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Abstract

We consider, for p € [0, 1] and ¢ > 0 small, the nonautonomous weakly damped wave equation with a singularly oscillating
external force

0fu — Au+ydu=—f @) +go(t) +e P (t/e),
together with the averaged equation
OFu — Au+ydu=—f(u)+go).

Under suitable assumptions on the nonlinearity and the external force, we prove the uniform (with respect to ¢) boundedness of
the attractors A° in the weak energy space. If p < 1, we establish the convergence of the attractor A° of the first equation to the
attractor A9 of the second one, as ¢ — 0. On the other hand, if p = 1, this convergence may fail. When AV is exponential, then
the convergence rate of A® to A9 is controlled by Me", for some M > 0 and some n = n(p) € (0, 1).

© 2008 Elsevier Masson SAS. All rights reserved.

Résumé

Pour tout p € [0, 1] et pour ¢ > 0 suffisamment petit, on considere 1I’équation des ondes non autonome faiblement amortie avec
une force extérieure singuliére et oscillatoire

0fu — Au+ydu=—f @) +go(t) +e P (1/e),
et le probleme moyenné
02U — A+ ydu = — f (u) + go(0).

Avec des hypotheses adéquates sur la nonlinéarité et sur la force, on obtient une borne uniforme (par rapport a €) pour les attracteurs
A¢ dans I’espace faible d’énergie. Si p < 1, on démontre la convergence de Iattracteur A® de la premiére équation vers I’ attracteur
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A9 de 1a deuxieme équation lorsque £ — 0F. D’autre part, si p = I, cette convergence peut ne pas avoir lieu. Quand AV est
exponentiel, la vitesse de convergence de A® vers AV est bornée par M e, pour certains M > 0 et n =n(p) € (0, 1).
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let £2 € R? be a bounded domain with boundary 952 of class C 2 For ¢ € (0, 1], we consider the nonautonomous
semilinear wave equation with Dirichlet boundary conditions:

Fu—Au+ydu=—fu)+gox,t)+e P g(x.t/e), ulse=0. (1.1)

Here the space variable x € §2, the time ¢t € R, u = u(x, t) is an unknown real function and the Laplace operator A
acts in the x-space. The damping y > 0 and the parameter p € [0, 1] are both fixed. Along with (1.1), we also consider
the averaged equation:

Ofu— Au+ydu=—fu)+go(x,1), ulse=0, (1.2)

without rapid and singular oscillations, which formally corresponds to ¢ = 0. Actually, the last assertion is somehow
justified by the results proved later in this work. Indeed, at least when p > 0, the fact that (1.2) can be considered
as the (formal) limit as € — O™ of (1.1) is not intuitive: in principle, the blow up of the oscillation amplitude might
overcome the averaging effect due to the term ¢ /¢ in gj.

Concerning the (nonlinear) function f (u), we will assume rather standard dissipation and growing conditions (see
below), which are satisfied by the well-known physically relevant examples of nonlinearities, such as

f)=xlu!2u,
for 2 < d < 4 and k > 0 (a model equation of relativistic quantum mechanics), and
f(u) =k sin(u)

(a sine-Gordon model of the Josephson junction driven by a current source). We address the reader to the books
[19,30] and references therein for more details on the physical models.
For € € [0, 1], the term

e _ &, 1) +e7Pgi(x,1/e), €>0,
g 0= {go(x,n, e =0,
represents the external force. The aim of this work is to study the properties of Eq. (1.1), depending on the small
parameter ¢, which reflects the rate of fast time oscillation in the term ¢~ g (x, ¢ /¢), having the growing amplitude
of order e ~°. Both go(x, ) and g (x, t) are supposed to be translation bounded in the space LI]OC (R; Ly (£2)).

Along the lines of the Bogolyubov averaging principle [3], the first results related to attractors of nonautonomous
evolution equations with rapidly, but nonsingularly (i.e., with p = 0), time oscillating terms of periodic or almost
periodic kind, can be found in the papers [20,22,23]. The averaging of global attractors of nonautonomous dissipative
wave equations has been studied in [5,12,22,32,35], in presence of nonsingular time oscillations, and in [8,27,31,34],
in presence of nonsingular oscillations in space. For the two-dimensional Navier—Stokes system and for parabolic
equations with oscillating parameters, similar problems have been considered in [8,9,13—16]. To the best of our knowl-
edge, the more challenging singular case p > 0 is treated only in [10,11,33].

Under suitable assumptions on the nonlinearity and the forcing terms, the (nonautonomous) equations (1.1) and
(1.2) generate strongly continuous processes in the phase space £ = HO1 (£2) x L1 (£2), which possess global attractors
Af. Our main purpose is to establish a convergence result for such attractors in the limit ¢ — 07. An analysis of this
kind has been already carried out in [33] (see also [5]). Similar (albeit easier) problems, have been considered in the
papers [10,11], focused on the homogenization of the global attractors arising from dissipative equations of mathe-
matical physics, where the forcing term generating the oscillation is of the form e 7 g; (x /e, t). The main achievement
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of [33] is the uniform (with respect to ¢) boundedness and the (H6lder) continuity at ¢ = 0 of the family {.A°}. More
precisely, it is shown that

sup A%, <ov. (13)
£€[0,1]
provided that go, g1 are translation compact in L12°°(]R; L>(82)), f(u) is sublinear, the parameter p > O is suitably

small and the function
t

G1(t,r)=/g1(S)ds, t2T,

T

is uniformly (with respect to t > 7, T € R) bounded in HOl (£2). If, in addition, the attractor A° is exponential (which,
by the way, is a rather severe constraint), then

lim {dists (A7, A%} =0, (1.4)

where distg is the usual Hausdorff semidistance in E.
In the present work, we improve the results of [33] in several directions; namely:

(i) we assume go, g translation compact in LllOC R; L2(£2));
(i) we allow f(u) to have the critical growth of polynomial order three;
(iii) we require a weaker condition on G (t, T) (see Section 5);
(iv) we take an arbitrary p € [0, 1);
(v) we do not require A° to be exponential.

Then, within (i)—(v), we obtain the conclusions (1.3)—(1.4). The case p = 1 deserves a particular attention: indeed,
although we can prove (1.3), at least in the subcritical case, we provide an example showing that (1.4) may fail, even
in the simplest situation where f = 0. Finally, if the attractor A0 is exponential, we have, as in [33], the Holder
continuity property at ¢ =0,

distg (A%, A%) < Me,

for some M > 0 and some n € (0, 1).
1.1. Plan of the paper

In Section 2, we introduce the assumptions on the nonlinearity and the forcing term. In Section 3, we recall some
basic results on the existence of the uniform attractors A° associated, for every given ¢ € [0, 1], to (1.1) or (1.2).
Then, Section 4 is devoted to the analysis of a linear wave equation in presence of an oscillating external force. In
Section 5, a uniform (with respect to ) bound for the attractors .4° is established. The main result is stated and proved
in Section 6; namely, the convergence A° — A? as ¢ — 0. Finally, in Section 7, we prove the Holder continuity of
A? at & = 0 when A° is exponential.

1.2. Notations

For t e R, we set R; = [t, +00). Throughout the paper, C > 0 will stand for a generic constant, independent of ¢,
g0, g1 and of the choice of the initial time T € R. In the sequel, we will omit the dependence on the space variable x.

Given a normed space X, we usually denote the norm in X by || - || x, and we indicate by

distx (By, B2) := sup inf ||b; — ballx,
bieB; 02€52

the Hausdorff semidistance in X from a set B to a set B».

For o € R, we consider the scale of Hilbert spaces H® := D(A°/?) endowed with the inner product and norm:

(U, v)o ::(A”/zu, AJ/2U>L , lit|g := ||A”/2u ||L2,

2
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corresponding to the (strictly) positive self-adjoint operator A = —A acting on L, (§2) with domain D(A) = H>(£2) N
H(; (£2) (we agree to omit the index o whenever o = (). The symbol | - | will also be used for the absolute value.
Besides, we call A1 > O the first eigenvalue of A. Clearly, we have the equalities:

H'=HY(0), H=H"=L,(), H' = H} (2), H? = H*(£2) N H} (£2),
and the generalized Poincaré inequality
1/2
juloy1 > A2 luly,  Vue HOH,
We also recall that H® C H? (§2), for o > 0 (see, e.g., [26]). Then, we introduce the energy spaces:
2
E = T )| = iy IR,
Sometimes, we will employ the (equivalent) norm on E°:
2
. |, = lulz )+ |p +oul} —rlul, (1.5)

where o > 0 is arbitrary and r < Ag.
2. Basic assumptions
2.1. Assumptions on f

Let f € C'(R), with f(0) =0, be such that
|f(@|<C(lal®?+1), VaeR, (2.1)
with
2<d <4
We also have to impose some dissipation conditions. For d > 2, we assume that
f(@a=vjal?—C, VaeR, (2.2)

where v is a (possibly small) positive constant. For d = 2 (the linear growth condition), in place of (2.2), we require
that

liminfM > —A1. (2.3)

la|l—00 a

Condition (2.2) is slightly more restrictive than in [2] (see also [8,19,30]). We point out that the inequality (2.1)
for d =4 is known to be a critical growth condition for the nonlinear function f (see [25]). Indeed, for d > 4, the
initial-value problem (1.1) may not have unique solutions. It readily follows from (2.1) that

|f@]<C(lal’"" +1), YaeR. (2.4)

In this paper, we will mostly consider the subcritical case 2 < d < 4. The critical case d = 4 can also be treated,
paying the price of adding some extra conditions for the external force (see below). All the results that we will state
hold for the much simpler case d = 2 as well. Setting

F(a)=ff(S)ds,
0

the inequalities (2.1) and (2.2) imply that
vilal =C<Fa), |F@]<C(lal"+1), VacR, (2.5)
fl@)a>vyF(a)—C, VaceR, (2.6)

for some vy, v, > 0 (without loss of generality, we assume vy, vy < 1). For further use, we also introduce the func-
tional:

f(u):/F(u(x))dx, ueH.
2
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2.2. Assumptions on the external force

473

The functions go(#) and gi(¢), as anticipated in the introduction, are assumed to be translation bounded in

Llloc(R; H). More precisely, go, g1 € Lll’(]R; H), with

t+1
ol i=sup | leo(s)|ds = Mo,
! teR p

t+1

g1l := sup / |g1(9)|ds = M,
! teR
t
for some My, M > 0. A straightforward consequence of (2.8) is
r+1 (t+1)/e
/ lgi(s/e)|ds=¢ / |g1(s)|ds < e(1+1/e)M; <2M,,
t t/e

so that
”gl('/S)HL'; <2M;, Vee(0,1].

Hence, for ¢ > 0,

I8 = g0+ g1C/0)]| 1y < Nolly + &7 g1C/0) ] 1y < Mo + 207"

In summary, we learned that
g1, < 0.

having set

0, = Mo +2Mie=?, &>0,
&£ My, e=0.

Note that the norm of the external force g®(¢) in the space LY can grow with a rate of order e ” as ¢ — 0.
8 p 1 g

Throughout this paper, we will always assume (2.1)—(2.3) and (2.7)—(2.8).

2.7)

(2.8)

2.9)

(2.10)

We conclude the section recalling a generalized Gronwall lemma which will be needed in the sequel (see [4,28]).

Lemma 2.1. Let ¢ and ¢1, @2 be nonnegative locally summable functions on R; satisfying, for some B > 0, the

differential inequality:

d
2B <o + /2,

fora.e. t € R;. Then,

t t

2
£() < 20 (x)e 2P0 / <o1<s>e—2ﬂ<f-”ds+< f o2(s)e P ds> ,

T T
for all t € R;. Moreover, the inequality
1 1+1
sup/ P(s)e P ds < —5 Sup / @(s)ds
>t l—e >t f
T

holds for every nonnegative locally summable function ¢ on R, and every g > 0.

@2.11)
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3. Global attractors of nonautonomous damped wave equations
3.1. Well-posedness and dissipativity

We rewrite (1.1)—(1.2) in the unitary abstract form:
O2u+ Au+ydu=—fu) + g, (3.1)
and we supplement this equation with the initial conditions given at an arbitrary initial time 7 € R
Uli=r = Uy, dutli=r = pr, (3.2)

where u; € H! and pr € H are known data. Then, for every fixed ¢ € [0, 1], the initial-value problem (3.1)—(3.2) has
a unique solution u(¢) such that

ueCp(Re; HY),  dueCp(Re; H,

where Cj, is the space of bounded continuous functions (see e.g., [2,8,19,25,30]). Adopting, here and in the sequel,
the notation:

yr = (ur, pr) and y(t):(u(t)aat“(t))a

where u(¢) is the solution to (3.1)-(3.2), we have that y € Cp,(R;; E) and y(t) = y.. Moreover, y(¢) satisfies the basic
a priori estimate:

ly®|3 < Cllye e 4 c(1+ 02), Vi>r, (3.3)

with Q. given by (2.10), for some B > 0 independent of Q,, Tt € Rand y; € E.
We sketch the proof of (3.3), borrowed from [8] with minor modifications (see also [2,30]). Recalling (1.5), con-
sider the real function:

t@) = |y |’ +2F @) +C,

where the parameters o and r occurring in the norm ||y(¢)|| are defined below. Due to the first inequality in (2.5), it is
apparent that ¢(¢) > 0 (for all solutions u(#)), provided that we choose C large enough.

Lemma 3.1. There exist « > 0 and r > 0 such that the following inequality holds:
() <2(e P4 C(1+ Q7). VT, (3.4)
where B > 0 is independent of Q., T and y-.

Proof. Choose o > 0 small enough such that
asy—a,  aly —a)<ip (3.5)
and take r = a(y — ). The function ¢ = 9,;u + au satisfies:
g+ (v —e)g + Au—a(y —a)u+ f(u)=g".
Using the identity,

d
(f@).q)= 7 F ) +alf@w).u)

and multiplying the above equation by ¢, we find the equality:

1d
578+ —@laP o (lulf = rlul?) + of ), u) = {g", q).

Thus, in light of (3.5),

d
7l + 20|yl + 20 f (), u) < C|gf|Iyll-
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Besides, from (2.6),
(f@),u)=>vFw) -C.

Hence,

d
Lt ang <C+Clgfllyll
Since, from (2.5), F(u) > —C, setting B = av2/2, we finally obtain:
d
TEH2BE< C(1+[g°|+|g°|¢"?).
Applying Lemma 2.1, and keeping in mind (2.9), we derive (3.4). O

In light of the equivalence of the norms in E, it is clear that (3.3) immediately follows from (3.4). Indeed,
(0= yo-c=c(lyolz-1).
whereas the second inequality in (2.5) and the embedding H Lo Ls(92),2<d <4, yield
Fuy < C(lul +1) <C(y@ |5+ 1),
so that
(@ <C(y@|5+1).

3.2. The dynamical processes and their attractors

Our next step is to consider, for every ¢ € [0, 1], the dynamical process in the weak energy space E
{U.t,0)), t1>7, 1€R,
corresponding to problem (3.1)—(3.2). The mappings U.(t, 7) : E — E act by the formula:
Ue(t, 1) ye = y(0).

The a priori estimate (3.3), along with (2.9), imply that the process {U (¢, 7)} has a uniformly (with respect to 7 € R)
absorbing set

B*={yecE|lyle <CU+ Q:)} (3.6)

which, for a fixed ¢, is bounded in E. That is, for any bounded set B C E of initial data, there is a time T = T (B, ¢)
such that

Uc(t,T) BC B®, VreR, Vt>t+T.

Note that the diameter of the absorbing set B¢ grows up to infinity as & — 0.

We recall that a dynamical process {U (¢, )} acting on a Banach space X is called uniformly (with respect to t € R)
asymptotically compact if there exists a compact set P € X which is uniformly attracting. Namely, for any bounded
set B C X of initial data,

distX(U(t, 7)B, P) —0 ast—1t— +o0.
Remark 3.2. Assuming the existence of a bounded absorbing set By for a general process {U(t, 7)} in X, a suf-

ficient condition in order to have uniform asymptotic compactness is that the process admits the decomposition
U(t,t)=Wi(t, 1) + Wa(t, t), where the maps Wy, W, (not necessarily processes) satisfy:

[Wit, T)ye | < Ce PO,
[Wa(t, T)y: ||y < Q — 1),

for all initial data y,; € By, where Y € X, 8 > 0 and Q is some increasing positive function.
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Definition 3.3. A closed set A C X is called the uniform (with respect to t € R) global attractor of the process
{U(¢, )} acting on X if A is a minimal uniformly attracting set. The minimality property means that A belongs to
any closed uniformly attracting set of the process {U (¢, 7)}.

In light of a general result from [6—8,21], any asymptotically compact process possesses a (compact) global attrac-
tor. For our particular case, we can state the following proposition.

Proposition 3.4. For any fixed ¢ € [0, 1] and every d < 4, the process {U.(t, t)} in E is uniformly asymptotically
compact and, therefore, it has the global attractor A°.

The proof of this assertion can be found in [8] (see also [2,30]).

Remark 3.5. In fact, using the techniques of [1,17,18], it is not hard to prove that the above result is also true for the
critical case d = 4, provided that the functions go(¢) and g () belong to the more regular space L}f (R; HY), for § > 0;
that is,

t+1
sup/{|go(s)|5+|g1(s)|5}ds<oo.
teRt

Remark 3.6. The obvious embedding .A® C B, together with (3.6), entail that
|A°]| ; :=sup{liylle |y € A%} SCU+ Qo).
In fact, it is easy to construct an example of Eq. (3.1) with an external force of the form g (¢), with p > 0, such that
”AEHE >e P, Ve>0.

Thus, the size of the global attractor A° of Eq. (3.1) with singularly oscillating terms can grow to infinity as the
oscillating rate 1/e¢ — +o00. Later in this work, we will state some further conditions allowing us to establish the
uniform (with respect to ¢ € [0, 1]) boundedness of .A° in the space E.

3.3. The structure of the global attractor

We describe the structure of the global attractors .A° in the case where both go(¢) and g; (¢) are translation compact
in LIIOC(R; H). By definition, this means that the sets
Ty = {go(t+r) | T GR} and T, = {gl(t+1:) |t ER}

are precompact in the space L1(—T7,T; H), for each T > 0 (several translation compactness criteria can be found
in [8]). It is then apparent that the function g°(r) is also translation compact in Lll"C (R; H), for every fixed ¢ € [0, 1].
Let H(g?) denote the hull of the function g (¢) in Lll"C (R; H), defined by:

H(g®) = {
It is easy to show (cf. [8]) that if ¢ € H(g®) and & > 0, then

g =go()+e " 21(t/e),

for some gg € H(go) and g1 € H(g1) (the hulls of gg and g1, respectively). Besides,

¢ € L°(R; H) | 3{z,} C R such that g°(r + 1,,) — &(1)
strongly in L1 (—7,T; H) asn — oo foreach T > 0 '

181y < s e
Thus, in view of (2.9), we have that

1810 < Qe V& € H(g%),
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and the equation
Ra+Ad+ydia=—f@)+g@) (3.7)

generates a dynamical process in E, that we denote by {U; (¢, T)}. In which case, inequality (3.3) reads:

|Us (e, Dye |3 < Cllyelde P 1 c(14 02), Vix<.

At this point, we consider the family of processes {U;(t, 1)}, g € H(g®). As shown in [8], this family is (E x
H(g®), E)-continuous. Namely, for every fixed pair of times (¢, 7), with > 7 and 7 € R, we have that

Ugrn (&, T)yen —> Ug(ta T)y: inkE,

whenever y;, — y; in E and g, — g in L11°C(R; H). For the (single) process {U;(z, 1)}, with external force
g € H(g®), we consider the kernel KC; of the wave equation with this external force. Recall that the kernel K; in
E is the family of all solutions 3 (¢) = (u(t), 3;1(¢)) to the equation which are defined on the entire time axis {¢t € R}
(such solutions are called complete trajectories) and bounded in E. Formally, this conditions reads: If y € Cp(R; E)
and

Up(t,D)J(t) =3(1), Vt>1, VTeR,
then y € KCz. The set K3 (1) = {J(t) | ¥ € K3} C E is called the kernel section at time t.
The following fact is proved in [8].

Proposition 3.7. Assume that go(t) and g(t) are translation compact in L]f’c (R; H). Then, for every ¢ € [0, 1], the
global attractor A® of Eq. (3.1) has the form:

A= ] Kz0). (3.8)
geH(g®)
Moreover, for every g € H(g®), the kernel KC; is nonempty.
Remark 3.8. Actually, although for simplicity we assumed the translation compactness of go(t) and gi(¢) in
LlloC (R; H), the conclusion of Proposition 3.7 holds under weaker conditions. Indeed, in light of the results of the

recent paper [29], it is enough to require that the sets 7, and 7, are compact in LllOC (R; H) with respect to whatever
metrizable topology. In which case, it suffices to replace H(g?) in (3.1) with the set,

{8 € L™(R; H) | 3{z,} C Rsuch that g°(t + 7,) — §(1)},

where now the convergence takes place in the given metric.
4. On the linear wave equation with oscillating external force

We consider the linear damped wave equation with null initial data given at an initial time 7 € R
v+ Av+ydv=k(t), vl=r =0, dv|=r=0.

The following lemma is classical.

Lemma4.1. Ifk LllOC (R; H?), for some o € R, then the above problem has a unique solution v(t) such that
ve C(R; H°MY),  dveC(Ry; HO).
Moreover, the inequality
t
[v@®)|, 4, +]0v@)|, < Cfe_ﬁ([_5)|k(s)|ads
T

holds for every t > t, for some 8 > 0, independent of the initial time T € R.
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Proof. Reasoning as in the proof of Lemma 3.1, we easily find the inequality

d
Ennni + 28112 < Clkls Inllo

for some B8 > 0, where n(t) = (v(t), 9;v(¢)). The conclusion is drawn from Lemma 2.1.

Setting
t
K(t,t):fk(s)ds, t>1, 1t €R,
T

the main result of the section reads as follows.

Proposition 4.2. Let k € LllOC (R; H®), for some o € R, and assume that

t+1
K(t, + | |K (s, ds; <,
t>srl,lfeR{| ( T)|G_l f| S T)|G S}

for some £ > 0. Then the solution v(t) to the problem
v+ Av+ydv=k(t/e), vli=r =0, 8v|i=r =0,
with ¢ € (0, 1], satisfies the inequality
v, + v @), <Cte, Vixr,

where C is independent of k.

Proof. Without loss of generality, we may assume 7 = 0. Denoting:
t
V() =/v(s)ds,
0
we have, for any # > 0,
1
aV(E)=v() = / a;v(s)ds,

0
t

B2V (1) =du(r) = / 32v(s)ds,
0

A.1)

as v(0) =0 and 9,v(0) = 0. Integrating the wave equation in time, we see that the function V (¢) solves the problem:

RV 4+AV +ydV=K(t), V0=o=0, 8Vl|=0=0,

with external force
t

Kg(t)=/k(s/8)ds.
0
Since
t/e
K. (t) =8fk(s)ds =¢K(t/e,0),
0

4.2)
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it follows from (4.1) that

sup| Ko ()], < Le, (4.3)
>0
and
1+1
sup / |Kg(s)}cr ds < 2/le.
>0
t
Indeed, (4.3) is straightforward, whereas
t+1 (t+1)/e t+1
/ |Ke ()], ds = &2 / |K (s, 0)|_ ds < 2(1+1/¢) sup{ / |K(s.0)|, ds} < 2e.
>0
t t/g t

Accordingly, by (2.11),
t
/e—ﬁ<f—5>|1<g ()|, ds < Cte,
0
and applying Lemma 4.1 to V (¢), we obtain:

t
VO, + Vo), < c/e—ﬂ“—”ng(s)}ﬂ ds < Ce.
0

In particular,
@), =9 V)|, < Cte.
Besides, on account of (4.2),
0],y =7V O, <[AVOL, + 7[5V O,y + K0,
But

AV, =|vel,, <ce.
0, V()|,_, <Cla: V)|, < Cte,
while, from (4.3),
|Ke ()], < te.

Therefore, the desired estimate follows. O

Remark 4.3. Condition (4.1) is satisfied, for instance, if k € Loo(R; H°~1) N LllOc (R; H?) is a time periodic function
of period T' > 0 having zero mean, that is,

T
/k(s) ds =0.
0

Other examples of quasiperiodic and almost periodic in time functions satisfying (4.1) can be found in [6,8].

Remark 4.4. A sufficient condition in order for (4.1) to hold is to require that
G
sup| K (1), < ——

(eR 24217
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having set
1

K1) :/k(s)ds, teR.
0
Indeed, just note that K (¢, t) = K (r) — K (7) and use the Poincaré inequality.

Remark 4.5. If we assume only,

t+1
sup / |K(s, r)|ads </,
t>1,7€R f

then, recasting the proof of the proposition, it is immediate to verify that v(¢) satisfies the weaker inequality:
1+1
(@), + / |dv(s)|,_,ds<Cte, Vizt.

t

5. Uniform boundedness of the global attractors A%

We now provide some conditions ensuring the uniform (with respect to ¢ € [0, 1]) boundedness of the global
attractors A? of the nonautonomous wave equation (3.1) constructed in Section 3. These conditions relate to the
function g1 which introduces singular oscillations in the external force go(r) + ¢ ~”g(¢/¢) of the equation.

Setting

t

Gl(t,f)=fg1(S)ds, t>T,
T

our main assumption reads:

1+1
sup {|G1(t,r)|ﬂ_l+/|G1(s,t)|ﬂds}g@, (5.1)
t>t,7eR y
for some £ > 0, where
1 if2<d <3,
z?:z?(d):{S(l—Z/d) if 3 <d <4,
3/246 (6>0) ifd=4.

Theorem 5.1. Let G1(t, t) satisfy (5.1). In addition, for the critical case d = 4, assume p < 1. Then, the global
attractors A% of the dissipative wave equations (3.1) with external force g€ (t) are uniformly (with respect to ¢ € [0, 1])
bounded in the weak energy space E, that is,

sup 47, < oo.
e€[0,1]

We carry out the proof for d > 2, leaving the much easier case d = 2 to the reader.
Proof of the case d < 4. As usual, let y(¢) = (u(z), o;u(t)), t > 7, be the solution to (3.1) with initial data
y(t) = yr = (ur, pr) € E. We consider the auxiliary linear wave equation with null initial data:
Ofv+ Av+ydv=e"g1(1/6), V= =0, dvli=r =0. (5.2)

On account of Lemma 4.1 and Proposition 4.2, this problem admits a unique solution 1 (f) = (v(¢), d;v(t)) satisfying
the inequality:

lv®)], +|av®)],_ < Cle' ", Vi1 (5.3)
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We now define the function
w(r) =u(t) —v(),
which clearly satisfies the equation
Ofw + Aw + ydyw = —f (w) — (f (w+v) = f(w)) + go (1),
with initial conditions:
Wl=r =ur, W= = pr.
Calling
o) = (w(), jw@)),

arguing exactly as in Lemma 3.1, we obtain the inequality:

%é + 2aflol* + 2a(f (w), w) < Clgollwl — (£ (w +v) = f(w), q),
where we set
1) = o] +2F (w@)) + C,
with C large enough such that £(¢) > 0, and
qt) =0w(t) +aw(t).
Here, ||w|| is given by (1.5), « satisfies (3.5) and » = a(y — o) < A1. Exploiting (2.5)—(2.6), we readily see that
20(f (W), w) > e F(w) +avinwlf, —C,
and
Clgol ol < Clgol(1+5"2).
Moreover, from the Cauchy inequality,
—(fw+v) = fw).q) <alo|® + C|fw+v) - f(w)|2-
Hence, setting 8 = @v> /4 and v3 = av vy, we end up with

d
TEF2BiE +Huslwly, <C(1+Igol +1g0l6") + C|Fw+v) - f)l’. (5.4)

We claim that
Clfw+v)— fw)|” < villwllf +C(1+294D). (5.5)
Indeed, from (2.1),
|fa+b)— f@|<C(1+1al"2+p|"2)|bl, Va,beR.

Therefore, we have the estimate:

Ly

| fw+v)— f)]’ < c( /|w(x, WP e, P dx + 2D 4 |v|2>.
2

Setting
d d
=—>->1, pr=-—>
2(d -2) 4—-d
and observing that 0 < 2(d — 2) < d, using the Holder inequality with exponents p; and p> and the Young inequality,
we get:

D1 1,

2d/(4—d)

2(d-2) 2 2(d-2) 2 d
f e, )P o, P dx < w2 Pl < vsllwld, + CllFEE
2
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as 0 <2(d —2) < d. Besides,

2(d—1) 2(d 1) 2
v v v v ,
Iz, o + P <z Y +ivlg,, )

as2 <2d/(4—d)and 2(d — 1) < 2d/(4 — d). Combining the above estimates, we obtain:
d/(4—d
[fw+v) = fa) <vslwlf, +C(1+ 1ol % 7).
The Sobolev embedding theorem entails that

HY ¢ B3 72D © Lyga—ay(£2).

(5.6)

Consequently, by (5.3),

” v ” L2d/(4—d) g C@,
and plugging this inequality into (5.6), the claim (5.5) is proved.
Collecting (5.4)—(5.5), we draw the differential inequality:

d _
EH 2518 <C(1+ VD 4 o] + gl 7).
Then, recalling (2.7), Lemma 2.1 yields
E(1) <26()e P10 (14 24/4D 4 M2), vixt.

Since w(t) = y(tr) = y,, arguing as in the final part of the proof of Lemma 3.1, we obtain the estimate, similar to
(3.3) but independent of ¢,

Jo@[F < Cllyelge ™0 4+ (1 + 246D 4 ),

forallt > 1,7 € R.
To complete the proof, we note that, from (5.3) and the embedding EV~! C E,

[nO1 < 0o = o[ + a0 < c& vize

Thus, y(t) = w(t) + n(¢) fulfills the inequality:

|y % < CllyelIge P00 4 C (14 244D 4 p2), (5.7)
forall r > t, T € R. This means that the dynamical process {U, (¢, T)} possesses the absorbing set,

Bo={llyle <C(1+ 74D 4 My)},
for all € € [0, 1]. As a byproduct,
A° CB,., Veel0,1],
and the desired conclusion is established for the subcritical case d <4. O
Remark 5.2. In fact, we proved a further result for the case 2 < d < 3. Namely, if the function G (z, 7) satisfies (5.1)
with
¥ =3(1-2/d) <1,

then the global attractors A® are uniformly bounded in the space E”~! that is,

sup [ A* o1 < 0.
£€[0,1]

Proof of the case d =4. Here, contrary to the previous situation, we are no longer in a position to obtain an estimate
like (5.5). Instead, since now © = 3/2 + 8, using the embedding H? C Lo (£2) (see [26,30]), inequality (5.3) (here,
p < 1) implies that

vl <Celel=*,
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which, together with the obvious estimate,
2
|fw+v)— f)|" < Clwlg, vl +C(vlf + 7).
yield the control
Clfw+v) — F)|> < Coe® = wlf, +C (1 +£9),

for some Cy = C¢%. Hence, in light of (5.4),

%s +2B18 + (v3 — Coe® ) w7, < C(1+€° + |gol + Ig0l€'?),
so that, choosing g9 = g (¢, p) as
g0 :=min{1, (V3/C0)1/2(1_p)},
we have:
(V3 — Cosz(]fp)) >0, Ve<eg,

and the inequality

d
SEr2mE<C(l + €5+ |gol + Igol€"?)

holds for all ¢ < gg. In which case, we repeat the argument of the previous proof, so establishing the existence of the
absorbing set

Bo={lylle <C(1+€ + Mo)},

for & < g9. On the other hand, if g9 < & < 1, owing to (3.6), we have also the absorbing set B®0. In conclusion, for all
¢ €0, 1], we found the bounded absorbing set,

B, := By U B®,

independent of €. Then, 4% C B,, foralle € [0,1]. O

Remark 5.3. In the critical case d = 4, the radius of the absorbing set B, goes to infinity as p — 1. Thus, if d =4,
the boundedness of the global attractors A® as ¢ — 0" remains an open problem.

Remark 5.4. Assuming in Theorem 5.1 that G (¢, t) fulfills, in place of (5.1), the weaker inequality:

t+1
sup /|G1(s,r)|ﬁds§6,
t

t>t,teR

we have that, for every ¢ € [0, 1],
sup{lu<li | (ur, pr) € A%} < Co,

and

t+1
sup |u(r)|f+/|a,u(s)|2ds <Cy, VieR,
(u,0;u)eke f

for some Cy > 0 depending on £, where K¢ is the kernel of the process {U, (¢, 7)}.
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6. Convergence of the global attractors A° as ¢ — 0%
The main result of the paper is the following:

Theorem 6.1. Let p < 1, and let go(t) and g1(t) be translation compact in Ll]OC(R; H). Besides, let G| (t, T) sat-
isfy (5.1). Then, the global attractors A® converge to A° with respect to the Hausdorff semidistance in E as ¢ — 0,
that is,

. . 0\ _
€£r8+{dlst5 (4%, A7)} =o0.

The remaining of the section is devoted to the proof of the theorem. In the sequel, the generic constant C may
depend on £.

Remark 6.2. As it will be clear from the proof, the result is still true if we replace the term ¢~# appearing in the
function g¢ with e ~! it (e), where ju(¢) is any nonnegative function such that () — 0 as & — 0%,

Our first task is to compare the solutions to (3.1) corresponding to ¢ > 0 and ¢ = 0, respectively, starting from
the same initial data. To this end, let us denote by u®(¢) the solution to (3.1) corresponding to ¢ € [0, 1], with initial
conditions

”8|t=r =Urg, atll‘glt:t = Pt

where y; = (u;, p,) belongs to the absorbing ball B, in E found in Section 5. In particular, owing to (5.7) (or (3.3)
and (5.7) if d = 4), we have the uniform bound:

|u(®)|, <Ro, Vizrt. (6.1)
Note that Ry = Ry(p) if d = 4. For ¢ > 0, the function,
w(®) =u’ (1) —u’ (@),
satisfies:
Fw+Aw+ydw=—f(u)+ f(u) +egi(t/e), wl=r =0, Hwl= =0.
Hence, letting v(#) be the solution to (5.2), the function
q() =w() —v()
clearly solves the problem:
812‘1 +yog+Aq= —(f(ug) - f(uo))’ qli=c =0, 0:qlt=c =0.
Taking the scalar product with d;q, we obtain:

d
gl 10 P} 4 2y 10ia P <20 £ () = £ ()] 10rq] < 27130 + €| (%) = £ ()]

Exploiting (2.1), (6.1), the Holder inequality and the embedding L¢(£2) C H 1 we see at once that
[£) = SO < (e L+ 17, + 1) (Il + 0lee) < C(1+ RE) (gl + o).
On the other hand, by (5.3) and the fact that 9 > 1,
v], <Ce'™", Vit (6.2)
Combining the two estimates,
Clf () = f(®) P < C(1+RY)lgl} + C(1+ RG>,

Thus, setting Ry =1 + RS’, we end up with the inequality:

d p—
“{laR + 18,1} < CRi{lal? + 10g P} + CRi&21 7.
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Since g (t) = 9;q(t) = 0, the Gronwall lemma leads to
g + [3ig ()] <217PeCRED v >0
Finally, for the function w(¢) = ¢g(¢) + v(¢), using again (5.3), we have:
w7+ [dw®)|* < Ce2I=PeCRIE=D v > ¢,

In conclusion, we proved the following result.

Lemma 6.3. The deviation,
o(0) = y* (1) =y 0) = (u®(©) = u @), du® (1) = 3,u’ (1)),
with v (1) = y0(t) = y; € B,, satisfies the inequality:
”a)(t)”E < D' PeRU=D) vy > q
where the positive constants D and R are independent of €, T and y, € By. If d =4, then R = R(p).
In order to study the convergence of the global attractors A of the wave equation (3.1) as ¢ — 07, we actually need

a generalization of Lemma 6.3, which applies to the whole family of Eqgs. (3.7), with external forces g = g° € H(g®).
To this end, we state first a general result.

Lemma 6.4. Let g(t) be translation compact in LlloC R; H), and let G(t,t) = f rt g(s)ds satisfy, for some o € R, the
inequality:

t+1
sup {|G(t,r)|a_1 + /|G(s,r)|g ds} < /.
t>t,teR p

Then, for every g belonging to the hull of g, the function G(t,7) = frt 8(s) ds satisfies the same inequality.

Proof. Lett > 7 be fixed. Since g € H(g), by definition, there is a real sequence {t,} such that
gl +1) > &() in LY°(R; H),
as n — oo. Thus, setting, for s € [¢,t + 1],
Un() =G+ 10 1+7), V() =G, 1),

we have that
t+1

sup ]Iwn(s)—l/?(s)|< /|g(r+r,,)—§(r)’dr—>0,

seft,t+1
asn — 0o, i.e.,
Yn = ¥ inLoo(t,f+ 1; H).
On the other hand, we know that v, is bounded by £ in the space:
Wy =Loo(t,t+1; Hy_1) N Ly(t,t 4+ 1; Hy).

Then, by a standard argument of functional analysis (see, e.g., [24]), we conclude that 1/} € W, and ||1/A/||W, <L
In particular, we learn that

|é(t,r)|a_l+/|G(s,t)|ads<€.
t

Since ¢ > t and t € R are arbitrary, we are done. O
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For any ¢ € [0, 1], let

Y @) = (0°(1), 94 (1)) = Uge (1, T)y<

be the solution to (3.7) with external force g° = g9 + ¢ °21(-/¢) € H(g®) and y,; € B,. For ¢ > 0, we consider the
deviation

o) =37 (1) = §°(1).
Corollary 6.5. We have the inequality:
Hc?)(t) HE < D' PeRU=D) vy > ¢,
for some positive constants D and R independent of €, t, y; € B, and g° € H(g®). If d =4, then R = R(p).

Proof. We observe that (6.1) keeps holding for #°(¢), as the family {Uz: (¢, 7)}, 8° € H(g®), is (E x H(g®), E)-
continuous (see Section 3). Moreover, if € > 0,

&) =2got)+e " gi(t/e),

with g1 € H(g1). Hence, due to Lemma 6.4, inequality (6.2) is valid for the corresponding solution 04 (t) of the linear
problem (5.2) with external force g;(¢) in place of g;(¢), since the primitive G (¢, T) of g;(¢) fulfills a condition of
the form (5.1). At this point, we simply repeat the proof of Lemma 6.3. O

We are now ready to complete:
Proof of Theorem 6.1. For ¢ > 0, let y* be an arbitrary element of the attractor .A%. The representation formula (3.8)
of A® implies the existence of a complete bounded trajectory y°(¢) of Eq. (3.7), with some external force:
g =8 +e (/e)eM(g%). & eH(go). £ eH()
such that
¥0) ="
For some L > 0 to be specified later, consider the vector:
yr :=3°(—L) € A° C B,.

Then, applying Corollary 6.5 with t = —L, we have that

|Uge (t. —=L)yL — Ugy (¢, —L)y | z < De' PR vr > — L. (6.3)
On the other hand (see [8]), the set AY attracts U 30, T) By, uniformly not only with respect to t € R, but also with
respect to go € H(g). Thus, for every v > 0, there is T = T'(v) > 0, independent of L and y; € B, such that

distg (Ugy(t, —L)yr, A°) <v, ¥t>T—L. (6.4)
Collecting the two above inequalities, we readily get:
distg (Uge (1, =LYy, A°) < De'~PeRUT) oy wr>T — L.
Setting now L = T and choosing ¢t = 0, from the simple observation that
Ugs (0, —=L)yL = Uz (0, —=L)3° (= L) = °(0) = y*,
we conclude that
distE(yg, AO) < De'7PeRT 4y,
Therefore, as y* € A° is arbitrary,
lim sup{distg (A°, .AO) } <.

e—0F

But v > 0 is also arbitrary, and this provides the desired conclusion. O
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Remark 6.6. With a similar proof, we can extend the result formulated in Remark 5.2 for the case 2 < d < 3 as
follows. If the function G (¢, t) satisfies (5.1) with

9 =3(1—2/d) <1,
then the global attractors A° converge to .A” in the space E~!. Namely,
lim {distzo-1 (A7, A%)} =0.
e—>0t1

The details are left to the reader.

Remark 6.7. It is worth noting that the translation compactness of go(¢) and g1(¢) in Lll"C (R; H) in the proof of
Theorem 6.1 is used only to apply Proposition 3.7. Thus, in view of Remark 3.8, the hypotheses on go(#) and g;(¢)
can be weakened.

In the next example, we show that the conclusion of Theorem 6.1 is false if p = 1.
Example 6.8. Let ¢ be the normalized eigenvector corresponding to a given eigenvalue A of A, and consider the
equation:
32u + Au+ydu=—e sin(t/e)e,
which is a particular case of (3.1), with f = go =0, g;(t) = —sin(¢) and p = 1. Here,
G1(t, 1) = (cos(r) — cos(1))e,
which clearly satisfies (5.1) (with = 1). This equation admits a unique complete bounded trajectory, given by:

(1) = (@(0), () = (AW, A (),

where
Al = (e — )\53) sin(t/€) + VSZCOS(t/g)
"= 1+ (y2 —20)82 + A2e* ’
and
g2 o
A/(I)Z (1 )\-8 )COS(I/S) ygsul(t/s)

1+ (y2 —2)0)e2 + A2e4
Since g1 () is 2w -periodic,
Heg)= U e+,
7€[0,27e)
Hence, from the representation (3.8) of the attractor .4%, we conclude that
A= ] &-n.
t€[0,2me)
Observe that, for £ small,
u(t) ~esin(t/e)e, du(t) ~cos(t/e)e.
Therefore,
lim || A%, =1.
tim [ A
On the other hand, the linear homogeneous equation,
32u + Au+ydu=0,

is well known to generate an exponentially stable linear semigroup. This implies that A® = {0}. In particular, the
convergence distg (A%, A% — 0 cannot occur.

Remark 6.9. Incidentally, the above example also shows that the constraint p < 1 is essential. Indeed, if p > 1, it is
clear that the uniform boundedness of .A? is not to be expected anymore.
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7. Holder continuity at ¢ = 0 of A®

In this final section, we provide an explicit estimate of the form Me” for the Hausdorff semidistance dist (A¢, A°),
assuming that the global attractor A is exponential. We begin with a definition.

Definition 7.1. The global attractor A of a dynamical process {U (¢, T)} in the space X is said to be exponential with
rate x > 0, if there is an increasing positive function Q such that, for any bounded set B in X,
dist (U(t,7)B, A) < Q(IIBllx)e "™, Vr>1, ek
Then, we have the following result.

Theorem 7.2. Let the assumptions of Theorem 6.1 hold. Besides, assume that the global attractor A° is exponential
with rate x > 0. Then,

distg (A%, A%) < Me, (7.1)
where M = M(go, g1, p) = 0and n=x(1 — p)/(x + R), with R as in Corollary 6.5.

Proof. We preliminary observe (see [8]) that, if .A? is exponential with rate x > 0, then
distE(Ugo(t, 7)B,, AO) < D*e_”(’_f), Vi>1t, teR,

for some D, = Q(|| B«||g) > 0, uniformly as 8% € H(g"). Thus, we can repeat the proof of Theorem 6.1, replacing
now (6.4) by the explicit estimate

distg (Ugo(t, —L)yr, A°) < D,e ™D Ve > —L.
For ¢t = 0, this inequality, along with (6.3), immediately give:
distg (A°, AO) < De'"PeRL 4 p e L,
Since the above estimate holds for every L > 0, setting:
n=x(1—-p)/(x+R),
and letting L be such that

1=poRL _ o—xL

e
we eventually obtain:
distg (.AS, AO) < Még",
withM =D+ D,. O
Remark 7.3. Again (cf. Remark 6.6), if 2 < d < 3 and G (¢, 7) satisfies assumption (5.1) with 9 =3(1 —2/d) < 1,
then we have the estimate:
distgo—1(A°, AO) < Meg",

We conclude the section by presenting two examples of averaged wave equation whose global attractors A° are
exponential. The function g (#) appearing in the sequel is supposed to comply with (5.1).

7.1. Autonomous wave equations with regular attractors

Assume that the function g¢ is independent of time, that is, go(t) = go € H. Then, the wave equation (3.1) for
& =0 is autonomous, and the map,

S(t) 1= Uy (1,0), >0,
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is a strongly continuous semigroup in E, due to the translation invariance property (cf. [8])
Ugy(t, 1) =Ugy(t —7,0), t2>T1.
In that case, the global attractor .A° is strictly invariant for the semigroup, i.e.,
SHA’=A", Vt>0,
and there exists the global Lyapunov function,
E(yo) = |u0|? + |8,u0|2 + Zf(uo) — 2<go, u0>,

satisfying, for every solution YO @) = @), 3;u’ (1)) to (3.1), the identity

t
L£(°®) - £(°@) = v / |u(s)| dis.

If we further assume that the stationary equation
Aw + f(w) = go

has a finite number of solutions {wq, ..., wy}in H I and each wj is hyperbolic (see, e.g., [2,19]), then AY is the union
of the unstable manifolds M*" (w;) issuing from w;. Namely,

N
.AO = UM“(U)[).
i=1

Besides, the global attractor A° is exponential with some rate » > 0. Finally, adopting the trajectory approximation
method given in [32], it is possible to show that, for & small, the global attractor A° is also exponential, with some
rate xo < x. Using this fact, it is not hard to prove that an inequality of the form (7.1) holds as well for the symmetric
Hausdorff distance, that is,

dist)) ™ (A%, A%) = distg (A7, A°) + distg (A°, A7) < Moe™,

for some My > M and no < 1.
7.2. Sine-Gordon type equations with a flat nonlinearity

Letd=2,1.e.,
|f ()] <K,

K <X and y2>2()\1—,/)\%—K2).

Under the above assumptions, exploiting the techniques of [12], one can prove that, for every function g € L’f(R; H),
the wave equation (3.7) with external force g () has a unique global solution &, € C(R; E). In other words, the kernel
K¢ consists of the unique element &, . Besides, this solution is exponentially stable; namely, there is a constant x > 0,
independent of g € L}f (R; H), such that, for every y, € E,

[Ust. T)ye =&, | o < Qlly<llE)e ™7, Vi1,

for some increasing positive function O, depending on |/ g|| Lt Taking the external force g(¢) = g®(¢) translation

for some K > 0. Moreover, let

compact in LIIOC(R; H), we conclude that, for every ¢ € [0, 1], the global attractors 4% of the processes {U(t, )}
have the form:

A® = {6:(0) | 8° € H(g")},
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and they are exponential with rate x. Indeed, since
g =g°(—1eH(g°), VieR,
it is apparent that

diStE(Ua(t» )Yz, Ag) < ” Ue(t, 1) yr — $g; 0) ”E = ” Ue(t, T)yr — &= (1) ”E

Along the lines of [12], it can also be shown that the deviation estimate of Corollary 6.5 holds with R = 0. Thus, for
every y; € B,,

[Uge (2, 0)yr — Ug (L, T)y: |z < De'™?, Vi>rt.
Recasting the proof of Theorem 7.2 accordingly, we find that
distg (A7, A%) < Me' 7.

Note that the constant n = 1 — p is independent of the exponential rate x. Finally, since the global attractors A are
exponential with rate x, it can be shown that the above inequality holds for the symmetric Hausdorff distance as well,
that is,

dist)™ (A%, A%) < Me' 7,

as in the previous example.
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