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1. Introduction

Let (X, d) be a metric space. A mapping T : X — X is said to be a ¢-weak contraction if there exists a map
¢ : [0, 00) — [0, oo) with ¢(0) = 0 and ¢(t) > Oforall t > 0 such that

d(Tx, Ty) < d(x,y) — ¢(d(x, y)) (1.1)
forallx,y € X.
Also two mappings T, S : X — X are called generalized ¢-weak contractions if there exists a map ¢ : [0, co) — [0, 00)
with ¢(0) = 0and ¢(t) > 0forall t > 0 such that

d(Tx, Sy) < N(x,y) — ¢(N(x,)) (1.2)
forallx, y € X, where

N(x,y) .= max{d(x,y), d(x, Tx), d(y, Sy), %[d(x, Sy) +d(y, Tx)] ;. (1.3)

The concept of the ¢-weak contraction was defined by Alber and Guerre-Delabriere [ 1] in 1997, and the generalized ¢-weak
contraction was defined by Zhang and Song [2] in 2009. Rhoades [3, Theorem 2] proved the following fixed point theorem
for p-weak contraction single-valued mappings, giving another generalization of the Banach contraction principle [4].

Theorem 1.1. Let (X, d) be a complete metric space, and let T : X —> X be a mapping such that
d(Ix, Ty) < d(x,y) — ¢(d(x, ), (1.4)

foreveryx,y € X (i.e. itis p-weakly contractive), where ¢ : [0, 4+00) —> [0, +00) is a continuous and nondecreasing function
with ¢(0) = 0and ¢(t) > O forallt > 0. Then T has a unique fixed point.
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On choosing ¥ (t) = t — ¢(t), p-weak contractions become mappings of Boyd and Wong type [5], and on defining

k(t) = 1%‘”“) fort > 0and k(0) = 0, then ¢-weak contractions become mappings of Reich type [6].
In 2009 Zhang and Song [2] proved the following theorem on the existence of a common fixed point for two single-valued
generalized ¢-weak contraction mappings.

Theorem 1.2. Let (X, d) be a complete metric space, and let T, S : X — X be two mappings such that for allx,y € X
d(Tx,Sy) = N(x,y) — ¢(N(x,¥)), (1.5)

(i.e. they are generalized p-weak contractions), where ¢ : [0, +00) —> [0, +00) is a Ls.c. function with ¢ (0) = 0 and ¢(t) > 0
forallt > 0. Then there exists a unique point x € X such that x = Tx = Sx.

Recently Rouhani and Moradi [7] extended Theorems 1.1 and 1.2 to multivalued mappings.
In Section 3, we extend Theorem 1.1 by assuming ¢ to be only l.s.c., and extend Theorem 1.2.

2. Preliminaries

In this work, (X, d) denotes a complete metric space and E denotes a nonempty closed subset of X.

Definition 2.1 (See [8]). Let f, g be two self-mappings of a metric space (X, d). f and g are said to be weakly compatible if
for all t € X the equality ft = gt implies fgt = gft.

Definition 2.2. Two mappings T,S : E — E are called generalized ¢;-weakly contractive if there exist two maps
¢ :[0,00) — [0,00) and f : E — X with ¢(0) = 0and ¢(t) > 0forallt > 0 such that

d(Tx, Sy) < M(x,y) — ¢(M(x,¥)) (2.1)
forall x, y € X, where

M(x, y) := max] d(fx, fy), d(fx, Tx), d(fy, Sy), %[d(fx, Sy) +d(fy, TX)] ¢ . (2.2)

3. Main results

The following theorem extends the Zhang-Song theorem.

Theorem 3.1. Let (X, d) be a complete metric space, and let E be a nonempty closed subset of X. Let T,S : E — E be two
generalized gs-weakly contractive mappings, where ¢ is a lower semicontinuous (Ls.c.) function with ¢(0) = 0 and ¢(t) > 0 for
allt > 0andf : E — X verifying the conditions:

(A) fand T and f and S are weakly compatible.
(B) T(E) C f(E) and S(E) C f(E).

Assume that f (E) is a closed subset of X. Then f, T and S have a unique common fixed point.

Proof. Let xo € X. Using (B) there exist two sequences {x,}o0, and {y,};2, such that yg = Txg = fx1,y1 = SX1 = fx2,y2» =

Txz = fx3, ..., Yan = Txon = fXan41, Yans1 = SXang1 = fXong2, oo
We break the argument into four steps.

Step 1L1imy d(Vn+1, yn) =0.
Proof. Using (2.1),
dWans1, Yan) = d(SXang1, Txan) = d(Txn, SXans1)
< M(X2n, Xant1) — @(M (X2, Xan+1)), (3.1)
where
dYan, Yan—1) < M(Xan, X2n41)

1
= max d(Van,}/zn), d(}’anl, Yan), d(.Vva y2n+1)» E[d@2n717y2n+1) + d(}’zn, y2n)]}

IA

1
max | d(Yan, Yan—1)> AV2n, Yont1)s E[d(}’znq,)’zn) + d(.Vvay2n+1)]}

= max| dWan, Yan—1)> dV2n, Yont1) = dVan, Yana1)  (by (3.1)). (3.2)
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S0 M (X2, X2n41) = d(¥2n, Y2n—1). Hence by (3.1),

d¥ant1, Yan) < d¥an, Yan-1). (3.3)
Similarly, M (X2n+2, X2n+1) = d(Y2n+1, Y2n) and

d(YVan+2; Yan1) < dYant1, Yan)- (34)
Therefore by (3.3) and (3.4), we conclude that M (X1, X)) = d(V, Yk—1) and

dVk+1, Y6) < dWks Yi-1), (3.5)

forallk € N.
Therefore, the sequence {d(yx+1, Yx)} is monotone nonincreasing and bounded below. So there exists r > 0 such that

lim d(Yn+lvyn) = lim M(xp, xp—1) =T. (3.6)
n—oo n—oo
Since ¢ is l.s.c.,
@(r) < lim infe(M(xn, X,—1)) < lim inf@(M(Xzn—1, X2n)). (3.7)
n—o00 n—oo
From (3.1),
r<r—e, (38)

andso ¢(0) = 0.Hencer =0. O
Step 2. {y,} is a bounded sequence.

Proof. If {y,} were unbounded, then by Step 1, {y.,} and {y,—1} are unbounded. We choose the sequence {n(k)};2 ; such that
n(1) =1, n(2) > n(1) iseven and minimal in the sense that d(yn(2), Yn(1)) > 1,and similarly n(3) > n(2) is odd and minimal
in the sense that d(Yn), Ynz)) > 1,...,n(2k) > n(2k — 1) is even and minimal in the sense that d(Ynk), Ynr—1)) > 1,
and n(2k + 1) > n(2k) is odd and minimal in the sense that d(Vnk+1), Ync2ky) > 1.
Obviously n(k) > k for every k € N. By Step 1, there exists Ny € N such that for all k > Ny we have d(yx+1, ¥x) < %. So
for every k > Ng, n(k + 1) — n(k) > 3 and
1 < dWngt1)» Ynto)
< dWn+1)s Yt n=1) + dWnter=15 Yt n—2) + dWnter1)=25 Yado)
< dWngk+1)s Ynkr1y—1) + dWnr1y—15 Ynger1y—2) + 1. (3.9)
Hence limy—, oo d(Vnk+1)» Ynky) = 1. Also
1 < dWnk+1)> Ynio)
< dWns1)s Yntrn+1) + AWnget 1415 Ynto+1) + AWngo+15 Ynw)
< dWngs1)s YntrD+1) T AWVner 1415 Yawn) + dWner1)s Yaw) + AWns Yngo+1) + AWngo+15 Ynw)
= 2dWngetr1)s Ynter+1) + dWniet1)s Yndo) + 2dWngo+1, Ynei)) (3.10)
and this shows that limy—, oo dVn+1)+1, Ynty+1) = 1.
Soif n(k 4+ 1) is odd, then
AWnk+1)+1> Ynto+1) < MKner)+15 Xngo+1) — @M Knger1)+15 Xnio+1)), (3.11)

where

1 < dWngt1)» Ynt) < M&nger1)+15 Xngo+1)

1
= max{d@n(kﬂ), Yaw)> AWnk+1)> Ynt+1)+1)s AVn@ s Yado+1)- E[d(yn(k+l), Ynto+1) + dWngiy> Yackr1)+1)]

IA

1
max{d@n(kﬂ), Yaw)> AWnk+1)> Ynt+1)+1)s AVn@ s Yado+1)- E[d(yn(k+l), Yntk+)+1) + dWne+1)+1> Ynio+1)

+dWug» Ynto+1) + AWngo+15 Yatesr1)+1)] } (3.12)

and this shows that limy_, oo M (Xn(k+1)+1, Xnky+1) = 1. Since g is L.s.c. and (3.11) holds, we have 1 < 1 — ¢(1).So ¢(1) =0
and this is a contradiction. O
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Step 3. {y,} is Cauchy.

Proof. Let G, = sup{d(y;,y;) : i,j > n}. Since {y,} is bounded, C, < 400 foralln € N. Obviously {G,} is decreasing. So
there exists C > 0 such that lim;_, o, C; = C. We need to show that C = 0.
For every k € N, there exist n(k), m(k) € N such that m(k) > n(k) > k and

1
Ck - E = d(ym(k)v_Vn(k)) = Ck' (313)
By (3.13), we conclude that
lim dYm» Yny) = C. (3.14)
k— o0
From Step 1 and (3.14),

lim dYm@y+1> Yno+1) = 1M d@m@)+1, Ynw)
k—o00 k— 00

= lim dWmw, Yngy+1) = im dYmey, Ynw) = C. (3.15)
k— 00 k— o0
So we can assume that for every k € N, m(k) is odd and n(k) is even.
Hence,
AWmy+1> Ynw+1) < MEmao+1, Xngo+1) — @M Xmgy+1, Xn@o+1)), (3.16)
where

AdWm@)> Ynwy) < MXm@y+1> Xn+1)
1
= max | dWVmw)> Yn) > AWVm@)s Ymao+1)s AWVncky> Yno+1), E[d(ym(k)a)’n(k)—o—l) + dWnwy> Ymio+1)] f - (3.17)
This inequality shows that limy_, oo M (Xm(k)+1, Xn@+1) = C. Since ¢ is L.s.c. and (3.16) holds, letting n — oo in (3.16) we get
C < C — ¢(C).Hence ¢(C) = 0 and so C = 0. Therefore, {y,} is a Cauchy sequence. O
Step 4. T, S and f have a common fixed point.

Proof. Since (X, d) is complete and {y,} is Cauchy, there exists z € X such that lim, ., y, = z. Since E is closed and
{yn} € E, we have z € E. By assumption f (E) is closed, so there exists u € E such that z = fu.
Foralln € N

d(Tu, Sxpn1) < M(U, Xop41) — @(M (U, X2n41)), (3.18)

where

1
M(u, Xpn1) = max[d(ﬁl’fxznﬂ), d(fu, Tu), d(fxans1, SXant1), E[d(ﬂl, Sxany1) + d(fxony1, Tu)]]

1
= maX{d(z, Yan), d(z, Tu), d(Yan, Yans1), E[d(z, Yont1) + d(Van, Tu)]}, (3.19)

and this shows that limy,_, oo M (u, X2p41) = d(z, Tu). Since ¢ is Ls.c. and (3.18) holds, letting n — oo in (3.18) we get
d(Tu, z) < d(Tu, z) — ¢(d(Tu, 2)). (3.20)

So ¢(d(Tu, z)) = 0 and hence d(Tu, z) = 0. Therefore Tu = z.
Similarly, Su = z. So Tu = Su = fu = z.Since f and T, and f and S are weakly compatible, then Tz = Sz = fz.
Now we show that z is a common fixed point.
Foralln e N

d(Tz, yony1) = d(Tz, Sxany1) < M(z, X2n41) — @(M(2, X2n41)), (3.21)

where

1
M(z, xany1) = max{d(fl,fXZnH), d(fz, Tz), d(fxany1, 5X2n+1)5[d(fZ, SXan1) + d(fxony1, TZ)]}

1
max[d(Tz, Y2n), 0, A2, Yans1), E[d(TZ’ Yant1) + d(¥an, TZ)]}- (3.22)
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This shows that lim,_, o M(z, X2p+1) = d(Tz, z). Since ¢ is Ls.c. and (3.21) holds, letting n — oo in (3.21) we get
d(Tz,z) < d(z,Tz) — ¢(d(z, T2)). (3.23)
So¢(d(z, Tz)) = Oand hence d(z, Tz) = 0. Therefore Tz = zand from Tz = Sz = fzwe conclude thatTz =Sz =fz=z. O
Uniqueness of the common fixed point follows from (2.1), and this completes the proof. O

With a method similar to that in [9], we have another extension of the Zhang-Song theorem.

Theorem 3.2. Let (X, d) be a complete metric space, and let E be a nonempty closed subset of X. Let T,S : X —> X be two
generalized gs-weakly contractive mappings, where ¢ is a Ls.c. function with ¢(0) = Oand ¢(t) > Oforallt > Oandf : E — X
verifying the conditions (A) and (B) of Theorem 3.1. Assume that f is a continuous function on E. If for all x € X,

d(fTx, Tfx) < d(fx, Tx) and d(fSx, Sfx) < d(fx, Sx), (3.24)
then f, T and S have a unique common fixed point.

Proof. Uniqueness of the common fixed point follows from (2.1).
Following the proof of Theorem 3.1 we may conclude that {y,} is a Cauchy sequence converging to some z in X and

z = lim y, = lim Sxy;11 = lim Txy, = lim fx,.
n—oo n—oo n—oo n—oo

Since f is continuous, fy, converges to fz. Using (3.24) and the triangle inequality, for alln € N,

d(Tyans1,f2) < d(Tyanst1, Vons2) + d(ons2, f2)
d(Tfxany2, fTxony2) + d(fyans2, f2)

< d(Txant2, font2) + d(Yans2, f2)
= dan+2, Yan+1) + d(ans2, f2). (3.25)
This shows that lim,,_, oo d(Ty2n+1,fz) = 0.
From (2.1),
d(Ty2n+1, S2) < M(Yan+1,2) — (M Y2n+1, 2)), (3.26)
where

1
Myany1,2) = maX{d(fYZnH,fZ), d(fyans1, Tyans1), d(fz, Sz), E[d(fYZiH-l» Sz) +d(fz, Tyans1)] ¢ »

and this shows that lim,_, oo M(¥2n+1,2) = d(fz, Sz). Hence from (3.26), d(fz, Sz) < d(fz,Sz) — ¢(d(fz, Sz)). Therefore
d(fz, Sz) = 0. So fz = Sz. Similarly, fz = Tz. Therefore fz = Tz = Sz = t. Using (3.24), we have ft = Tt = St. So from (2.1),
d(Tt, t) = d(Tt, Sz) < M(t,z) — p(M(t, 2)), (3.27)

where
M(t,z) = max{d(ft,fz), d(ft, Tt), d(fz, Sz), %[d(ft, Sz) +d(fz, Tt)] ; = d(Tt,t).

Hence from (3.27), d(Tt, t) < d(Tt,t) — @(d(Tt, t)) and so d(Tt,t) = 0. This shows that Tt = t. Therefore ft = Tt =
St=t. O

Example 3.3. Let X = R be endowed with the Euclidean metric and let E = {0,
TO=T1=0,T] = 1 and Sx = 0. Obviously

1 1 1
d(Tf,SO> =-=N (7,0> . (3.28)
2 2 2

So for every ¢ verifying the conditions of the Zhang-Song theorem (Theorem 1.2) the inequality (1.2) does not hold. For two
functions f : E — X and ¢ : [0, +00) — [0, +00) defined by f0 = 0,3 = 2,f1 = J and ¢(t) =  we have

3.1} Let T,S : E — E be defined by

d(Tx, Sy) < M(x,y) — ¢(M(x, y)). (3.29)

So all conditions of Theorem 3.1 hold. Hence T, S and f have a common fixed point (x = 0) by Theorem 3.1.
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Remark 3.4. In the proof of Theorem 1.2 in [2], the boundedness of the sequence {C,} is used, but not proved. Also, for the
proof that {x,} is a Cauchy sequence, the monotonicity of ¢ is used, without being explicitly mentioned.

In our proof of Theorem 3.1, which is different from that of [2, Theorem 2.1] ¢ is not assumed to be nondecreasing.

The following theorem extends the Rhoades theorem by assuming ¢ to be only L.s.c.

Theorem 3.5. Let (X, d) be a complete metric space, and E be a nonempty closed subset of X. Let T : E — E be a mapping such
that

d(Tx, Ty) = d(fx, fy) — e(d(x, ) (3.30)

foreveryx,y € E, where ¢ : [0, 4+00) — [0, +00) is an Ls.c. function with ¢ (0) = 0 and ¢(t) > Oforallt > Oandf : E — X
verifying the conditions:

(A): f and T are weakly compatible.
(B): T(E) C f(E).

Assume that f (E) is a closed subset of X. Then f and T have a unique common fixed point.

Proof. The proof is similar to the proof of Theorem 3.1, but taking S = T, and replacing M (x, y) withd(x,y). O

Remark 3.6. By a method similar to that for Theorem 3.2 one can check without great difficulty that Theorem 3.5 is still
true if we have “f is a continuous function on E and (3.24) holds” instead of “f (E) is a closed subset of X”.

4. Conclusion and future directions

We have extended the Rhoades theorem to a coincidence theorem without assuming continuity and the condition of
being nondecreasing for the map ¢. We have also extended the Zhang-Song theorem.

Future directions to be pursued in the context of this research include the investigation of the cases where one or both
of the mappings in Theorem 3.1 are multivalued.
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