mu + VP(m,n),

then by Lemma 2.3, we have

ullp22) < C(”mﬂ”LZ(Q) + ||VP||L2(_Q))

1,
< C<||m2u||L2(m + IVm]| 2o + ||Vn||L2<_Q)> <C. O

Finally, with the help of the above regularity estimates for w, Vim and Vn, we can give the lower
bound estimates of the liquid mass m and gas mass n, since (3.3), we only need to get the lower
bound of m.

Proposition 3.6. Under the condition (3.7), we have
mx,t)>C, nxt)>C, te[0,T],0<T<T: (3.37)
Proof. From Proposition 3.4, we get
IV W20, 7:1 () < C- (3.38)
From (3.16) and Proposition 3.5, we obtain
IVVIi2.1:10002)) < CIVVI20.m:wipc2)) < CIV P20, 1:10(2))
< C{va”LZ(o,T;Lp(_Q)) + ||Vn||L2(0,T;LP(.Q))} <C, (3.39)
where 2 < p < oco. Then (3.38) and (3.39) imply
VUl o, 1:1002)) < CIVUlL20, ;1 (2))
SC(IVWI 20, 1:10(2)) + IV V1200, 1:1¢2))) < C. (3.40)

Along the particle trajectories x = X(t, y) defined by (3.4), we differentiate Eq. (1.1); with respect to t,
and get

dm

o (X(t, y).t) = —mdivu(X(t, y),t),

which implies

t
m(X(t, y).t) =mo(y) exp{—/divu(X(r, ¥, T)dl’},
0
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then we have

T

m(x, t) 2yigffzmoexp{—/HVu(t)”Lw(Q)dt] >C,
0

and this completes the proof of Proposition 3.6. O
From Proposition 3.6 and the classical continuation method, we have
Ty =T (3.41)
4. Proof of Theorem 1.2

The estimates in Corollaries 3.1-3.2, Propositions 3.5-3.6 will be enough to extend the strong
solution (m,n, u) beyond t > T} =T*.

In fact, in view of Corollaries 3.1-3.2 and Propositions 3.5-3.6, the functions (m,n,u)|;=t+ =
lim;_, = (m, n, u) satisfy the conditions imposed on the initial data (1.6) at the time t = T*. Therefore,
we can take (m,n, u)|—7+ as the initial data and apply the local existence theorem (Theorem 1.1) to
extend the local strong solution beyond T*. This contradicts the assumption on T*, and it completes
the proof of Theorem 1.2.

We can use the similar arguments in the present paper and [11] to deal with the 3D case. The
corresponding result is given as follows:

Theorem 4.1. Let $2 be a bounded smooth domain in R3, q € (3, c0), and (1.4) is replaced by i > 0,
3A 4+ 2u > 0. Assume that the initial data mo, ng, uo satisfy

0<mq < il)}fmo <supmg < My < 00, 0<n < igfno <supng <Ny < 00,
X X
mo,no € WHI(2),  ug e Hy(2) NHA(22). (4.1)

Then, there exist a T, > 0 and a unique strong solution (m, n, u)(x, t) to the problem (1.1)-(1.3), such that

m,n>0, mneC([0,T],W'(2)),  m,n eC([0,T2], L9(£2)),
u e C([0, T2l, Hy(2) N H?(2)) N L?(0, T2; W21(£2)),
ug € L(0, To; L2(2)) N L2(0, To; HY(£2)),
where qo = min(6, q). Furthermore, under the additional assumption A < 7, we have the following blow-up

criterion: If T* < oo is the maximal existence time for strong solution (m, n, u)(x, t) to the problem (1.1)-(1.3),
then

lim sup ||m||L00(0,T;,_oo(_Q)) = Q. (42)
T—>T*
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