=

View metadata, citation and similar papers at core.ac.uk brought to you by i CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com _—
Journal of

CrossMark SClenceD'reCt Differential
Equations
ELSEVIER J. Differential Equations 259 (2015) 5846-5874 _———

www.elsevier.com/locate/jde

On hyperbolic equations and systems with non-regular
time dependent coefficients

Claudia Garetto '

Department of Mathematical Sciences, Loughborough University, Loughborough, Leicestershire, LE11 3TU, UK
Received 21 April 2015; revised 1 July 2015
Available online 22 July 2015

Abstract

In this paper we study higher order weakly hyperbolic equations with time dependent non-regular coef-
ficients. The non-regularity here means less than Holder, namely bounded coefficients. As for second order
equations in [14] we prove that such equations admit a ‘very weak solution’ adapted to the type of solutions
that exist for regular coefficients. The main idea in the construction of a very weak solution is the regular-
isation of the coefficients via convolution with a mollifier and a qualitative analysis of the corresponding
family of classical solutions depending on the regularising parameter. Classical solutions are recovered as
limit of very weak solutions. Finally, by using a reduction to block Sylvester form we conclude that any
first order hyperbolic system with non-regular coefficients is solvable in the very weak sense.
© 2015 The Author. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

We want to study equations of the type
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m m
DM'u—=>"% " ayj(OD ' Dlu—>">" b, j()D]"/ Dlu= f(t,x).

j=1|=j j=1lvl<j
te[0,T],x eR", (D

under initial conditions
Dfu0,x)=gr, k=0,---,m—1. 2)

We assume that the roots of the characteristic polynomial

m

Jj=1l=j

are real and bounded in ¢ but not necessarily regular, for instance they might be discontinuous
in ¢ as generated by discontinuous coefficients a, ;. We assume that the coefficients of the lower
order terms are compactly supported distributions with support contained in [0, 7], the right-hand
side f belongs to £'([0, T]) ® £'(R™) and that the initial data belong to &'(R™).

Typical examples are the wave equation

Ou(t,x) =Y ai(du(t,x) = f(t,x),

i=1

where the coefficients a; are Heaviside functions or more in general equations of the type

D7u(t,x) = Y _bi()D;Dyu(t,x) — > ai(t)D3u(t, x) = f(t,x), 3)

i=1 i=1

where the coefficients are bounded real valued functions with a; positive foralli =1, ..., n (see
[14] for more details). Note that it is not restrictive to assume that the coefficients are compactly
supported as in [14]. An immediate higher order example is given by the composition of a finite
number of hyperbolic second order operators as in (3), i.e.,

(nz;l (Df — > bii(t)D; Dy, — Zak,i(t)Di_))u(t, x)
i=1

i=1

plus lower order terms. Its characteristic polynomial

e, (12 — Y bt — Zak,,m;?)

i=1 i=1

has 2m real roots.

Hyperbolic Cauchy problems with non-regular coefficients naturally appear in applied sci-
ences as geophysics and seismology, to model delta-like sources and discontinuous or more
irregular media. We refer the reader to [19] and [15] for a survey on this kind of applications.
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The Cauchy problem (1)—(2) has been extensively studied when the coefficients are at least
Holder. See the first work by Colombini and Kinoshita in one space dimension in [7], the ex-
tension to any space dimension in [12] and the recent paper [13] for the treatment of lower
order terms by Levi conditions. In all these paper well-posedness is proven in Gevrey classes
and by duality in ultradistributional spaces. Note that even if the coefficients are very regular
(C™) well-posedness has to be expected to hold only in Gevrey classes (see [4] and [5]) and the
corresponding Cauchy problems might be distributionally ill-posed due to the presence of multi-
plicities (see the examples constructed in [8] and [6]). When the assumption of Holder regularity
is dropped the few well-posedness results obtained so far are restricted to second order equations
(see [3] for equations with continuous coefficients and well-posedness in Beurling—Roumieu
classes of ultradifferentiable functions and functionals and the recent [14] for distributional co-
efficients). No results are known for higher order equations.

Our aim in this paper is to solve the Cauchy problem in (1)-(2). Due to the low regularity
of the equation’s coefficients and characteristic roots, which does not allow classical Gevrey or
ultradistributional solutions, we will look for very weak solutions, namely for nets of solutions of
the regularised problem obtained from (1)—(2) by convolution with Friedrichs mollifiers. Inspired
by the treatment of second order equations in [14], our starting point is the regularisation of the
roots and initial data. This is a technique quite common in hyperbolic equations which, under
sufficient regularity assumptions, leads to a classical Gevrey well-posedness result by relating the
regularising parameter with the phase variable at the Fourier transform level, as in [7] and [12].
In this paper we focus on the regularising nets and the corresponding nets of solutions, proving
existence of a very weak solution and consistency with the classical Gevrey or ultradistributional
solution whenever it exists.

1.1. Basic notions and very weak solutions

Before stating the definition of very weak solution we recall few preliminary notions concern-
ing Gevrey functions and moderate nets. For more details we refer the reader to [14] and [22].

Let s > 1. We say that f € C°°(R") belongs to the Gevrey class y*(R") if for every compact
set K C R" there exists a constant C > 0 such that for all « € Njj we have the estimate

sup 8% f(x)| < C1*F 1 (al)s.
xeK

In this paper we make use of the following notion of moderate net.
Definition 1.1.

(i) Anetof functions (h,), € C*°(R")* !l is C>°-moderate if for all K € R" and forall o € N
there exist N € Ny and ¢ > 0 such that

sup [8%he (x)| <ce ™V,

xekK

forall € € (0, 1].
(ii) A net of functions (%), € y*(R™) O is y¥-moderate if for all K € R” there exists a con-
stant cx > 0 and there exists N € Ny such that
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|9%he ()] < g @) eV,

forall « € Ng, xe K ande € (0,1].

(iii) A net of functions (h), € C°([0, T'T; y* (R™")©-1 is ([0, T1; y* (R"))-moderate if for
all K € R” there exist N € Ny, ¢ > 0 and, for all k € N there exist N; > 0 and c¢; > 0 such
that

1850 ho (1, x)| < cxe™ Mol (g1yse=N—lal

forall « € Ng, forallr €[0,T],x € K and ¢ € (0, 1].

More in general, given two spaces X and Y, with ¥ C X (usually X = D'(R"), &'(R"),
L>®(R"™),...and Y = C*®°([R"), y*(R"),...), we use the expression regularisation of & € X for a
net of regular functions (), € ¥ ! approximating 4 in X as ¢ — 0.

We are now ready to state the definition of very week solution of the Cauchy problem

m m
DM'u—=>"% " ayj(OD" ' Diu—>">" b, j()D]" Diu= f(t.x).

j=1|v|=j j=1v|<j
Du(0, x) = &, 4)

forte[0,T], xeR"and k=0, ---,m — 1.

Definition 1.2. Let s > 1. The net (u.). € C*°([0, T]; y*(R™)) is a very weak solution of order s
of the Cauchy problem (4) if there exist

(i) C°°-moderate regularisations a,, ;. and b, ;. of all the coefficients a, ; and b, ;, respec-

tively,
(i1) a C*°([0, T]; y* (R"))-moderate regularisation f, of the right-hand side f, and
(iii) y°®-moderate regularisations g . of the initial data gx fork =0,---,m — 1,

such that (u,), solves the regularised problem

m m
D'u—>"%"ay e ()D" ' DYu—>"3" by (t)D;" Du= fu(t,x),

j=lvl=j j=lvl<j
Dfu(0, %) = gk.¢s
forte[0,T],xeR", k=0,---,m—1and ¢ € (0, 1], and is C*°([0, T]; y*(R"))-moderate.
1.2. Paper’s aim and main result
The aim of this paper is to prove that the hyperbolic Cauchy problem (4) admits very weak
solutions when the coefficients of the principal part are only bounded and the lower order terms,

the right-hand side and the initial data are compactly supported distributions and that these weak
solutions converge to the classical one in case of Holder coefficients. Note that differently from
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the classical results for Holder coefficients in [7,12] we do not require here any technical hy-
pothesis on the roots, namely the uniformity property (2.5) in [12], and differently from [13] no
Levi conditions are needed on the lower order terms. Some first results of existence of very weak
solutions have been recently obtained in [14] for some family of homogeneous second order
equations. In this paper we extend [14] to higher order equations and we deal with lower order
terms as well.

This is our main result:

Theorem 1.3. The hyperbolic Cauchy problem

m m

DM'u—Y"3 " ay ;D" D=3 3" by j0)D" DYu = £z, ),

j=1vl=j j=1vl<j
tel0,T], x eR",
D¥u(0, x) = g,
k=0,---,m—1,

where the equation coefficients are compactly supported int, a, j € L>([0, T]) for |v|=j, j =
l,....,m, b, ;€& (0, T)) forv|<j, j=1,....m, f€&(0,T]) ® E'R") and g € E'(R")
forallk=0,...,m — 1, has a very weak solution of order s for any s > 1.

Since the Cauchy problem above is solved by reduction to a hyperbolic first order system in
Sylvester form we automatically have that any hyperbolic first order system of size m x m in
block Sylvester form, with #-dependent bounded real eigenvalues (of the principal part), lower
order terms in £'([0, T']), right-hand side in (£([0, T]) ® £’ (R™))™ and initial data in &' (R")™
has a very weak solution of order s for any s > 1.

D’ Ancona and Spagnolo proved in [11, Section 4] that any hyperbolic system can be reduced
to block Sylvester form. Therefore, by combining this result with the observation above we can
state the following theorem.

Theorem 1.4. Any linear first order hyperbolic system of size m X m with compactly supported
t-dependent coefficients and bounded eigenvalues with respect to t € [0, T], lower order terms in
E'([0, TY), right-hand side in (£'([0, T]) ® £'(R))™ and initial data in £'(R)"™ has a very weak
solution of order s for any s > 1.

Note that few results are known concerning the well-posedness of hyperbolic systems with
multiplicities. Whenever no particular assumptions are made on the multiplicities a certain
regularity of the coefficients is required. This means to work under the assumptions that the
t-dependent coefficients are at least Holder. See the work of d’ Ancona, Kinoshita and Spagnolo
[9,10] for t-dependent hyperbolic systems of size 2 x 2 and 3 x 3 and the extension to any size
given by Yuzawa in [24]. Theorem 1.4 is the first result for hyperbolic systems with multiplicities
which goes beyond the traditional hypothesis of Holder regularity and opens a new and exciting
and research path.

This paper deals with scalar equations and systems with time dependent coefficients only. The
dependence in x is a rather problematic issue and so far has been treated under strong regularity
hypotheses (Gevrey). We mention the foundational work of Bronstein [2] and Nishitani [20] for
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scalar equations and the paper of Kajitani and Yuzawa [ 18] for systems. The relationship between
lower x-regularity and very weak solvability will be investigated in a future paper.

For the sake of the reader we conclude this introduction with the Fourier characterisations of
Gevrey functions, ultradistributions and moderate nets which will be heavily used throughout the

paper.
1.3. Fourier characterisations

Let y7(R") denote the space of compactly supported Gevrey functions of order s and let
Ey=0+1€% 3. The proof of the following proposition can be found in [22, Theorem 1.6.1]).

Proposition 1.5.

(1) Let u € yI(R"™). Then, there exist constants ¢ > 0 and § > 0 such that

[@(E)| < ce ) (5)

forall ¢ e R".
(i1) Letu € ' (R"). If there exist constants ¢ > 0 and 8 > 0 such that (5) holds then u € y* (R").

Gevrey-moderate nets can be characterised at the Fourier transform level as well.
Proposition 1.6.

(1) If (he)e is y*-moderate and there exists K € R" such that suppu, € K for all ¢ € (0, 1]
then there exist ¢, ¢’ > 0 and N € Ny such that

1
s

o~ 1
e (€)] <c'e™Nemees 6)° (6)

forall§ e R" and ¢ € (0, 1].
(ii) If (he)e is a net of tempered distributions with (i), satisfying (6) then (h¢). is y*-moderate.

For a detailed proof of Proposition 1.6 see [14, Proposition 4.3].

In this paper we will also make use of the spaces Dzs) (R™) and EES) (R™) of (Gevrey Beurling)
ultradistributions and compactly supported ultradistributions, respectively. ’Dzs)(]R”) is the dual
of the space yc(s)(R") of compactly supported Gevrey Beurling functions. Recall that for s > 1,
f € C®(R"™) belongs to y ) (R") if for every compact set K C R” and for every constant A > 0
there exists a constant C4 g > 0 such that for all o € Ng the estimate

sup [3% f(x)| < Ca x A% (@) 7)
xeK

holds.
In analogy with Gevrey functions, ultradistributions can be characterised by Fourier trans-
form. This means that if v € 5{ s)(R”) then there exist v > 0 and C > 0 such that
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1
s

[0) < Ce”® ®)
for all £ € R”, and if a real analytic functional v satisfies (8) then v € DE 5) (R™).
2. Regularisation and reduction to a system

In this section we show how to regularise the Cauchy problem (4). We start by analysing the
coefficients of the principal part then we pass to the lower order terms, the right-hand side and
the initial data.

We work under the assumption that the m real roots A (¢, &) of the equation

m m
DM'u—=>"% " ay;(OD" ' Diu—>">" b, j()D]" ' Diu=0

j=ll=j J=1vl<j

are compactly supported and bounded in ¢ € [0, T'] and homogeneous of order 1 in &, i.e. there
exists ¢ > 0 such that

|Aj (2, 8)| < cl€l,

forall t € [0, T] and £ # 0. Note that the dependence in £ is continuous and that the boundedness
of the roots A; forces the coefficients a,, ; of the principal part to be bounded as well. We are
quite general in the choice of the lower order terms, in the sense that we take distributions with
compact support contained in [0, T']. It follows that b, j € £'(R) for j =1,...,m and |v| < j.

Let ¢ be a mollifier, i.e., ¢ € C°(R) with f(p =1 and ¢ (t) = ¢ '¢(t/¢). By convolution
with the mollifier ¢, we can regularise the roots A ; € L% (R) obtaining m nets

Mje(,8) = (- 8) %)) (€))

fulfilling the following property: for all j =1, ..., m and for all k € Ny there exists ¢ > 0 such
that

1A o1, 8)] < ce Mg, (10)

forallr €[0,T], & #0and ¢ € (0, 1]. By setting

m

=Y Y OTTIE =Ty (T = A (1, 6)) (11)

Jj=1l=j

we can find a way to approximate the equation’s coefficients a, ;j(t) which is regular in ¢,
i.e., C*°. In the sequel we will make use of the notation

oM =D" 3T A

1<ii<..<ip<m

introduced in [13], where A = (A1 ¢, A2, ..., Ame), R =0,...,m with o(gm)(kg) = 1. In this
way we can write the right-hand side of (11) as
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m

> e o)

j=0
and conclude that
=Y a e E =0 (), (12)
[vl=j
forall j =1,..., m. More precisely we have the following proposition.

Proposition 2.1. Let the m real roots A;(t,§) of the equation (1) be compactly supported and
bounded in t € [0, T). Then every net a, j., j=1,...,m, defined by (12) is C*°-moderate, in
the sense that for all k € Ny there exist N € No and ¢ > 0 such that

k _
1dPay ;0 <ce™,

forallt €0, T] and € € (0, 1], and converges to a,_; in L*(R) as ¢ — 0.
o

Proof. First we prove that the nets a,, j,e®), j=1,...,m, are moderate.
We begin by observing that since the nets Aj ¢, j =1, ..., m are moderate in the sense of (10)
then every o (A¢) is moderate as well, i.e., for all j =1,...,m and for all k € Ny there exist

N € Ny and ¢ > 0 such that
) o
1dP o 0e) 1, 8) < ce N gV,

forallr € [0, T], & # 0 and ¢ € (0, 1]. Making now use of (12) we can prove by induction on |v|
that the coefficients a, ;. of the characteristic polynomial are moderate as well. Indeed, if [v] = 1
from (12) we get

=Y @ E =" Gy == hje(t,8),

lv|=1 j=l1

which can be rewritten as

n

D aac&E =) hjet,8),

k=1 j=1

with v n-index with k-entry equal to 1 and otherwise 0. Let ¢; € R" with k-entry equal to 1 and
all the others 0. From the previous formula and (10) we obtain

m
an1e() =Y Ajelt,er)

j=1
which proves that the coefficients a,, 1 .(¢) are moderate for k =1, ..., n. Assume now to have
proved that the coefficients a, ;. (t) are moderate for [v|=j and j =1,...,m — 1. We want to

prove that a,, ,,, ¢ (t) is moderate for |v| = m. From (12) we have that
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= Y aymeE =0 0) = (= 1)" A1 o (6, E)a e (1, 6) - A o (8, E).

[v|=m

By writing the previous formula as

- Z av,m,e(t)%_v - Z av,m,s(t)‘i:v — Zav,m,s(t)gv

vel, vel,_» vely

=(=D"Ae(t, A0 e(t,E) - A e (1, 8), (13)
where I; is the set of all multi-indexes v with length m having j O-entries, j =0,...,n — 1, we
easily see that the coefficients a, p ¢(#) with v € I,,_; are moderate. Indeed, for k =1,...,n,

vr multi-index with k-entry equal to m and all the others 0 and ¢; € R” defined above, we obtain

_avk,m,e(t) = (_l)mkl,s(ta ek))"2,€(t5 er) - )\m,e(t7 ex). (14)
In other words by suitably choosing the points e; we have found an invertible n x n-matrix A
and n-moderate nets ry ¢(f), ..., rn ¢(¢) such that
avl,m,e(t) rl,s(t)
A auz,m,s(t) _ rZ,e(t) (15)
avn,m,s(t) Tn,e(t)

We now bring — Zve,nil ayme(t)E” on the right-hand side of (13) and we focus on
Y e 1,_, @v,m,e(t)§". Note that by what we have just proved the new right-hand side will be
moderate in ¢. Let [ be the number of the elements of 1,,_,. Arguing as above, by suitably choos-
ing a finite number of points £ we can generate an invertible / x /-matrix B and /-moderate nets
S1,¢(), ..., 81¢(t) such that

avi,m,s(t) Sl’s(l)
B avé,m,a(t) — SZ,S(I) , (16)
avl’,m,s(t) Sl,a(t)
where vi, vé, e, vl’ are the elements of [,_,. It follows that all the coefficients a, ;¢ (t) with

v € I,_; are moderate nets. We can now also bring — Zve 1,y Qv,m, ¢(£)&" to the right-hand side
of (13) and conclude that

- Z av,m,s(t)év - Zav,m,s(t)év

vel,_3 velp

is equal to a t-moderate net. By iterating the previous argument a finite number of times we
conclude that all the coefficients ay () withv € I, j =n —3,..., 1,0 are moderate too.

The proof by induction above can be also used to prove that the coefficients a,, ,, () converge
to a, ;, in L°°(R). Recall that by construction (regularisation with a mollifier) A;, — A; in
L*®(R) forall j =1,...,m. Take now |v| =1 in (12). From
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m
an1e() =Y Ajelt,er),

j=1

where v and e, are the n-index and the element of R” respectively, with k-entry equal to 1 and
otherwise 0, k =1, ..., n, we easily see that

m m
Ay 1e() =Y Ajeltien) > Y 2j(t,er) =ay 1(1)

j=1 j=1

in L*°(R) as ¢ — 0. This proves that a, | . is a regularisation of @, | when |v| = 1. Assume now
thata, j . — a, j in L (R) for |v] = j and j <m — 1. We still need to prove that a, y, ¢ — @y m
in L°(R) for |[v| = m. As in the first part of the proof we set

v:vl=m}=Ujmp_1n-2..01;

where [; is the set of all multi-indexes with length m having j O-entries. From (14) or equiva-
lently the matrix expression (15) we have that

_avk,m,a(t) = (_1)m)¥1,8(t, ek))"2,8(ta eg) - )\m,a(t» ex)

= (=D"r (1, ep)r2(t, ex) - - A (2, €x) = —ay, m (1)

in L*°(R), for any v; defined above. Note that in (16) the invertible matrix B does not depend
on ¢ while the right-hand side can be seen as a matrix-valued function F independent on &
which depends continuously on ay ;, ¢ with v € I,_1 and the regularised roots A; .. It follows
that ay . ¢ — ay m in L°°(R) for every v € I,,_». By iterating the same argument a finite number
of times we conclude that a, ,;, ¢ — @y, in L°(R) forallv e /; with j=n—-2,...,1,0. O

Remark 2.2.

(i) Adopting the language of Definition 1.1 we can summarise Proposition 2.1 as follows: there
exists a C°°-moderate regularisation of the coefficients a, ; of the principal part.

(i1) Note that Proposition 2.1 holds for any C°°-moderate regularisation of the roots A j»1.e., for
any net A ¢ (-, &) converging to A; (-, &) in L° as ¢ — 0 such that (10) holds. In particular
in this paper instead of ¢ we will use a general net w(¢) — 0 and a regularisation which
separates the roots as well, i.e., we will set

Aje(t,8) = (Aj(-, 8) % @u(e) (1) + jo(e)(§), a7

with w(g) > ce” for some ¢, r > 0 and ¢ mollifier as in (9). The corresponding regularised
operator

m
D' =) D anje®D] D
=1 =i

is therefore strictly hyperbolic with smooth coefficients whereas the original operator might
be weakly hyperbolic.
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We now pass to consider the lower order terms, the initial data and the right-hand side of the
Cauchy problem (4).

2.1. Regularisation of the lower order terms

The lower order terms b, ; € £'(R) can be easily regularised via convolution with a molli-
fier ¢, (¢) as the one used for the eigenvalues A; in (17). Indeed, by the structure theorem of
compactly supported distributions and dominated convergence we have that the net

by, je(t) = (bj * Qu(e)(t)
is C°°-moderate and converges to b, ; in &'(R) as ¢ — 0.
2.2. Regularisation of the initial data

Before proceeding with this regularisation, it is useful to recall a few results proven in [14]
which will allow us to find suitable regularisations.
First we introduce the Gelfand—Shilov space S®)(R"), s > 1, of all f € C*°(R") such that

|x”| o
I flls,s = sup ————— 0% f(x)|dx < 00

a,ﬂeNg b\a+ﬂ|a!s‘3!s
Rn
forall b > 0.
Since S (R") is Fourier transform invariant (see e.g. [21, Chapter 6] and [23]) it follows that

the inverse Fourier transform ¢ = F~ 'y of a function ¢ € S® (R") identically 1 in a neigh-
bourhood of 0 is a function ¢ € S (R") with

/qb(x)dx: 1, and /x"‘qb(x)dx:O, for all a # 0. (18)

For instance, one can take ¥ € y®(R") N C(R™), where y @ (R™) is the space of Gevrey
Beurling functions defined in (7).
We say that ¢ € S® (R") is a mollifier if the property (18) holds. Finally, as in [1] let us define

X

Po(e) (X) :=w(8)_"¢( >X(XI10gw(8)I), 19)

w(g)
where x € y*(R") with0 < x <1, x(x) =0 for |x| > 2 and x (x) =1 for |x| < 2. By construc-
tion this is a net of Gevrey functions of order s.

Proposition 6.1 in [14] investigates the convolution of compactly supported distributions with
the mollifier p,, () as follows.

Proposition 2.3. Let u € &'(R") and py() as in (19). Then, there exists K € R" such that
supp(u * Py (s)) € K for all & small enough and there exist C > 0, N € Ng and n € (0, 1] such
that

forall o e N7, x e R" and ¢ € (0, n].
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Note that it is not restrictive to set n = 1 in Proposition 2.3 and that (1 * py())e 1S a
y¥-moderate regularisation of u. Indeed, the y*-moderateness is stated above and by the struc-
ture theorem for compactly supported distributions and dominated convergence u * pgs) —> U
in £ (R") as ¢ — 0. This is the kind of regularisation that we use for the initial data g in this

paper.
2.3. Regularisation of the right-hand side

The right-hand side f is regularised with a usual mollifier ¢, () in the variable # and with a
mollifier p,(¢) as above in the variable x. More precisely, we set

Sfe(t,x) = (f * (@w(e) ® Pw())(E, X)
and we get a C°°-moderate net with respect to ¢ and a y*-moderate net with respect to x.
2.4. Conclusion
We regularise the Cauchy problem

m m
D'y — Z Z ay j (D" DVu — Z Z by j (D] DVu = f(1,x),

j=1v|=j j=1lvl<j
tel0,T], x eR",
Du(0, x) = g,
k=0,---,m—1,

by setting

m m
DMu—>"% " ay (D) DYu—>"" by ()D]" Diu= fo(t.x),

j=lvl=j j=ll<j

DFu(0, x) = gi.,

where
(i) av,je is a C*°-moderate regularisation of a, ; for |[v| = j and j = 1,...,m obtained
through
hje(t,8) =j(, &) * Pu(e) (1) + jo(e)(§),
j=1,...,m,
(i) by, j . is a C°°-moderate regularisation of b, ; for |[v| < jand j =1,...,m, of the type

bU,j,S(t) = (bv,j * Qo (e)) (1),



5858 C. Garetto / J. Differential Equations 259 (2015) 5846-5874

(iii) fe isa C*([0, T]; y*(R™))-moderate regularisation of f, of the type

Je(@, x) = (f * (@) ® Pw(Ee) (T, X),

(iv) gk.e is a y*-moderate regularisations of gx for k =0, ..., m — 1, of the type

8k,e = 8 * Pw(e)-

More precisely, a, j . — a, j in L°(R) as ¢ > 0, b, j  — b, j in &'(R), g, = gk in E'(R")
and f; — fin &'(R) ® £'(R") as ¢ — 0. The regularised Cauchy problem obtained in this way
is strictly hyperbolic and has smooth coefficients. The net w(e) will be suitably chosen in the
sequel to guarantee the existence of a very weak solution.

3. Very weak solutions

In this section we prove that the Cauchy problem (4) admits very weak solutions, i.e. we prove
Theorem 1.3:

The hyperbolic Cauchy problem

m m
DM'u—=>"% " ay (D" Dlu "> " b, j()D]"/ Dlu= f(t,x),

j=1vl=j j=1vl<j
tel0,T], x eR",
Dfu(0,x) = g,
k=0,---,m—1,
where the equation coefficients are compactly supported in t, a, ;j € L*°([0, T]) for |v| = j, j =

L,....,m, b, ;€& (0, T] forv|<j, j=1,....m, f€&(0,T]) ® E'R") and g € E'(R")
forallk=0,...,m — 1, has a very weak solution of order s for any s > 1.

Theorem 1.3 is proven by energy estimates after reduction to a first order system of pseudod-
ifferential equations.

3.1. Reduction to system and energy estimates

We perform a reduction to a first order system as in [12]. Let (Dy) be the pseudo-differential
operator with symbol (£). The transformation

ug = Df D) u,
with k =1, ..., m, makes the Cauchy problem

m m
DM'u—>"% " ayj D] DIu—>"3" by (t)D]" Diu= fu(t.x),

Jj=ll=j J=1lvl<j

DFu(0,x) = gi. (20)
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k=0,---,m — 1, equivalent to the following system

” 0 (D) O ... 0 ” 0
-l o o y ... o0 . 0

bt = . by A R I @h
Um ll,g l2,g e lm’g Um fs

where
Le= > aujc®DUDY ™+ 3 by ()DUDY ™,
vl=m=j+1 vl=m—j
with initial condition

m

urli=o = (D))" *gr 160 k=1,...,m. (22)

Let us denote the principal part } 7, _, ;4 ay,je()DY(Dy)/ ™™ of 1 . with [(j¢. Hence, the
matrix in (21) can be written as A + B, with

0 (Dy) 0 0
0 0 (Dy) ... 0
A= ,
(Dy)
l(]’g) 1(2’5) l(m,s)
and
0 0 0o ... 0
0 0 0o ... 0
B= L 0
ll,s —1(1,5) lz’g —1(2,8) lm’g _l(m’g)

By construction the roots A ; . of the equation in (20) are the eigenvalues of the matrix A.
By Fourier transforming both sides of (21) we obtain the system

D,V = A(t,€)V + B(t,£)V + F(t, £),
Vl0i=0(§) = Vo (%), (23)

where V is the m-column with entries vy = uy, Vp is the m-column with entries voj; =
()" *Zk—1.c and

0 (£) 0 .. 0
T A
laeyt, &) loot, &) oo o lome(t,€)
0 0 0 .. 0
B = 00 0 ’

e —1la,e)@® &) .o oo oo Ume —lome) @, 8)
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and

0
R 0
F(t,8) =

ARG

In the sequel we will focus on the system (23). This is a strictly hyperbolic system with smooth
coefficients. So, by the well-posedness results proven in [12] (Remark 8) we know that for all
€ € (0, 1] and for all s > 1 the Cauchy problem (23) has a net of solutions V, which, by inverse
Fourier transform and by the transformation u; = Df “HD.)y"ky above, generates the solution
ug € C°([0,T], y*(R")) to the Cauchy problem (20). It is our task to prove that the net of
solutions u, is C*°([0, T'], y*(R"))-moderate. This will allow us to conclude that the Cauchy
problem (4) admits a very weak solution of order s and to prove Theorem 1.3.

3.2. Symmetriser

The existence result in Theorem 1.3 will be deduced via energy estimates. The energy will be
defined using the symmetriser of the (strictly) hyperbolic matrix

0 1 0o ... 0

1 0 0 1 .. 0

Alg) = 1
la,et,E)E) ™ Lo EE™ o0 L e, E)(E)!

In the sequel we collect some basic facts concerning symmetrisers mainly obtained adapting the
corresponding results in [16,17]. We begin by stating that since the matrix A(£)~! is hyperbolic
with eigenvalues

Mt EVE) T < Aot ENE) T < < Ao (1, E)(E) Y,

IA

(it is not restrictive to assume that the roots A, j = 1,...,m, are ordered and therefore their
regularisations are ordered as well) then there exists a real symmetric m x m-matrix S(z, £) with
0-order entries such that SA — A*S = 0 and

detS(t, €)= [ (e, &) —nje(t, 87 (24)

1<j<i<m
(see [16]). In particular, we have the following lemma (Lemma 2.1 in [17]).
Lemma 3.1. Let N(t) be any symmetric positive semi-definite matrix with bounded coefficients

on an interval [a, b]. Then, there exist two positive constants c1 and ¢ depending only on the
L -norm of the entries of N (t) such that

c1det N(@n)|VI2 < (N()V, V) <l V|

holds for all t € [a,b] and V € C™.
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Note that the matrix S is positive definite and its entries and eigenvalues are bounded with
respectto t € [0, T'], £ € R" and ¢ € (0, 1]. In addition, since by construction

Ajt1,e(t, ) —Aje(t,8) = w(e)(§),
forallt €[0,T], £ e R" and ¢ € (0, 1], then from (24) it follows that the bound from below
detS (1, €) = w(e)" ",

holds. By applying Lemma 3.1 to S we can therefore write

(SV, V) = c1detS (1, VP = cro(@)™ |V
More precisely, we can state the following lemma.

Lemma 3.2. Let S(t, £) be the symmetriser of the strictly hyperbolic matrix A(t, £)(£) ™! defined
above. Then, there exist two positive constants c¢| and c; such that

c1o@E)™ MV < (S EV. V) < eV
holds forallt € [0,T], £ €eR", e € (0,1]and V € C™.
3.3. Energy estimates and proof of Theorem 1.3

We are now ready to introduce the energy

E(@,8)=(St.§)V(1,8),V(t.§)),

for the Cauchy problem (23),

D,V = A(t,€)V + B(t,£)V + F(t, £),
Vii=0(§) = Vo (§).

By straightforward computations we have

E(,&E)=(0,SV,V)+(SoV,V)4+(SV,0;V)
= (3SV,V)+i((SA— A*S)V, V) +i((SB — B*S)V, V) — 2Im(SF, V)
=08V, V)+i((§SB—B*S)V,V)— ZIm(Sf, V)
<(13:SIl + ISB — B*S| + DIV |* + |SF||?
<max(|3,S|| + [SB — B*S| + 1, ISIH(V + |F?)
<co@ NV +IFP
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where, the last estimate follows from the regularisation of the equation coefficients, more pre-
cisely, from the fact that ||3;S|| < cw(e)~! and |SB — B*S|| < cw(e)™" for some ¢ > 0 and
N > 1, uniformly in € € (0, 1]. Thus, an application of Lemma 3.2 yields

QEt£) <ccy w@) N E®L £) + core) V| FI2

An application of Gronwall’s lemma combined with the estimate from above in Lemma 3.2
gives the estimate

VI <erlo@) ™ ME@€) < o w(e) " M, explec (@) TN,
valid for all ¢ € (0, 1] and ¢ € [0, T'] with

de = (E0,&)Vo, Vo) + co(e)™N sup |F(z,&)°T
0<t<T

< Vol +coe)™ sup |F(r,8)*T.
0<t<T

Hence, by stating clearly the dependence in ¢, we can write

_ 2 _
V2 < e toe) ™ (| Voel? + coe)™ sup |Fe(t,§)1°T) -
0<t<T

: exp(ccfla)(s)*N*szrmt).

Since Vj ¢ and F, are both Fourier transforms of y*-moderate nets for s > 1, choosing w(¢) suit-
ably, i.e., cc lw(e)™N —mi4m In(1/¢) and using the Fourier characterisation of y*-moderate
nets in Proposition 1.6, we can conclude that U, = F -1y, is y*¥-moderate as well. Since the
coefficients of the regularised equation we are studying are C°°-moderate in ¢ one can eas-
ily conclude that U, and consequently the corresponding net u, solving the regularised Cauchy
problem (20) are both C*°([0, T]; y* (R"))-moderate. We have therefore proved that a very weak
solution of order s of the Cauchy problem (4) exists provided that coefficients and initial data are

regularised in an appropriate way.

Remark 3.3. For simplicity we have here regularised the equation coefficients and the initial data
using the same net w(¢) which has to be chosen of logarithmic type to ensure the existence of a
very weak solution. A more careful analysis of the previous estimates shows that the choice of a
logarithmic scale is essential when regularising the roots A ; and the lower order terms while the
right hand-side f and the initial data can be regularised setting w(g) =¢.

4. Consistency with the classical results

In this section we review some classical results concerning the hyperbolic Cauchy problem (4)
valid when the coefficients of the principal part and therefore the corresponding roots are more
regular, for instance of class C¢ in ¢t with « € (0, 1]. Colombini and Kinoshita in 2002 (see [7])
in one space dimension and later Garetto and Ruzhansky in [12] for any space dimension proved
that when the real roots A ; are of Holder order o with respect to ¢, the lower order terms are
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continuous and of order 0 </ <m — 1 and the right-hand side f belongs to C([0, T']; yJ(R"))
then for any gi(x) € y3(R") (k =1,...,m) the Cauchy problem (1)—(2) has a unique global
solution u € C™ ([0, T1; y*(R")), provided that

. m—1
1<s<1+m1n{a, ; }

Note that this well-posedness result has been obtained under the additional hypothesis that there
exists ¢ > 0 such that

|Ai(2,8) = Aj(1,8)] < clax(t, &) — Ax—1 (2, 8)] (25)

forall 1 <i,j,k<m,forallz € [0,T] and & € R", and it can be improved to

o
1<s<1—i—1

—

when the roots are distinct. If the initial data g; belong to £'(R") then the Cauchy problem (4)
has a unique solution u € C" ([0, T']; Dés)(R")), provided that

. m—1
1<s§1+m1n{oz, ; },

in the weakly hyperbolic case and that

l<s<1+
-«

in the strictly hyperbolic case.

It is our aim now to show that when the roots are of class C*, o € (0, 1] in ¢ and the uniformity
property (25) holds then any very weak solution of order s obtained via Theorem 1.3 converges to
the unique classical solution. This requires the following preliminary result which compares the
Fourier transform of a regularised compactly supported distribution with the Fourier transform
of the distribution itself.

Proposition 4.1. Let v € £'(R"). Then there exist v > 0, C > 0 and for all ¢ € N a constant
¢q > 0 such that

1
V¥ i) (§) = VE)| < ¢gCa(e)?e"®"
forallE e R" and ¢ € (0, 1].
Proof. We recall that p,,(s) has been defined in (19). By direct computations we have that

V% Pae) () — D) = TE) (Pare) §) — b)) + Puier (§) — 1),

where ¢ € S®(R") with
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/q)(x) dx =1, and /x"‘¢(x) dx =0, foralla##0.

By the vanishing moments property of the mollifier ¢ it follows immediately that for all ¢ € N
there exists ¢, > 0 such that

o) &) — 1] = [p(@(€)E) — (0)] < cyw(e)? (£)1 (26)

holds for all £ € R". We now write m(é) — qﬁ/wa(‘f;‘) as

/e—iw(s)yé(t,(y)(x(yw(gﬂ logw(e)|) — 1) dy.

Rn

Note that
o (8)|logw(8)| < coo(e)?.

Since x is compactly supported with x (0) = 1, by Taylor’s formula we have that

‘/e—iw(s))’§¢(y)(x(ya)(8)|logw(S)D — Ddy
RV!

<> Coz/ 6 ()9 % (0)y" (@ ()| logw (&) ) dy < cqur(e)?. 27
loe|=g R®

1
Since £'(R") € [ (R") and [0(§)] < ce”®*, by combining (26) with (27) we conclude that

V¥ Pore)(§) — D) < cqCar(e) e

=

This estimates proves the proposition by taking 2¢q rather than ¢g. O
We can now state and prove our consistency theorem.

Theorem 4.2. Let the Cauchy problem

m m
DM'u—=>"% " ay;(OD" ' Dlu—>">" b, j()D]" ' Dlu= f(t.x).

j=1|v|=j j=1|vl<j
tel0,T], x eR",
DFu(0, x) = g,
k=0,---,m—1, (28)

have real roots X ; of Holder order o in t, continuous lower order terms of order 0 <l <m — 1,
right-hand side f € C([0, T]; y:(R")) and initial data gr(x) € y?(R") (k=1, ..., m) with
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. m—1
1<s<1+mm{a, ; }

Assume in addition that the equation coefficients are compactly supported and that the uniform
property (25) holds.

Hence, any very weak solution (ug). of order s converges in C([0, T], y*(R™)) to the unique
classical solution u € C"™ ([0, T1, y*(R™)) of the Cauchy problem (28).

If the initial data gj belong to £'(R™) then any very weak solution (ug). of order s with

. m—1
1<s§1+mln{(x, ; }

converges in C([0, T],Dzs)(R”)) to the unique classical ultradistributional solution u €

cm(o, ], Dés) (R™)) of the Cauchy problem (28).

It is clear from the previous statement that the limit # does not depend on the C*°-moderate
regularisation of the equation roots and coefficients and on the y*-moderate regularisation of the
initial data.

Proof. The case of Gevrey initial data.

We begin by observing that the right-hand side f needs to be regularised only with respect to
t since it is already Gevrey in x and that, for the same reason, the initial data gx, k =0, ..., m — 1
do not need to be regularised. Let (u.). be a very weak solution of the Cauchy problem (28) that
by Theorem 1.3 we know to exist. This means that there exists u, € C™ ([0, T']; y*(R")) which
solves the regularised Cauchy problem

m m
Dl'ug =Y > " ayj (D Duc =Y Y " by j (D" Dlue = fo(t. x),

j=1v|=j j=1llvl<j
Dfue (0, x) = g. (29)
where t € [0, T], x e R", k=0, ---,m — 1, the coefficients a, ;. and b, ;. are C*°-moderate
regularisations of the coefficients a, ; and b, j, respectively and fe(f,x) = f (-, X) * @u(e), for

some suitable mollifier ¢, (¢) as in Section 2. Under the hypothesis of Theorem 4.2 we know that
there exists au € C™ ([0, T']; y*(R")) such that

m m
DM'u—=>"% " ay;(OD" ' Diu—>">" b, j()D]" Dlu= f(t.x).

j=1vl=j j=1pl<j
D¥u(0, x) = g, (30)

forallt €[0,T],x e R", k=0, ---,m — 1. By comparing (29) with (30) we get that

m m
DlMiig =Y Yy j (D] DYitg =Y Y " by o (D] Dlite = ne(t, x),

j=1vl=j j=1l<j
DXii.(0,x) =0, (31)
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where i, = u, — u and

ne(t.x) = fo(t.x) = f(L.X)+ Y D (ay.je —av ) (O)D]' ™ DYu

Jj=1l=j

+ D) by je — by, @D DY (32)

j=1vl<j

Note that since w(e) — 0 as ¢ — 0 then f, — f in C([0, T]; y*(R")) and, by regularisation of
the coefficients a, j and b, ;, the nets a, ;. —a,, j and b, j . —b, ; tend to O uniformly on [0, T'].
Hence, since f € C([0, T]; yS (R")) and u € yJ(R") we can conclude that n. (¢, x) is compactly
supported with respect to x and tends to 0 in C([0, T'], y*(R™)).

We now work on the Cauchy problem (31) as in the proof of Theorem 3 in [12]. In other
words this means to reduce the equation in (31) to the first order system

DyVe = Ac(t.6)Ve + Be(t.6) Ve + Fo(t. ),
Veli=0(§) =0,

to regularise once more the separated roots A j . as follows

Rje() = (e Ys)() + j8%  8€(0,1],

where ¢ € C3°(R") with [ 4 = 1 and to look for a solution of the type

1
Ve(t, &) =e #OE) (det H) ™ H W, (33)

where 1 € C'[0, T will be determined in the sequel and

1 1 1 1
M o (&) *2,e(€)7! xa BTN L Kae®)!
He = 1672 2J . (6)72 () I CAN (3
)\m 1<%.>—m+1 XSVigl(S)—m—i-l ’Xgn,s—lg)—m—&-l 'Xﬁ;l(g)—m—&-l

Note that, for the sake of the reader, the dependence in ¢ is expressed throughout the proof
whereas the dependence on § is hidden since at the certain point of the proof § will be set to be
a suitable power of (). Note also that the extra regularisation of the roots A ; and the separation
factor j§“ given above allow us to obtain uniform estimates in & when deriving with respect
to t and estimating from below. More precisely, arguing as in Proposition 18 in [12] we have
that

10,01, 8)] < 81 (g),
Rjet, &) = hiet, ) = 89(8), j>i,
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and

hje(t, €)= hje(t, €)] < c8%(&),

uniformly with respectto ¢t € [0, T], £ € R?, ¢ and § in (0, 1].
Now, by following the proof of Theorem 3 in [12] we arrive at the energy estimate

| We(t, £)|* =2Re(d We(t, £), We(t, £))
0y det H,
det H,

—2Im(H, ' A H, W,, W,) — 2Im(H, ' B, H. W, W)

=20/ ()(E)F | Wt €)% +2 |We(t, €)|* — 2Re(H, '8, H.We, W)

1 ~
— 2Im(e*V®) (det He)H ' Fe, We)
and to the estimates

. 0; det H, -1
(i) |Pletlle| < 1571,

(i) 1H '8 He |l <2871,
(i) |H'AcH, — (H7 A H)* || < c38%(8),
(iv) [|H'BeHy — (H ' B Hp)*|| < ca8@0=m) (g)l=m+1,

Note that by the uniform convergence in ¢ to O of the nets fo — f, ay j e —ay jand by j . — b,
passing at the Fourier transform level we get that

1Fa(t,8)] < o (e)e™6)"

Gl

for some net w’(¢) tending to 0 as ¢ — 0, for some constants ¢/, v > 0 and for all ¢ € (0, 1],
t €[0,T] and & € R". Hence, making use of the four estimates above and arguing as in the proof
of Theorem 3 in [12] we arrive at

A IWe(t, E)2 < Qu/((E)T + C187" + C8% (&) + C38%0=) () =m0y w1, ) +
O @O W, (5]

Set now § = (£)77 with y = min{15. 21} and p(t) = (12(0) — k1), with 11(0) and k > 0 to be
determined later on. Assuming |Wc(¢, £)| > 1 and recalling that by construction —y«o + 1 < %,

taking ¢ small enough we have that

Gl—

UIWe(t, £)1> < (= 26(E)T + C(&) 7 4 C'e ()P OVE ) W, (1, &) 2

1
s

< (= 2(8)5 + C{E) TVt 4 OGN w1, £)]2. (34)

At this point, setting 1 (0) < v for |£] large enough we conclude that 9,| W, (¢, £)2<0,ie.,

|We (2, 8)] < [Woe(t, 6)l,
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forall # € (0, T'] for ¢ small and |£| large. Since, Vj . = 0 and the term

1
e MO (det H,) "' H,

is invertible it turns out that Wy (¢, £) is identically O as well and therefore W, (¢, §) = 0 which
is in contradiction with the assumption |W, (¢, £)| > 1. Hence, |W,(¢, £)| must be < 1 and

1
s

BIWe(t. E)F < (= 26(8)s + CLE) U)W, (1, §) + C'o (£)e O =)
Assume 1 (0) < v as above. For || large (this is not restrictive) and for —ya + 1 < % we get

1
5

|Ws<r,é>|25(|Wg(o,s>|2+c/Tw/<s)e<“<°>—”)<f ) C'To ()e @0,

1
)s

Since «’(g) — 0 as & > 0 it follows that W, (¢, ) — 0 uniformly in C ([0, T']; y*(R")). Passing
now to V, defined in (33) we obtain

1 2
Ve(t.6)* < (e—<“<°>—“><f” (I detHg>—1Hs|) |We(r,6)
2
- (e—w«»—m(sﬁ (| det Hs)_lel) (C/Tw/(g)ew<0>—v><s>§>

1
< C'To (¢)|(det Hy) ™' Hy|PeTHO—v+2D)E) s

Note that, by definition of H,, the estimate

(m—1)m

|(det He) ' He| < c(&)7* 2 35)

holds uniformly in all the variables. Hence,

|[Ve(t, &) |2 <C"o(e) (g)ya(mfl)me(fu(O)—erzKT)(g)% .

Taklng 2kT < p(0) 4+ v in the previous estimate we conclude by Fourier characterisation that
i = us — u corresponding to V. converges to 0 in C([0, T']; y*(R")) as ¢ — 0.

The case of distributional initial data

If the initial data g; are compactly supported distributions for k = 1,...,m — 1, then the
regularised nets gx ¢ = gk * Pw(e), as defined in Subsection 2.2, are y*-moderate and gx . — g«
in &' (R™). We have therefore the regularised Cauchy problem

m m
Dl'ug =Y Y ayj (D] DYug =Y > " by o (OD] Dlue = fu(t, x),

j=ll=j Jj=ll<j

D uc(0,x) = gre. (36)
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In addition, by the well-posedness results in [12] we know that the Cauchy problem (30) is

well-posed in C™ ([0, T], DES)(]R")). Hence, by comparing (36) with (30) we obtain

m m
D'iie = Y ay j (D) DYitg =Y " Y " by o ()D]" DYite = ne(t, x),

Jj=1vl=j J=1lvl<j

Df’za 0,x)= 8k,e — 8k>»

with i, = u, — u and n, as in (32). Since the classical solution u is a compactly supported
ultradistribution with respect to x we have that n. (¢, x) tends to 0 in C ([0, T'], Dé 5) (R™)). Passing
now to the corresponding first order system

DiVe = Ae(t,§) Ve + Bo (1, )V + Fo (1, 6),
Vs |t=0(§) = VO,E s
by the Fourier characterisation of nets of ultradistributions and Proposition 4.1 we easily see that

1
s

|Fe(t,6)] < o (e)e” ),

and

1
5

Vo ()] < o ()e”®)

for some net o’ (¢) tending to 0 as ¢ — 0, for some constant v > 0 and for all ¢ € (0, 1],7 € [0, T']
and £ € R”. Assume now that |W,(¢,&)| > 1. By arguing as in (34) with —ya + 1 < % by
choosing k > 0 large enough we arrive at
1
BIWe(t. §) < (= 2(8)s + C(E) 7% + C' ()OO )W, (1, 6)2
1
< (= 26(6)5 +CE) 7O 4 Clel OO ) W (1 )2 <0,

At the level of V, this means that

1
5

1
— e HOE)
[Ve(t,8)| =e det}yg(t’g)Il¥g(t,S)IIVV;(t,§)I

1 1
< o~ 1()(E)5 H.(¢ W.(0
=¢ detHg(t,é)l 8(7%‘)” 8( 7E)|

- L det Hy (0, §) )
_ oumrpopie)s $HO0.8) 10 eV 0
¢ det L. g) B ONHT 0. D)1V (0.6)],

where, for y and § as in above, we have

(m—1)m

|He (2, )|H7N(0,6) <87 2 =c(&)

det H, (0, §)
det Hy (1, &)

(m—1)m
L

(37
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Hence,

1 (m—Dm

(EY* 2 |Ve(0,8)]
1

< c10 (5) e HOHHONET gy ya 2 ()

|Ve(t, €)] < cerOTRONE)

, (38)
for |[We(z,8) > 1.
When |W,(¢, £)| < 1 by Gronwall’s inequality we obtain the estimate
1
[We(t, )17 < [We (0, )7 + C'Te ()eWOET,
This implies
1
Ve, &) =e O ————|H (1, )P We (¢, 6)
(08 det He(t,€) DIFIWe &
1 1 1
—2u(r)(§)s 2 2 'y (n(O)+v)(€)s
<e ——|H.(t,§) <W(0, )N+ C'Tw' (e)e )
s e OP (0.8
1 det®> H,(0, £)
— o(2u@)+21(0))(5) AN 2y g—1 2 2
=e ———|H: (1, §)7|H; (0,87 Ve(0,8)]
de® H(1,&) ¢ ‘
1 1
—2u(1)(€) s 200 (n(O)+v)(€)s
+e —— |H:(t,§)|"C'Tw' (¢)e .
e et
By the properties of Vj , and the estimates (37) and (35) we deduce that
Valt, D = 020 (62 (g)yam=bm
+era (e)e—HOFARTHME) () yatn=Dm. (39)

for |W.(¢,&)| < 1. Concluding, by combining (38) with (39) we have that V. (¢, &) tends
to 0 as a net of ultradistributions uniformly with respect to ¢ and therefore u, tends to u in
C(0,T], D, (R"). O

Remark 4.3. The previous proof clearly shows that Theorem 4.2 can be stated for first order
m x m hyperbolic systems in Sylvester (or more in general block Sylvester) form. In other words,
the existence of very weak solutions for systems of this type is consistent with the classical
Gevrey or ultradistributional results.

5. Very weak solvability of first order hyperbolic systems

We end this paper by considering the following Cauchy problem

Diu—A({t,Dy)u—B()u=F(,x), xeR" te[0,T],

uli=0 = go, (40)
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where A and B are m x m matrices of first order and zero order differential operators, respec-
tively, with #-dependent coefficients, F, u and uq are column vectors with m entries. We work
under the following set of hypotheses:

(h1) the system coefficients are compactly supported in ¢ and the eigenvalues of the matrix A
are real and bounded with respect to ¢ € [0, T'],

(h2) the entries of the matrix B belong to £'([0, T1),

(h3) Fe(&E([0,T]) ® E'(R))™ and go € £’ (R™)™.

We want to investigate the very weak solvability of the Cauchy problem (40), in the sense that
we want to understand if, given s > 1, there exist

(i) C°°-moderate regularisations A, and B, of the matrices A and B, respectively,
(i) a C*°([0, T]; y* (R"))-moderate regularisation F, of the right-hand side F, and
(iii) a y*-moderate regularisations gg . of the initial data go,

such that (u,), solves the regularised problem

Diug — Ag(t, Dy)ug — Be(t)us = Fe (2, x),
Uglr=0 = 80.¢>»

fort € [0,T],x € R" and € € (0, 1], and is C*°([0, T]; y*(R"))-moderate. Note that since we
are dealing with matrices here the moderateness is meant in every entry.

As observed already in the introduction and in the previous sections, the proof of Theorem 1.3
for m order scalar equations is equivalent to the proof of the very weak solvability of a first
order system of pseudodifferential equations with principal part in Sylvester form. This result
of very weak solvability for systems can be easily adapted to a slightly more general principal
part, i.e., to a principal part in block Sylvester form. From this fact it follows that the proof
method of Theorem 1.3 directly implies the very weak solvability of the Cauchy problem (40)
if the hyperbolic system in (40) can be transformed into a hyperbolic system with principal
part in block Sylvester form. In the sequel we show that not only this Sylvester transformation is
possible but also that the eigenvalues are preserved. This is due to the reduction to block Sylvester
form given by d’ Ancona and Spagnolo in [11] which, for the sake of the reader, we recall in the
following subsection.

5.1. Reduction to block Sylvester form
We begin by considering the cofactor matrix L(z, 7, &) of (tI — A(t,&))T where I is the

m X m identity matrix. By applying the corresponding operator L (¢, D;, Dy) to (40) we transform
the system

Diu — A(t, Dy)u — B(t)u = F(t,x)
into

8(t, D, Dx)lu — C(t, Dx, D))u = G(t, x), (4D
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where 6(¢, 7,&) =det(z] — A(¢,&)), C(t, Dy, D) is the matrix of lower order terms (differen-
tial operators of order m — 1) and G(¢, x) = L(t, Dy, D) F (¢, x). Note that §(¢, D;, Dy) is the
operator

m—1

D"+ bu_i(t. Dx) D},
h=0

with b,,_p, (t, £) homogeneous polynomial of order m — h.
We now transform this set of scalar equations of order m into a first order system of size

m? x m? of pseudodifferential equations, by setting

U={D/" (D" u}j=12....m:

where (D, ) is the pseudodifferential operator with symbol (§). More precisely, we can write (41)
in the form

DU — A(t, Dx)U + L(t, Dy)U =R(t, x),

2

where A is an m? x m? matrix made of m identical blocks of the type

0 1 0o - 0
0 0 | R 0
{Dx) - : : : : : ’
b (t, D)(Dx)™  —by—1(t, Dy)(Dy) ™™ oo oo —by(t, Dy)(Dy) 7!

the matrix £ of the lower order terms is made of m blocks of size m x m? of the type

0 0 0o .- 0 0
0 0 0o .- 0 0
it Dy) 1ot D) - - Lo (6,Dy) 1,01, Dy)
with j =1, ...,m, and finally the right-hand side R is an m? x 1 matrix with m column blocks

of size m x 1 of the type

0
0

rj(t, x),

j=1,...,m. By construction the matrices .4 and 5 are made by pseudodifferential operators of
order 1 and 0, respectively. Concluding, the Cauchy problem (40) has been transformed into
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DU — A(t, Dx)U + L(t, D)U =R(t, x),

- B
Ur=o = (D}~ (Dx)" "/ g0} j=1,2,..m- (42)

This is a Cauchy problem of first order pseudodifferential equations with principal part in block
Sylvester form. The size of the system is increased from m x m to m?> x m? but the system is
still hyperbolic, since the eigenvalues of any block of A(z, &) are the eigenvalues of the matrix

(&)TAQ ).
5.2. Proof of Theorem 1.4

The first step in the proof of Theorem 1.4 is the reduction of (40) into (42). Since we work
under the set of hypotheses (h1), (h2) and (h3) we can regularise the system eigenvalues and coef-
ficients and the initial data as in the scalar equation case. Making use of the block Sylvester form
of the matrix .4 and of the corresponding regularised version we can construct a symmetriser
which is block diagonal (made of m blocks of size m x m) and repeat the arguments of the proof
of Theorem 1.3. This easily leads to the existence of a very weak solution for any s > 1.
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