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1. Introduction

Recent cosmological observations point to a strong evidence
for a spatially flat and accelerated expanding universe [1-3]. De-
spite the great agreement of observations with the concordance
model [4],' it is a fact that quintom model, whose Equation of
State (EoS) can cross the cosmological constant barrier w = —1,
is not excluded by observations [5-13]. A popular way to realize
a viable quintom model and, at the same time, avoid the restric-
tions imposed by the No-Go Theorem [14-18] is the introduction
of extra degrees of freedom.? Following this recipe, the simplest
quintom paradigm requires a canonical quintessence scalar field o
and simultaneously a phantom scalar field ¢ where the effective
potential can be of arbitrary form, while the two components can
be either coupled [20] or decoupled [6,21].

The properties of the quintom models have been studied from
different points of view. Among them, the phase space studies, us-
ing the dynamical systems tools, are very useful since they permit
to bypass the complexities and non-linearities of the cosmological
models, allowing to get insight into the asymptotic and intermedi-
ate behavior of solutions [22,23]. In quintom models this program
has been carried out in [18,20,21,24-28]. In [21], the decoupled
case between the canonical and phantom fields with an exponen-

* Corresponding author.
E-mail addresses: genly.leon@ucv.cl (G. Leon), yoelsy.leyva@ucv.cl (Y. Leyva),
socorro@fisica.ugto.mx (J. Socorro).
I The Cosmological Constant Model.
2 The only way to realize the crossing without any ghosts and gradient instabili-
ties in standard gravity and with one single scalar degree of freedom was obtained
in [19].
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tial potential was studied showing that the phantom-dominated
scaling solution is the unique late-time attractor. In [20], the au-
thors considered a potential with an interaction between the fields
and show that, in the absence of interactions, the solution domi-
nated by the phantom field should be the attractor of the system
and the interaction does not affect its attractor behavior. However,
in [24] it was shown that this result is correct only in the case in
which the existence of the phantom phase excludes the existence
of scaling attractors. Some of these previous results were extended
in [25] to arbitrary potentials. Finally in [28], the authors showed
that all quintom models with nearly flat potentials converge to a
single expression for EoS of dark energy; in addition, the necessary
conditions for the determination of the direction of the w = —1
crossing were found.

Another interesting feature concerning quintom models is that
some potentials can be constructed using the Bohm-like ap-
proach [29-31], known as amplitude-real-phase formalism [32].
This scheme was used in [33] to derive the corresponding quin-
tom potentials that emerge from quantum cosmology and pro-
vide a physical context for those potentials.> Among all the po-
tentials found, only V(o,¢) = Vg sinh?(@o) + Vq coshz(ﬂqb) and
V(o,¢) = Voexp[:(ao + B¢)] satisfy the quantum constraint of
this approach [33].

The objective of this paper is to investigate the dynamics of a
general quintom dark energy model with the aim of finding vi-
able scenarios that provide a crossing of the cosmological constant
barrier (phantom divide) at low redshift and at the same time, ex-
tend the previous results in the literature [18,21,24-26]. We will

3 In the sense that, some potentials can be constructed [29,30,33].
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investigate a wide variety of potentials, for which there is no inter-
action between the fields, by using the dynamical systems tools. In
order to be able to analyze self-interaction potentials beyond the
exponential one, we rely on the method introduced in the con-
text of quintessence models [34] and that have been generalized
to several cosmological contexts like: Randall-Sundrum II and DGP
branes [35-38], Scalar Field Dark Matter models [39], tachyon and
phantom fields [40-42] and loop quantum gravity [43].

The plan of the paper is as follows. In Section 2 we introduce
the quintom model for arbitrary potentials and in Section 3 we
build the corresponding autonomous system. The results of the
study of the corresponding critical points, their stability proper-
ties and the physical discussion are shown in Section 4. Section 5
is devoted to conclusions.

Finally, we include two appendices, Appendix A and Appendix B,
with the center manifold calculation of the solutions dominated by
either the phantom or quintessence potential, respectively.

2. The model

The starting action of our model, containing the canonical field
o and the phantom field ¢, is [6,20,21]:

1 1
S :fd“x«/—g(iR - 5gl“’auaa,,a + Vg (0)

+%g’“’3u¢>3u¢+V¢(¢)+Er+ﬁm), (1)

where we used natural units (847G =1) and V(o) and V4(¢) are
respectively the self interaction potentials of the quintessence and
phantom fields. The term £, accounts for the radiation content of
the universe, with energy density p, and pressure P, connected
by the equation of state p, = P;/3, and Ly accounts for pressure-
less dark matter with energy density pn and pressure P, = 0.
From this action the Friedmann equations for a flat Friedmann-
Lemaitre-Robertson-Walker (FLRW) geometry reads [20,21]:

) 1 /62 (b2
=35 +Vo(0) =5 +Ve@) + pm+pr ). (2a)
. 1/. . 4
=g (6264 on+ 500). (2b)
where H = g is the Hubble parameter and the dot denotes deriva-

tive with respect the time. The conservation equations for the mat-
ter components leads to

Om =—3Hpm, (3a)
Or=—4Hpr, (3b)
while the evolution of the quintessence and phantom fields are:

6 +3H6 +V,(0)=0 (4a)
¢ +3H¢ — V() =0, (4b)

where the prime 7 denotes the derivative of a function with respect
to its argument.

Additionally we can introduce the total energy density and
pressure for the dark energy as:

PDE = Po + Py,  PDE=Po + D¢ (5)
where
('72 ¢',2
Pa=7+Va(G), ,0¢=—7+V¢(¢) (6)
é.Z 12
pUZT—VU(U), p¢=—%—V¢(¢) (7)

and the equation of state parameter of the dark energy component
is given by
_Potps_ 62— §* —2V5(0) —2Vy($)
Po+ps 62— P2 +2V5(0) +2V4(9)

Alternatively, we introduce the total (effective) equation of state
parameter as:

(8)

_ 36° -3¢ —6Vo(0) —6Vy(9) +20r
362 —3¢2 46V, (0) + 6Vy($) + 607 +6pm

For convenience, we also introduce the dimensionless energy den-
sities

(9)

Q25 = 3%, (10a)
Q= 3'%, (10b)
Q2 = 3%7 (10c)
O = 3’%, (10d)
which are related through?:

6 +2¢+ 21 + 2 =1. (11)

3. The autonomous system

In order to study the dynamical properties of the system
(2a)-(4b), we introduce the following dimensionless phase space
variables to build an autonomous dynamical system [44,45]:

o ¢

= -2 12
P Ton Xg NGT (12a)
yo = YV @) _ VY@ (12b)
o «/§H i «/§H s
/ |74
—iC2R __ V@) (120)
Vo (o) Vg ()

and the additional variables £2, and $2; defined by (10c) and (10d)
respectively. Using the constraint (11) one is able to eliminate one
degree of freedom, namely the variable yg4. Notice that the phase
space variables, A, and Ay, are sensitive of the kind of self interac-
tion potentials chosen for quintessence and phantom components,
respectively and are introduced in order to be able to study arbi-
trary potentials. Applying the above dimensionless variables to the
system (2a)-(4b), we obtain the following autonomous system:

dxy

30 3
N =3 +x(,<7”’ —3x 4282 —3) +\/;xgy§, (13a)

dX¢ 382
N =% +X¢,<T’" +3x5 4202 —3)

3
+ 320 (% =G+ 2+ 2+ ¥2 1), (13b)
dys 1 2 2
o =3 (392m +6x2 — V6loxo — 6x5 +482), (13¢c)

4 This relationship is obtained by substituting the above definitions (10) in the
Friedmann equation (2a).
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Table 1
Properties of the critical points for the autonomous system (13). The upper asterisk is used to denote values of A, and A4 such that A, € f~1(0) and Ay € g7 10, ie.
f(1%) =0 and g(i3) =0, respectively. We use the definition ;7 = (/\;;)2 - ﬁ
Label Xo Yo Xg Ao Ap 2 Qm Existence Stability
Pli 0 0 +i Ao k;; 0 0 Non-real Unstable
Py +1 0 0 by Ao 0 0 rp€R Unstable
Py +/1+%3 0 Xp Py 25 0 0 Always Unstable
P4 ng 1- 682 0 Ak P 0 0 (52 <6 Saddle
Ps 0 0 0 Ao 0 0 0 ‘o €R Saddle
Pg 0 1 0 0 Ao 0 0 A €R Saddle
Py 0 Vo 0 0 0 0 0 O<ys <1 Stable for f(0) >0, g(0) <0,
saddle otherwise
Pg 0 0 7% Ao )L;; 0 0 A €R Stable for g’(k;)h; <0,
saddle otherwise
Pg 0 0 0 Ao Ap 1 0 Ao hp €R Saddle
Zﬁ 2 4
P1o e NENTI 0 Py Ao 1- Gty 0 052 >4 Saddle
2\/? 2 23 4 4
P11 b NENTI iz Ak 2 1-4 0 0< & <1 Saddle
P12 0 0 0 o Ao 0 1 Ao hp €R Saddle
P13 Vi 3 0 AX A 0 1 3 (A2 >3 Saddle
py3 205)? ¢ 05)? o) Z
3 3
P14 \/;; 2(5*,)2 I~ AE 25 0 1— i—z 0< A% <1 See discussion at the end of
¢ Section 4.1
ds2r = 2:(32m + 6x2 — 6xé +4(2 — 1)) (13d) the relevant cosmological parameters in terms of the dimension-
o ? . . . .
dN less phase space variables (12a). Following this, the cosmological
ds2 parameters (8), (9) and (10) can be expressed as
d—l\;” = 2n(3(2m — 1) + 6x% — 6x] +482), (13e)
20 — 25 + Q2m + 2r — 1
d)\,g «/— WDE = (17&)
W:_ 6X5 f(Ao), (131) 1—2m —$2r
dry _ w 14 2m+2x2 —2x2 + A (17b)
tot = — m -
N - —V6xpg(1g), (13g) o R
. , R0 =x5+ Y2, (17¢)
where N =Ina is the number of e-foldings, f(iys) = k?,(l“g -1),
_ 42 _ . ¢ =1— 25 — 2y — 2, (17d)
ghy) = A¢(F¢ 1) and:
while the deceleration parameter becomes
VA
Vg (o)V)(0) Vg (@)V,(9) (14) i 30
C= T v A2 = " a2 m 2 2
(V(’,((I))2 (Vés(fﬁ))2 q:—|:l+m:| :—l—i—T—i-BxU —3x¢+2.(2r. (18)

In order to get from the autonomous equations (13) a closed sys-
tem of ordinary differential equations we have assumed that the
functions I'; and Iy can be written as a function of the variables
Ao € R and Ay € R respectively [34].

The phase space for the autonomous dynamical system (13) can
be defined as follows:

={(Xo.X¢. Yo. 2r. 2m) €R®: y5 >0, 0< 20 < 1,
2

po —X¢+ya+9r+9m 1,

0< 2 <1, 0< 2 <1} x {(ho, hp) € RZ], (15)
where
QpE=26 +R2p=1— 2y — 2m, (16a)

follows from definitions (10).
Now, with the aim of explaining the physical significance of the
critical points of the autonomous system (13) we need to obtain

Observe that: Wit = %

4. Critical points and stability

The critical points of the system (13) are summarized in Ta-
ble 1. The eigenvalues of the corresponding Jacobian matrices are
shown in Table 2, while the basic observables evaluated at the
critical points are displayed in Table 3. In all cases, A} and Aj;

are the values which make the functions f(Ay)=A2 (s —1) and
g0y) = Aé(l‘d, — 1) vanish respectively.

As we see from Table 1, the points P]i do not exist in
the strict sense (x4 is purely imaginary at the fixed points).
Point P5 (resp. Pg) is associated with a combination of a phan-
tom (resp. quintessence) potential whose first ¢-derivative (resp.
o -derivative) vanishes at some/several point/points, i.e., 14 =0
(resp. A = 0), and an arbitrary self interaction potential for the
quintessence (resp. phantom) component, i.e., for arbitrary value
of Ay (resp. Ay). For the point P7, both 14 =0 and Ay =0
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Table 2
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Eigenvalues of the linear perturbation matrix associated to each of the critical points displayed in Table 1. The upper asterisk is used to denote values of A, and A4

such that A, € f~1(0) and Ay € g7 10), ie., f(%)=0 and g(x;) =0, respectively. Here we use the definitions

1 __1_ _
2T )

AF=-301x /1+450), 47 =

“30+£,1-3F0), A7 =-30£,/1-3f0y3), A7 =-30 £ /1+320)(1-y2)), x*@ =-30+,/% —15), and n*@) =-3(1 + /& —7) where z is a

dummy variable.

Label mq my ms my ms mg my
P¥ 3 0 0 Fivbg (1)) 6 F iV, 2 3
pE 6 0 0 FV6L(0%) 33,34 2 3
pE 0 —V/Bg (15)% FV6F0p, 142 3:F\/§ [14+x20% 6—v/Bron, 2 3
P4 0 —F'OEE (ro*)? 1(G3)? -6) 1(G5)?-6) (E)? -4 ()2 -3
Ps -3 0 0 Af AT -4 -3
Pg -3 0 0 AT A5 -4 -3
Py 0 A A3 Af Ay —4 -3
Pg 0 g OpN —303)? -1p*+6) -3 +6) —()* -4 (5?3
Py 4 2 -1 -1 0 0 1
— 4f'(hg)
P1o 4 -1 0 1 xtO%) X~ (%) __f)hz-;
i i - af o 4g'(ry)
P11 A -} - M 1 Xt X 4 5
P12 0 0 3 3 -3 -3 -1
Py 0 -3 3 -1 nrog) nm0%) -3ea)
. . oS 3g'(A%)
P14 —301+iV7) ~301-iV7) -1 nt ) ) - ) =
Table 3

Basic observables evaluated at the critical points of the autonomous system (13). The upper asterisk is used to denote values of A, and A4 such that A, € f~1(0) and

rp €27 1(0), ie, f(A%5)=0and g(x}) =0, respectively.

Label 2 2m $2pE q WpE Wrot
P¥ 0 0 1 2 1 1
P¥ 0 0 1 2 1 1
P¥ 0 1 2 1 1
05)? 032 0x)?
Py 0 0 1 1+ g -1+ gt -1+ %2~
Ps 0 0 1 -1 -1 -1
Ps 0 0 1 -1 -1 -1
Py 0 0 1 -1 -1 -1
(*3)? 03)? 03)?
Pg 0 0 1 -1- ¢ -1- ¢ -1- ¢
P 1 0 0 1 Indeterminate 1
4 4 1 1
P1o 1-Gr 0 G5)? 1 3 3
Py 1-4 0 = 1 3 3
P12 0 1 0 3 Indeterminate 0
P13 0 1- 2 T 7 0 0
P14 0 1-3 & . 0 0

It is worth noticing that the existence conditions for the rest of
the points displayed in Table 1 depends of the concrete form of
the potential. Besides, from the table of the eigenvalues (Table 2)
follows that all the points, with the exception of P11 and P14, be-
long to nonhyperbolic sets of critical point with a least one null
eigenvalue.

For these nonhyperbolic sets, we are not able to extract infor-
mation about their stability by using the standard tools of the lin-
ear dynamical analysis, unless they were normally hyperbolic sets.

We recall that an invariant set of non-isolated singular points is
normally-hyperbolic if the equilibrium set has only one zero eigen-
value at each point, all other eigenvalues have non-zero real parts,
and the eigenvector associated to the zero eigenvalue is tangent to
the set. Thus its stability is determined by the sign of the remain-
ing non-null eigenvalues. Nonhyperbolic fixed points, with both
non-empty stable and unstable subspaces, will have saddle behav-
ior. In case that the standard linear dynamical systems analysis
fails to be applied, then we need to rely our analysis on numer-
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ical inspection of the phase portrait for specific potentials or using
more sophisticated techniques like the Center Manifold Theory (for
technical discussions see Refs. [22,23,46-48]).

4.1. Stability of the critical points

Although all these critical points are shown in Table 1 here we
have summarized their basic properties:

. Pli, P2i and P;t correspond to a solution dominated by the
kinetic energy of the scalar fields (stiff fluid solution: g =2
and W = 1). The exact cosmological behavior differs for
each point. Pf corresponds to a phantom Kkinetic energy-
dominated solutions (£2, =0 and 24 = 1). However, these
points have a purely imaginary values of x4, thus, they do not
exist in the strict sense. They have a three-dimensional center
subspace and a four-dimensional unstable manifold (my, mg,
my7 > 0, R(ms) > 0). Thus they cannot be late-time attractors.
PZi are dominated by the quintessence kinetic term (25 =1
and £24 = 0), they are non-hyperbolic due to the existence of
two null eigenvalues, so, as commented before we are not able
to extract information about their stability by using the stan-
dard tools of the linear dynamical analysis. However, since for
these points the unstable manifold is at least 3D, then, typi-
cally, they are unstable (a local source or a saddle depending
on the parameter choices). Pf represent solutions dominated
by the kinetic energies of both the quintessence and phantom
fields (25 =1 +x¢25 and £2pg = 1), i.e,, the cosmic evolution
is dominated by the kinetic term of the quintom field. These
points depend of the form of the potentials and under cer-
tain conditions they have a six-dimensional unstable subspace
which could correspond to the past attractor, otherwise it is a
saddle point. In fact P3+ has a 6D unstable manifold for either:

(i) xp <0, A% < /1+6x;' > Xif F1(35) <0, g'(R5) > 0, or

~~ 6 6 .
(ii) xp > 0, A} < Tl VRS Tl f'(45) <0, g'() <0;

whereas P; has a 6D unstable manifold for either:

(i) X <0, 2% > — [0, 3% > j—f f/(:5) >0, g'(h3) > 0, or

14x5 "
(ii) x5 > 0, A% > — 1%, < Xif F1(05) >0, g'(x3) <0.

P;t contains, as a particular case, the points P;E for the choice
Xp = 0, g(k¢) =0.

None of the these critical points are relevant for the late-time
dynamics, thus the corresponding center manifold calculation
and its stability analysis is not presented.

e P4 is a scaling solution between the kinetic and the potential
energy of the quintessence component of dark energy. This so-
lution in sensitive to the explicit form of the potential. This is
always a saddle equilibrium point in the phase space since for
example my = (%)% and my = J((A%)? — 6) are of opposite
sign in the existence region of this point. It represents an ac-
celerated solution for a potential V(o) whose function f(As)
vanish for A, =A% in the interval —v/2 < A% < +/2, leading to
a —1 < wyor < —1/3. When A} =0 the critical point P4 be-
comes in Pg. In the regions —v/6 < A% < —+/2 or /2<% <
/6, the critical point P4 represents a non-accelerated phase.
A very interesting issue of this critical point appears when the
quintessence field is able to mimic the behavior of radiation
(wr =1/3) or dark matter (wy, = 0) at background level. This
happens when, for an specific form of the quintessence poten-

tial, A} = +£2 leading to w =1/3 or A} = ++/3 driving to
Wior = O respectively.”

Ps, Pg and Py represent solutions dominated by the poten-
tial energies of the potentials (all of them represent de Sitter
solutions: ¢ = —1 and wgt = —1). Once again the exact cos-
mological nature of them differs from one point to the other:
Ps is dominated by the potential energy of the phantom com-
ponent (£2, =0 and §24 = 1). Because of the existence of two
null eigenvalues is not possible to conclude about its dynam-
ics from the linear analysis. However, it has a five-dimensional
stable manifold for g(0) < O (in the interval g(0) < —% it has
to complex conjugated eigenvalues with negative real parts).
In these cases it is worthy to analyze its stability using the
center manifold theory. Pg is a critical point dominated by the
quintessence potential energy term (£2; =1 and 24 = 0), de-
spite its nonhyperbolicity, it has five-dimensional stable man-
ifold for f(0) > 0 (in the case f(0) > %. it has to complex
conjugated eigenvalues with negative real parts), thus, it is
worthy to analyze its stability using the center manifold the-
ory. P7 denotes a segment (curve) of non-isolated fixed points,
representing a scaling regimen between the quintessence and
phantom potential (2, = y2 and 2, = 1—y2). It is normally-
hyperbolic, since the eigenvector associated to the zero eigen-
value, (0,0,1,0,0)7, is tangent to the curve. Thus its stability
is determined by the sign of the remaining non-null eigen-
values. Hence, it is stable for f(0) > 0, g(0) <O or a saddle
otherwise.

Pg is a line of fixed points parametrized by A, € R and it is
normally-hyperbolic, due to the eigenvector associated to the
zero eigenvalue, (0,0,0,1,007, is tangent to the curve. Like
Py, its stability is determined by the sign of the remaining
non-null eigenvalues. From Table 2 follows that Pg admits a
six-dimensional stable subspace provided g’()t(’;;))»jS < 0, thus,
the invariant curve is stable for these parameter conditions.
It represents accelerated solutions dominated by the phantom
potential (£2, =0 and £24, = 1) providing a crossing through
the phantom divide. For every value of A;f, this point pro-
vides the super-accelerated expansion typical of the quintom

X 2
paradigm (Wit = —1 — %) the only exception occurs when

A* = 0 recovering the behavior of the de Sitter solution Ps
(Wgot = —1). This line of critical points corresponds to the
stable point P in [21] and B in [18] (phantom-dominated solu-
tion). Summarizing, the line Pg is the late-time stable attractor
provided g/(x;’;))»j, < 0, otherwise, it is a saddle point.

Pg corresponds to a radiation-dominated solution (£2, = 1)
which is a saddle point since the stable manifold is 2D and
the unstable one is 3D.

P1o represents a scaling radiation-quintessence solution which
is a saddle because at least two eigenvalues have different
signs, say m1 =4 and my = —1.

P11 represents a scaling radiation-DE (quintom) solution
which is a saddle because at least two eigenvalues have re-
als parts of different signs, say (my) = —% and my = 1. Thus,
Pg, P1p and P1; correspond to transient stages for the cosmic
evolution which corresponds to an effective radiation source
(Wit = %), so they cannot represent the late-time universe.
P1y corresponds to a dark-matter-dominated universe (£, =
1) which is a saddle point since the stable manifold is 3D and
the unstable one is 2D.

P13 represents a scaling dark matter-quintessence solution. It
is a saddle because at least two eigenvalues have different
signs, say my = —% and m3 = 3. Summarizing, P> and Pis3,

5 See next subsection for a detailed discussion about this critical point.
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which corresponds to an effective dust source (W = 0), are
transient stages for the cosmic evolution, and thus they are
not good candidates for the late-time universe.

e P14 corresponds to scaling dark matter-DE (quintom) solution
which can be either stable or saddle depending on choice of
the parameters.

Actually, P14 is stable for either:

(i) 45 <=3, 2% <0, f'(15) <0, g(h}) <0, or

(11)A*< «/—A*>O f'(0%) <0, g'0y) >0, or

(iii) —v/3 <% <0, — 33(?;*)2<)\*<0 f'03) <0, (%) <0,
or

(iv) =3 <15 <0, 0 <2} < 33%)2, fo) <0, g0 >0,
or

(v) O<A*<«/— 33(2‘A*)2<)»*<0 ') >0, g(A)<0
or

(Vi) 0 <2} <+/3,0<2} < 33(?k*)2,f()»*)>0 g' (%) >0, or

(Vi) A5 >3, 1% <0, f'(%5) >0, () <0, or
(viii) A*>f A*>O f'05) >0, g% > 0.

It is a saddle otherwise.

When Pq4 is stable, it provides a good candidate for solving or
alleviating the coincidence problem (why $£2,; ~ £2pg nowadays?).
However, since in this case it corresponds to an effective dust
source (Wt = 0), then, it is unlikely that this point represents
accurately the late-time universe. But if we restrict the param-
eter space in order to avoid all the above conditions (i)-(viii),
but preservmg the existence condition 0 <57 <1, where ;—2 =

—1_ _ _1_ we obtain that P14 will be a saddle point, thus rep-
05 (xq))

resenting a transient stage of the cosmic evolution.®
4.2. Cosmological consequences

As was shown in the previous subsection the autonomous sys-
tem (13) only admits fifteen classes of critical points (some of
them are actually curves of fixed points).” The curves P2i cor-
respond to decelerated solutions, with g = 2, where the Fried-
mann constraint (2a) is dominated by the kinetic energy of the
quintessence field with an stiff-like equation of state, wi = 1.
These solutions are only relevant at early times [44].

In order that our model can be in line with the current observa-
tional data, it must have to follow a complete cosmological dynamics
[49], namely: it should describe an early radiation-dominated era
(RDE), later enter into an epoch of mater domination (MDE), and
finally reproduce the present speed up of the Universe. At each
of these stages some special forms of matter seems to dominate
the evolution, and the required dominance should be translated
in different critical points, around which cosmological solutions
remain a lapse of time, before ultimately approaching an stable
late-time configuration. In the dynamical systems language a com-
plete cosmological dynamics can be understood as an heteroclinic
orbit connecting a past attractor, also called source, with a late-
time attractor, also called sink, that passes through some saddle
points, such that a RDE precedes a MDE. Recall that critical points

6 The trivial way to avoid this unwanted late-time behavior is choosing % >1
which immediately gives that P14 does not exist.

7 Pli is ruled out because of they lead to imaginary values of dimensionless vari-
able x;.

are often the extreme points of the orbits and therefore describe
the asymptotic behavior. However, there are solutions that inter-
polate between critical points, and then, they provide information
of the intermediate stages of the evolution. These kind of solutions
can be divided into heteroclinic orbit and homoclinic orbit (that
looks like closed loop). The heteroclinic orbit connects two differ-
ent critical points and the homoclinic orbit is an orbit connecting
a critical point to itself. We are interested in heteroclinic orbits
that should correspond to an specific cosmological history where a
RDE precedes a MDE and thus, following a complete cosmological
dynamics. We submit the reader to Refs. [22,23,50,51], for recent
discussions on the role of heteroclinic orbits in cosmology.

The condition for a purely RDE (£2, = 1) is satisfied by Pg,
this critical point always exists with a saddle behavior. As Ta-
ble 3 shown, Pg represents a decelerating expansion solution with
q = 1. For certain potentials, another possible critical points for a
RDE, with saddle behavior, would be the decelerating expansion
solutions (q =1) Pip and Pq1.® In both cases, the dark energy
component is able to mimic a radiation like fluid with wpg =1/3
(see Table 3). In order to recover a period dominated by radiation,
we need to check the bounds imposed by the Big Bang Nucleosyn-
thesis over the allowed amount of dark energy [52-57]. This bound
comes from the primordial abundances of the light elements at the
BBN (T ~ 1 MeV) time. The current upper bound on the dark en-
ergy density at redshift of BBN (z = 10%) was obtained in [56]:
2D < 0.064 at 30, then this implies”:

<0.064 =

2
P1o: $2pg = 7Y (A%)" >62.5 (19)

1
P11: -QDE = )\—2 < 0.064. (20)

Although the value of the total (effective) equation of state pa-
rameter for P1g and Py implies that, at the background level, they
are able to describe a radiation-like expansion (wy = 1/3), it is
mandatory to fulfill the previous conditions (19)-(20) in order to
be a realistic RDE, otherwise there is a relic abundance problem.'®

As we mention before, the Universe requires the existence of
a long enough MDE in order to explain the formation of the cos-
mic structure. In our system, this period is recovered by a pure
dark matter critical point P1y (2, = 1), which corresponds to a
decelerated expansion solution with g = 1/2. As Table 1 shows,
the existence of this point is always guaranteed in the phase space
(15). As in the case of RDE, is possible to obtain two additional
critical points with saddle behavior that may be associated with a
MDE: P13 and P14. Both critical points represent scaling solutions
between the dark matter and the quintom field, where this lat-
ter component mimics a pressureless fluid (wpg = 0, see Table 3).
In order to recover a MDE (£2,, ~1 and $£2pg ~ 0), the following
conditions must be met'':

Pz (A5) >3, (21)
1
P14: k_2<<3' (22)

As in the case of critical points P1p and Pq; in the RDE, the
existence of P13 and Py4 depends of the explicit form of the po-
tentials. Both pairs of critical points are related, namely:

8 As Table 1 shown, the existence of both critical points is sensitive to the explicit
form of the potential.

9 Recall that we used the definition -5 = (A,%)Z — ﬁ.

10 See [44] for a similar analysis in exponential potential quintessence model.

1 The value of wi; =0 for P13 and P14 implies that, at background level, both
critical points are able to match a MDE, even if (21)-(22) are not satisfied.
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e if Pqp exists for a given potential, then P13 will exist as well.
e if Pq; exists for a given potential, then P14 will exist as well.

In both cases the opposite statement is not necessarily true. De-
spite being related, the saddle nature of their behavior does not
guarantee that initial conditions lead orbits to connect both groups
of critical points, e.g.: P19 —> P13.

An interesting result comes from the stability of critical
point P4. This point exists if —v/6 < Ay < /6 and always behaves
as a saddle fixed point. As Table 1 shown, its existence condition
is independent of whether the radiation and cold dark matter are
considered since £2; = 2, = 0. In the case of this point, as we
mentioned before, if the quintessence potential fulfill the condi-
tion:

A =22, (23)

then the effective equation of state of this dark energy component
would mimic a radiation fluid (Wpg = Wi = 1/3) or if:

A =44/3, (24)

then the dark energy component would mimic pressureless fluid
(Wit = 0), in other words: it will dynamically behave exactly as ra-
diation (23) or cold dark matter (24) at background level. However,
this statement is no enough to guarantee a realistic RDE. Since a
null value of £2, (£2pg = 1) implies a relic abundance problem at
BBN period [44], P4 is ruled out as true period of radiation dom-
ination. The possibility of this dynamical characteristic impose a
fine tuning over the shape of quintessence potentials and a priori
there is no guarantee that all possible quintessence potentials may
satisfy the above conditions (23)-(24).

Another important feature of the model is the presence of three
accelerated solutions, described by critical points Ps, Pg and P7.
All of them are de Sitter solutions (Wit = —1) dominated by the
potentials of the scalar fields. P5 and Pg have a saddle behavior
but P; can be stable for f(0) > 0, g(0) <O or a saddle otherwise.
A favorable scenario would be one in which the initial conditions
lead to a complete cosmological dynamics, e.g.. Py —> P9 —> P13,
and then the orbits tend to one of the de Sitter solutions with
saddle behavior Ps, Pg, and finally approaching either the late-
time de Sitter point Py or the late time phantom attractor Pg. In
terms of the cosmological evolution of the Universe, the above fa-
vorable scenario implies that the Universe started at early times
from an stage dominated by the kinetic energy of the quintessence
field, then evolve into an RDE from which, a MDE emerge to finally
enter in the final phase of accelerated expansion. This accelerated
phase can be the de Sitter solutions or a phantom-dominated so-
lution (Wit < —1).12 This final stage of evolutions towards critical
point Pg is consistent with the observational results from [12,13]
which suggest a mild preference for a dark energy equation-of-
state parameter in the phantom region (W < —1).

Finally, in order to examine the stability of the nonhyperbolic
points that cannot consistently be studied via the present linear
analysis, we present a concrete example. We provide a numerical
elaboration of the phase space orbits of the corresponding quintom
model.

43. V(0,¢) = Vosinh?(ao) + V1 cosh?(B¢)

This potential is derived, in a Friedmann-Robertson-Walker
cosmological model, from canonical quantum cosmology under de-

12 |n fact, these models admit the possibility of having two stable solutions: a de
Sitter solution (P7) and a phantom solution (Pg), each one within their basin of
attraction as was shown in previous subsection.

termined conditions in the evolution of our universe, using the
Bohmian formalism [29,33].
For this potential:

XZ
fOo) = —7” +20?, A =220,  f/(AE)=-2% (25
and

)\2
g0p) === +26°  ap=42p.  g(y)=-A;.  (26)

Substituting the functions (25) and (26) in (13f) and (13g), re-
spectively, we deduce the equations

dOo £20) /6

dN TX(T (Ao F2a)(As £ 20), (27)
dre £2 6
% = %xd,w F2B)0p £ 2P). (28)

Using elementary dynamical systems theory follows from (27) and
(28) that the subsets of the phase space given by A, < £2¢;
Ao =205 Ao 2> £2; Ay < E28; Ay =£28; and Ay > £28 and
their combinations (non-empty intersections and/or unions) are in-
variant sets for the flow of the dynamical system. This means, for
example, that orbits initially in the strep —28 < 14 < 2, remain
in this set for every time. These results allows to consider the dy-
namics restricted to several of these invariant sets since they act as
independent dynamical objects, with the additional simplification
of the dynamics.

From Table 2 and Eq. (26) we see that the condition to ensure
that point Pg has a four-dimensional stable subspace is always sat-
isfied due to the opposite signs between )Q; and g/(A;).

To finish this section let’'s us discuss some numerical elabora-
tions.

In Fig. 1 are presented the projections of some orbits of the

i

phase space of the system (13) for the parameter choice o = 75
B = % at (a) the invariant set 2, =0, 2, =0, 2, = 0; (b) the
subspace (£2r, £2;). For this choice of parameters the points Pqq
and P14 do not exist since at these points §2; < 0. The remaining
points in Table 1 always exist.

Fig. 1(a) captures the typical behavior in the plane (x4, %4);
i.e, we have two attractors: Pg evaluated at the value A% = +1,
labeled in the figure by Pgg, and Pg, which corresponds to the
value A(’; = —1 irrespectively the initial values of 24, £2r, 2n.
The phase space is divided in two portions where the attractor
solution is either Pg, or Pgy,. For the simulation in Fig. 1(b) we
kept fixed the values x5 (0) =0, y5(0) =0, x4(0) =0, A,(0) =0,
A(0) =0 in all the initial conditions. In the figure it is shown
that the matter-dominated epoch is a transient one preceded by a
radiation-dominated epoch. Additionally these energy components
become negligible late times.

In Fig. 2 are presented the projections of some orbits of the
phase space of the system (13) for the parameter choice o =
?, B :% in the subspaces (a) (Xo,Ys.X¢); (b) (Xo,Ys) and
(c) (x5, x4). It is easy to see from the figures that the quintessence
component tends to zero at late times dominating the phantom
component. For the numerics we kept fixed the initial condi-
tions £2;(0) = 107>, £2,,(0) = 0.3, rp(0) = =1, 15 (0) = V5.1t is
worth noticing that 1y = -1, = /5 defines an invariant set.
The attractor solution is always the phantom solution Pgp, i.e.,
the solution Pg for the choice )»j; = —1. Choosing the initial value
A¢(0) = +1 the universe results at late times in the phantom so-
lution Pgg.
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0.75

0.25

Fig. 1. Projections of some orbits of the phase space of the system (13) for the
parameter choice o = é B= % at: (a) the invariant set 2, =0, 2, =0, 2, =0
and (b) the subspace (£2;, £2;p). In the figure (a) we have two attractors: Pg; which
corresponds to the value A%, = +1 and Pgp which corresponds to the value 1% =
—1 irrespectively the initial values of 24, £2;, 2. The phase space is divided in
two portions where the attractor solution is either Psg, or Pg,. For (b) we kept
fixed the values x5 (0) =0, y5(0) =0, x4(0) =0, 15(0) =0, 14(0) =0 in all the
initial conditions. In this figure, it is showed that the matter-dominated epoch is a
transient one preceded by a radiation-dominated epoch. Additionally these energy
components become negligible at late time, since the orbits tend to the origin as
time goes forward.

5. Conclusions

In the present paper we studied a quintom dark energy model,
that consists on an hybrid model with the simultaneously con-
tribution of a canonical quintessence field and a phantom field.
Additionally, we included dark matter and radiation that are rep-
resented by perfect fluids. An important assumption was that we
only consider arbitrary decoupled potentials, which constrains the
type of quintom dark energy scenarios covered by our analy-
sis.

First, we conducted a comprehensive dynamical system analy-
sis of the model in order to investigate both its asymptotic and
intermediate evolution. Additionally, we demanded that our model
must follow a complete cosmological dynamics: namely, the exis-
tence of a viable radiation dominate era (RDE) and a matter-
dominated era (MDE) preceding to a late-time acceleration stage;
these three different eras have to be present in any model of phys-
ical interest. The imposition of this requirement allows to demon-
strate that this model is able to describe the aforementioned pe-

Fig. 2. Projections of some orbits of the phase space of the system (13) for the
parameter choice o = g B= % in the subspaces (a) (X5, Yo.%4); (b) (Xo, Yo) and
(¢) (X5, Xg). For the numerics we kept fixed the values £2;(0) = 1075, 2,(0)=0.3,
rp(0) = =1, 45 (0) = /5 in all the initial conditions. It is worth to mention that

rp=—1, ko = /5 defines an invariant set. The attractor solution is always the
phantom solution Pgy, i.e., the solution Pg for the choice A;‘) =-1.

riods. Specifically, is possible to have three classes of solutions for
the RDE: the standard pure radiation solution and two additional
solutions, in which the dark energy component is able to mimic a
radiation-like fluid. In the latter it was necessary to use the bounds
imposed by the Big Bang Nucleosynthesis (BBN) over the allowed
amount of dark energy at the RDE in order to constrains the free
parameters of the quintom potentials. Similarly, four classes of so-
lutions were found for the MDE: the standard pure dark matter
solution, two scaling solutions between the dark matter and quin-
tom field, where the dark energy component mimics a pressureless
fluid. And for some especial conditions on the parameter space,
is possible to obtain a saddle-like class of solutions where the
quintessence field behaves as a dark matter at background level,
even if radiation and dark matter are not considered in the setup
of the model.
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We presented general conditions on the quintom potentials for
the stability of the phantom-dominated solutions (late time at-
tractors), generalizing the results shown in [18,21] for exponen-
tial potentials. Under these conditions the Universe evolves from
a quintessence-dominated phase to a phantom dominated phase,
crossing the wy = —1 divide line as a transient stage [58]. This
important result is in correspondence with the cosmological ob-
servations that mildly favors the phantom regime [12,13].

An important feature of this model is the existence of three de
Sitter solutions. The dynamical behavior of two of these solutions
cannot be anticipated using the linearization due to their nonhy-
perbolic nature. Thus, to examine them, we employed the Center
Manifold Theory. After deriving the evolution equation on the cen-
ter manifolds and making several numerical integrations we have
concluded that, in both cases, the corresponding de Sitter solu-
tion is unstable (saddle-like). In addition, it was shown that the
remaining de Sitter solution, which is actually normally-hyperbolic,
is stable under certain conditions, which makes it a viable late
time solution.

For purposes of illustration, we have applied our general results
to the specific quintom potential obtained from a canonical quan-
tum cosmology [33].
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Appendix A. Center manifold dynamics for the solution
dominated by the potential energy of the phantom
component Ps5

In this section we apply the Center Manifold Theorem [22,23,
46-48]| to study the stability of non-hyperbolic point Ps5 corre-
sponding to the solution dominated by the potential energy of the
phantom component. Without loosing generality we set 2, =0,
£2;; =0 in the following discussion.

First, we restrict our attention to the domain —% <g0)<0to
dealing with real eigenvalues.

The first step is to translate the point Ps (xo =0, x4 =0, y5 =
0, A =, Ay =0) to the origin, where p denotes an arbitrary
value for A..

The next step is to transform the system to its real Jordan form:

d—u—Zu—i—F(u V) (A1)
dN ’ )

Y _ vt Gy
— =Pv u,v
dN

where the square matrices Z, P have 2 zero eigenvalues and 3
eigenvalues with negative real part, respectively. In order to do that
we introduce the new variables:

(A2)

U1 =Yo,

2
UZZ_\/;XUf(M)_M+)\Us

2
Vi z\/;ng(u),

o 2/6g(0)x4 + (V122(0) + 9 — 3)2y

2 2J/128(0) + 9 ’
e (V1280 +9 4300y — 24/6g(0)x4 (A3)
3T 2J/122(0) + 9 ' ‘

Using the above transformation, the system (A.1)-(A.2) is ex-
plicitly given by:

u} = Fi(u1,uz, v, v2, v3) (A4)

3vi(f(rtuz+vi) = f(w)

up = ) + H(ui, uz, vy, v2,v3)

= Fa(uq,up, vy, v, v3) (A5)
v =—3v1+ G1(u1,uz, v, v, v3) (A.6)
v’zz%(—\/W—3)V2+G2(ul,u2,vl»VZaV3) (A7)
v’3:%(\/W—3)V3+G3(u1,u2,V1,V2,V3), (A.8)
where ' = %, Fi,H, Gq,...,G3 are homogeneous polynomials of

degree greater than 2 in the coordinates (uq, uz, v1, v2, v3).

Following the standard formalism of the Center Manifold The-
ory, the coordinates which correspond to the non-zero eigenvalues
(v1, va2, v3) can be approximated by the functions:

ki(uqi,up) = a1u% +a2u% + asuquy +a4u%u2 + a5u§

+aguqu3 +azu3 + -+ 0(uf, ul) (A9)
ka(u1,uz) =biu? + bau3 4 bujuy + bauduy + bsu3

+ beuuj +byu3 +--- + 0 (uf, u}) (A10)
ks(u1, uz) = cruf + cau3 + csuquy + cauiuy + csuj

+ cguqus +cyuz + -+ 0 (uf, ul) (A11)

with this set of functions we can solve, to any n desired degree of
accuracy, the quasilinear partial differential equation for the center
manifold:

Dk(w)[Zu + F(u, k(w))] — Pk(u) — G(u, k(w)) = 0. (A12)

In our case: Z = (00) and

00
-3 0 0
P=| 0 1(—/12g(0)+9-3) 0
0 0 1(/12g0)+9-3)
k1(uq, uz)
k(u) = | ka(uq,uz)
k3(uq, uz)
ok ok
ouq dauy
Dk(u) = 3’7‘? %
[T
ouq duy
G1(uy, ug, ky(ur, uz), ka(uy, uz), k3(uy, uz))
G(u k() = | Ga(uy,uz, ky(ur, uz), ka(ur, uz), k3(uy, uz))

Gs(u1, up, ky(uy, u2), ka(uy, uz), k3(uq, uz))
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In order to solve equation (A.12) we put together Z, P,
k(uq,u2), Dk(ui,uz) and G(uq,up,k(ui,uz)), then we equate
equal powers of u; and u», and in that way we compute k(uq, uy).
Finally we obtain, in the neighborhood of Ps, the reduced system:

u' =Zu+ F(u, k(). (A13)

Applying the above procedure to the equations (A.4)-(A.8) we
get:
1 2 1 2
vi= gle(ﬂ)lh + gf(ﬂ)uﬂlz +0@4,
V) =V3 = 0(4). (A.]4)

Neglecting the fourth order terms, the evolution equations on
the center manifold are

1
u} :—i/ﬂuf, (A15)
uh = —uf(u +uz) f () — puduy f'(w). (A.16)

For wf'(u) + f(u) # 0, the orbit of (A.15)-(A.16) passing
through (uqp, uyg) is given by

1
o N>o (A17)
R + pn2ui N
Z(Mf/(ll-)2+f(lt)>
uq W
uz = (7 (1) + u20) (u—m —n(p), (A18)

where () = % Then, for f(w)+uf’(n) > 0, the orbits

approach the point with coordinates (u; =0, uy = —n(®)) when
N — +oo. If f(u)+ uf'(n) <0, then, as N — +oo, uy tends to
zero and uy becomes unbounded. Generically, the origin is not ap-
proached as N — o0, unless u f(u) =0.

In the special case wf’ () + f(u) =0, the system (A.15)-(A.16)
reduces to

1
uj = —E,uzu?, (A.19)
uy = —pf (pyui. (A.20)

The orbit of (A.19)-(A.20) passing through (u19, uzg) is given by

uq 1
L - N>O, (A21)
Yo 14 p2u? N
2fw)
uq H
Uz =1uyo + ]n[ﬁ] (A22)

In this case, uy tends to zero and u; becomes unbounded. Sum-
marizing, for —3 < g(0) <0, Ps is unstable.

For g(0) < —%, there are two complex eigenvalues. In this case,
in order to obtain the real Jordan form, we introduce the new vari-
ables

V2 +V3 Va — V3
Vo= , 3= -
2 2i
Using the above transformation, the system (A.1)-(A.2) is given ex-
plicitly by:

uf = Fi(ur, up, v1, Vo, V), (A23)
uh = Fo(ur, uz, v1, Va, V3), (A.24)
vl = —=3vi 4+ G1(u1, ua, vi, Va, V3), (A.25)

3 1 ~
V)= —§V2 - 5\/—128'(0) —9V3 + Ga(uq, uz, vy, V2, V3),

(A.26)
, 1 3 ~
V3= —5V —12g(0) — 9V, — §V3 + G3(uy, uz, vy, V2, V3),
(A.27)
where F~1 51 el 5; are homogeneous real polynomials of degree

greater than 2 in the coordinates (uq, uy, vq, Va, V3). Using the
same procedure as before, we obtain that the center manifold is
given locally by the graph

1 1
vi= §Mf<u>u% + §f<mu%uz +0(4),
Vo=V3=0(4). (A.28)

Thus the dynamics on the center manifold is given by the system
(A.15)-(A.16) analyzed before. Summarizing, for g(0) < 0, Ps is un-
stable.

Appendix B. Center manifold dynamics for the solution
dominated by the potential energy of the quintessence
component Pg

Now, let us implement the center manifold calculation for the
non-hyperbolic point Pg (corresponding to the solution dominated
by the potential energy of the quintessence component), and dis-
cuss about its stability, by means of the powerful Center Manifold
Theory [22,23,46-48]. As before, we set £2, =0, £, =0 for sim-
plicity.

The first step is to translate the point Pg (X, =0, x4 =0,
Yo =1, As =0, 14 = V) to the origin, where v denotes an arbi-
trary value for Xg.

The next step is to transform the system to its real Jordan form:

u=_Zu+ F(u,v), (B.1)
V= Pv+G(u,v), (B.2)

where the square matrices Z, P have 2 zero eigenvalues and 3
eigenvalues with negative real part, respectively.
In order to do that we introduce the new variables:

up =—-2vys —1g),

1
Uy = —§g(v)(x/§x¢ —2v(yo — 1)) —V+Agp,

1
vy = gg(v)(«/éx,p —20(yo — 1)),

vy 2V6f (0% + (/9= 12f(0) = 3)As
2,/9-12f(0) ’

vy —2V6f(0)X5 + (/9= 12f(0) +3) 1o .
2/9-12f(0)

Using the above transformation, the system (B.1)-(B.2) is given
explicitly by:

(B.3)

uy = F1(uq,uz, vi, v, v3), (B.4)
u,2=_3vl(g(v+uz+\/1)—g(v)) urg(v+up +vy)
g g
+ H(u1, uz, vq, v, v3) = Fa(uq, ua, vi, va, v3), (B.5)
Vi =—=3vi+Gq(u,uz, vi, va, v3),

1

vh = 5(— 9—12f(0) —3)va + Ga(u1,uz, v, v2,v3), (B.7)
1

vy = 5( 9—12f(0) — 3)v3 + G3(uy, uz, v, va, v3), (B.8)
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Fig. 3. Vector field in the plane (u1, uy) for the potential V (o, ¢) = Vo sinh?(«o) +
Vi coshz(ﬂqb). In (a), the free parameters have been chosen to be: (&, 8, Vv):
(7\/5/2, 0.35, 0.50). In this case g(v) =0.12 > 0. The sign of uq is invariant. For
uy < 0 the origin is approached as the time goes forward whereas for u; > 0 the
orbits depart from the origin. In (b) the free parameters have been chosen to be:
(a, B, v): (—+/3/2, 0.35, —0.50). The orbits are the same as in (a), with the arrows
in reverse orientation. Thus, the accelerated de Sitter solution Pg is a transient era
in the evolution of the Universe.

where f' = %, and Fq,H, Gq, ..., G3 are homogeneous polynomi-
als of degree greater than 2 in the coordinates (uq, uz, v, va, v3).

Following the standard formalism of the Center Manifold The-
ory, we obtain that the center manifold of Pg is given by the graph

2 2 2
vu u u uju
vy =1 L+ 1_""2400):
18g(v) 12vg(v) 9v 3v
vy =0(3), v3=0(3). (B.9)

Neglecting the third order terms, the evolution equations on the
center manifold are

,_vug
ul = m, (B]O)
LN @v? +3)u3 (B11)
2 v 12vg(v)

Let us assume g(v) # 0, v # 0. Hence, the orbit of (B.10)-(B.11)
passing through (uqg, uyg) is given by
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Fig. 4. Vector field in the plane (u1, uy) for the potential V (o, ¢) = Vo sinh?(ao) +
V1 cosh? (B¢). In (a) the free parameters have been chosen to be (c, 8, v): (—v/3/2,
0.35, 1.30). In this case g(v) = —0.60 < 0. In (b) the free parameters have been cho-
sen to be (a, B, v): (—+/3/2, 0.35, —1.30). The orbits are the same as in (a), with
the arrows in reverse orientation. This suggest that the origin is a saddle, thus the
accelerated de Sitter solution Pg is a transient era in the evolution of the Universe.
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In order to investigate the stability of the center manifold of Pg
we have resorted to several numerical integrations of the system
(B.10)-(B.11). We find four typical situations that suggest that Pg
is unstable (saddle type).

In Fig. 3(a) is displayed the vector field in the plane (uq,
uy) for the potential V (o, ¢) =V sinhz((xa) + V4 coshz(ﬂqb). The
free parameter has been chosen to be (a, 8, v): (—+/3/2, 0.35,
0.50). In this case g(v) =0.12 > 0. The sign of uy is invariant.
For uq; <0 the origin is approached as the time goes forward
whereas for u; > 0 the orbits depart from the origin. On the other
hand, for the choice (o, 8, v): (—+/3/2, 0.35, —0.50) we have also
g(v) =0.12 > 0, additionally, the orbits are the same as in the for-
mer case, but the time flow is oriented in reverse. Both numerical
elaborations suggest that the accelerated de Sitter solution Pg (the



296 G. Leon et al. / Physics Letters B 732 (2014) 285-297

origin of coordinates), is a transient era in the evolution of the
Universe for g(v) > 0 irrespectively the sign of v.

Furthermore, in Fig. 4(a) is presented the vector field in the
plane (u1, uy) for the same potential as before, but for the choice
of parameters (a, B, v): (—+/3/2, 0.35, 1.30). In this case g(v) =
—0.60 < 0. The sign of uy is invariant. As shown is this figure, all
the orbits depart from the origin. For the choice (a, B8, v): (—v/3/2,
0.35, —1.30), we have also g(v) = —0.60 > 0. In this case all the
orbits are the same, they departs for the origin but with the arrows
in reverse orientation as displayed in Fig. 4(b). Thus, summarizing,
this numerical elaboration suggest that the accelerated de Sitter
solution Pg, is a transient era in the evolution of the Universe for
g(v) < 0 irrespectively the sign of v.

As in Appendix A, for analyzing the case of complex eigenval-
ues, we can introduce the new variables

Va — V3

Va4 v
2T V= .
2 2i
for deriving the real Jordan form of the Jacobian. The procedure is
straightforward, so we won'’t enter into the details here.

vy

References

[1] Adam G. Riess, Lucas Macri, Stefano Casertano, Hubert Lampeitl, Henry C. Fer-
guson, et al, A 3% solution: determination of the Hubble constant with the
Hubble Space Telescope and Wide Field Camera 3, Astrophys. J. 730 (2011)
119.

[2] E. Komatsu, et al., Seven-year Wilkinson Microwave Anisotropy Probe (WMAP)
observations: cosmological interpretation, Astrophys. J. Suppl. Ser. 192 (18)
(2011).

[3] Beth A. Reid, Will ]. Percival, Daniel ]. Eisenstein, Licia Verde, David N. Spergel,
et al., Cosmological constraints from the clustering of the Sloan digital sky sur-
vey DR7 luminous red galaxies, Mon. Not. R. Astron. Soc. 404 (2010) 60-85.

[4] Hong Li, Xin Zhang, Probing the dynamics of dark energy with divergence-free
parametrizations: a global fit study, Phys. Lett. B 703 (2011) 119-123.

[5] Ujjaini Alam, Varun Sahni, A.A. Starobinsky, The case for dynamical dark energy
revisited, ]. Cosmol. Astropart. Phys. 0406 (2004) 008.

[6] Bo Feng, Xiu-Lian Wang, Xin-Min Zhang, Dark energy constraints from the cos-
mic age and supernova, Phys. Lett. B 607 (2005) 35-41.

[7] Huterer Dragan, Asantha Cooray, Uncorrelated estimates of dark energy evolu-
tion, Phys. Rev. D 71 (2005) 023506.

[8] S. Nesseris, Leandros Perivolaropoulos, Crossing the phantom divide: theoret-
ical implications and observational status, ]. Cosmol. Astropart. Phys. 0701
(2007) 018.

[9] Harvinder K. Jassal, J.S. Bagla, T. Padmanabhan, Understanding the origin
of CMB constraints on dark energy, Mon. Not. R. Astron. Soc. 405 (2010)
2639-2650.

[10] Bohdan Novosyadlyj, Olga Sergijenko, Ruth Durrer, Volodymyr Pelykh, Do the
cosmological observational data prefer phantom dark energy? Phys. Rev. D 86
(2012) 083008.

[11] B. Novosyadlyj, O. Sergijenko, R. Durrer, V. Pelykh, Quintessence versus phan-
tom dark energy: the arbitrating power of current and future observations,
2012.

[12] G. Hinshaw, D. Larson, E. Komatsu, D.N. Spergel, C.L. Bennett, et al., Nine-year
Wilkinson Microwave Anisotropy Probe (WMAP) observations: cosmological
parameter results, 2012.

[13] PAR. Ade, et al., Planck 2013 results. XVI. Cosmological parameters, 2013.

[14] Alexander Vikman, Can dark energy evolve to the phantom? Phys. Rev. D 71
(2005) 023515.

[15] Wayne Hu, Crossing the phantom divide: dark energy internal degrees of free-
dom, Phys. Rev. D 71 (2005) 047301.

[16] Robert R. Caldwell, Michael Doran, Dark-energy evolution across the
cosmological-constant boundary, Phys. Rev. D 72 (2005) 043527.

[17] Jun-Qing Xia, Yi-Fu Cai, Tao-Tao Qiu, Gong-Bo Zhao, Xinmin Zhang, Constraints
on the sound speed of dynamical dark energy, Int. J. Mod. Phys. D 17 (2008)
1229-1243.

[18] Yi-Fu Cai, Emmanuel N. Saridakis, Mohammad R. Setare, Jun-Qing Xia, Quintom
cosmology: theoretical implications and observations, Phys. Rep. 493 (2010)
1-60.

[19] Cedric Deffayet, Oriol Pujolas, Ignacy Sawicki, Alexander Vikman, Imperfect
dark energy from kinetic gravity braiding, J. Cosmol. Astropart. Phys. 1010
(2010) 026.

[20] Xiao-Fei Zhang, Hong Li, Yun-Song Piao, Xin-Min Zhang, Two-field models of
dark energy with equation of state across —1, Mod. Phys. Lett. A 21 (2006)
231-242.

[21] Zong-Kuan Guo, Yun-Song Piao, Xin-Min Zhang, Yuan-Zhong Zhang, Cosmolog-
ical evolution of a quintom model of dark energy, Phys. Lett. B 608 (2005)
177-182.

[22] ]J. Wainwright, G.ER. Ellis, Dynamical Systems in Cosmology, Cambridge Univer-
sity Press, 2005.

[23] A.A. Coley, Dynamical Systems and Cosmology, Astrophysics and Space Science
Library, Springer, 2003.

[24] Ruth Lazkoz, Genly Leon, Quintom cosmologies admitting either tracking or
phantom attractors, Phys. Lett. B 638 (2006) 303-309.

[25] Ruth Lazkoz, Genly Leon, Israel Quiros, Quintom cosmologies with arbitrary
potentials, Phys. Lett. B 649 (2007) 103-110.

[26] M.R. Setare, E.N. Saridakis, Quintom cosmology with general potentials, Int. J.
Mod. Phys. D 18 (2009) 549-557.

[27] M.R. Setare, E.N. Saridakis, Quintom model with O(N) symmetry, J. Cosmol.
Astropart. Phys. 0809 (2008) 026.

[28] M.R. Setare, E.N. Saridakis, Quintom dark energy models with nearly flat po-
tentials, Phys. Rev. D 79 (2009) 043005.

[29] W. Guzman, M. Sabido, J. Socorro, L. Arturo Urena-Lopez, Scalar potentials out
of canonical quantum cosmology, Int. . Mod. Phys. D 16 (2007) 641-654.

[30] J. Socorro, Marco D'Oleire, Inflation from supersymmetric quantum cosmology,
Phys. Rev. D 82 (2010) 044008.

[31] David Bohm, A suggested interpretation of the quantum theory in terms of
hidden variables. 1, Phys. Rev. 85 (1952) 166-179.

[32] V. Moncrief, M.P. Ryan, Amplitude real phase exact solutions for quantum mix-
master universes, Phys. Rev. D 44 (1991) 2375-2379.

[33] J. Socorro, Priscila Romero, Luis O. Pimentel, M. Aguero, Quintom potentials
from quantum cosmology using the FRW cosmological model, Int. ]. Theor.
Phys. 52 (2013) 2722-2734.

[34] Wei Fang, Ying Li, Kai Zhang, Hui-Qing Lu, Exact analysis of scaling and dom-
inant attractors beyond the exponential potential, Class. Quantum Gravity 26
(2009) 155005.

[35] Yoelsy Leyva, Dania Gonzalez, Tame Gonzalez, Tonatiuh Matos, Israel Quiros,
Dynamics of a self-interacting scalar field trapped in the braneworld for a wide
variety of self-interaction potentials, Phys. Rev. D 80 (2009) 044026.

[36] Dagoberto Escobar, Carlos R. Fadragas, Genly Leon, Yoelsy Leyva, Phase space
analysis of quintessence fields trapped in a Randall-Sundrum braneworld:
anisotropic Bianchi I brane with a positive dark radiation term, Class. Quan-
tum Gravity 29 (2012) 175006.

[37] Dagoberto Escobar, Carlos R. Fadragas, Genly Leon, Yoelsy Leyva, Phase space
analysis of quintessence fields trapped in a Randall-Sundrum braneworld: a
refined study, Class. Quantum Gravity 29 (2012) 175005.

[38] Dagoberto Escobar, Carlos R. Fadragas, Genly Leon, Yoelsy Leyva, Asymptotic
behavior of a scalar field with an arbitrary potential trapped on a Randall-
Sundrum’s braneworld: the effect of a negative dark radiation term on a
Bianchi I brane, Astrophys. Space Sci. 349 (2014) 575-602.

[39] Tonatiuh Matos, Jose-Ruben Luevano, Israel Quiros, L. Arturo Urena-Lopez, Jose
Alberto Vazquez, Dynamics of scalar field dark matter with a cosh-like poten-
tial, Phys. Rev. D 80 (2009) 123521.

[40] Israel Quiros, Tame Gonzalez, Dania Gonzalez, Yunelsy Napoles, Study of
tachyon dynamics for broad classes of potentials, Class. Quantum Gravity 27
(2010) 215021.

[41] Wei Fang, Hui-Qing Lu, Dynamics of tachyon and phantom field beyond the
inverse square potentials, Eur. Phys. J. C 68 (2010) 567-572.

[42] H. Farajollahi, A. Salehi, F. Tayebi, A. Ravanpak, Stability analysis in tachyonic
potential chameleon cosmology, ]. Cosmol. Astropart. Phys. 1105 (2011) 017.

[43] Kui Xiao, Jian-Yang Zhu, Stability analysis of an autonomous system in loop
quantum cosmology, Phys. Rev. D 83 (2011) 083501.

[44] Edmund ]. Copeland, Andrew R. Liddle, David Wands, Exponential potentials
and cosmological scaling solutions, Phys. Rev. D 57 (1998) 4686-4690.

[45] Xi-ming Chen, Yun-gui Gong, Emmanuel N. Saridakis, Phase-space analysis of
interacting phantom cosmology, J. Cosmol. Astropart. Phys. 0904 (2009) 001.

[46] B. Aulbach, Continuous and Discrete Dynamics Near Manifolds of Equilibria,
Lecture Notes in Mathematics, Springer-Verlag, 1984.

[47] L. Perko, Differential Equations and Dynamical Systems, Texts in Applied Math-
ematics, Springer, 2001.

[48] S. Wiggins, Introduction to Applied Nonlinear Dynamical Systems and Chaos,
Texts in Applied Mathematics, Springer, 2003.

[49] Arturo Avelino, Yoelsy Leyva, L. Arturo Urena-Lopez, Interacting viscous dark
fluids, Phys. Rev. D 88 (2013) 123004.

[50] J. Mark Heinzle, Claes Uggla, Niklas Rohr, The cosmological billiard attractor,
Adv. Theor. Math. Phys. 13 (2009) 293-407.

[51] L. Arturo Urena-Lopez, Unified description of the dynamics of quintessential
scalar fields, J. Cosmol. Astropart. Phys. 1203 (2012) 035.

[52] Pedro G. Ferreira, Michael Joyce, Cosmology with a primordial scaling field,
Phys. Rev. D 58 (1998) 023503.

[53] Rachel Bean, Steen H. Hansen, Alessandro Melchiorri, Early universe constraints


http://refhub.elsevier.com/S0370-2693(14)00215-9/bib526965737332303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib526965737332303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib526965737332303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib526965737332303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4B6F6D6174737532303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4B6F6D6174737532303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4B6F6D6174737532303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5265696432303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5265696432303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5265696432303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4C6932303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4C6932303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib416C616D3230303461s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib416C616D3230303461s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib46656E6732303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib46656E6732303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4875746572657232303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4875746572657232303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4E6573736572697332303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4E6573736572697332303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4E6573736572697332303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4A617373616C32303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4A617373616C32303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4A617373616C32303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4E6F766F737961646C796A32303132s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4E6F766F737961646C796A32303132s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4E6F766F737961646C796A32303132s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib56696B6D616E32303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib56696B6D616E32303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib487532303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib487532303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib43616C6477656C6C32303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib43616C6477656C6C32303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib58696132303038s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib58696132303038s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib58696132303038s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib43616932303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib43616932303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib43616932303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib446566666179657432303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib446566666179657432303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib446566666179657432303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5A68616E6732303036s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5A68616E6732303036s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5A68616E6732303036s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib47756F32303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib47756F32303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib47756F32303035s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib7761696E7772696768743230303564796E616D6963616Cs1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib7761696E7772696768743230303564796E616D6963616Cs1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib636F6C65793230303364796E616D6963616Cs1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib636F6C65793230303364796E616D6963616Cs1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4C617A6B6F7A32303036s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4C617A6B6F7A32303036s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4C617A6B6F7A32303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4C617A6B6F7A32303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib53657461726532303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib53657461726532303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5365746172653230303861s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5365746172653230303861s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5365746172653230303963s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5365746172653230303963s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib47757A6D616E32303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib47757A6D616E32303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib536F636F72726F32303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib536F636F72726F32303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib426F686D31393532s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib426F686D31393532s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4D6F6E637269656631393931s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4D6F6E637269656631393931s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib736F636F72726F32303133s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib736F636F72726F32303133s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib736F636F72726F32303133s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib46616E6732303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib46616E6732303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib46616E6732303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4C6579766132303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4C6579766132303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4C6579766132303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F6261723230313261s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F6261723230313261s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F6261723230313261s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F6261723230313261s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F6261723230313265s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F6261723230313265s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F6261723230313265s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F62617232303134s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F62617232303134s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F62617232303134s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4573636F62617232303134s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4D61746F7332303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4D61746F7332303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4D61746F7332303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib517569726F7332303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib517569726F7332303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib517569726F7332303130s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib46616E673230313061s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib46616E673230313061s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib466172616A6F6C6C61686932303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib466172616A6F6C6C61686932303131s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5869616F323031316As1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5869616F323031316As1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib436F70656C616E6431393938s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib436F70656C616E6431393938s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4368656E32303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4368656E32303039s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib61756C6261636831393834636F6E74696E756F7573s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib61756C6261636831393834636F6E74696E756F7573s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib7065726B6F32303031646966666572656E7469616Cs1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib7065726B6F32303031646966666572656E7469616Cs1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib77696767696E7332303033696E74726F64756374696F6Es1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib77696767696E7332303033696E74726F64756374696F6Es1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4176656C696E6F3230313361s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4176656C696E6F3230313361s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4865696E7A6C653230303964s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4865696E7A6C653230303964s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5572656E612D4C6F70657A32303132s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib5572656E612D4C6F70657A32303132s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib466572726569726131393938s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib466572726569726131393938s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4265616E32303031s1

G. Leon et al. / Physics Letters B 732 (2014) 285-297 297

on a primordial scaling field, Phys. Rev. D 64 (2001) 103508.

[54] Rachel Bean, Steen H. Hansen, Alessandro Melchiorri, Constraining the dark
universe, Nucl. Phys. B, Proc. Suppl. 110 (2002) 167-172.

[55] James P. Kneller, Gary Steigman, BBN and CMB constraints on dark energy,
Phys. Rev. D 67 (2003) 063501.

[56] Gary Steigman, BBN and the CBR probe the early universe, AIP Conf. Proc.

903 (2007) 40-47.

[57] Edward L. Wright, Constraints on dark energy from supernovae, gamma ray
bursts, acoustic oscillations, nucleosynthesis and large scale structure and the
Hubble constant, Astrophys. J. 664 (2007) 633-639.

[58] Zong-Kuan Guo, Yun-Song Piao, Xinmin Zhang, Yuan-Zhong Zhang, Two-field
quintom models in the w-w’ plane, Phys. Rev. D 74 (2006) 127304.


http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4265616E32303031s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4265616E32303032s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4265616E32303032s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4B6E656C6C657232303033s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib4B6E656C6C657232303033s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib53746569676D616E32303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib57726967687432303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib57726967687432303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib57726967687432303037s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib47756F32303036s1
http://refhub.elsevier.com/S0370-2693(14)00215-9/bib47756F32303036s1

	Quintom phase-space: Beyond the exponential potential
	1 Introduction
	2 The model
	3 The autonomous system
	4 Critical points and stability
	4.1 Stability of the critical points
	4.2 Cosmological consequences
	4.3 V(σ,φ)=V0sinh2(ασ)+V1cosh2(βφ)

	5 Conclusions
	Acknowledgements
	Appendix A Center manifold dynamics for the solution dominated by the potential energy of the phantom component P5
	Appendix B Center manifold dynamics for the solution dominated by the potential energy of the quintessence component P6
	References


