
Theoretical Computer Science 348 (2005) 217–225
www.elsevier.com/locate/tcs

Linear tolls suffice: New bounds and algorithms for tolls in single
source networks
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Abstract

We show that tolls that are linear in the latency of the maximum latency path are necessary and sufficient to induce heterogeneous
network users to independently choose routes that lead to traffic with minimum average latency. This improves upon the earlier
bound of O(n3lmax) given by Cole, Dodis, and Roughgarden in STOC 03. (Here, n is the number of nodes in the network; and lmax
is the maximum latency of any edge.) Our proof is also simpler, relating the Nash flow to the optimal flow as flows rather than cuts.

We model the set of users as the set [0, 1] ordered by their increasing willingness to pay tolls to reduce latency—their valuation
of time. Cole et al. give an algorithm that computes optimal tolls for a bounded number of agent valuations, under the very strong
assumption that they know which path each user type takes in the Nash flow imposed by these (unknown) tolls. We show that in
series parallel graphs, the set of paths traveled by users in any Nash flow with optimal tolls is independent of the distribution of
valuations of time of the users. In particular, for any continuum of users (not restricted to a finite number of valuation classes) in
series parallel graphs, we show how to compute these paths without knowing �.

We give a simple example to demonstrate that if the graph is not series parallel, then the set of paths traveled by users in the Nash
flow depends critically on the distribution of users’ valuations of time.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

In a (transit/Internet/telecommunications) traffic network, the latency of a link is the time required to travel from one
end of the link to the opposite end. In a simple model of traffic, the latency of an edge is a nonnegative, nondecreasing
function of the flow on the edge: Given graph G = (V , E), with n = |V |, the latency of edge e ∈ E is a function
le : R+ ∪ {0} → R+ ∪ {0}. We consider such a model in this paper and look at how to induce selfish users of the
network to follow a traffic pattern that minimizes the average latency experienced by the users. Such a traffic pattern
is called a system optimal flow. If we assume that the total flow volume from s to t is 1, then a system optimal flow is
equivalently expressed as an s–t flow f of value 1 that minimizes

∑
e∈E le(fe)fe.

A selfish user traveling from s to t chooses a path P that minimizes the latency experienced on the path: given that
all other network traffic is fixed as f, the traveler minimizes

∑
e∈P le(fe). This model is introduced in [13]. If each
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user succeeds in doing this, we will call the resulting traffic pattern a Nash flow, since it is a Nash equilibrium for the
routing game where each player is a user with action space the set of all s–t paths. The Nash flow may be far from a
system optimal flow [9,11].

Tolls are a well-known method to induce homogeneous users to choose paths that minimize the average latency
when users selfishly choose paths that minimize individual latency plus toll. For marginal cost tolls: �e = l′e(fe)fe, the
Nash flow with tolls � is a system optimal flow (see for example [2,10]).

What happens if the users are heterogeneous? To model this, consider for each agent a there is some multiplier
�(a) that represents a’s valuation of time. User a seeks a path P that minimizes

∑
e∈P �(a)le(fe) + �e. 2 Early work

considers when users pay different tolls on the same edge, according to their multiplier � [6,12]. This is unsatisfying,
and also hard to enforce, as it requires knowing individual users’ � values, as opposed to a distribution of �-values
of users.

Instead, a natural question is, given a distribution �, find a unique toll for each edge that induce users to choose a
prespecified flow f̃ . We call such tolls optimal tolls. Cole et al. [5] show that optimal tolls exist when f̃ is the system
optimal flow. Their proof is nonconstructive, and they bound the size of the maximum toll necessary to achieve this by
�maxlmaxn

3, where �max = maxa �(a) and lmax = maxe le(1). The proof uses Brouwer’s fixed point theorem, and a
complicated argument about cuts in the network.

We show that linear tolls suffice: the optimal toll on each edge need be no more than the latency of the maximum
latency path in the minimum average latency flow times the maximum valuation of time on that edge. In fact, the
total toll paid by a user (over all edges in a path) is bounded by this same quantity. This quantity is always less than
�maxlmaxn. This bound is also tight: there are instances that require tolls that are linear in the size of the maximum
latency path in the network. Our proof relates the Nash flow to the system optimal flow directly as flows, rather than
indirectly through cuts. This linear bound also holds in the multiple source, single sink setting; and to induce any given
acyclic flow—not just the system optimal flow.

We consider the set of users as the set [0, 1] ordered by their increasing willingness to pay tolls to reduce latency.
Thus � : [0, 1] → R+ is a nondecreasing function. For the case that � is a step function, Cole et al. [5] show that
optimal tolls can be computed by solving a linear program, under the following very strong assumption: The paths of
users with valuation �i in the Nash flow with the optimal tolls is known, even though the optimal tolls are unknown. 3

The correctness of their algorithm relies on their nonconstructive proof of the existence of tolls.
What if these set of paths are not given? We show that in series parallel graphs, the set of paths traveled by users in

any Nash flow with optimal tolls is independent of the valuations of time of the users: In series parallel graphs, the set
of paths is determined by f̃ only. As a consequence, we give the first algorithm that computes tolls for users from a
distribution given by any increasing function � (not restricted to a finite number of valuation classes), in series parallel
graphs. For this we assume that we have access to an oracle that given a ∈ [0, 1] returns �(a). We compute the tolls
using at most m + 1 oracle calls.

In general graphs, it is unknown if even verifying that a given set of tolls is optimal for a given � function is in
P: Carstensen [4] constructs an example with fixed latencies and tolls where the number of paths that correspond to
shortest paths for varying values of � can be exponential in the size of the graph.

We conclude by giving a simple example to demonstrate that if the graph is not series parallel, then the set of paths
traveled by users in the Nash flow depends critically on the function �.

2. Preliminaries

Let G = (V , E, l, s, t) denote a directed graph with nonnegative, nondecreasing, continuous latency functions le
associated with each edge e ∈ E, source node s ∈ V and sink node t ∈ V . Let m = |E|. The latency of edge e is a
function solely of the flow on edge e. Given a set of edges F, and a function x defined on E, we denote by xF the total of

2 Cole et al. use le(fe) + �(a)�e to evaluate edge e [5]. By taking �(a) = 1/�(a), our notation is equivalent to theirs.
3 Cole et al. do not state this assumption in [5], but the LP they use to compute tolls requires the breakdown of the flow into flows per commodity.

As we show in Section 4.2, there are simple graphs for which the decomposition of the flow according to commodity depends on the specific �
function. Thus, how to obtain this decomposition is an important question, not addressed in [5]. When � is a step function, an algorithm that does
not require this decomposition is presented in [7].
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x on F: xF := ∑
e∈F xe, where xe is the function value of x at e ∈ E. For a scalar x, we denote by [x]+ the maximum

in {x, 0}.
A path from s to t is an ordered subset of V × E of the form (s = v0, e1, v1, e2, . . . , ek, vk = t) with the property

that ei = (vi−1, vi). For any subset � of V × E, we denote by E(�) the set � ∩ E. Let Pyz be the set of y–z paths in
G. For s–t paths, we simply use P .

An s–t flow in G is a nonnegative function f : E → R+ ∪{0} that satisfies flow conservation at all nodes of V \{s, t}:∑
v fvw = ∑

v fwv . The volume of a flow is the quantity of flow that leaves s, denoted |f | := ∑
v∈V fsv . A path flow

is a flow on a path from s to t in G. A cycle flow is a flow around a cycle in G. A flow decomposition of a flow f is
a set � = {�1, . . . , �r} of path flows and cycle flows whose sum together is f:

∑r
i=1 �i = �. Every flow has a flow

decomposition into at most |E| path and cycle flows. If f is acyclic, then the flow decomposition consists of path flows
only. A flow around a cycle may be canceled by sending the flow backward around the cycle, in effect subtracting the
flow. A cycle is canceled if flow of value equal to the minimum flow value on an edge in the cycle is sent backward
around the cycle. For more basic facts on flows, see [1].

The cost of an edge e with latency l(e) and toll �(e) for agent a is �(a)l(e) + �(e). The cost of a path P for agent
a is simply the sum of the costs of the edges in the path. While our results apply to any acyclic flow, we discuss the
results in the context of the system optimal flow. Thus, the latency of edge e is the latency of the edge in the system
optimal flow. Thus, we define the capacity of the edge e as the value of flow on e in the system optimal flow: |f̃e|, and
the capacity of a path P to be mine∈P |f̃e|.

When l is convex, the system optimal flow can be computed in polynomial time via solving a convex program. While
the system optimal flow may not be unique, we will assume throughout the rest of this paper that we are talking about
an arbitrary, but fixed system optimal flow f̃ .

Given congestion-aversion function � : [0, 1] → R+ and toll vector � : E → R+ ∪ {0}, we denote the Nash flow by
f �

� . When � is clear from context, as it is throughout most of the paper, we will simply use f �. Given Nash flow f �, we
denote by �(a) the path used by user a in f �. The Nash flow exists, and has some interesting properties summarized in
the following lemma [5].

Lemma 1. For tolls �, there exists a Nash flow f � with edge latencies l that satisfies
(i) For any path P ∈ P , the agents assigned to P by f � form a (possibly empty or degenerate) subinterval of [0, 1].

(ii) If a�b, then l(�(a))� l(�(b)).
(iii) If a�b, then �(�(a))��(�(b)).

Since the latency functions are nonnegative, we assume without loss of generality that the Nash flow and optimal
flow induce directed, acyclic graphs. As long as l is nondecreasing and continuous, the Nash flow may be computed in
general by solving a convex program.

3. Linear tolls are necessary and sufficient

Let lmax be the maximum latency of an edge in f̃ . Clearly lmax � maxe le(1). Let L = maxP∈P
∑

e∈P le(1).

Theorem 2. Tolls that are bounded by 1 + �(1)L suffice to induce a minimum latency flow as a Nash flow.

Proof. Let T = 1 + �(1)L. Let �(�e) = min{T , [�e + (f �
e /f̃ ) − 1]+}. We show that if � has a fixed point �′, then

f �′
e = f̃e for all e ∈ E. Then, since � is continuous [5] and bounded, we can invoke Brouwer’s fixed point theorem [3]

to obtain the result.
Suppose there is a “bad” fixed point—a fixed point � of � with f � �= f̃ . Then every edge e with f �

e > f̃e has �e = T

(a taxed edge); and every edge e with f �
e < f̃e has �e = 0 (an untaxed edge). We create a graph Ĝ on V with an

arc (v, w) with capacity f̃ (v, w) − f �(v, w), if f �(v, w) < f̃ (v, w) (a forward arc), and an arc (w, v) with capacity

f �(v, w) − f̃ (v, w), if f �(v, w) > f̃ (v, w) (a backward arc). In words, Ĝ is the graph of the flow f̃ − f �. If Ĝ is
nonempty, then a flow decomposition of f̃ − f � yields only cycles and no paths, since the volume of both flows is the
same. Thus if Ĝ is nonempty, it contains a cycle, with at least one forward and one backward arc, since both f � and f̃

are acyclic.
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Fig. 1. A cycle in Ĝ and paths of agents a, b, c ∈ AC in f �.

Intuition of proof. Suppose the cost of a forward arc for agent a is �(a)le(f̃ ), and the cost of backward arc for agent
a is −�(a)le(f

�) − T . Let C be a cycle in Ĝ such that agent a travels on the counterpart to each backward edge in
C. Since f � is Nash, C cannot have negative cost. Let |C| be the number of taxed (backward) edges on a cycle C.
Since f̃ is acyclic, |C|�1. Thus, �(a)lC(f̃ )��(a)lC(f �) + T |C|, or T ��(a)(lC(f̃ ) − lC(f �))/|C|�n ∗ lmax�(1),
a contradiction if L := n ∗ lmax.

To expand this intuition, we show that if we have a “bad” fixed point, then there exists an agent a with incentive to
change its path �(a), which contradicts f � being a Nash flow:

Consider a cycle C in Ĝ. Let AC be the set of agents a such that �(a) ∩ C contains a taxed edge. Note that by
definition of Ĝ and C, the connected components of �(a) ∩ C consist either entirely of taxed (backward) edges, or
untaxed (forward) edges (see Fig. 1). This is because all flow in f � is going in the same direction as flow in f̃ —in
the direction of forward arcs, and in the opposite direction of backward arcs. For purposes of this proof, we are just
interested in the connected components of �(a) ∩ C that are taxed. For each a ∈ AC , define e(a) to be the last taxed
edge on �(a) ∩ C, define v(a) to be the end point of e(a) closest to t on �(a), and define �C(a) as the subpath of �(a)

from v(a) to t. These definitions are illustrated in Fig. 1. By definition, �C(a) does not contain a taxed edge on C.

Claim 3. For each a1 ∈ AC , there is an alternate path for some agent a2 ∈ AC from s to t that uses �C(a1) instead of
�C(a2) and at least one fewer taxed edge from C than �(a2) does.

We prove this claim: There is a backward arc leaving v(a1) on C—it corresponds to arc e(a1) in �(a1).
Case 1: The arc entering v(a1) on C is a backward arc. In this case, there is distinct agent a2 ∈ AC such that

v(a1) ∈ �(a2). (In Fig. 1, v(c) is an example of this.) Thus a2 can follow �(a1) from v(a1) instead of using �(a2). In
doing so, agent a2 will use at least one fewer taxed arc from C—it will not use the arc in E that corresponds to the
backward arc entering v(a1). (In Fig. 1, b can take �C(c) instead of e(b) ∪ �C(b).)

Case 2: The arc entering v(a1) on C is a forward (untaxed) arc. (In Fig. 1, both v(a) and v(b) are examples of this.)
We trace backward around C starting from v(a1) until we come to the next node y that has an entering backward (taxed)
arc. Some agent a2 has a path �(a2) that enters C at y. Since all arcs on C from y to v(a1) are forward arcs, a2 can be
rerouted from y along C to v(a1) and then onto �C(a1) to t. (In Fig. 1, a can take �C(b), and b can take �C(a).) This
path has fewer taxed edges on C than the path from y to t along �(a2), since, in particular, it does not include the arc
leaving y that corresponds to a backward arc in C. This establishes the claim.

Let �C(a∗) be the least toll path among all �C(a), a ∈ AC . By the claim, some agent b ∈ AC can replace its
current path �C(b) by using at least one fewer taxed edge in C and the subpath �C(a∗). No additional edges outside
�(b)−C − �C(b) are added to this new path for b. If somehow a cycle is created in this new path, this cycle is shortcut.
Thus, the change in cost that agent b experiences by choosing this path instead is at most the difference in tolls of the
two paths, plus the latency of the new path minus the toll of at least one taxed edge on C. This is

��C(a∗) − ��C(b) + �(b)L + [−T ] � �(b)L + [−T ].
Since f � is a Nash flow, this must be �0. This implies that T <= �(1)L, a contradiction. �
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Remarks. 1. The bound in Theorem 2 also holds when there are multiple sources and a single sink (or multiple sinks
and a single source).

2. Theorem 2 may be strengthened by bounding the toll on each edge separately. In the map � for edge e we can
replace T with Te := min{�(a) | e ∈ �(a) in Nash flow of optimal tolls}. The result is that the toll for agent a is not
more than the latency of the maximum latency path times her valuation of time.

3. Theorem 2 actually also proves the existence of tolls to induce any pre-specified acyclic flow. Subsequent to this
work, and after discussions with Kamal Jain, Mohammad Mahdian, and Tim Roughgarden, we realized there is a very
simple proof to show that the total toll paid by user a is at most �(a)L, if we know that tolls exist. This is discussed in
Section 3.2.

3.1. Linear tolls are necessary

The bound in Theorem 2 is trivially tight for uniform �: consider a simple graph that consists of two edges from s to
t, one with latency L, the other with latency Lxr for r > 0. 4 The Nash flow will send all flow on the edge with latency
xr . In order to make the both paths attractive to users at the optimal flow, a toll of value �L (1 − 1/(1 + r)) must be
imposed on the bottom edge. For r large, this approaches �L.

3.2. Bounding total toll

Theorem 4. Let � be a set of tolls that induce the system optimal flow. There exist tolls �′ that induce the system optimal
flow such that user a pays at most �(a)L.

Proof. We first note that � can be modified to �′ such that �′ induces the system optimal flow and that there is a path
of edges with 0 toll from s to each sink. 5

Given tolls �, let S be the set of nodes reachable from s on paths of edges with 0 toll. Let � > 0 be the smallest toll
on an edge leaving S. Reduce the toll on each edge leaving S by � and increase the toll on each edge entering S by �.
The sum of tolls on every s–t path decreases by exactly �: each time the path enters S it must leave S. To enter S the
first time, it has to first leave S. Thus the number of edges on the path that leave S is exactly one more than the number
that enter. Thus �(a)l(�) + �(�) decreases by � for all �. Hence the paths traveled by users are still the minimum cost
paths for these users, and the new tolls are also optimal. The size of S has increased by at least 1, and so after repeating
this at most n times, there is a path of 0 toll edges from s to each sink.

Let �0 be a path with 0 tolls. The cost of this path to user a is �(a)l(�0)��(a)L. Since user a prefers �(a), we have
that �(a)l(�(a)) + �′(�(a))��(a)L, which implies that �′(�(a))��(a)L. �

4. Computing tolls for general �

In this section, we assume that a pre-specified flow f̃ is given. We seek tolls � such that the Nash flow with agent
a ∈ [0, 1] seeking to minimize �(a)lP (f �) + �(P ) is f̃ . We make no assumptions on the nondecreasing function �
which reflects the aversion of each agent to congestion. We assume that we have access to � via an oracle that responds
to the query a ∈ [0, 1] with �(a).

All latencies in this section refer to the latency of an edge given flow f̃ . Thus l = l(f̃ ) in this section.

4.1. Series parallel graphs

We describe an algorithm that computes optimal tolls if G is series-parallel.

4 This is a variant of an example illustrated by Pigou [10].
5 This observation is also made in [5].
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4.1.0. Definitions.

A basic series-parallel graph is an edge with terminals a and b. Two series parallel graphs can be joined in a series
composition by associating terminal b of the first with terminal a of the second. Two series parallel graphs can be joined
in a parallel composition by associating terminal a of the first with terminal a of the second, and associating terminal
b of the first with terminal b of the second. A maximal set of contiguous series compositions is a series component. A
maximal set of parallel compositions is a parallel component.

4.1.1. Algorithm ComputeToll

Step 1. Create a longest-path-first flow decomposition of the minimum latency flow f̃ : Find a longest latency path P
in f̃ , and set the volume of path flow � along P to be the capacity of P in f̃ . Remove � by setting f̃ = f̃ −�, and iterate.
Ties are broken among paths by assigning a unique numerical key to each edge, and breaking ties lexicographically.
Let � be the number of paths in the decomposition. Note that �� |E|, since each path-flow removal reduces the support
of f̃ by at least one edge. Let this collection of paths be � = {�1, . . . , ��}, indexed in order of nonincreasing lengths l
(so that �1 is the longest latency path).

Step 2. Assign agents to the path flows in �: The set of agents with the highest � value are assigned to the shortest
latency path. That is, agents in (1 − |��|, 1] are assigned to ��. Agents with the next highest � values to next path;
and so on, until agents in [0, |�1|] are assigned to �1. In this way, the agents are partitioned into � groups according to
the path to which they are assigned. Let [�1, �1], . . . , (��, ��] be the ranges of � determined by this partition. Thus,
�i ��i ��i+1 for all i.

Step 3. Assign tolls to edges: From (G, l, �) create a new instance (G, l, �′), where �′ is a step function that depends
on �, as follows. Let �′

2i−1 = �i , and let �′
2i = �i . Let the volume of users of types �′

2i−1 and �′
2i , denoted by r2i−1 and

r2i , respectively, be each equal to |�i |/2.
Find a feasible solution to the following set of inequalities in variables z and �. The resulting value �e is the toll for

edge e.

zi
s = 0 ∀ 1� i�2�,

zi
w − zi

v ��′
i lvw(f̃vw) + �vw ∀ i, ∀ (v, w) ∈ E(G),

2�∑

i=1
riz

i
t =

2�∑

i=1

∑

e∈�	i/2

[�i le(f̃e) + �e]ri . (1)

4.1.2. Analysis of algorithm ComputeToll
Let distl (v, w, F ) be the latency of the least l-latency path between v and w using edges in F. The ordered set of

paths {�1, �2, . . . , �r} in G with edge-length function l is said to have the decreasing subpaths property if for all i < j ,
{v, w} ⊂ V (�i ) ∩ V (�j ) implies that distl (v, w, �i )�distl (v, w, �j ).

Lemma 1 has the following simple corollary.

Corollary 5. For any tolls �, there exists a Nash flow f with edge latencies l such that for all a�b the ordered set
{�(a), �(b)} satisfies the decreasing subpaths property.

We now show that in series parallel graphs, a set of paths has the decreasing subpaths property if an only if it
corresponds to a longest path decomposition.

Lemma 6. Any path decomposition of a series parallel graph G is a longest path decomposition if and only if it has
the decreasing subpaths property.

Proof. Let � = {�1, . . . , ��} be a longest path decomposition. Consider any two indices 1� i < j �� and nodes
{v, w} ∈ V (�i )∩V (�j ) such that distl (v, w, E(�i )) < distl (v, w, E(�j )). Swapping the subpath of �j from v to w with
the parallel subpath of �i results in a modified path decomposition with �i longer than before the swap. This contradicts
that �i is from a longest path decomposition. Thus � satisfies the decreasing subpaths property.
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Now suppose � = {�1, . . . , ��} is a decomposition of a series parallel graph G that satisfies the decreasing subpaths
property. In order to show that � is a longest path decomposition it is sufficient to show that �1 is a longest path. Then,
by induction, since � − �1 is a decomposition of G − �1 that satisfies the decreasing subpaths property, � − �1 is a
longest paths decomposition of G − �1.

Suppose �1 is not a longest path in G. Let Y be the smallest parallel component such that E(Y )�1 �= ∅ and �1 is not
a longer path through Y. Let s′ and t ′ be the end nodes of Y. By definition of Y, a longest path through Y is internally
node disjoint with �1. Call one such longest path through Y by p. Since � obeys the decreasing subpaths property,
edges in the subpath p cannot be on just one path in �, and thus must appear on at least two paths �. Let �j be the last
such path, and �i be some other such path that satisfies the following properties: there is a smallest parallel component
X such that �i and �j intersect X, �j ∩ E(X) = p, and �i ∩ E(X) is not a longest path in X. Since both �j ∩ E(Y )

and �i ∩ E(Y ) must have length less than p by the decreasing subpaths property, such a component must exist if p is
not on �1. But this contradicts the fact that {�i , �j } obeys the decreasing subpaths property. Thus �1 must be a longest
path in G. �

A simple consequence of Lemma 6 is that a longest path decomposition of series parallel graph G is also a shortest path
decomposition, since a symmetric argument shows that a shortest path decomposition obeys a symmetric increasing
subpaths property.

Together Lemma 6 and Corollary 5 imply that the set of paths used by users in any Nash flow forms a longest path
decomposition of G. Thus, even without knowing the exact distribution �, we know that the set of paths traveled in G
by any set of selfish users. In addition, if the users are ordered according to � value, we know which users travel on
which path.

We now invoke a theorem of Cole et al. [5] that states that for an instance (G, l, �) such that � is a step function, if
the path decomposition of the Nash flow with optimal tolls � is known, then it is possible to compute � by finding a
feasible solution to a set of inequalities. We paraphrase their Theorem 4.2 and the discussion that precedes it below.

Theorem 7 (Cole, Dodis, Roughgarden). Let (G, l, �) be an instance in which � takes on only finitely many distinct
values. Let ri be the volume of users with valuation �i . Suppose � induces Nash flow f̃ , and let f̃ i be the flow induced
by users with valuation �i . Then � and f̃ satisfy the following system of inequalities.

zi
s = 0 ∀i,

zi
w − zi

v ��′
i lvw(f̃vw) + �vw ∀ i, ∀ (v, w) ∈ E(G),

∑

i

riz
i
t = ∑

i

∑

e∈E

[�i le(f̃e) + �e]f̃ i
e .

A corollary of this theorem is that if f̃ i is known, and the number of distinct values of � is polynomial, then � can
be computed in polynomial time.

Theorem 8. For any instance (G, l, �) where G is series-parallel, and � is an arbitrary increasing function on [0, 1],
algorithm ComputeToll finds the optimal tolls.

Proof. By Steps 1 and 2, Corollary 5, and Lemma 6, the instance described in Step 3 of ComputeToll is of the form
required by Theorem 7. Thus, the solution to this system of inequalities yields optimal tolls for the problem with
valuation function �′. Together Corollary 5 and Lemma 6 imply that the set of paths used with valuation function � is
the same set of paths used with valuation function �′. Lemma 1 (i) and (ii) implies that the bounds for the � values of
the users on such paths is the same as the bounds for the �′ values. Since the tolls are acceptable to users with extreme
�-values on each path, they are okay for all users on the paths, and hence the tolls computed for �′ are also optimal
for �. �

4.2. Other graphs

If G is not series parallel, then for different functions �, flow patterns of agents with optimal tolls may be different.
Thus, there is no universal flow decomposition that holds for all �.
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Fig. 2. In this network, the flow patterns of agents in the Nash flow with optimal tolls depend on the distribution �. The number on each arc represents
the latency of the arc in the system optimal flow.

For example, consider the graph on 4 nodes {s, a, b, t}with arc set and optimal latencies {(s, a, 2), (s, a, 10), (s, b, 6),

(a, b, 0), (a, t, 5), (b, t, 4), (b, t, 10)} depicted in Fig. 2. This graph is not series-parallel, but would be series-parallel
without any one of the arcs (s, b), (a, b), or (a, t).

If �(a) = 1 for a ∈ [0, 1
3 ], �(a) = 6

5 for a ∈ ( 1
3 , 1

2 ], �(a) = 4
3 for a ∈ ( 1

2 , 5
6 ] and �(a) = 2 for a ∈ [ 5

6 , 1], then the op-
timal toll vector is (10, 0, 4, 0, 5, 7, 0) and the paths taken by users in the Nash flow are {(s, a, 2), (a, t, 5)}, {(s, a, 10),

(a, b, 0), (b, t, 10)}, and {(s, b, 6), (b, t, 4)}.
On the other hand, if �(a) = 1 for a ∈ [0, 2

3 ) and �(a) = 5 for a ∈ [ 2
3 , 1], then the optimal toll vector is

(8, 0, 0, 0, 1, 6, 0) and the paths taken by users in the Nash flow are {(s, a, 2), (a, b, 0), (b, t, 4)}, {(s, a, 10), (a, t, 5)},
and {(s, b, 6), (b, t, 10)}.

5. Conclusions

In this paper we have provided a improved bound on the size of tolls needed to induce heterogeneous, selfish users
to obey the system optimal flow in single source networks; and provided an algorithm to compute such tolls in series
parallel networks. This work was motivated by an interest in understanding the tolls problem better so as to address
the existence and computation of tolls in multicommodity networks. In joint work with Kamal Jain and Mohammad
Mahdian, we have recently proved the existence of tolls for heterogeneous users in multicommodity networks.6 In fact,
we have given the first constructive proof of existence of tolls for not only the system optimal flow, but for any minimal
congestion. This gives a complete characterization of flows enforceable by tolls. Our proof yields a simple algorithm
for computing tolls via solving a linear program. This work extends to general nonatomic congestion games [7].
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