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1. Introduction

We open this section with some notations: For a matrix A, .z (A), A", A*, rk(A), tr(A), A(A) denote
range space, transpose, Moore-Penrose inverse, rank, trace, maximum eigenvalue of matrix A, respec-
tively. The n x n identity matrix is denoted by I,. For nonnegative definite matrices A and B,A > B
and A > B stand for the nonnegative and positive definiteness of matrix A — B, respectively.

Consider the following linear model

y=XB +¢,

11
& ~ Ny(0, 02V) (LD
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where y € R" is an observable random vector, ¢ is a random error vector. X € R"*P with rk(X) = p is
a known matrix. V € R™™" is a known nonnegative definite matrix, whereas 8 € R” and o2 > 0 are
unknown parameters.

For estimating regression coefficient 8, we concern ourselves with the minimaxity of linear esti-
mators of . We denote by £ the class of homogeneous linear estimators of g, i.e.,

£ = {Ly|Lis any p X n real constant matrix} .

We denote 2 by the space of all estimators d(y) of 8 such that the expected value of the following loss
Lg is finite. To evaluate estimators d(y) of 8 in general, for every 8 € RP and 6% > 0, we define the
loss function as

Oy —Xd(y))' Tt (y — Xd + (1= 0)dWy) — BYX'THX(d(y) —
Ly(B. 0% d(y)) = L0 = XA Tl @(2+<ﬂ /X/Vl;ﬁ(v) B) @)~ p).
(1.2)

where § € [0, 1], T = V + XX'. The numerator of the loss function Ly which is called balanced loss
function was proposed by Hu and Peng [7] using the idea of Zellner’s [ 19] balanced loss and the unified
theory of least squares formulated by Rao [12]. We choose the denominator o + 8’X’V X8 in the loss
function (1.2) in order that the maximum risk function of Ly does not rely on parameters o> and B.on
the other hand, if we choose the denominator o2, then the maximum risk function of Ly is dependent
on o2 and B. The way of choosing the denominator is similar to the one used by Yu [18].

The balanced loss function takes both precision of estimation and goodness of fit of model into
account, so it is a more comprehensive and reasonable standard. It has received considerable attention
in the literature under different setups. For more details, the readers are referred to Rodrigues and
Zellner [13], Giles et al. [5], Ohtani et al. [9], Ohtani [10,11], Gruber [6], Jozani et al. [8] and Arashi [2].

Moreover, it is well known that the balanced loss function is more sensitive than the quadratic loss
function, which means that if an estimator is admissible under the balanced loss function, it is also
admissible under the quadratic loss function. Therefore, the study about the admissibility under the
balanced loss function are significant. Xu and Wu [16] studied the admissibility of linear estimators
under the balanced loss function in a linear model if its covariance matrix is an identity matrix and
there is no assumption that the underlying distribution is a normal one. Cao [3] proposed a matrix
balanced loss function using Zellner’s idea of balanced loss, and obtained ® admissible estimators
for regression coefficient matrix. Hu and Peng [7] extended the result of Xu and Wu [16]to V > 0.
However, no systematic work about the minimaxity of linear estimators in the class of all estimators
under a balanced loss function has been done.

For every 8 € R and 6% > 0, we define the risk function of d(y) as

Ri, (B, 0% d(y)) = ElLs (B, 0%; dy))].

If the element is finite, thus the optimality of an estimator do(Y) € 2, such as domination, ad-
missibility, minimaxity and so on, can be evaluated by its risk in the range spaces of the risk function.
Because this paper only deals with the linear minimax estimator of 8, we only give the concept of
minimax estimator.

Definition 1.1. d*(y) is said to be a minimax estimator, if

sup Ry, (B, 02; d*(y)) = inf sup Ry, (B, o%; d(¥)).
BERP d(y) gepp
(72>0 (72>0

Some results related to linear minimax estimators in linear models have been established for scalar
quadratic loss function. For the fixed effects model, Alam [1], Efron and Morris [4] studied the minimax
estimators of the mean of a multivariate normal distribution. Xu [15] obtained the linear minimax
estimators of estimable function of regression coefficient in the class of linear estimators if V > 0. Yu



1230 G. Hu et al. / Linear Algebra and its Applications 436 (2012) 1228-1237

[17] extended the result to V > 0 and obtained the minimax estimators in the subset of homogeneous
linear estimators class. For the stochastic effects linear model, Yu [18] studied the linear minimax
estimator of stochastic regression coefficients and parameters under quadratic loss function.

In this paper, we will study the unique linear minimax estimator of 8 in 2 and the linear model
(1.1) under the balanced loss function (1.2).

The rest of this paper is organized as follows. In section 2, we give some important preliminaries.
In section 3, we demonstrate the main theorems concerning the minimax estimators. Concluding
remarks are given in section 4.

2. Some important preliminaries

Suppose rk(V) = r and let Q = (Q1, Q) be an orthogonal matrix such that
, A0 . . .
Q'VQ = , A =diag(Aq, A, ..., Ap) withX; >0,i=1,2,...,r1.
00

Obviously, V = Q1 AQ{, VT = AT1Q], @@, =1 — W, 2 (X) = #(X'Q) + .#(X'Q).
Let B = X'T*X,S = (1 — §)B2X'T*X. Obviously, SB is estimable and

S=(1-0B 2XTTQQX + (1 — 0)B 2X'TTQQ5X 2 T1Q[X + ToQ}X. 1)

where T} = (1 — 9)8_%X’T+Q1, T, =(1-— Q)B_%X’T"’Qz. According to the following lemma, the
decomposition of (2.1) is unique if and only if VXX’ (I — VW) = 0.

Lemma 21. .#(X'Q;) and .#(X'Qy) are orthogonal subspaces of RP if and only if VXX’ (I — VW) = 0.

The proof of this lemma is omitted here, since it can be verified directly. We suppose that the
1
singular value decomposition of matrix T1Q;X(X'V*X)*X'Q; A2 is

T Q{X(X’V*X)*X’QlA*% = KFR', (2.2)

where F = diag(fi, f, ..., f)) withfy > f, > --- > fy > 0,t = rk[T1Q;X(X'VTX)*X'Q] and
K'K=RR=1,.
We now denote

1
2

i
G = (Z(ﬁ—m%d) =120
—

m:mat{i:Cigfi}. (2.3)

1<i<
and
= myfE+c? ,
MRS )2 — (m— DS, 2+ )

where €2 = tr(OTTV — 6>TTXB~1X'TTV). Obviously, we have

Gz2CGaz--2G=]|C>0 (24)

and

CH+Y U=

i=1
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Inequality fi > fo» > --- > f; > 0 together with inequality (2.4) implies that the number m defined
in Eq. (2.3) exists iff C* < f2.

Lemma 2.2. IfC% < flz, then fm = Jr. Moreover, if m < t, then fmy1 < Jf.

Proof. By G, < fi, we have

i=1 i=1

(m—1)f3 -2 (Zﬁ) fo+C+ > <0, (2.5)

then
m 2 m
(Zﬁ) —(m—1) <c2 - Zf,?) > 0.
i=1 i=1

This together with Eq. (2.5) will yield

i=1 i=1

2 2
<C2 + 2 —fn fo) +(m—fy <C2 + fo) ~ f (Zﬁ)
i=1 i=1

= (cz + Zf?) [(m —Df2 -2 (Zﬁ-) fn+C+ Zf,-z} > 0.
i=1

i=1 i=1

By >, f2 > fn X, fi, we have

m 2 m % m m
fin (Zﬁ-) —(m—1) <c2 + Zf,?) >C+ D = fa > S
i=1 i=1 i=1

i=1

Hence, fi, 2> Jr.Letm < t,if f 1 = Jf, then
fi=Jp=fi—fm120,i=1,2,...,m+1,

This together with the definition of the number m will yield

m m m-+1
F=C+> UG- >C+2 i —fm1)’ =C 4 2 (i — fur)* > fis,
i=1

i=1 i=1

which implies Jf > fi41. This is a contradiction to the inequality f;,11 = Jr. The proof of this Lemma
is completed. O

Lemma 2.3 (Wu [14]). Assume amodely = XB + e, e ~ N, (0, o1,), where B, 0% are same as that in
model (1.1), X € R"*P is a known matrix. Let L and F be known t x n matrices. If L satisfies the following
conditions:

(1M L=LXXX)"X/,
(2) LX(X'X) ™ X'F'is symmetric and LX(X'X)"X'L' < LX(X'X)"X'F/,
3) rk(IXX'X)"X'(F — L)) > rk(L) — 2.
Then the estimator Ly of FX B is admissible in 2 under the loss function (d — FXB)'(d — FXB).
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3. Main results

The matrices K and R can be written in the partitioned form: K = (K7, K3), R = (R, Ry), where K;
and Ry are the first m columns of K and R, respectively. Denote Ay = diag(fi —Jr, o —Jr, ..., fm —Jf)

and H = T,Q)X[X'(I — VWWHX]TX'(I — VW™). Then we have the following theorem.
Theorem 3.1. IfVXX'(I — VW) = 0, then the following statements hold

(1) IfC* < f]z, then Ly is the unique minimax estimator of B in the class of all estimators under
the model (1.1) and the loss function (1.2). Moreover, the maximum risk is jf2, where L1 = B_%H +
B 2K AfRjAT2Q] + 0B~ IX'T+;

(2)IfC* > flz, then Lyy is the unique minimax estimator of 8 in the class of all estimators under the
model (1.1) and the loss function (1.2). Moreover, the maximum risk is C2, where L, = B_%H +0BIX'TT.
Proof. We first prove (1). According to Eq. (2.2), we have

1 1 1
TIQX = IQXX'VTX)TX' QA 2AT2Q[X = KFR' A™2Q;X. (3.1)
By Egs. (2.2) and (3.1), we have
t =rk(R'R) > rk(R/A—%Q{X) > k(T1Q;X) = rk(KFR'),

hence, t = rk(R/A_%Q{X) < 1k(Q4X), and R/A_%Q{X is a row full rank matrix. Let a = rk(Q;X), itis
easy to verify that there exist ar x (a — t) matrix R3 and ar X (r — a) matrix R4 such that

(R1, Ry, R3, Rg)' (R1, Ro, R3, Ra) = I,
1
a = rk(Ry, Ry, R3) = rk[(Ry, Ry, R3)' A7 2 QyX],
_1
RyATZQiX =0.
Denote

R A

1
yi=RAT2Qly, i=1,2,3,4,

1
Bi=RA2Q:XB, i=1,2,3,4.

ObViOUSly,S/ ~ Nr((ﬂ{ ’ ﬂés ﬁ§7 O/)/v GZIT)'
LetF; = diag(fy, . .., fm), F2 = diag(fnt1, . .-, fr) (m < ).By Q) =1— VW and the definition
of T, we have HX = T,Q;X . This together with Eq. (2.2) will yield
(H+ K1 AfR,A"2Q))XB — SB
=K AfR;A‘%Q{Xﬁ — T1Q;XB + HXB — T,Q,XB
— Ky AfR{ A2 QIXB — (Ki, K)F(Ry, Ro) A2 Q{XB
= Ki1Apf1 — (K1, K2)F(B1, By). (3:2)

By direct operation, we have

E[0(y — XLy)'TH(y — XLy) + (1 — 0)(ly — B X' T X(ly — B)]
— E[(B>Ly — 0B 2X'T*y) — SBI[(B2Ly — 0B 2X'TTy) — SB] + o'2C2. (33)
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By Egs. (3.2), (3.3) and Lemma 2.2, we have
E[0(y — XLiy) TH(y — XL1y) + (1 — 0)(Liy — B X' T X (Liy — B)]
— E[(B>L,y — 0B :X'TTy) — SBI[(BZ L1y — OB 2X'T*y) — SB] + 02>
= 0 2(C? + tr[(H + K1 AfRy A~ 2Q)) V(H + Ky AfR, A~ 2Q)) ]}
+B'[(H + K AngA*%Q{)x — STI(H + K1 AfR,A™2Q))X — SIB
= 2[C2 + tr(Ky AR, A2 Q[VQ A~ 2Ry AK])]
+(K1 ArB1 — (Kv, K2)F(B1, B3))) (K1 Ap 1 — (Kv, K2)F(B1, B3)")

— o2[C? + tr(Af)] " ArBr)  [Fips ArBr\ (R
0 F>B 0 B
= o} +JPB1B1 + BFs By <JF (0 + BLB1 + ByBa).
Note that
o2 + BX'VIXB =B X' QA2 (Ry, Ry, Rs, Rg)(R1., Ry, R3, Rg) A~ 2Q|XB

=02+ ,3{/31 + ,Béﬁz + ﬁéﬁ}

Therefore,

Riy (B. 0% L1y) = ElLo (B, 0% Liy)]
_EO@ —XLy)'TH (v — XLiy) + (1 = 0)(Liy — B)X' T X(Liy — B)]
N o2 + B'X'VFXB

JF(@® + BiB1 + BrB2)
o2+ BB+ BiBa + BiBs

In particular, if 8, = 0 and 3 = 0, the equality of the above expression holds. Hence

sup Ry, (B, 0% L1y) :sz'
BERP
0%>0

<7

We next prove that L1y is the unique minimax estimator of 8 in the class of all estimators. Suppose,
to the contrary, that L1y is not the unique minimax estimator of 8 in the class of all estimators. Then
there exists an estimator é such that

sup Ry, (B, 0% 8) < sup Ry, (B, 0% Liy),
BERP BERP

0%>0 0%>0

and
P =1Ly <1 (3.4)

forevery B € RP and o> > 0, where P(-) denotes the probability of random event. Therefore, if 8, = 0
and B3 = 0, we have

Ry, (B. 0% 8) < Ry, (B. 0% Liy) =Jf.

which becomes by the definition of Ry, (8, o dy))
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E[0(y —X8)'TT(y — X8) + (1 —0)(8 — B)X'TTX(8 — B)]
S E[O0(y —XLiy)'TT (v — XL1y) + (1 — ) (Liy — B)'X'T X (Liy — B)].
If B = 0 and B3 = 0, it follows from Egs. (3.4) and (3.5) that

§+LyY S§+1L
E[e(y—x + 1y) T+(y—X+1y)—|—(1—9)
2 2

S+1L ' S+1L
( +2 ]y_ﬂ)xlﬁx( +2 ly_ﬂ)}

_ %E[ecy _X8)TT(y = X8) + (1 — 0)(3 — BYX'TX(S — B)]

1
+E00 - XLy)'TH(y — XLiy) + (1 — 0)(Liy — B X' T X(Liy — B)]
1 1 1 1 1
— 4 ElB28 — B2Ly)'(B28 — BZLyy)]
<E[0@ —XLy)TT (v — XLiy) + (1 — 0)(Liy — B)X'TTX(Ly — B)]
By Eq. (3.3), we have

S+LyY S+1L
E|:9(y—X+1y)T+(y—X+1y)+(l—9)
2 2

S+1L ' S+1L
( +2 1y—,8)X’T+X( +2 ly_ﬂ)}

S+1L '
=E [(35 % — OB X'THy — S,B)

S+
(Bi . YV gpix'THy — 5,3)} + o2,

and

E[6(y — XL1y)' T (y — XLiy) + (1 — 0)(Liy — B)X'T X (Liy — B)]
— E[(B2Lyy — OB 2X'Ty — SB) (B2Ly — 0B~ :X'T+y — SB)] + 022
By Egs. (3.6)-(3.8), we have

S§+1L REEY!
E [(35 +2 Y e iXTty — 5,3) (B; +2 Y e iX'Tty — S,B)}

< E[(B2Lyy — OB 2X'T+y — SBY (B2 Ly — 0B~ :X'THy — SB)].

(3.6)

(3.7)

(3.9)

We next prove that B%L1y — HB_%X’TJFy is an admissible estimator of S8 in the class of all estimators
under the loss (d — SB)(d — SB) if B, = 0 and B3 = 0.In fact, if B, = 0 and B3 = 0, it follows from

Egs. (2.1), (3.1) and the definition of H that
1 B . /it 11t
E[(BzLy — OB 2X'TTy — SB)' (B2L1y — OB 2X'TTy — SB)]
_1 _1
= E[(Ki AfR{AT2Qpy — TiQiXB) (K1 AfRy A™2Qqy — T1QiXB)]
= E(K1Ary1 — KiF1B1) (K1 Apyr — KiF1B1).
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To prove that B%L1 y - OB X' TTy is an admissible estimator of S in the class of all estimators
under the loss (d — SB)’(d — SB), we only need to prove that under the model y; ~ Ny (B1, 0%I)
and the loss function (dq — K1F; 81)'(d1 — K1F1581), K1 Ary; is an admissible estimator of K1F 81 in
the class of all estimators. If Ay > 0, Jf > 0, we have Ay < F; by Lemma 2.2. This together with
Lemma 2.3 will yield K Asy; is an admissible estimator of K;F; 81 in the class of all estimators. In

1 1
other words, B2Ly — @B~ 2X'Ty is an admissible estimator of S8 in the class of all estimators. This
is a contradiction to the inequality (3.9). Therefore, L1y is the unique minimax estimator of 8 in the
class of all estimators. Moreover, the maximum risk is jfz.

1
We next prove (2). If C* > f2, then K = Ky, R = Ry, B = R'A"2Q;XB, and B; does not exist.
Furthermore,

ICl>f=2hL=2-2f>0. (3.10)
By the same way used to prove (1), we have

HXB — SB = —KFp,. (3.11)
By Egs. (3.3),(3.10) and (3.11), we have

E[0(y — XLoy)' Tt (y — XLoy) + (1 — 0)(Loy — B X' T X(Ly — B)]
= E[(B2Lyy — 0B~ 2X'TTy) — SBY[(BZLoy — 0B~ 2X'TTy) — SB] + 02C?
= 02[C? + tr(HVH)] + (HXB — SB)'(HXB — SB)
= 02C% + (KFBy) (KFBy) = 02C* + ByF? By < C2 (0% + B}Ba). (312)
Equation o* + B'X'V*XB = o + B3, + B3B3 together with Eq. (3.12) will yield

Ry, (B. 0% Loy) = E[Lo (B, 0°; Loy)]
_E[0(y — XLoy)' T (y — XLoy) 4 (1 — 0)(Loy — B)'X'T* X(Loy — B)]
o+ BX'VTXPB
C2 2 /
<= (0/+;32:62/) <C2
o+ ByB2 + B3Ps
Especially, if 8 = 0 and B3 = 0, the equality of the above expression holds. Hence,

)

sup Ry, (B, 0%; Ly) = C°.
BERP
020

We next prove that L,y is the unique minimax estimator of 8 in the class of all estimators. Suppose,
to the contrary, that Lyy is not the unique minimax estimator of 8 in the class of all estimators. Then
there exists an estimator § such that

sup Ry, (B, 0% 8) < sup Ry, (B, 0% Lyy),
BERP BERP
0%>0 02>0

and
P =1Ly) <1 (3.13)
for every B € RP and 02 > 0. Therefore, if 8, = 0 and 3 = 0, we have

Ry, (B, 0% 8) < Ry, (B, 0% Loy) = C2,
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which becomes by the definition of Ry, (8, a?;d®y))

E[0(y —X8)'TT(y —X8) + (1 —6)(8 — BYX'TTX(S — B)]
< E[0(y — XLoy)' TT (y — XLoy) + (1 — 0)(Lay — B)'X' T X (Ly — B)1. (3.14)

Furthermore, if 8, = 0 and B3 = 0, it follows from Eqs.(2.7), (3.13), (3.14) and the same way used to
prove (1) that

S+L "(18+1L
E [(35 % 0B IXTHy — S,B) (35 % —0BTIX'THy — S,B)}
1 — L1t /it -1t
< E[(B2Lyy — OB 2X'T+y — SB) (B2 Loy — OB 2X'T+y — SB)] = 0.

This is a contradiction to the inequality E[ (B2 ‘H% — OB IX'THy — S,B)/(B% ‘H% — 0B IX'Tty
— SB)] > 0.Hence, Ly is the unique minimax estimator of 3 in the class of all estimators. Moreover,
the maximum risk is C2. This completes the proof of this theorem. [

4. Concluding remarks

In the model (1.1), the unique linear minimax estimator of regression coefficient under the balanced
loss function (1.2) is obtained in the class of all estimators by the admissibility theory. Furthermore,
we may discuss the admissibility of the linear minimax estimator in the class of all estimators in the
future.
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