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1. Introduction

The general question raised by any cooperative game can be described as follows: how should the utility set available to
all coalitions be used to determine an outcome from the set of feasible solutions? Most researchers who have investigated
the solutions of cooperative games focus their attention on crisp coalition.

There are some situations in which some players do not fully take part in a coalition, but do to a certain extent. A coalition
in which some players participate partially can be treated as a so-called fuzzy coalition introduced in [1,2]. Butnariu [3-5]
defined a Shapley value and showed the explicit form of the Shapley function on a limited class of fuzzy games. Tsurumi
et al. [6] defined new Shapley axioms and a new class of fuzzy games with Choquet integral form. This class of fuzzy games
is both monotone nondecreasing and continuous with respect to players’ participation. The core for fuzzy games is also
studied in [7]. The lexicographical solution for fuzzy games is researched in [8].

The purpose of this paper is to study fuzzy cores for games with fuzzy coalitions. Note that the fuzzy core is different
from core for fuzzy games defined by Tijs et al. [7]. The fuzzy core in this paper coincides with the fuzzy imputation defined
for any fuzzy coalition. In other words, we consider how to allocate the total worth of a fuzzy coalition to the players whose
participation rate is larger than zero.

The paper will be organized as follows: In Section 2, we review some definitions of the crisp cooperative game, such as
the core, the Shapley value, and the imputation. Also, three kinds of games with fuzzy coalitions and their fuzzy Shapley
values are reviewed. In Section 3, we define the fuzzy core of fuzzy games and study the nonempty condition of the fuzzy
core. In Section 4, special attention is paid to three kinds of games with fuzzy coalitions and their relationship with fuzzy
Shapley values. We also analyze the relationship between the fuzzy core and the corresponding core of crisp game.
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2. Preliminaries

2.1. Crisp cooperative game and its solutions

We consider cooperative games with the set of players N = {1, ..., n}. A crisp coalition S is a subset of N, and the class
of all crisp coalitions of S is denoted by P(S). Then a crisp cooperative game is defined by (N, v), in which N is the set of
players and the characteristic function v : P(N) — Ry = {r € R|r > 0} satisfies that v(@) = 0.

If S and T are disjoint crisp coalitions, it is clear that they can accomplish at least as much by joining forces as by remaining
separate. Hence, we mainly discuss the supperadditive crisp cooperative games in this paper, i.e.

vSUT) > v(S) +v(T), VS, TeP(N), stSNT =g,
and we denote by G,(N) all the supperadditve crisp cooperative games.
Also, the convexity and the imputation of crisp games are defined as follows.
Definition 2.1. A crisp cooperative game (N, v) is said to be convex when

v SUT)+v(SNT)>v(S)+v(), VS, TeP(N).

Definition 2.2. An imputation for a crisp cooperative game v € Go(N) is a vector x = (xq, ..., X,) satisfying

(1) ZieN Xi = U(N)v
(2) x; > v({i}), Vi e N.

We shall use the notation E(v)(N) for the set of all imputations of the crisp game v € Go(N).
We have many methods to obtain imputations for crisp games, such as the core and Shapley value. The core of a game
v € Go(N) is the convex set

in = v(N), in > v(S) foreach S € P(N) } , (1)

(xmm)={xeR1
ieN ieS

which is the set of all undominated imputations for a game v € Go(N). Also, the Shapley value Sh;(v) of player i with respect
to a game v € Go(N) is a weighted average value of the marginal contribution v(S) — v(S \ {i}) of player i alone in all
combinations, which is defined by

—9ls—1)!
s = Y PE2EE ) —us\ ) 2)
ieSeP(N) °

where n, s are the cardinality of N, S, i.e.,, n = |[N|,s = |S|.
Eq. (2) is the unique expression that satisfies three axiomatic characterization of Shapley value [9].

Lemma 2.1. Let v € Go(N) be convex game. Then
Sh(v) = (Shi(v), ..., Sh,(v)) € C(v).

Note any subset T of N can be seen as the grand coalition relative to the S C T. Hence, we define the T-restricted game of
v € Go(N) as follows.

Definition 2.3. Let v € Gy(N),T € P(N) and T # @. Then the T-restricted game of v is a game (T, v") where v” (S) = v(S)
forall S € T.The game (T, v7) will also be denoted by (T, v).

Then the above definitions about crisp games are not only applicable to allocate v(N) but also available to allocate
T-restricted game of (N, v). In other words, we can also allocate the worth of every coalitionT C N. In this paper, we
denote the imputation {x};cr for game (T, v7) by n dimensional vector x = (x4, ..., X;) with

x=0 ifieN\T.

In other word, we assume the payoff of ith player in game (T, v") is zero if i does not belong to T. For the convenience of
depiction, we often denote the crisp core C(v)(N) by C(v) and C(v")(T) by C(v7).
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2.2. Game with fuzzy coalitions and fuzzy Shapley value

A fuzzy coalition U is a fuzzy subset of N, which is a vector U = {U(1), ..., U(n)} with coordinates U (i) contained in the
interval [0,1]. The number U (i) describes the membership grade of i in U. For two fuzzy coalitions K and U, K € Umeans
thatK (i) < U(i), Vi € N. The class of all fuzzy subsets of U is denoted by F (U). For a fuzzy set U, the «-level set is defined as
[U]l, = {i € N|U(i) > «} for any « € [0, 1], and the support set is denoted by Supp(U) = {i € N|U(i) > 0}.

A cooperative game with fuzzy coalition is a pair (N, v) in which the function v : F(N) — R, is such that v(g¢) = 0.

In this paper, we adopt the usual definition of union and intersection of fuzzy subset given by the maximum and minimum
operators, i.e.

(KUU)() = max{K(i),U()}, VieN,
(K NU)(@i) = min{K (@), U(i))}, VieN.

Corresponding to the crisp cooperative games, we mainly discuss the supperaddtive games with fuzzy coalition in this paper,
ie.

V(K UU) > vU) +v(K), YU,KeFN), stUNK=g,

and we denote by Gr(N) all the supperadditve games with fuzzy coalition.
Following [6], the extended convexity for games with fuzzy coalition is defined as follows.

Definition 2.4. A fuzzy game v € Gr(N) is said to be convex when
v(KUU) +v(K NU) > v(K) +vU), VYU,K €F(N).

Now we extend imputation to fuzzy imputation so that it will be available for games with fuzzy coalitions. Preparatory to
its definition, let us define Sy € F(U) by

~_[uG), ifies.
Su(i) = {0, otherwise,

forany U € F(N) and S € N. We often write iy instead of {i}y, wherei € N.

Definition 2.5. A functionx : F(U) — R! is said to be imputation for a fuzzy game v € Gg(N) in fuzzy coalition U € F(N)
if
(1) xi(U) = 0, Vi & Supp(U),

(2) Xien %i(U) =v(U),
(3) xi(U) = v(iy), Vi € Supp(U),

where x(U) = (x1(U), ..., x,(U)).

We shall use the notation E(v)(U) for the set of all imputations of the fuzzy game v € Gg(N) in fuzzy coalition U € F(N).

Note that the definition above is also applicable to crisp games by restricting the domain. Butnariu [4] and Tsurumi
et al. [6] have proposed the imputation too, but the two kinds of definitions are different from Definition 2.5.

In general, it is difficult to identify a characteristic function of a game with fuzzy coalitions in practice. Hence, a fuzzy
characteristic function is often constructed on the basis of the characteristic function of the original crisp game when a
decision maker tries to incorporate fuzzy coalitions in a model. Extending the crisp game to the game with fuzzy coalition
can be represented by a mapping from the characteristic function of the crisp game to that of the game fuzzy coalition, such
as the Owen’s extension [ 10], Butnariu’s extension [4] and the Tsurumi et al.’s extension [6].

Letv € Go(N),U € F(N),Q(U) = {U(@)|U() > 0,i € N}, q(U) be the cardinality of Q (U), i.e. q(U) = |Q(U)|, and
rm(U) = {ili € N, U(i) = ry}. The element in Q (U) are written in the increasing orderasry < - < ryu), and letrg = 0.
Then the Owen’s extension ov € Gr(N), Butnariu’s extension bv € Gg(N) and the Tsurumi et al.’s extension tv € Gp(N) are
defined as follows.

ov(U) =) [H ui [Ja- U(i))} Su(I), 3)

TCN | ieT igT
qU)
bo(U) =Y v(rn(U)) - I, (4)
m=1
q)
t(U) =Y v([Uly,) - (fm = 1) 5)

m=1
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Note that the Owen’s extension is also called multilinear extension, the games defined by Butnariu in Eq. (4) are
also named games with proportional value, and the games defined by Tsurumi et al. in Eq. (5) are also the games with
choquet integral form. There is a one-to-one correspondence between a crisp game and a fuzzy game ov, bv, tv € Gg(N),
respectively. We call the crisp game corresponding to fuzzy game ov, bv, tv € Gr(N) the associated crisp game.

In order to get the imputations for games with fuzzy coalitions, Butnariu and Tsurumi et al. have given the fuzzy Shapley
value f (bv) and f (tv) as the solution for bv € G¢(N) and tv € Gg(N),

‘ _shim©y Uy, ifie rpU), rm € QU),

fibv)(U) = [0, otherwise, (6)
qU)

fitn)) = shi"Im) - (1 — 1), (7)
m=1

where v W) is r,, (U)-restricted game of v, sh;(v™ ") is the crisp Shapley value for player i € N in game v and v!Vlm
is [U],,,-restricted game game of v, and sh;(v!V"m ) is the crisp Shapley value for playeri € N in game v!VIm,

3. The fuzzy core in games with fuzzy coalitions

In this section, we will give another solution for games with fuzzy coalitions, i.e., the fuzzy core. Firstly, we extend the
core of crisp game as the imputations for game with fuzzy coalitions.

Definition 3.1. Let U € F(N). The fuzzy core of a game v € G¢(N) in fuzzy coalition U is the convex set E(v)(U), ie,

E(v)(U) = =x e Rl in =v(U), Z x; > v(Sy) foreach S € P(N)} . (8)
ieN i€Supp(Sy)
We define an excess of a fuzzy coalition as well as that of a crisp coalition. Let U € F(N),S € P(N) andx = (X1, ..., Xn)

be an imputation for U. Then an excess of the fuzzy coalition Sy with respect to the payoff vector x is denoted by

TS, x) = v(Sy) — Z X;. 9)

ieSupp(Sy)

Thus, the fuzzy core of agame v € Gr(N) in fuzzy coalition U can also been thought as the set of all imputation x satisfying
that all the excess function are not positive, i.e.,

C()(U) = {x € E@)(U)[E(S, x) < OforeachS € P(N)} . (10)

As special cases of cooperative games with fuzzy coalitions, crisp cooperative games have the excess of S € P(N),

e(S, %) =v(S) — Y _xi (11)
ieS
where x = (X1, ..., X;) is an imputation of v € Go(N).

Hence, the core of a game v € G,(N) can also be represented by
Cw)(N) ={x € E(v)(N)|e(S,x) <0OforeachS € P(N)}. (12)

It is not hard to see that the fuzzy core for fuzzy game v € Gr(N) in Eq. (10) is generalized form of core for crisp game
v € Go(N) in Eq. (12). The fuzzy core may be an empty set just as the core for the crisp games. Therefore, it is necessary to
find the condition that the fuzzy core is nonempty.

Lemma 3.1. Agame v € Gg(N) is convex, then foralli € N and any U € F(N),

v(Sy Viy) —v(Sy) <v(Ty Viy) —v(Ty) forallS €T C N\ {i}.

Proof. IfS C T C N\ {i},then (SUi)y N Ty = Sy and (S U i)y U Ty = Ty Uiy. Due to the convexity of v € Gg(N), we have
U(TU U lu) + U(Su) > U(S U lu) + U(Tu). O

Theorem 3.1. Let fuzzy game v € Gg(N) and any fuzzy coalition U € F(N). If v is convex, then E(v)(U) #* o.
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Proof. Let the set of players be N = {1, ..., n}, and  be a permutation of N. Then we denote by
P’ ={j e NIz (j) < (i)}
the set of members of N which precede i with respect to the order 7. Also, we define x € R by
X' = v([P U {i}ly) —v([P]y), VieN. (13)

Next, we will prove thatx™ = (x],...,x]}) € E(v)(U).
Summing up the equalities (13), we obtain ) ,_ x7 = v(Ny) — v(@y) = v(U).

Then we have to show ZieSupp(Su) xI > v(Sy) forany S € P(N).

Let iy, ..., i be chosen such that S = {iy,...,is} and w(i;) < 7w(i) < --- < mw(is), where s = |S|. Hence,
{i1, ..., 1) C Pé,’ foreveryj=1,...,s. Thus by Lemma 3.1,

v([Pi;T U {ij}lu) — v([Pij]U) > v({i1, ..., ij}u) —v{is, ..., Gj—1)u), (14)
forj=1,...,s Summing up the inequalities (14), we get that } J;cq,,05,) X = v(Su)-
The proof is completed. O
Example 3.1. Let N = {1, 2}, v be a characteristic function on N as follows,
v(@) =0,v({1}) = 1,v({2}) = 2, v({1, 2}) = 4. Then Owen ’s multilinear extension is
ov(U)=U1)-1-U@)+2U0@2)- (1 —-U(1))+4U(1) -U(2),
equivalently,
ov(U)=UQ1)+2U0@Q2)+U)-UQ).
Obviously, this game ov € Gr(N) is convex, so the fuzzy core of the game ov € Gg(N) is

CU) =y € B2y +y2 = U() +2U2) + U(D) - U@),y1 = U(1), ¥, = 2U(2)} .

(1) IfU(1) = U(2) = 1, then

CWU) =Cw) ={y eR:|y1 +y: =4,y1 > 1,y2 > 2}.
(2) IfU(1) =0.2and U(2) = 0.3, then

Co)(U) = [y € R2|ys +y, = 0.86,y; > 0.2, y, > 0.6} .

Although the fuzzy core has been defined above, it is not easy to get the fuzzy core by the expression of E(v)(U ). However,
it is not hard to find the core C(v) for the associated crisp game v € Go(N) because there are many methods can be used.
Hence, it forces us to build the relationship between the fuzzy core and crisp core from the advantage that several solution
concepts in crisp games can be used without modification. In the next section, we will take research on the fuzzy cores for
the game ov, bv, tv € Gp(N), respectively.

4. The relation between the fuzzy core and the fuzzy Shapley value

In this section the fuzzy cores for three main kinds of games with fuzzy coalitions ov, bv, tv € Gp(N) are given. Also, the
relationship between fuzzy core and fuzzy Shapley value will be studied.

4.1. The fuzzy core for the fuzzy games ov € Gg(N) defined by Owen

Let ov € Gr(N). The excess ¢,(S, x) of the fuzzy coalition Sy with respect to the payoff vector x in ov € G¢(N) is

CEETHCHESEY xizz{]_[su(o-]—[(l—su(i))}-v(T)— > o«

ieSupp(Sy) TCN (ieT igT ieSupp(Sy)

then the fuzzy core of ov € G¢(N) is represented as

in = Z {]’[ UG - ]—[(1 - U(i))} - v(T),%,(S,x) < 0forVS e P(N) } .

G)U) = {x eR"
ieN TCN | ieT igT
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Lemma 4.1. Let ov € Gg(N), U € F(N). Then forany S C N,

OU(SU)ZZ{Hsu(i)'n(l—su(i))}'U(T)Z > !HU@' I (1—U<i>>]-v(r).

TCN | ieT igT T<Supp(Sy) \ ieT ieSupp(Sy)\T

Proof. LetS, T C N.Ifi € T \ Supp(Sy), then Sy (i) = 0; ifi € Supp(Sy), then Sy (i) = U(i); ifi & Supp(Sy), then Sy (i) = 0.
Hence, we get

[]‘[sua) J1a —su(i»] (T

TeP(N)\P(Supp(Sy)) | ieT igT

= { sud- ] su<i)-1"[<1—su<i>)}-v(T)zo.
TeP(N)\P(Supp(Sy)) ieTNSupp(Sy) ieT\Supp(Sy) igT

Consequently, the following holds

ov(Sy) =) {Hsu(n Jla- sm‘»} -u(T)

TCN | ieT igT

= Y {Hsu(i)'n(l—su(i))}'U(T)+ > :Hsu(i)'n(l—su(i)) -u(T)
TeP(Supp(Sy)) | ieT igT TeP(N)\P(Supp(Sy)) | ieT igT

= {HSU(D- [T a-svay- ] (1—5U(i))}'U(T)

TeP(Supp(Sy)) \ ieT igSupp(Sy) ieSupp(Sy)\T

= > {HU(i)- I1 (1—U(i))}~v(T). O

T<Supp(Sy) \ ieT ieSupp(Sy)\T

Proposition 4.1. Let v € Go(N) be the associated crisp game of ov € Gg(N). If all the T-restricted games of v € Go(N) are
convex, then C,(v)(U) # @ and

y:Z!]‘[U(f)-]‘[(l—U(i))-xT},VxT:(xﬁ,x;...,xg) eC(vT),VTgN},

TCN ieT igT

GC)(U) = {y

where U € F(N).
Proof. Let C(v") # @ for VT C N.Givenany U € F(N) and any x” € C(v7), let
yeyo :HU(i) JTa-uvin -xT} )
TCN \ ieT i¢T

Firstly, we shall showy € Eo(v)(U).

Duetox” = (xI,x},...,xI) € C(v"), we get
Zyj = ZZ {]‘[ U - ]_[(1 —U()) ~ij} = []_[U(i) : ]_[(1 —U@) 'XJ-T]
JjeN JjeN TCN |\ ieT igT TCN jeN ieT i¢T
=Y {]‘[ uG)-[Ja-uay- Zx}} = [HU(i) JTa-uan- U(T)} = ov(U).
TCN |ieT igT jeN TCN | ieT igT

The following always holds,

dYoov= ), Z{]—[U(i)-]_[(l—U(i))~Xf}

jeSupp(Sy) jeSupp(Sy) TEN | ieT igT

= > { > {HU(i)-l_[(l—U(i))-ij}

JjeSupp(Sy) L TSN:TNSupp(Sy)=2 | i€T igT
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+ > {]‘[ ui) - [Ja-uay ~ij}]

TCN:TNSupp(Sy)#2 | ieT igT

> > {HU(i).l_[(l —U(i))} A

jeSupp(Sy) TEN:TNSupp(Sy)#2 | ieT i¢T

2 :HU(">'1_[<1—U<1'>)~ 3 X}I

TCSupp(Sy) L i€T igT Jj€Supp(Sy)
+ !]_[ ui)y-[[a-vay- Y ij}
TCN:T¢Supp(Sy),TNSupp(Sy)#2 | ieT igT JjeSupp(Sy)
= > i]‘[ uay-[Ja —U<i)>‘v<r>}
T<Supp(Sy) | ieT i¢T

+ {]‘[ uiy-[Ja-uay- > x]}.
TCN:T¢Supp(Sy),TNSupp(Sy)#2 | ieT i¢T jeSupp(Sy)
Givenany T ¢ Supp(Sy),letTy = T N Supp(Sy)and T, =T\ T;.ThenT =T, U Ty, T; € Supp(Sy), T> € N \ Supp(Sy)

and Ty N T, = @. Thus,

[HU(i)-l_[(l—U(i))- > ij]
TCN:T¢ZSupp(Sy),TNSupp(Sy)#2 | ieT igT j€Supp(Sy)
> {]"[U(i)- [T a-uvay-[Juve- ] (1—U(i>)-v<m}
T1SSupp(Sy) T2EN\Supp(Sy):Tr#@ i€l ieSupp(Sy)\T i€Ty ieN\(T2USupp(Sy))
= Y :Hua>~ [T a-u@-vm > iﬂuw I1 <1—U(i>)”.
T1SSupp(Sy) i€l ieSupp(Sy)\T Ty CN\Supp(Sy):Tr#2 i€l ieN\(T,USupp(Sy))

Further, we have

>y

> !]‘[ uG-JJa-ua- v(T)}

J€Supp(Sy) TSSupp(Sy) \ ieT igT
+ {]‘[ uiy-[Ja-uay- > ij}
TCN:T¢Supp(Sy),TNSupp(Sy)#2 | ieT i¢T jeSupp(Sy)

=Y :1"[ ui - J] a-um v
T1SSupp(Sy) LieTy ieSupp(Sy)\Ty
x ( [] a-uvay+ > [Juvo- I «a- U(i))) }

i€N\Supp(Sy) T2 SN\Supp(Sy):Tr #2 i€T, ieN\(T,USupp(Sy))

- ¥ i]‘[ vi- J] «a —u<i)>-v(T1)},

T1SSupp(Sy) LieTy ieSupp(Sy)\Ty

where in the last line we have used that

[[ a-uvin+ > [[vo- [ «a-uvaiy

iEN\Supp(Sy) Ty EN\Supp(Sy ):Tr #9 €T, iEN\(T,USupp(Sy))
= > Jlvo-: I (1 —U(@)) = 1.
TCN\Supp(Sy) i€T, ieN\(TUSupp(Sy))

By Lemma 4.1, we can get the conclusion that

> wz Y qllve- T a-ua) e} =ovisy).

JjeSupp(Sy) T1SSupp(Sy) Li€Tq ieSupp(Sy)\Th
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Hence, for YU C F(N), C,(v)(U) # @.
Next, we show that any z € C,(v)(U) can be written by

z:le—[U(i)-l_[(l —U@)-x"}. (15)

TCN | ieT igT

Let x| = min {x |Vx" € C(v")} and %] = max {x]|¥x" € C(v")} forany T < N. Obviously,

o v, ifjeT, o _ [v@ —v@\ ), ifjeT,
= 7o, otherwise, 7 )0, otherwise.
If there exists S C N such that z; can not be written by Eq. (15) for any j € S, then there are only two cases for z;,
(1) z < 2y [lier U - Tlir 1 = U®) - x5
(i) > Y pen [Licr UD - [Tigr (1 = U ) XJT

Case (i): Because z € Eo(v)(U), it follows that

<Y [[ue-T]a-ua) -«

TCN ieT igT
= Y JJuvo-[Ja-uviy &+ > [Jue-JJa-ua -«
TCN:jeT ieT igT TCN:jgT ieT igT
= > JJuo-TJa-u-vdin
TCN:jeT ieT igT
=Uu( v Y [Juvo- J] a-uvmn
TCN\{j} ieT ieN\(TU{j})
= U(@) - (D).

By Lemma 4.1, we have

o)=Y {[Jue- I a-vant-v@=]Tiv []0—jv@ - vdih =UG - vdih.

TCSupp(jy) | ieT ieSupp(jy)\T iefj} i¢{j}

Then
zj < ov(ju),

which contradicts with z € C,(v)(U).

Case (ii): If zj > D 7y [[ier UM ]_[m(l — U(i))?jT for any j € S, then there must exist nonempty S/ € N such that
Zi < Yoy [ier U - Tligr(1 = U() - &] foranyj € S/.In fact, if S/ = o, then any j € N \ S can be represented by
=l XD e ch, e,

Yo=Y Y [Jve-TJa-uvay-x+ > > JJuo-[Ja-uw -«

jenN jeS TCN ieT i¢T JEN\STCN ieT igT
>3 S TJuo - []a-v) - = ovw),
JEN TCN ieT i¢T

which contradicts with z € C,(v)(U). Thus, S/ # @. By the proof of Case (i), we know thatz; < 3 ",y [[icr UG - Hi¢7(1 -
U()) - ng can not hold true, either.
Hence, we get the conclusion that any z € Eo(v)(U ) can be written by

z= Z HU(i)l_[(l —U(i)) -xT}.

TCN | ieT igT

The proof is completed. O

Example 4.1 (Cf. Example 3.1). Let N = {1, 2}, v be a characteristic function on N as defined in Example 3.1, i.e.,

v(@)=0, v({1h=1, v{2h=2, v({1,2) =4
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It is not hard to get the core for the crisp game as follows,
ece™ ={1,0), xecew®) ={02)
{1,2}

X112 ¢ C(v) = {x“'z) € ]R2+|x{11’2} +x,77 =4, x{f’Z} > l,xgl’z} > 2} .

Letting
y=U1)-A-Uu)xM+U@)- a1 -ux? +u@) - -u@Ex"?,

y=UM+UM - U —1),2002) +UM) - UR)E —2)).
Hence, the fuzzy core this game ov € Gp(N) is
CoU) = [y € R2Jy; 4y, = U(1) +2U(2) + U(1) - UR), 31 = U(1),y, = 2UQ2)} .

Obviously, the fuzzy core coincides with the result in Example 3.1.

4.2. The fuzzy core for the fuzzy games bv € Gg(N) by Butnariu

Let bv € Gg(N),U € F(N) and Q(U) = {U()|U(i) > 0,i € N}, q(U) = |Q(U)|. The element in Q (U) are written in
the increasing order as 1y < --- < rq).The excess e»(S, x) of the fuzzy coalition Sy with respect to the payoff vector x in
bv € Gg(N) is

q(u)
BE.0=bvS)— Y xi= vSuw) Tm— Y. X
ieSupp(Sy) m=1 ieSupp(Sy)
then the fuzzy core of bv € Gp(N) is represented by
N q(U) q(U)
GOU) =X €RL D X =Y v@m@) Tne Y xi= > 0(Suw) - Tmfor VS € P(N) ¢ .
ieN m=1 ieSupp(Sy) m=1

Theorem 4.1. Let v € Gy(N) be the associated crisp game of bv € Gp(N). Given any U € F(N), if C(™®) #£ g,
m=1,2,...,q), then C,(v)(U) # @ and

q(U) qv) qV) qv)
~ =) Ip-x"= X7, Y TmXy, ooy Y TmXp |,
G =1y n;'“ ;"’1;'“ ;"’” (16)
VX" = (LA e C™Y), m=1,2,...,q@U)
where r,(U) = {ili € N, U(i) = rp}.

Proof. Let C(lirm(”)) #oform=1,2,...,q(U).Givenany U € F(N) and any x™ € C(v'™®), lety & 39 1 . x™ Firstly,
we show y € Cy(v)(U).
Dueto ),y X" = v(rm(U)), we have

qu) qU) q(u)
D= > A=) (rm : ZXZ-“> = (rn - v(m(V))) = bv (V).
ieN ieN m=1 m=1 ieN m=1

Ifry <+ < rgu) then u;ﬁfﬂ rm(U) = Supp(U) and r;(U)Nrj(U) = @ whenr; # r;. In other words, {rl(U), e rq(u)(U)}

is a partition of Supp(U). Due to x™ e C(v'mW)), it follows that x" = 0for Vi ¢ rp(U). Hence, )

m __ m
iesupp(sy) i = Zies,m(u) Xi
holds. Further, we obtain

w)

qU) q(U) qU)
DY zz( > x:")=2 e 2 A 22 (e v

Q

ieSupp(Sy) ieSupp(Sy) m=1 m=1 ieSupp(Sy) m=1 €S U) m=1
. U ~ >~
Hence, we obta~1ny = ngz)] m - X™ € Cy(v)(U) and Cp(v)(U) # 2.
Givenanyy € Gy(v)(U), let
Vi o
—, ifier,U),
le — rm )11( )

0, otherwise,
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m=1,...,qU). Next we will prove that x™ = (xT',xJ', ..., x]) € C(vmW)), By the definition of fuzzy core, we know

Yi = bv([rn(W)]y) = rm - v(rp(U)) and
ieSupp([rm(U)1y)
q(U) q(U)

YooY =) yi=) rn ).
i=1

m=1 ieSupp([rm (U)]y) m=1

Hence, we have that

Y yi=rn- o),

ieSupp([rm(U)]y)

D DT ()8

iesupp(rm()ly) '™ icrmu) "M
which means } ;. ) X" = v(rn(U)).
On the other hand, Ziesrm(w Yi = T - v(Sp,uy) holds, which means
m
. Z Xz v(srmw)'
&S
Sox™ € C(v'mW)), The proof is completed. O

Itis apparent that bv € Gp(N) is convex if its associated crisp game v € G,(N) is convex. Thus, if the crisp game v € G,(N)
is convex, then the fuzzy core of the game bv € Gp(N) defined by Eq. (4) is nonempty.

Theorem 4.2. Let v € Go(N) be convex game bv € Gr(N) be the game defined by Eq. (4). Then
i) (U)}iey € Go()(U).

Proof. Because fuzzy Shapley is an imputation for game bv € Gr(N), it has been proof in Ref. [4] that }_,_, fi(bv)(U) =
bv(U). Thus, we have to prove that

q(U)
> KO0V =D 0(Smw) - T
ieSupp(Sy) m=1
By Eq. (6),
qU) q(U)
Yo o) =Y Y i)=Y Y shi™) 1,
ieSupp(Sy) m=1i€S,, () m=1i€S, )
qU) qU)
> Y V"V Sw) T =Y V(Sew) T
m=1 m=1

where in the last two lines we use the Lemma 2.1. The proof is completed. O

Example 4.2 (Cf. Example 3.1). Let N = {1, 2}, v be a characteristic function on N as defined in Example 3.1.
Then Butnariu ’s proportional extension is

4U(1), ifU(1) =UQ),
bv(U) = {U(l) +2U(2), otherwise.

In Example 3.1, we have known that

Clv) = {x“’Z} € Ri|x{11'2} +x£]’2] =4, X{11,21 > l,xil’z’ > 2} .

(1) IfU(1) = U(2), then the fuzzy core of this game bv € G¢(N) is

G = [ u@ A 4 =4 2 100 2 2}
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The fuzzy Shapley value is

(4-2) 1 3-U(M
) (U) = shy() - U(T) = [ 2 2] =220
Hb)(U) = shy(v) - U(1) = [(4; vy ;] v =220

Obviously, (240 53U ¢ €, (v)(U).
(2) IFU(1) # U(2), then

COM =10}, Cce)={0.2} GOU) ={UQ),20Q2).
And the fuzzy Shapley value (U(1), 2U(2)) € Eb(v)(U).

4.3. The fuzzy core for the fuzzy games tv € Gp(N) by Tsurumi

Let tv € Gp(N). The excess €; (S, x) of the fuzzy coalition Sy with respect to the payoff vector x in tv € Gg(N) is

q(u)
G0 =6 - Y =) vwy) (n—Tn)— Y X
ieSupp(Sy) m=1 ieSupp(Sy)

then the fuzzy core of tv € Gr(N) is represented as

qU) qv)
Doxi=Y o(UlL) m—Tm1), D, X=Y (S, ) (m—Tm1)forvs e P(N)} :
m=1

CGw(U) = {x eR™
ieN m=1 ieSupp(Sy)

Theorem 4.3. Let v € Go(N) be the associated crisp game of tv € Gp(N). Givenany U € F(N) and Q(U) = {U®)|U(i) >
0,i € N}, q(U) = |Q(U)|. The element in Q (U) are written in the increasing order asr; < - -- < rquy. If Supp(U)-restricted
game of v is convex, then C;(v)(U) # @ and

qU) q(u) q)
~ = Ty — Tmeq) - X" = T — T )X0, . Tm — Tm—1)X |,
Ct(v)(U) — J/|y n;( m m 1) n;( m m 1) 1 ,"X:;( m m 1) n

VX" = (XX ™) e ClYmy m=1,2, ..., q(U)

Proof. It is obvious that C(v[VIm) £ @ form = 1,2,...,q(U). Given any U € F(N) and any x™ e C(v[YIm), let
y2 Zfrfi)] (rm — rm—1) - X™. Firstly, we show y € C;(v)(U).

Because x™ = (x™, X', ..., x™) € C(vlYIm), we have
q(u) q(u) q(U)
Zy:‘ = ZZ(rm - rm—]) ‘X,m = Z(rm - rm—]) : lem = Z(rm - rm—l) . U([U]rm) = tU(U)'
ieN ieN m=1 m=1 ieN m=1

Also, the following holds

q) q)
Z yi = Z Z(rm - rm—1) : X:'ﬂ = Z (rm - rm—]) : Z X,m
ieSupp(Sy) ieSupp(Sy) m=1 m=1 ieSupp(Sy)
q(u) qU)
= Z (rm - rm—l) N Z X:‘n > Z(rm - rm—l) : U(S[U]rm )
m=1 ieS[u]rm m=1

Hence, C,(v)(U) # @. N
Next, we will show that any z € C;(v)(U) can be denoted by

q)

z= Z(rm — Tmeq) - X" (17)

m=1
For any r,; € Q(U), let

: u by, u
X" 2 min {x"|[x" € C@m)} & £ max {x"|x" € C(v!"Im)} .
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Also let
q(U) qU)
S21jeN zj>Z(rm—rm_1)~X}“ , s’2ljeN zj<Z(rm—rm_1)~g}” .
m=1 m=1

If there exists j € N such that z; can not be written as Eq. (17). Then there are only two cases for z;,
. U
(i) z < 2%2)1 (rm — Tm—1) 'K}-ﬂ;
.o U —]
(i) z; > ngz)] (rm — Tm—1) X]'"
Case (i): Assume z; < an(g)l (rm — Tm—1) -g}”. Becausez € Et(v)(U), we have

wEH< Y g

jesupp(s))

q)

e < Y Y m—Tmo1) X

jesupp(s)) ™=1

Hence, the following holds:

q)

0< > ) (tm—rm) X' —tv(S))

jesupp(s)y) M=1
qU) qU) /

= Z (rm — Tm—1) - Z K;ﬂ - Z U(S[U]rm) ~(Tm — Tm=1)
m=1 jesupp(sy) m=1
q(U) )

m

DI CEE SR DD LT

m=1 jeSupp(sy))

Thus, there must exist r,, € Q (U) such that

Z X' — U(SL/Uer) = Z X' — U(SL/Uer) = Z v(lih — ”(SL/Uer) >0,

jesupp(s))) J€Slup J€Sup

which contradicts with the supperadditivity of tv € Gr(N).
Case (ii): Assume z; > Y% (1 — 1) -X".Then S/ % @.In fact,if S/ = @, then anyj € N \ S,z can be represented

m=1
by x™ = (X7, X2, ..., x™) € C(vlUIm), ie,
qU) qV) q)
D= D =) K+ DD m—Tn) X =D Y (T —Tm1) X = to(U),
JjeN jes m=1 JEN\S m=1 jeN m=1

which contradicts with z € a(v)(U). Thus, S/ # @. By the proof of Case (i), we know that Zj < an(i)] (rm — 1) + g}" can
not hold true, either. N
Hence, we get the conclusion that we show that any z € C;(v)(U) can be written by Eq. (17). The proofis completed. O

Itis apparent thattv € Gr(N) is convex if its associated crisp game v € G,(N) is convex. Thus, if the crisp game v € G,(N)
is convex, then the fuzzy core of the game tv € G¢(N) defined by Eq. (5) is nonempty.

Proposition 4.2. Let tv € Gg(N),U € F(N) and x € a(v)(U). If K C U, then x also satisfies

Zx,- > tv(K). (18)

ieN
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Proof. Let x eft(v)(U). If K C U, then by Eq. (5), we get that tv(U) > tv(K).
Due to x € C;(v)(U), we can also have

> xi=tv(U) = to(K).

ieN
The proof is completed. O
Theorem 4.4. Let v € Go(N) be convex game, tv € Gg(N) be the game defined by (5). Then
)W)}y € G)Q).

Proof. Because fuzzy Shapley is an imputation for game tv € Gp(N), we have ) ,_ fi(tv)(U) = tv(U). Thus, we only need
to show that

q(u)
o R =Y vy, )+ = )
ieSupp(Sy) m=1
By Eq. (7), we obtain
qU) q(u)
Yo R = Y Y sV (= ) = Y Y shi(Vim) - (i — Tney)
ieSupp(Sy) ieSupp(Sy) m=1 m=1 ieS[U]rm
q(U)
> (Sl * (= Tm—1) = t0(Sy).
m=1

The proof is completed. O

Example 4.3 (Cf. Example 3.1). Let N = {1, 2}, U(1) = 0.2 and U(2) = 0.3, v be a characteristic function on N as defined
in Example 3.1.
Then Tsurumi et al.’s choquet integral extension is

tv(U)=0.2-v({1,2})) + (0.3 —-0.2) - v({2}) = 1.
Because

C(v) = {x“‘Z} € Rilx{]]’z) +x§l'2} =4, X(11,2} > 1,x§]’2} > 2} s

the fuzzy core of this game tv € Gg(N) is

1,2} {1,2} {1,2} {1,2}

+0.1x7, 026" + 0. 147 x4 X i

G = {2 =4 = 10 = 2,40 = 0.4 =2}
C)U) = {(o.zxgl*”, 0247 1 0.2) M 4 2P = 4, %12 > 1 0D > 2} .

The fuzzy Shapley value is

4-2) 1
+§ +0=0.3,

f1(tv)(U) = sh; (02 - 0.2 + shy(v2) - 0.1 = 0.2 - [

(4-1

2
Htv)U) = shy,w ). 0.2 4+ sh,(v12) - 0.1 = [ + 2] .0.2402=0.7.

Obviously, (0.3,0.7) € Et(v)(U).
5. Conclusions

We have defined the fuzzy core of the games with fuzzy coalition. The nonempty condition of the fuzzy core has been
given. As in the classical case of convex crisp games, games with fuzzy coalitions have a large core and the fuzzy Shapley
value is contained in the fuzzy core when the fuzzy core is nonempty. Due to the three main kinds of games with fuzzy
coalitions, we build the relationship between the core of the crisp game and the fuzzy core. This property will help us have
a better understanding of the fuzzy core and avoid the complicated computation process.

However, we mainly study three kinds of fuzzy cores for games with fuzzy coalitions, and it will be interesting to find
the fuzzy cores for other types of fuzzy games.



186 X. Yu, Q. Zhang / Journal of Computational and Applied Mathematics 230 (2009) 173-186

References

[1] J.P. Aubin, Coeur et valeur des jeux flous a paiements latéraux, Comptes Rendus Hebdomadaires des Séances de 1’ Académie des Sciences 279-A (1974)
891-894.

[2] J.P. Aubin, Mathematical Methods of Game and Economic Theory (Revised Edition), North-Holland, Amsterdam, 1982.

[3] D. Butnariu, Fuzzy games: A description of the concept, Fuzzy Sets and Systems 1 (1978) 181-192.

[4] D.Butnariu, Stability and Shapley value for n-persons fuzzy game, Fuzzy Sets and Systems 4 (1980) 63-72.

[5] D.Butnariu, T. Kroupa, Shapley mapping and the cumulative value for n-person games with fuzz coalition, European Journal of Operational Research
186 (2008) 288-299.

[6] M. Tsurumi, T. Tanino, M. Inuiguchi, A Shapley function on a class of cooperative fuzzy games, European Journal of Operational Research 129 (2001)
596-618.

[7] S.Tijs, R. Branzei, S. Ishihara, S. Muto, On cores and stable sets for fuzzy games, Fuzzy Sets and Systems 146 (2004) 285-296.

[8] M. Sakawa, I. Nishizaki, A lexicographical solution concept in an n-person cooperative fuzzy game, Fuzzy Sets and Systems 61 (1994) 265-275.

[9] L.S. Shapley, A value for n-persons games, Annals of Mathematics Studies 28 (1953) 307-318.

[10] G.Owen, Multilinear extensions of games, Management Sciences 18 (1972) 64-79.



	The fuzzy core in games with fuzzy coalitions
	Introduction
	Preliminaries
	Crisp cooperative game and its solutions
	Game with fuzzy coalitions and fuzzy Shapley value

	The fuzzy core in games with fuzzy coalitions
	The relation between the fuzzy core and the fuzzy Shapley value
	The fuzzy core for the fuzzy games  o v inGF (N)  defined by Owen
	The fuzzy core for the fuzzy games  b v inGF (N)  by Butnariu
	The fuzzy core for the fuzzy games  t v inGF (N)  by Tsurumi

	Conclusions
	References


