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1. Introduction

The dyadic maximal operator on R" is defined by

1

Mggp(x) = SUP{ 1al

/}d)(u)!du: x€Q, Q CR"is a dyadic cube} (11)
Q

for every ¢ € L1 (R") where the dyadic cubes are the cubes formed by the grids 2-NZ" for N=0,1,2,....

loc
As it is well known it satisfies the following weak type (1, 1) inequality

1
[{xeR™: Mggp(x) > r}| < . | (u)|du (1.2)
{Mgp>Ar}

for every ¢ € L'(R") and every A > 0 from which it is easy to get the following LP inequality

p
IMaollp < pTlllfﬁllp (13)

for every p > 1 and every ¢ € LP(R") which is best possible (see [1,2] for the general martingales and [13] for dyadic ones).

An approach for studying such maximal operators is the introduction of the so-called Bellman functions (see [5]) related
to them which reflect certain deeper properties of them by localizing. Such functions related to the LP inequality (1.3) have
been precisely evaluated in [3]. Actually defining for any p > 1,

1
Bp(Fyf»L):SUP{_/(Md¢)p: Avq (¢P)=F, Avq (@)= f, sup Avg(¢)=L (1.4)
Q] ] R:QCR
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where Q is a fixed dyadic cube, R runs over all dyadic cubes containing Q, ¢ is nonnegative in LP(Q) and the variables
F, f,L satisfy 0 < f <L, fP < F which is independent of the choice of Q (so we may take Q = [0, 1]") it has been shown
in [3] that

P=1f_(p—1)LP .
Fap(BE—LZB=Dp if | < P f,

(1.5)
P+ (GEDP(E— f7) i L> 5P f,

By(F, f,L)=

where wp : [0, 1] = [1, %] is the inverse function of Hy(z) = —(p — 1)z? + pzP~1. Actually this has been shown in a much
more general setting of tree like maximal operators on probability spaces and the corresponding Bellman function is always
the same. Also in [4] Bellman functions related to local L?, LY inequalities have been determined, which turned out to be
considerably more complicated than those in (1.5).

For more information and results on the Bellman approach we refer to [5-7] and for exact determinations of various
Bellman functions (which usually is a difficult task) see [1-3,8-12].

One may look at (1.4) as an extremum problem which reflects the deeper structure of the dyadic maximal function since
it encodes information not only about the size of the function but also a measure of its variance. In this spirit we will study
here a corresponding extremum problem for the standard weak-L? quasi-norms. Therefore we define

1

By oo(F, f,L) =
p.oo(F, f,L) sup{|Q|

IMa )2 AV (@") =F. AvQ(@)=f. sup AVe(d)= L} (16)

where [[Mg@llLp.o(q) = sup{A|[{Mg¢ > A} N Q|/P: 1 > 0} is the corresponding local weak-LP quasi-norm. In this note we
will among other things explicitly compute the above function.

Actually as in [3] we will take the more general approach of defining Bellman functions with respect to the maximal
operator on a nonatomic probability space (X, i) equipped with a tree 7 (see Definition 1.1). Then we can define the
maximal operator associated to 7 as follows

MT¢(X)=SUD{L/|¢|(1/¢LZ xel eT} (1.7)
2205 1

for every ¢ € L1(X, t). The above maximal operator is related to the theory of martingales and satisfies essentially the same
inequalities as Mg.

Next we let G :[0, +00) — [0, +00) be a strictly convex and increasing function and such that limy_, | @ = +o0 and
for any f, F, A such that 0 < f <A, G(f) < F we define

Dc(k,f,F)=SUP{M({MT¢>M): >0, gl (X, ), /¢du=f, /Go¢>du=F}. (1.8)
X X

Then we will in Theorem 1 find the exact form of the above function. This gives the best possible behavior of the distribution
function of the maximal operator and can be thought of as a sharp refinement of the classical weak type inequality (1.2).
Using this we will then solve corresponding to (1.6) local extremum problems but with the more general functional
sup{H(A)u({Mg¢ > A}): A > 0} where H is another convex function (in a sense at most as strong as G) and then we will
use this to find the solution of extremal problems like (1.6) but with mixed norms.
A common feature in all those computations is that the corresponding functions are independent from the particular
tree 7 used, and therefore we have suppressed the 7 from them.

2. The main result

As in [3] we will let (X, ) be a nonatomic probability space (i.e. £#(X) =1). Two measurable subsets A, B of X will be
called almost disjoint if (A N B) =0. Then we give the following.

Definition 1. A set 7 of measurable subsets of X will be called a tree if the following conditions are satisfied:

(i) X €7 and for every I € 7 we have u(I) > 0.
(ii) For every I € 7 there corresponds a finite subset C(I) € 7 containing at least two elements such that:

(a) the elements of C(I) are pairwise almost disjoint subsets of I,
(b) I=JCU).

(iii) 7 = Um0 Zm) where To) = {X} and Zm+1) = Uje7;,, CD).

(iv) We have limpy— o SUD[eT;,, wu(l)=0.
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The elements of such a tree 7 behave in a similar to the dyadic cubes manner, in particular if the intersection of two
elements of 7 has positive measure then one is contained in the other. For more details as well as for a proof of the
following lemma we refer to [3].

Lemma 1. For every I € 7 and every « such that 0 < o < 1 there exists a subfamily F(I) C 7T consisting of pairwise almost disjoint
subsets of I such that

u( U ])= 3w =a-apd). (21)

JeF ) JeF )
Also we will need the following.

Lemma 2. Let G be a convex increasing function on [0, +00) such that limy—, 4o Gx =+o0 and let (Y, ) be a nonatomic measure
space with § = u(Y) < 4o0. Then given e, 8 > 0 there exists a nonnegative measurable function v on Y such that fy Ydu =o and

Jy Goydu=pifandonly if G(%) < B.

Proof. One direction is just Jensen’s inequality. For the other if ac(%) < B for any t such that 0 <t < § we choose a
measurable subset C(t) of Y such that w(C(t)) =t (this is possible since p is nonatomic) and define v; = %XC([)- Clearly
Jyveduw=a and [, Goyrdu = tG(%). But now the assumptions on G, e, 8 easily imply that there exists t as above with
tG(H)=6. O

Now we state the main result of this note.

Theorem 1. Let G be a C! strictly convex increasing function on [0, +00) such that limy—, 4+ @ =+ooandlet0 < f <A, G(f)<F

be given. Then D¢ (., f, F) is equal to 5 L when f== SO < Fanditis equal to the unique solution k in (0, %) of the equation
— Ak
1- k)G(f1 . ) +kG()=F (2.2)

Whenf% > F.

Proof. Let ¢ > 0 be measurable and such that fy¢>d/1, = f and fy Go¢du =F and consider the set E = {M7¢ > A}. It
is easy to see as in the dyadic case that E is the union of a family {I;} (finite or countable) of pairwise almost disjoint
elements of 7 such that fl.' ¢du > Au(l;). Let

k= u(E), Xi:/¢dﬂ, a; = u(ly), J’i:/G°¢dﬂ,

I

R:/q)du and j/:/Go¢d/L. (2.3)
X\E X\E
We have
> A\a;, Za,- =k, R+in:f and 51+Zyi:F. (2.4)
i i i

Upon setting A =), x; the convexity of G implies

yoo(y) > Zee(g5) o(F)
G(%)_ <u(11) ) M(,)/G ¢__1 and
G<%>=G(M(X\E)/ ) M(X\E)/ —%. 05)

Hence

- X y —Yyi  F=XaiG(E —kG(A
G(f A):G( X )< y _F 21YI< >ia (ql)<F kG (%)

1—k 1—k 1-k~ 1—-k = 1—k So1—k (26)
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which gives

Ck(A)_(l—k)G(]; IA>+kG<£> F (2.7)

where Ak=)";Aa; <)Y ;xi=A< f.
Conversely given 0 <k <1 and Ak < A < f satisfying (2.7) we use Lemma 1 to choose a pairwise almost disjoint
family {I;} of elements of 7 such that k="; u(I;) and then use Lemma 2 on Y = X \ | ;[ we choose a nonnegative

measurable function ¢ on Y satisfying fY vdu=f—Aand fy Goyrdu=F— kG(%) the condition in Lemma 2 being here
just (2.7). Thus by defining

A
¢= E;x“ +¥xy (28)

it is easy to see that /Y ¢du = f and fy Go¢du = F and moreover since clearly M7¢ > X on J; I; we get D (4, f, F) > k.

Thus D¢ (%, f, F) is the supremum of all k in (O, i) for which there exists at least one A in [Ak, f) such that (2.7) holds.
Now observing that

f—A A A f—A
Ck(A)_—G( k)+c<k)>o if o> T (2.9)

that is when A > fk and since A > f we conclude that (2.7) holds for some A as above if and only if it holds at A = Ak.
But defining now

Rk) = (1 — k)G(f1 __kkk> +KGO) (210)

the convexity of G implies that

’ _ _ f_)‘k _ _f_)»k / f—)»k
R'(k)=G(n) G(l_k> (x 1—1<)G<1—1<)>0 (2.11)

for any k in (O, %). Moreover R(0) =G(f) < F and R({) = f@ and these easily complete the proof of the theorem. O

It is obvious that when A < f the expression D¢ (A, f, F) is equal to 1. Specializing now the above theorem to the case
G(x) = xP where p > 1 we get the following.

Corollary 1. Forany p > 1, Dp(, f, F) is equal to L when Pl <Pl g ? and it is equal to the unique solution k in (0, i) of the
equation

(f —knP
(1—kp-1

when AP~1f > F.

+kAP =F (2.12)

In particular

Da(r, f,F) = (2.13)

F—f? e F
F=21f+A2 if f <A

Next Theorem 1 implies that with f, F fixed the function k(A) = D¢ (A, f, F) satisfies k(A\)G(L) < F as A — +o00 and so
since @ — 400 that k(A\)A — 0 as A — +o0o. Using this into (2.2) and letting A — +o0 we get the following.

Corollary 2. We have for any G as in Theorem 1 that lim,_, o G(\)Dg (A, f, F) = F — G(f). In particular if p > 1 we have
limy 0o APDp (A, f,F)=F — fP.

Remark 1. If Q is C! strictly concave and increasing function on [0, +00) satisfying limy_, ;oo @ =0 then the proof of
Theorem 1 can be carried out with minor modifications and by reversing the inequalities to give that whenever 0 < f < A

and 0 < F < Q(f) the corresponding function Dq (%, f, F) is equal to % when f% > F and to the unique solution k in

(0, i) of Eq. (2.2) with Q replacing G otherwise. Thus the function D, (A, f, F) can be computed and for 0 < p < 1. In
particular for p =1/2 we get

Dija(r, f, F) % HieAst P (2.14)
120, f, F) = f-F2 ) ) 1
7f*2Fﬁ+l if (f) < A.
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Remark 2. One can generalize the above result as follows. Instead of fixing the L' norm and the higher “quasi-norm” defined
by G o ¢ one could fix two quasi-norms a lower one and a higher one. To describe the result, given G is as in Theorem 1
and g another strictly convex and increasing function on [0, +00) we define for any f, F, A such that 0 < A, G(f) < F

Dc,g()\,f,F):sup{;L({M7—¢>A}): ¢ > 0 measurable, /god)d,u:f, /Gogod)d,u:F} (2.15)
X X

Then the following holds

Dc,g()"7f#F)zpc(g(A')af7F)- (2.16)

The proof in the case g(1) > f is similar to that of Theorem 1 by taking x; = fli gopdu, yi= f,i Gogogdu, X = fX\E gopdu
and y = fX\E Gogog¢du in (2.3) instead and noting that x; > g(A)a; by Jensen’s inequality and so A > g(A)k, and, for the
lower bound, taking ¢ = gil(%) Yo X+ g 1oy xy in (2.8) instead. If g(A) < f then to show that Dggr, fLF)=1 we
take A = fk for any k < 1 then take ¢ as before and let k — 1. Of course for the upper bound one could just use Theorem 1
for the function g o ¢ since by Jensen’s inequality g(M7¢ (X)) < M7 (g o ¢)(x) for all x € X.

Now we let H : [0, +00) — [0, +00) be a strictly convex and increasing function and such that H(0) = 0 and given any
measurable in X we define

[V [H,00 =Sup{HG)({I¥| = 1}): 1> 0}. (217)
Then we consider the following
BG,H,oo(F,f)=SUP{|Md¢|H,oo: $>0, pell(w), /¢du=f, /GO¢dM=F}~ (2.18)
X X

In view of the above corollary it is clear that this will be +oc if H is stronger than G in the sense H(x)/G(x) — 400 as
X — 4o00. Next we prove the following.

Theorem 2. Assume G is a C2 increasing function on [0, +o00) satisfying G” > 0 on (0, +00), G(0) = G'(0) = 0 and limy—, 4o @ =
~+o00 and let H be a strictly convex and increasing function on [0, +00), such that H(0) = 0. Moreover we assume that the function %
is increasing on (0, +00). Then we have

H(T($))

BeHoo(F, f)=
6, H,00(F, f) r(%)

f (2.19)

where t is the inverse of the function G(x) = @ on (0, 4+00).

Proof. Fix f, F as in Theorem 1. Given ¢ > 0 be measurable and such that [, ¢ du = f and [, Go¢du = F, Theorem 1 and
the convexity of H implies that

HG) . H@G)

HO({M7¢ >3} SHMD (4, f, F) = —=f < ) (2.20)
7

when A < ‘L’(%). On the other hand the same theorem implies that there is ¢ as above with H(A o)t ({M7¢ > Ao}) > #ﬁo)f

where Ag = r(%). In particular this implies that B¢ x(f, F) > #’;‘))f. Hence in view of the other part of Theorem 1 upon

setting k(1) to denote the unique solution of (2.2) when A > Ao the proof will be complete once we have shown that
H(A)k()) is strictly decreasing on A > Ag. Differentiating (2.2) with k replaced by k(1) which is legitimate in view of the

implicit function theorem we easily get setting x(1) = fli’;f()\;))‘ that

H® Koy _HG) G'(M) — G (x()
H@) k@)  H®) GO —G&QA) — (= x()G'(x(V)

d
o log HOk(n) = (2.21)

(the implicit function theorem can be applied since G(1) — G(x(1)) — (A — x(1))G’(x(A)) > 0) and this expression has the
same sign as

W) =HMW[CH) —Gx) — (A —xG'x)] - HM[C' M) — G )] (2.22)

evaluated at x = x(1). Moreover since f <A we have 0 < x(A) < A and so it suffices to prove that W (x) <0 on [0, A]. But
W (0)=H'(A)G(L) — H(A)G' (1) <0 since % is increasing and W () = 0. Also
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W'(x) = G" ([~ —0H' (W) + H)) (2.23)

and so W/(X) > 0 and W' has at most one zero in (0, 1). These easily imply that W (x) <0 on [0, A] and thus complete the
proof of the theorem. 0O

Specializing the above theorem to the case where G(x) = xP, H(x) = x4 where p > 1, 1 <q < p we easily get the
following.

Corollary 3. Given p > 1 and q with 1 < q < p we have for any nonnegative measurable ¢ that

eI
IMT$llg.00 < 115" 115" (2.24)

and this is sharp in the sense that the right-hand side is the supremum of the left-hand side over all ¢’s with fixed L' and LP norms. In
particular when p = q we get the sharp inequality

IM7¢llg.co < l19llg- (2.25)

Note that inequality (2.24) follows from (2.25) via Hoélder’s inequality. The main point though is the sharpness of (2.24)
when the L' and LP norms of ¢ are fixed. We also remark that in the case p = q the value of the L! norm of ¢ does
not appear in the corresponding supremum which is in sharp contrast with the corresponding problem involving strong
LP norms mentioned in the Introduction.

Also specializing (2.16) to the case where G(x) = xP2/P1, g(x) = xP1 where 1< p1 < p2 and then using the above theorem
with H(x) = x9 where p; < q < p» one easily obtains the following.

Corollary 4. Given p; > p1 > 1 and q with p1 < q < p2 we have for any nonnegative measurable ¢ that

P2@—p1) P1(P2—9)

IMT¢llg.00 <llplpy? " lIpllp 2" (2.26)

and this is sharp in the sense that the right-hand side is the supremum of the left-hand side over all ¢’s with fixed LP' and LP2 norms.

Similar remarks as with Corollary 3 apply here.
Now let G be as in Theorem 2 and let ¢ > 1. For any 0 < f <L and F > G(f) we define

Bc,q,oo(F,f,L)=sup{y|max(M7¢,L)Ug,w: $=0, pell(u), fqbdp.:f, /Godbdu:F}. (2.27)
X X

This is a generalized version of the function defined in (1.6). Then using Theorems 1 and 2 we get the following.

Theorem 3. If G is as in Theorem 2 and q > 1 is such that x"9G(x) is increasing in x > 0 then we have

r(Eytf i <L<rB)TagT,
Be.g,00(F, f, L) = 1 (2.28)
L9 ift(5) " fe <L
In particularif p > 1 and p > q then
Fi7t p5=t if f <1 < Fao=D fabn
- - 1 < < - -,
Bp.g.0(F, f, L) = e pa (2.29)
LY if Fab=1) fap=0 L L,
and so forany p > 1,
F iff <L<FUP,
Bp,oo(F, f,L) = il (2.30)

LP ifFU/P L.

Proof. Given any ¢ as in (2.27) and any A > f we have A9u({max(Mg¢, L) > 1}) < L9 if A <L and it is < A9Dg (A, f, F). On
the other hand the proof of Theorem 2 implies that A9D¢ (A, f, F) is decreasing if A > 1:(%). This combined with Theorem 1

implies that Bg g0 (F, f,L) is equal to L9 if L > r(%) and to max(L9, T(%)q_lf) otherwise and this easily completes the
proof. O

Also by using Corollary 4 and defining
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B (P . 1) = sup [max(r. )] ¢ >0 measurable. [ 67 du=1. [ 47 du= F}, (231)
X X

we get the following.

Corollary 5. Given p; > p1 > 1 and q with p1 < q < p, we have

q-rq f P24 ff (Q—P1 >f (Pz—q :
F p2—p1 fP2-P1 | < L < Fap2=p1) fapa—p1) |
Bpi.p2.q.00(F, f,L)= (2.32)

_4-p1 _Ppp=q
L4 if[:q(pzfpﬂ fq(prp]) < L.
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