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1. Introduction

In this paper, we consider the Dirichlet problem for the following Hessian quotient equations in exterior domains

Sr(D?u _
sk,(Dzu):Mﬂ inR"\ 2, (11)
’ Si(D2u)
u=¢ onas2. (1.2)
Here £2 is a bounded domain in R, 0 <! <k <n, D?u denotes the Hessian of the function u, and Sj(Dzu) is defined to be
the jth elementary symmetric function of the eigenvalues A = (A1, A2, ..., An) of D%u, ie.,
Sj(D*u) =o;(M(D%u)) = Y Aijechip j=1,2,...,n

1<i1<~~<ij<n

When | = 0, we denote So(D2u)=1.

Eq. (1.1) is an important class of fully nonlinear elliptic equations which is closely related to geometric problem. Some
well-known equations can be regarded as its special cases. When [ =0, it is a k-Hessian equation. In particular, it is a
Poisson equation if k = 1, while it is a Monge-Ampére equation if k =n. When k=n=3, I =1, i.e., det D®u = Au, Eq. (1.1)
arises from special Lagrangian geometry [8]: if u is a solution of (1.1), the graph of Du over R? in C3 is a special Lagrangian
submanifold in C3, i.e., its mean curvature vanishes everywhere and the complex structure on C> sends the tangent space
of the graph to the normal space at every point. Therefore Eq. (1.1) has drawn much attention, see [1,3,10,11].

The Dirichlet problem of Monge-Ampére equations in exterior domains in R? was studied by Ferrer, Martinez and Milan
in [6,7] using complex variable methods and in exterior domains in R" with prescribed asymptotic behavior at infinity
was investigated by Caffarelli and Li in [2] using Perron’s method. Recently, the Dirichlet problem of Hessian equations has
been studied by Dai and Bao in [5] using Perron’s method. In this paper, we consider the existence of viscosity solutions to
Hessian quotient equations using Perron’s method.
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To work in the realm of elliptic equations, we have to restrict the class of functions. Let
Ni={1eR"|0;(0)>0, j=1,2,....k}.

A function u € C2(R™ \ £2) is called k-convex (uniformly k-convex) if A € T (I%), where A = A(D?u) = (A1, A2, ..., Ay) are
the eigenvalues of the Hessian matrix D2u.
From [3] and [11], we know that Eq. (1.1) is elliptic and

1
1 Sp(D2u)\ =
(Ski(D?u)) =7 = (m)

is a concave function of the second derivatives of u if u is uniformly k-convex. It is natural for the solutions of Eq. (1.1) to
be considered in the class of uniformly k-convex functions.

An extensive study of viscosity solutions of second order partial differential equations can be found in [4] and [9].

For the reader’s convenience, we recall the definition of viscosity solutions to Eq. (1.1). Let D be an open subset of R",
and f € C%(D) be nonnegative. A function u € C%(D) is called a viscosity subsolution to

Ski(D*u) = f inD, (1.3)
if for any y € D, & € C2(D) satisfying

ux)<éx), xeD and u(y)=£&(),
we have

Ski(D*E(Y) = f ().

A function u € C%(D) is called a viscosity supersolution to (1.3), if for any y € D, any k-convex function £ € C2(D)
satisfying

u(x) >&(x), xeD and u(y)=£&(),
we have
Ski1(D2 () < F().

A function u € C%(D) is called a viscosity solution to (1.3), if u is both a viscosity subsolution and a viscosity supersolu-
tion to (1.3).

A function u € C9(D) is called a viscosity subsolution (supersolution, solution) to (1.3) and u = ¢(x) on 3D if u is a
viscosity subsolution (supersolution, solution) to (1.3) and u < (>, =) ¢(x) on dD.

A function u € CO(R"\ £2) is called k-convex if in the viscosity sense aj(A(D2u)) >0inR"\ 2, j=1,2,....k

2. Preliminaries

From [9, Proposition 2.2], we know the supremum of a set of subsolutions is still a subsolution. Moreover, a comparison
principle of viscosity solutions to Hessian quotient equations holds [4, Theorem 3.3]. Then we can state the following
existence and uniqueness results [9, Proposition 2.3].

Lemma 2.1. Let B be a ball in R" and f € C°(B) be nonnegative. Suppose u, ii € C°(B) are respectively viscosity subsolution and
supersolution of

Ski(D?u) = f inB, (2.1)
and satisfy u|sp = ii|ap = ¢ € CO(dB), then there exists a unique k-convex function u € C°(B) satisfying (2.1) and

u=¢ onaB.

Lemma 2.2. Let B be a ball in R" and f € C%(B) be nonnegative. Suppose u € C°(B) satisfies in the viscosity sense Sk,,(ng) >f
in B. Then the Dirichlet problem

Ski(D?u) = f inB, (2.2)
u=u onaB (2.3)

has a unique k-convex viscosity solution u € C°(B).
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Proof. Clearly, u is a viscosity subsolution of (2.2), (2.3). From Lemma 2.1, we only need to prove (2.2), (2.3) has a viscosity
supersolution u € CO(BZ satisfying u =u on 9B.
Let v € C2(B) N CO(B) satisfy

Av=0 inB,
v=u onoaB.

We claim v is a viscosity supersolution of (2.2). Indeed, suppose v is not a viscosity supersolution of (2.2), then there exist
y € B and some k-convex function & € C2(B) such that

v(x) 2&(x), x€B, v(y) =§&(), (2.4)
but

Ski(D%E(Y) > f(y).

By the k-convexity of & and the Newton-Maclaurin inequality

1 1
2)\ k=1 )\ =5 _
<Uk( )> <C<Gr( )) , AeTy, C=CWn,k,lr,s), k>r,l>2s, k—1>r—s,

o1() os(L)
we know
1 1
AE(y) =S1(D*5(p)) > E(sk,l(sz(J/)))kll
1 .
> E(f()’))k >0.

But from (2.4), we get

»(D*v(y)) = 1(D*&(y)).

Hence

AE(y) < Av(y)=0.

This is a contradiction. Lemma 2.2 is proved. O

Lemma 2.3. Let D be an open set in R" and f € CO(R™) be nonnegative. Assume k-convex functions v € C°(D), u € CO(R") satisfy
respectively

Ski(D*v) > f(x), xeD,
Ski(D*u) > f(x), xeR"
Moreover,
u<v, xeD,
u=v, xe€aD. (2.5)

Set

_Jv®, xeD,
W(X)_{u(x), xeR"\ D.

Then w e CO(R") is a k-convex function and satisfies in the viscosity sense

Ski(D?w) > f(x), xeR"

Proof. From the proof of Lemma 2 in [5], we know w is k-convex.
Let y e R", £ € C2(R") satisfying w(y) = £(y),

w(x) <£(x), xeR". (2.6)

If y € D, we have

v(y) =w(y) =£&(y), vix)=w®X) <&kx), xeD.
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Therefore

Ski(D*EW) = f(y).
If y e R"\ D, we have

u(y)=wy) =4, ux)=w(kx) <), xeR'\D.
By (2.5), (2.6),

u(x) <&(x), xeR".

Therefore

Ski(D2 () = f ().

This completes the proof of Lemma 2.3. O
The following lemma can be found in [2].

Lemma 2.4. Let 2 be a bounded strictly convex domain in R", 352 € C2, ¢ € C?(£2). Then there exists a constant c only dependent
onn, ¢ and §2 such that for any & € 352, there exists x(§) € R" satisfying

[X®)|<cowe <@, xe2\{§),

where
1 _ 2 _ 2 n
we (%) == @(§) + 5(”‘—"(5)’ —E-%®[), xeR".
The main result of this paper is the following theorem.

Theorem 2.1. Let £2 C R" be a smooth, bounded and strictly convex domain and 0 € £2, ¢ € C2(9£2). Then there exists a constant cg
such that for any c > cq there exists a unique k-convex function u € CO(R"\ 2) satisfying (1.1), (1.2) in the viscosity sense and

Cix, 19
M@—[5M|+%

lim sup<|x|k_l_2

|x]— 00

) < 00, (2.7)

where ¢, = (CL/C’;)ﬁ, k—1>3.

If | =0, Theorem 2.1 corresponds to Theorem 1 in [5]. Thus Theorem 2.1 generalizes Theorem 1 in [5]. And it seems
interesting to study the entire solution problem for Hessian quotient equations and the exterior problem for other partial
differential equations.

3. Proof of Theorem 2.1

In this section, we prove Theorem 2.1. We divide the proof into six steps.

In the first step, we construct a viscosity subsolution w, of (1.1).
Let a > 0. Set

7 [V/CxX]
We(x) = rglsiznw — /(sk_l —|—a)ﬁ ds + f (sk_l +a)"17’ ds, xeR",
1 1
where 7 = 2,/c, diam £2. Then

_ L e a ac2xx;
Dijwa:(|y|k '—i—a)"*’ |:<|y|k I 1+m>c*8ij_ *1 Jj|’ x| > 0,

ly3
where y = ,/c.x. By rotating the coordinates we may set x = (1,0, ..., 0)/, |y| = ,/c.r, therefore
Rk*lflc* 0 . 0
2 k=l i 0 R+ P - 0
Dfwg = (R +a)* . L F :

0 0 e (REET 4 £,
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where R = |y|. Consequently A(D?wg) € I for 0 < |x| < cc. Then
_ Sk(D*wq)
~ Si(D?wy)

(Rk—l 4 a)kkj*k{cﬁ_l [(Rk—l—l 4 %)C*]k 4 Rk—l—lc*cg:} [(Rk—l—'l 4 %)C*]k_l}
Ry (R 4 Gye, ] + R=1=Te, Ll [(RK=1-1 4 &), -1}
CRR* +acCy_,

Sk,[(DZWQ)

= (R 4 a)ckIRI

ChRK-l 4 ac!_|
k pk—I
> (R 4 a)ck IR CaR
CLRk=! 4+ aC},
Ck
_ k—l*n __
=c; C—£l =1. (3.1)
Apparently,
We <@, Xe€i82. (3.2)
Moreover,
A Vel . I/l
1 a \ k&
—mi _ k—I k=1 _— _
wa(x)_lgl}zn(p /(s +a)=ds + / s[<1+sk_l) 1]ds+ / sds
1 1 1

|/Cex]
0 1 1 o0 1
_ Cyx 2 . a k=1 -9 a =]
_3|x| +r51{12n¢+/s[(1+@> —1]d5—5r — / S|:<1+F) —1]ds.
f |v/CxX]

Let

o0 1
. a \ 1,
u(a) = rglflzngo—i—/s[(l—i—F) —1}15— Er .

E
Then w(a) is increasing for a and
ey 1
c a \ !
2 sk—1
[V/CxX|

Therefore

00 a1

Cx 9 a \x!
wa(x)—3|x| =n(a) — [ S 1+F —1]ds
[/CxX|

< (@), xeR" (3.3)

In the second step, we define the Perron solution uc of (1.1).
By the expression of we(x) in Lemma 2.4, there exists a constant ¢; such that for any & € 952,

c
We(x) < ?*|x|2 +c1, xeR"\ Q, dist(x,982) < 1. (3.4)
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Fix ag > 0 such that cq := p(ap) > cq. For any ¢ > ¢o and for x e R" \ £, let Sc.x denote the set of k-convex functions
w e COR"\ £2) satisfying in the viscosity sense,

Ski(D*w(y) 21, yeR"\ L2,
w<p, yeoas,
and for any y e R"\ £2, |y — x| < 2diam £2,

c
w < Syt e
Then for all u=1(co) <a < u~1(c), by (3.1), (3.2), (3.3), wq € Scx. Consequently Sy # @. Define

uc(x) =sup{wx): we Scx}, xeR"\ 2.

In the third step, we prove u. can be extended as a continuous function in R" \ £2 and u. = ¢ on 952.
By (3.4), for £ € 32 and x € R" \ 2, x sufficiently close to &, we have Wg € Scx. Consequently uc(x) 2 wg(x) for x

sufficiently close to £. And thus

liminfuc(x) > liminf wg (x) = ¢(€).

x—& x—&

On the other hand,

limsupuc(x) < @ (§).

x—§&

Indeed, if along a sequence x; — &, limj_ oo uc(X;) > @(&) + 38 for some & > 0. Then by the definition of uc, there exists
Wi € Sc x; such that w;(x;) > @(&) 4+ 26 for large i. But w; € CO(R" \ £2), then for any & close to &, w;(&) < @(£) + §. This is
a contradiction.

In the fourth step, we prove u. satisfies (1.1).

By the definition of uc, u, is a viscosity subsolution of (1.1). We only need to prove u. is a viscosity supersolution of
(1.1).

For any x e R"\ 2, fix 0 < &€ < 2diam £ such that B = B.(x) C R" \ £2. From Lemma 2.2, the Dirichlet problem

Ski(D*i)=1, yeB,
ui=u,, yecoB (3.5)
has a unique k-convex viscosity solution ii € C°(B). By the comparison principle, u; < i in B. Define

- Ju(y), yeB,
W(y)‘{uc<y), ye®\2)\B,

Then w € S¢ x. Indeed, by the definition of uc,
uc(y) < %*|y|2 +c¢, yeB.

Let
T =SP4

Then
Ski(D?l) =1 =S (D*V), yeB,
i=u.<Vv, yeoB.

From the comparison principle, for any y € B, 1 < v, i.e. ti(y) < %*|y|2 +c. By Lemma 2.3, Sy ;(D?W) > 1 in R"\ £2. Therefore
W € Sc x. And thus by the definition of u., uc > w in R" \ £2 and u. > i in B. Hence

uc=1i, yeB. (3.6)
But @ satisfies (3.5), we have in the viscosity sense,

Ski(D?uc) =1, yeB.
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As a result, in the viscosity sense,

Ski(D?uc®) =1, xeR"\ Q2.
Because x is arbitrary, we know u, is a viscosity supersolution of (1.1).

In the fifth step, we prove u. satisfies (2.7).
By the definition of uc,

c _
uc(x)<§|x|2+c, xeR"\ 2.
Then

uc(x)—%*|x|2—c<0< xeR"\ 2. (3.7)

= |X|k—l—2’
On the other hand, from (3.3), as |x| — oo,
c _
Wa () = X + (@) — 0 (1x*7).
Because wq € S¢ x, then as [x] — oo,
c _
ue(0) = —Ixl? — (@) > =0 (>

Let a — w~1(c), then

C
ue(0) = —xl? — > =0 (). (3.8)

) <co.
In the sixth step, we prove the uniqueness.
Suppose u, v satisfy (1.1), (1.2) and (2.7). By the comparison principle of viscosity solutions to Hessian quotient equations,
and limpyj— oo (U — v) =0, we know u=v in R"\ £2. The proof of Theorem 2.1 is completed.

And thus from (3.7) and (3.8),

Ue(x) — [C—*IXI2 + c]

lim sup(lxlk_l_2 5

|X|]— o0
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