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Abstract

In this paper a Fermat principle for Lorentzian manifold endowed with a timelike Killing vector field is
formulated. This principle is applied to obtain existence and multiplicity results on the number of light rays joining
an event with an integral curve of the Killing vector field. 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction and statement of the results

In this paper we study lightlike geodesics joining a point with a timelike curve in stationary Lorentzian
manifolds. In particular we shall obtain some results on the existence and the multiplicity of such
geodesics.

The problem of the number of lightlike geodesics joining a pointp with a timelike curveγ on
a Lorentzian manifold is motivated by the phenomenon ofgravitational lens. In General Relativity
a space–time is modeled by a 4-dimensional Lorentzian manifold and lightlike geodesics on such a
manifold represent the trajectories of light rays. The gravitational lens effect consists in the reception by
an observer of two or more images of a light source. It is due to the bending of light rays nearby a heavy
mass. As a lens in classical optics, a particular distribution of mass might force the light rays emitted by
a source (represented by a timelike curveγ ) at different values of its proper time, to converge to the same
event on the space–time (represented by a pointp).

A natural approach to this problem is based on the extension to General Relativity of the classical
Fermat principle in optics:
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the trajectory of a light ray from a sourceA to a targetB is a stationary curve for the travel time among
all paths joining the pointsA andB.

Once such extension has been formulated, several results from critical point theory can be applied to
prove existence and multiplicity of light rays.

There is an extensive literature on this subject, where Fermat principles are formulated for different
classes of Lorentzian manifolds (see [5] for a brief historical account and for a detailed report of different
versions of Fermat principle in General Relativity with applications to gravitational lensing).

The aim of this paper is to study light rays connecting an event with a timelike curve, under intrinsic
assumptions on the Lorentzian manifold, in the same spirit of [7], where it is studied the geodesical
connectedness of astationaryLorentzian manifold, i.e., a Lorentzian manifold equipped with a timelike
Killing vector field.

The paper is organized as follows. In this section we introduce some definitions and we state our
results. In Section 2 we develop the variational framework and then we establish the Fermat Principle
for a stationary Lorentzian manifold (Theorem 2.5). In Section 3 a number of technical lemmas are
collected, as the Palais–Smale condition for the Fermat functionalsF+ andF− (see (17)). Section 4 is
devoted to the proof of the results. In Section 5 we present some application to a certain class of stationary
Lorentzian manifold including some relevant space–times as theSchwarzschild, Reissner–Nordströmand
Kerr space–times.

Let Λ be an-dimensional, smooth, connected manifold.Λ is a Lorentzian manifold if it is endowed
with a smooth(0,2) tensor fieldg such that for eachp ∈ Λ, g(p) :TpΛ × TpΛ→ R is symmetric,
nondegenerate bilinear form of index 1. A tangent vectorv ∈ TpΛ is saidspacelike, lightlikeor timelike
according tog(p)[v, v] is positive, null, or negative. This tripartition is called thecausal characterof a
tangent vector and it is extended to a curvez : I →Λ, I = [0,1], if its tangent vectorṡz(s), s ∈ I , have
the same causal character.

A Lorentzian manifoldΛ is said to betime-orientedif there exists a continuous timelike vector field
on Λ, that is a vector fieldY such thatg(p)[Y (p), Y (p)]< 0 for everyp ∈ Λ. If Λ is time-oriented,
a tangent vectorv to Λ at p is said to befuture-pointing if g(p)[Y (p), v] < 0, while it is saidpast-
pointing if g(p)[Y (p), v]> 0. Analogously a curve isfuture-pointingor past-pointingif all its tangent
vectors are, respectively, future-pointing or past-pointing.

A vector fieldY is aKilling field if LYg = 0, whereLYg denotes the Lie derivatives of the metricg
with respect toY . EquivalentlyY is a Killing vector field if and only if, for all vector fieldsX andZ
onΛ

(1)g[∇XY,Z] =−g[X,∇ZY ],
where∇ is the Levi-Civita connection associated to the metricg. It is well known thatY is a Killing
vector field if and only if the stages of its local flows are isometries of(M,g) (see, e.g., [10]).

Definition 1.1. A Lorentzian manifold is saidstationaryif it is endowed with a timelike Killing vector
field.

Remark 1.2. Let Λ be a stationary Lorentzian manifold endowed with a timelike Killing vector fieldY .
SinceY never vanishes, at each point ofΛ there exist local coordinates(x1, x2, . . . , xn−1, t) such that
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Y = ∂
∂t

on the coordinates neighborhood and the components of the metric, in such a coordinates system,
are not depending on the “time coordinate”t (see [8]).

Remark 1.3. Let (Λ,g) be a product Lorentzian manifold such thatΛ=Λ0×R, whereΛ0 is a smooth
manifold andg is defined as follows: for anyz = (x, t) ∈ Λ0 × R and for anyζ = (ξ, τ ) ∈ TzΛ ≡
TxΛ0×R

g(z)[ζ, ζ ] = 〈ξ, ξ 〉0+ 2〈δ(x), ξ 〉0− β(x)τ 2,

where δ and β are respectively a smooth vector field and a positive smooth scalar field onΛ0, and
〈·, ·〉0 is a Riemannian metric onΛ0. (Λ,g) is a stationary manifold, indeed the constant vector field
(x, t) �→ (0,1) is a timelike Killing vector field. We will call such a stationary manifoldstandard. When
the vector fieldδ vanishes the standard stationary Lorentzian manifold is calledstandard static. We
point out that a stationary Lorentzian manifold has a local structure of standard type (see for instance [7,
Appendix C]).

In this paper we assume thatY is complete, that is its flowΨ is defined onΛ × R. Moreover we
assume that the timelike curveγ is an integral curve ofY , i.e.,γ :R→Λ andγ̇ (s)= Y (γ (s)).

Remark 1.4. Let (Λ,g) be a smooth connected stationary Lorentzian manifold endowed with a timelike
Killing vector field Y . Since under a conformal transformation of the metric, a lightlike geodesic is
preserved (up to a reparameterization), we can endowΛ with the conformal metric〈·, ·〉 given by

〈u, v〉 = − 1

g(p)[Y (p), Y (p)]g(p)[u, v],
for everyu, v ∈ TpΛ. Since the productg(p)[Y (p), Y (p)] is constant along the flow lines ofY , it is easy
to see thatY is a timelike Killing vector field also for the metric〈·, ·〉. Moreover we have

(2)〈Y,Y 〉 = −1.

Let us consider the auxiliary metric onΛ defined by

(3)〈u, v〉(R) = 〈u, v〉 + 2〈u,Y (p)〉〈v,Y (p)〉
for everyp ∈Λ andu, v ∈ TpΛ. By the wrong way Schwartz inequality (see [10]) it’s easy to check that
the metric〈·, ·〉(R) is Riemannian. Moreover it can be proved thatY is a Killing vector field for the metric
〈·, ·〉(R).

By the Nash embedding theorem there exists an isometric immersion of the manifold(Λ, 〈·, ·〉(R)) in a
well defined euclidean spaceRN ,N depending on the dimension of the manifoldΛ. So we shall identify
(Λ, 〈·, ·〉(R)) with a submanifold ofRN .

Now let I = [0,1] and let us consider the Sobolev spaceH 1,2(I,RN). If p andq are points ofΛ,
p �= q, we can define the set

Ω1,2
p,q ≡Ω1,2

p,q(Λ)=
{
z ∈H 1,2(I,RN

) ∣∣ z(I )⊂Λ, z(0)= p, z(1)= q
}
.

It is well known thatΩ1,2
p,q is a smooth Hilbert manifold (see [11]); for everyz ∈Ω1,2

p,q , the tangent space
at z toΩ1,2

p,q is given by

TzΩ
1,2
p,q =

{
ζ ∈H 1,2

(
I,RN

) ∣∣ ζ(s) ∈ Tz(s)Λ, ζ(0)= 0, ζ(1)= 0
}
.
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Theaction functionalf :Ω1,2
p,q −→R,

f (z)= 1

2

1∫
0

〈ż(s), ż(s)〉ds

is well defined onΩ1,2
p,q , indeed we have

|〈v, v〉|� 〈v, v〉(R),
for everyp ∈Λ andv ∈ TpΛ. Moreoverf is smooth and its differential atz is given by

f ′(z)[ζ ] =
1∫

0

〈∇sζ(s), ż(s)〉ds,

where∇sζ is the covariant derivative of the fieldζ alongz, with respect to the Levi-Civita connection
associated to the metric〈·, ·〉. It is well known that a curvez : I →Λ is a critical point off if and only if
z is a geodesic for(Λ, 〈·, ·〉) joining p andq, i.e.,{∇s ż= 0,

z(0)= p,

z(1)= q.

If the manifold is endowed with a Killing vector field, (1) and the equation∇s ż = 0 imply that the
geodesics of(Λ, 〈·, ·〉) satisfy the following conservation law:

(4)〈ż, Y (z)〉 = constant.

Thus we can search the geodesics connectingp andq among the curves inΩ1,2
p,q verifying (4) for

almost everys ∈ I . Let us denote withNp,q the set

(5)Np,q =
{
z ∈Ω1,2

p,q

∣∣ ∃cz ∈R: 〈ż, Y (z)〉 = cz a.e. onI
}
.

The following result holds (see [7]):

Proposition 1.5. Let (p, q) ∈ Λ× Λ. The setNp,q is a closedC2 submanifold ofΩ1,2
p,q and, for every

z ∈Np,q , the tangent spaceTzNp,q is defined by

TzNp,q =
{
ζ ∈ TzΩ1,2

p,q

∣∣ ∃cζ ∈R: 〈∇sζ, Y (z)〉+ 〈ż,∇ζ Y (z)〉 = cζ a.e. onI
}
.

Now fix p ∈Λ and consider an integral curve ofY , γ :R→Λ. Assume thatp is not a point ofγ (R).
Let J t , t ∈ R, be the restriction of the action functionalf t :Ω1,2

p,γ (t)→ R to the submanifoldNp,γ (t).
Moreover let(J t )c be the set{z ∈Np,γ (t) | J t(z)� c}. We introduce the following definition:

Definition 1.6. Let c be a real number, we say thatJ t :Np,γ (t)→ R is c-precompactif any sequence
{zm}m∈N ⊂ (J t )c has a subsequence converging in the compact-open topology ofΛ.

Notice that if{zm}m∈N converges toz in the compact-open topology, then{zm}m∈N converges uniformly
to z with respect to the distance onΛ induced by any Riemannian metric ofΛ.



E. Caponio / Differential Geometry and its Applications 16 (2002) 245–265 249

Remark 1.7. In [7], the authors prove that if the restriction of the action functional toNp,q is
c-precompact for allc ∈ R and for all pairsp, q in Λ, thenΛ is globally hyperbolic. Nevertheless
the global hyperbolicity is in general not sufficient to guarantee geodesical connectedness, not even for
stationary Lorentzian manifolds (see [7, Appendix B]).

The notion introduced in Definition 1.6 is essential to obtain our existence and multiplicity results on
the light rays joiningp andγ (R). The existence is stated in the following theorem.

Theorem 1.8. Let Λ be a connected stationary Lorentzian manifold endowed with a complete Killing
vector fieldY , p an event onΛ andγ :R→Λ an integral curve ofY such thatp /∈ γ (R). Assume that
for eacht ∈ R, J t :Np,γ (t)→ R is c-precompact, for allc ∈ R. Then there exists at least one lightlike
geodesic joiningp andγ (R).

It is worth to point out that the setNp,γ (t) may be empty (see [7] for an example). However it can be
proved that ifΛ is connected and the Killing vector fieldY is complete then for every pair of pointsp,
q ∈Λ, the setNp,q is nonempty (see [7, Lemma 5.7]).

The result on the multiplicity of lightlike geodesics joiningp andγ (R) is contained in the following
theorem.

Theorem 1.9. Under the assumptions of Theorem1.8, assume also thatΛ is noncontractible in itself.
Then there exist a sequence of future-pointing lightlike geodesics{l+m} and a sequence of past-pointing
lightlike geodesics{l−m} joining p andγ (R).

Remark 1.10. The results of Theorems 1.8 and 1.9 have been obtained for a standard Lorentzian manifold
(see [3] and [12]). There are no results for the general case.

Remark 1.11. Since any reparameterization of a geodesic is an affine transformation, we can state that
the lightlike geodesics we find in Theorem 1.9, are geometrically distinct.

Remark 1.12. We recall that thechronology conditionis said to hold onΛ if Λ contains no closed
timelike curves (see [10]). We point out that, differently from [3,12], our results cover the case whenγ

is a closed curve. So in the present paperΛ may not satisfy the chronology condition.

2. The Fermat principle

Let (Λ,g) be a stationary Lorentzian manifold, letY be a complete timelike Killing vector field onΛ,
let γ :R→ Λ be an integral curve ofY and letp ∈ Λ, p /∈ γ (R). In this section we prove a Fermat
principle for the lightlike geodesics connectingp andγ (R).

We start with a characterization of the submanifoldNp,q , proved in [7]. LetW be the distribution of
the vector fields parallel toY , that isζ belongs toW if and only if there existz ∈Ω1,2

p,q andµ ∈H 1,2
0 (I,R)

such thatζ(s)=µ(s)Y (z(s)). LetWz be the subspace ofTzΩ1,2
p,q of the vector fields inW ; then

(6)Np,q =
{
z ∈Ω1,2

p,q

∣∣ f ′(z)[ζ ] = 0, ∀ζ ∈Wz

}
.

The following variational principle is based on the above characterization of the manifoldNp,q .
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Proposition 2.1. Let J be the restriction off to Np,q , then a curvez ∈Ω1,2
p,q is a geodesic onΛ if and

only if z ∈Np,q andz is a critical point ofJ .

Proof. If z is a geodesic, then〈ż, Y (z)〉 is a constant, hencez ∈Np,q . Moreoverz is a critical point for
f and forJ , too. Now, assume thatz ∈Np,q is a critical point forJ . If we prove that

TzΩ
1,2
p,q = TzNp,q ⊕Wz,

by (6) we have thatz is also a critical point forf , hence it is a geodesic. Letζ̃ ∈ TzΩ1,2
p,q , we have to

prove that there existµ ∈H 1,2
0 (I,R) andζ ∈ TzNp,q such that

ζ̃ =µY(z)+ ζ.

The fieldζ = ζ̃ −µY(z) belongs toTzNp,q , if and only if the equation

(7)〈∇s ζ̃ , Y (z)〉−µ′ −µ〈∇sY (z), Y (z)〉+ 〈ż,∇ζ̃ Y (z)〉−µ〈ż,∇Y (z)Y (z)〉 = C,

is satisfied for some constantC. SinceY is a Killing vector field, we have

−µ〈ż,∇Y (z)Y (z)〉 = µ〈∇sY (z), Y (z)〉
and

〈ż,∇ζ̃ Y (z)〉 = −〈ζ̃ ,∇sY (z)〉.
Therefore (7) becomes

〈∇s ζ̃ , Y (z)〉−µ′ − 〈ζ̃ ,∇sY (z)〉 = C.

Thenµ is given by

(8)µ(s)=
s∫

0

(〈∇s ζ̃ , Y (z)〉− 〈ζ̃ ,∇sY (z)〉 −C
)
dr.

Clearlyµ ∈H 1,2(I,R), µ(0)= 0 and, setting

(9)C =
1∫

0

(〈∇s ζ̃ , Y (z)〉 − 〈ζ̃ ,∇sY (z)〉
)
ds,

we haveµ(1)= 0, too. ✷
Let us denote byΨ :Λ× R→ Λ the flow generated by the vector fieldY . Let q = γ (0) and t ∈ R.

Moreover, consider the pointγ (t) and the mapF t :Ω1,2
p,q → Ω

1,2
p,γ (t) which mapsz into the curvezt

defined by

(10)zt(s)= Ψ
(
z(s), ts

)
.

Proposition 2.2. The mapF t is a diffeomorphism and its inverse map is given byF−t . Moreover letJ t

be the restriction ofF t to Np,q , thenJ t is a diffeomorphism fromNp,q to Np,γ (t).
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Proof. Let us denote byj the identity map of the intervalI . Then the mapF t is given by

z �→ (z, tj) �→ Ψ ◦ (z, tj)= zt,

henceF t is a smooth map fromΩ1,2
p,q to Ω

1,2
p,γ (t) (see [11, p. 323, Theorem (4)]). ClearlyF t has inverse

map given byF−t , hence it is a diffeomorphism.
Let us denote by dxΨ (x0, u0) the differential ofΨ with respect to the variablex ∈Λ, evaluated at the

point (x0, u0), and by duΨ (x0, u0) the differential ofΨ with respect to the variableu ∈ R, evaluated at
the point(x0, u0). SinceΨ is the flow ofY , it results

(11)duΨ (x0, u0)[1] = Y
(
Ψ (x0, u0)

)
and

(12)dxΨ
(
z(s), ts

)[
Y
(
z(s)

)]= Y
(
Ψ
(
z(s), ts

))
.

Differentiating Eq. (10), since dxΨ is an isometry, Eqs. (11) and (12) give

(13)
〈
żt , Y

(
zt
)〉= 〈dxΨ [ż], Y (zt)〉+ 〈duΨ [t], Y (zt)〉= 〈ż, Y (z)〉 + t〈Y (z), Y (z)〉 = 〈ż, Y (z)〉− t.

By (13) we deduce thatz ∈ Np,q if and only if F t (z) ∈ Np,γ (t). ThereforeF t (Np,q) = Np,γ (t). So
J t =F t |Np,q

is actually a diffeomorphism fromNp,q to Np,γ (t). ✷
By using (2), (11), (12) and the conservation of scalar product by dxΨ , the action functional onΩ1,2

p,γ (t)

evaluated atzt =F t (z) can be written in the following form:

f t
(
zt
)= 1

2

1∫
0

〈
dxΨ (z, ts)[ż] + duΨ (z, ts)[t],dxΨ (z, ts)[ż] + duΨ (z, ts)[t]〉ds

(14)= 1

2

( 1∫
0

〈ż, ż〉ds + 2

1∫
0

t〈ż, Y (z)〉ds − t2

)
.

LetHt :Ω1,2
p,q→R be the smooth functional defined as

Ht(z)= 1

2

1∫
0

〈ż, ż〉ds + t

1∫
0

〈ż, Y (z)〉ds − 1

2
t2.

Clearly, by (14), it resultsf t ◦F t =Ht . Moreover the chain rule applied to the mapf t ◦F t implies that

(15)
(
f t
)′(
zt
)[
ζ t
]= (Ht

)′
(z)[ζ ],

for everyz ∈Ω1,2
p,q , zt = F t (z), ζ ∈ TzΩ1,2

p,q andζ t = dF t (z)[ζ ]. Now consider the restrictionGt of Ht

to Np,q ; Gt is given by

(16)Gt(z)= 1

2

1∫
0

〈ż, ż〉ds + t〈ż, Y (z)〉 − 1

2
t2,

for all z ∈Np,q . The following proposition on the critical points of the functionalGt is a consequence of
(15).
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Proposition 2.3. Let z ∈Np,q . Thenz is a critical point ofGt if and only ifzt =F t (z) is a critical point
of J t .

Proof. The mapGt is equal toJ t ◦J t and, sinceJ t is a diffeomorphism fromNp,q toNp,γ (t), the chain
rule yields the thesis. ✷

The equationGt(z)= 0 defines the following functionalsF+ andF− on the manifoldNp,q :

F+(z)= 〈ż, Y (z)〉+

√√√√√〈ż, Y (z)〉2+ 1∫
0

〈ż, ż〉ds

(17)=−〈ż, Y (z)〉(R)+

√√√√√ 1∫
0

〈ż, ż〉(R) ds − 〈ż, Y (z)〉2(R),

F−(z)= 〈ż, Y (z)〉−

√√√√√〈ż, Y (z)〉2+ 1∫
0

〈ż, ż〉ds

(18)=−〈ż, Y (z)〉(R)−

√√√√√ 1∫
0

〈ż, ż〉(R) ds − 〈ż, Y (z)〉2(R).

Proposition 2.4. The functionalF+ is well defined onNp,q , it is smooth and for everyz ∈Np,q

F ′+(z)[ζ ] = 〈∇sζ, Y (z)〉+ 〈ż,∇ζ Y (z)〉

(19)+ 〈ż, Y (z)〉[〈∇sζ, Y (z)〉+ 〈ż,∇ζ Y (z)〉] +
∫ 1

0 〈ż,∇sζ 〉ds√
〈ż, Y (z)〉2+ ∫ 1

0 〈ż, ż〉ds
,

for all ζ ∈ TzNp,q .

Proof. The non obvious part of the proposition is to prove that

〈ż, Y (z)〉2+
1∫

0

〈ż, ż〉ds =
1∫

0

〈ż, ż〉(R) ds − 〈ż, Y (z)〉2(R) > 0,

for everyz ∈Np,q . From the Schwartz inequality we deduce

(20)

1∫
0

〈ż, ż〉(R) ds − 〈ż, Y (z)〉2(R) =
1∫

0

(〈ż, ż〉(R) − 〈ż, Y (z)〉2(R))ds � 0,

for all z ∈Np,q . Thus we have only to prove that

(21)〈ż, Y (z)〉2(R) = 〈ż, ż〉(R) a.e. onI,
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never holds. By contrary assume that (21) holds, then a trivial computation shows that,ż =
〈ż, Y (z)〉(R)Y (z). Let a = 〈ż, Y (z)〉(R), a ∈ R, then we can writėz = aY (z), almost everywhere onI .
SinceY (z) is a continuous vector field alongz, we have thaṫz is continuous, too. Thereforez(I ) is
contained in the support of the flow lineα of Y passing throughp. But z(1)= q ∈ γ (R) andγ is a flow
line of Y . This means thatα(R) andγ (R) intersect, hence by the theorem about the uniqueness for the
integral curves of a smooth field through a fixed point, they coincide. This is in contradiction with the
assumptionp /∈ γ (R). ✷

An analogous proposition holds for the functionalF−.

Theorem 2.5 (Fermat principle).The curvel : I →Λ is a lightlike geodesic joiningp andγ (R) if and
only if there exists a couple(z, t) ∈Np,q ×R such thatt = F+(z) (respectively,t = F−(z)), z is a critical
point ofF+ (respectively,F−) and l =F t (z).

Proof. Define the functionalG :Np,q ×R→R, by setting

G(z, t)=Gt(z).

Let l be a lightlike geodesic joiningp andγ (R) and lett ∈ R be such thatl(1)= γ (t). Let z= F−t (l),
whereF−t is the inverse ofF t . Sincel ∈Np,γ (t), z is a curve inNp,q andl =F t (z); moreoverJ t(l)= 0
impliesGt(z)= 0, that ist = F+(z) or t = F−(z). Let t = F+(z), then it results

(22)G
(
z,F+(z)

)= 0.

Differentiating Eq. (22) we get, for allz ∈Np,q ,

(23)Gz
(
z,F+(z)

)+ Gt
(
z,F+(z)

)
F ′+(z)= 0,

where Gz(z,F+(z)) and Gt (z,F+(z) denote, respectively, the differential ofG with respect to the
variablez ∈ Np,q and to the variablet ∈ R, evaluated at the point(z,F+(z)). Since(J t )′(l) = 0 and
Gz(z,F+(z))= (GF+(z))′(z), Proposition 2.3 implies

Gz
(
z,F+(z)

)= 0.

Thus from (23), we getGt (z,F+(z))F ′+(z)= 0. Now if

0= Gt
(
z,F+(z)

)
,

then, since

Gt
(
z,F+(z)

)= 〈ż, Y 〉 − t = 〈ż, Y 〉 −F+(z)=−

√√√√√〈ż, Y (z)〉2+ 1∫
0

〈ż, ż〉ds,

it would be

(24)〈ż, Y 〉2+
1∫

0

〈ż, ż〉ds = 0,



254 E. Caponio / Differential Geometry and its Applications 16 (2002) 245–265

but we have shown in the proof of Proposition 2.4 that (24) never holds. Conversely if(z, t) ∈Np,q ×R

is such thatt = F+(z) and z is a critical point of F+, then G(z,F+(z)) = 0 and consequently
JF+(z)(zF+(z)) = 0. Moreover by (23) it follows thatGz(z,F+(z)) = 0, hence(GF+(z))′(z) = 0 and by
Proposition 2.3,(J F+(z))′(zF+(z))= 0. Thereforel = zF+(z) = J F+(z)(z) is a lightlike geodesic joiningp
andγ (R). ✷
Remark 2.6. If z ∈Np,q andt = F+(z), then substituting the value oft in (13) shows that〈żt , Y (zt)〉 is
a negative constant. Thus we have that the critical points ofF+ are mapped byJ into future-pointing
lightlike geodesics. Analogously the critical points ofF− correspond to past-pointing lightlike geodesics,
joining p andγ (R).

Remark 2.7. Whenever the Lorentzian manifold is not stationary, different version of Fermat principles
have been formulated (see [1,4–6]).

3. The Palais–Smale condition for F+

In this section we shall prove some technical lemmas which are needed to prove the results of this
paper. We shall direct our attention only onF+. Indeed the same arguments hold forF−.

We first recall a basic lemma contained in [7]. We report its proof for the convenience of the reader.

Lemma 3.1. Let t ∈R and consider the functionalJ t :Np,γ (t)→R. If J t is c-precompact for allc ∈ R,
then for anyc ∈ R there exists a positive constantD(c) such that

sup
z∈(J t )c

∣∣〈ż, Y (z)〉∣∣�D(c).

Proof. Let {zm}m∈N be a sequence contained in(J t )c such that

lim
m→∞

∣∣〈żm, Y (zm)〉∣∣= sup
z∈(J t )c

∣∣〈ż, Y (z)〉∣∣.
We have to prove that the sequence{|〈żm, Y (zm)〉|}m∈N is bounded. By thec-precompactness, passing
to a subsequence, we can assume thatzm converges uniformly to a curvez : I →Λ. Therefore{zm}m∈N

is definitively contained in a compact neighborhoodV of z([0,1]). The local structure of a stationary
manifold (see Remark 1.3) allows us to choose a finite number of local charts of the manifoldΛ(

Uk, x
1
k , . . . , x

n−1
k , tk

)
1�k�r

,

such that

• {Uk}1�k�r is a covering ofV and, for everyk ∈ {1, . . . , r},
Uk =Λ0,k× ]−εk, εk[,

whereΛ0,k is a submanifold ofUk andεk a positive real number;
• for everyk ∈ {1, . . . , r}, Y |Uk

= ∂
∂tk

and, settingxk = (x1
k , . . . , x

n−1
k ), the Lorentzian metric〈·, ·〉 on

Uk is given by

(25)〈(v, τ ), (v, τ )〉xk,t = g0,k(xk)[v, v] + g0,k(xk)[δk(xk), v]τ − τ 2,
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whereg0,k denotes the Riemannian metric induced by〈·, ·〉 onΛ0,k andδk is a smooth vector field
onΛ0,k ;

• maxk supUk

√
g0,k(xk)[δk(xk), δk(xk)] =D0 <+∞;

• there exists a finite sequence 0= a0 < a1 < · · ·< ar = 1 such that definitivelyzm([ak−1, ak])⊂ Uk,
for everyk ∈ {1, . . . , r}.

We set

�k = sup
p1,p2∈Uk

|tk(p1)− tk(p2)|,

and

�=max
k
�k.

Notice that, by the compactness ofV , we can assume�k <+∞ for all k, hence also�<+∞. Let us
denoteg0,k with 〈·, ·〉0,k . Form large enough ands ∈ [ak−1, ak] we havezm(s) = (xk,m(s), tk,m(s)) and
Y (zm)= (0,1). Then fors ∈ [ak−1, ak] we have

(26)〈żm, Y (zm)〉 = 〈(ẋk,m, ṫk,m), (0,1)〉 = 〈δk(xk,m), ẋk,m〉0,k − ṫk,m.

Integrating (26) over[ak−1, ak] gives

(27)〈żm, Y (zm)〉 = 1

ak − ak−1

( ak∫
ak−1

〈δk(xk,m), ẋk,m〉0,k ds − tk,m(ak)+ tk,m(ak−1)

)
.

Since〈żm, Y (zm)〉 is a constant, for everyk = 1,2, . . . , r , we have

∣∣〈żm, Y (zm)〉∣∣� 1

ak − ak−1

(
D0

ak∫
ak−1

√〈ẋk,m, ẋk,m〉0,k ds +�
)
.

Thus the lemma is proved if we show that the sequence of real numbers

(28)

{ ak∫
ak−1

√〈ẋk,m, ẋk,m〉0,k ds

}
m∈N

is bounded for at least one value ofk. From (25) and (26) we obtain

ak∫
ak−1

〈żm, żm〉ds =
ak∫

ak−1

(〈ẋk,m, ẋk,m〉0,k + 2〈δk(xk,m), ẋk,m〉0,k ṫk,m − ṫ2k,m
)
ds

(29)=
ak∫

ak−1

(〈ẋk,m, ẋk,m〉0,k + 〈δk(xk,m), ẋk,m〉20,k − 〈żm, Y (zm)〉2
)
ds.
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Substituting (27) in (29), we get
ak∫

ak−1

〈żm, żm〉ds =
ak∫

ak−1

〈ẋk,m, ẋk,m〉0,k ds +
ak∫

ak−1

〈δk(xk,m), ẋk,m〉20,k ds

− 1

ak − ak−1

( ak∫
ak−1

〈δk(xk,m), ẋk,m〉0,k ds

)2

+ 2(tk,m(ak)− tk,m(ak−1))

ak − ak−1

ak∫
ak−1

〈δk(xk,m), ẋk,m〉0,k ds − (tk,m(ak)− tk,m(ak−1))
2

ak − ak−1
.

By the Hölder’s inequality we have
ak∫

ak−1

〈żm, żm〉ds �
ak∫

ak−1

〈ẋk,m, ẋk,m〉0,k ds + 2(tk,m(ak)− tk,m(ak−1))

ak − ak−1

ak∫
ak−1

〈δk(xk,m), ẋk,m〉0,k ds

(30)− (tk,m(ak)− tk,m(ak−1))
2

ak − ak−1
.

Summing (30) overk we obtain

2c �
1∫

0

〈żm, żm〉ds �
r∑

k=1

ak∫
ak−1

〈ẋk,m, ẋk,m〉0,k ds − 2�D0

r∑
k=1

1

ak − ak−1

ak∫
ak−1

√〈ẋk,m, ẋk,m〉0,k ds

(31)−�2
r∑

k=1

1

ak − ak−1
.

By (31) it follows that the sequences (28) are bounded for allk, which proves the lemma.✷
Now we pass to prove the following lemma that we will use in the proof of the Palais–Smale condition

for F+.

Lemma 3.2. Assume that for everyt ∈R the functionalJ t is c-precompact for allc ∈R. Let {zm}m∈N ⊂
Np,q andC > 0 such that

(32)|F+(zm)|� C.

Then

sup
m

|〈żm, Y (zm)〉|<+∞.

Proof. By contradiction, if supm |〈żm, Y (zm)〉| = +∞ then (17) and (32) implies the existence of a
subsequence, which will be denoted again by{zm}m∈N, such that

(33)lim
m→∞〈żm, Y (zm)〉 = −∞= lim

m→∞−〈żm, Y (zm)〉(R).
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Moreover (17) and (32) yields

(34)

1∫
0

〈żm, żm〉(R) ds − 〈żm, Y (zm)〉2(R) � 〈żm, Y (zm)〉2(R) +C2+ 2C〈żm, Y (zm)〉(R).

From (3), (16) and (34) we get

1

2

1∫
0

〈
żtm, ż

t
m

〉
ds = 1

2

1∫
0

〈żm, żm〉(R) ds − 〈żm, Y (zm)〉2(R) − t〈żm, Y (zm)〉(R) − 1

2
t2

� 1

2
C2+C〈żm, Y (zm)〉(R) − t〈żm, Y (zm)〉(R) − 1

2
t2.

Thus fix t > C. From (33) it follows

lim
m→∞J

t
(
ztm
)=−∞,

and there existsC1 ∈R such that for everym ∈N, J t(ztm)�C1. Hence, by Lemma 3.1,

(35)sup
m

∣∣〈żtm, Y (ztm)〉∣∣<+∞.

On the other hand (13) and (33) imply that supm |〈żtm, Y (ztm)〉| = +∞, in contradiction with (35). ✷
Now we can pass to the proof of the Palais–Smale condition for the functionalF+. We recall that a

smooth functionalf defined on a Hilbert manifold(M,g) satisfies the Palais–Smale condition if every
sequence{zm}m∈N, such that{f (zm)}m∈N is bounded and limm→∞ ‖f ′(zm)‖ = 0 (here‖f ′(zm)‖ denotes
the norm of the operatorf ′(zm) in the Hilbert spaceTzmM), contains a converging subsequence.

Theorem 3.3. Assume that for anyt ∈R the functionalJ t is c-precompact for allc ∈R. ThenF+ satisfies
the Palais–Smale condition.

Proof. Let {zm}m∈N be a sequence of curves contained inNp,q andC > 0 such that

(36)|F+(zm)|� C,

(37)‖F ′+(zm)‖→ 0.

We have

|F+(zm)| =
∣∣∣∣∣−〈żm, Y (zm)〉(R) +

√√√√√ 1∫
0

〈żm, żm〉(R) ds − 〈żm, Y (zm)〉2(R)
∣∣∣∣∣� C

thus by Lemma 3.2 there exists a constantC1 > 0 such that

(38)

1∫
0

〈żm, żm〉(R) ds � C1.
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By (38) we deduce that{zm}m∈N is bounded inH 1,2(I,RN) hence, passing to a subsequence, there exists
z ∈H 1,2(I,RN) such thatzm→ z weakly inH 1,2(I,RN). By the definition of〈·, ·〉(R) and (38) it follows
that

(39)sup
m

1∫
0

〈żm, żm〉ds <+∞.

Then, by thec-precompactness, we can extract another subsequence converging uniformly to a curve
in Λ. Thenz ∈Ω1,2

p,q(Λ). Let us denote byA(z) the functional

A(z)=
1∫

0

〈ż, ż〉(R) ds −
1∫

0

〈ż, Y (z)〉2(R)ds.

Consider now the functional̃F+ :Ω1,2
p,q(Λ)→R

F̃+(z)=−
1∫

0

〈ż, Y (z)〉(R) ds +
√
A(z).

Arguing as in the proof of Proposition 2.4 (now the vector field ż
〈ż,Y (z)〉(R) is continuous over the subset of

the points inI where〈ż, Y (z)〉(R) does not vanish)̃F+ is smooth onΩ1,2
p,q(Λ) and its restriction toNp,q is

equal toF+. For everyz ∈Ω1,2
p,q(Λ) and for anyζ̃ ∈ TzΩ1,2

p,q(Λ), the differential ofF̃+ in z at ζ̃ is given
by

F̃ ′+(z)[ζ̃ ] =−
1∫

0

〈∇(R)
s ζ̃ , Y (z)

〉
(R) ds −

1∫
0

〈
ż,∇(R)

ζ̃
Y (z)

〉
(R) ds

(40)+
∫ 1

0 〈∇(R)
s ζ̃ , ż〉(R) ds −

∫ 1
0 〈ż, Y (z)〉(R)[〈∇(R)

s ζ̃ , Y (z)〉(R)+ 〈ż,∇(R)
ζ̃
Y (z)〉(R)]ds√

A(z)
,

where∇(R) denotes that Levi-Civita connection with respect to the Riemannian metric〈·, ·〉(R). Sincezm
converges toz weakly inH 1,2(I,RN), there exist two sequences{ζ̃m}m∈N and{νm}m∈N in H 1,2(I,RN),
such thatζ̃m ∈ TzmΩ1,2

p,q(Λ), zm − z = ζ̃m + νm, ζ̃m → 0 weakly inH 1,2(I,RN), νm → 0 strongly in
H 1,2(I,RN) (see [9, Proposition 2.9.6]). Moreover, as in the proof of Proposition 2.1, we can define
two sequences{ζm}m∈N and {µm}m∈N such that for everym ∈ N, ζm ∈ TzmNp,q , µm ∈ H 1,2

0 (I,RN) and
ζ̃m = ζm + µmY . Since{ζ̃m}m∈N is bounded inTΩ1,2

p,q , also{ζm}m∈N is bounded inTNp,q . Indeed from

the equalityζm = ζ̃m − µmY , it is sufficient to show that the sequence{µmY }m∈N is bounded inTΩ1,2
p,q .

The fieldY satisfies

(41)〈Y (z), Y (z)〉(R)= 1,

thus

(42)

1∫
0

〈µmY (zm),µmY (zm)〉(R) ds =
1∫

0

µ2
m ds.
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Furthermore
1∫

0

〈∇(R)
żm
µmY (zm),∇(R)

żm
µmY (zm)

〉
(R) ds =

1∫
0

(
µ′m
)2

ds + 2

1∫
0

µmµ
′
m

〈
Y (zm),∇(R)

żm
Y (zm)

〉
(R) ds

+
1∫

0

µ2
m

〈∇(R)
żm
Y (zm),∇(R)

żm
Y (zm)

〉
(R) ds.

By (41) we obtain,〈∇(R)
żm
Y (zm), Y (zm)〉(R) = 0, for almost everys ∈ I , thus we get

(43)

1∫
0

〈∇(R)
żm
µmY (zm),∇(R)

żm
µmY (zm)

〉
(R) ds =

1∫
0

(
µ′m
)2

ds +
1∫

0

µ2
m

〈∇(R)
żm
Y (zm),∇(R)

żm
Y (zm)

〉
(R) ds.

Let us denote by‖ · ‖2 and‖ · ‖∞, respectively, theL2 and theL∞ norm. If the sequence{‖µ′m‖2}m∈N

is bounded then also{‖µm‖2}m∈N and {‖µm‖∞}m∈N are bounded. By (38), the curveszm have images
contained in a compact set ofΛ and, sinceY is smooth,{ 1∫

0

µ2
m

〈∇(R)
żm
Y (zm),∇(R)

żm
Y (zm)

〉
(R) ds

}
m∈N

,

is bounded. Therefore, from (43),{µmY (zm)}m∈N is bounded inTΩ1,2
p,q if {‖µ′m‖2}m∈N is bounded. Since

〈ż, Y (z)〉 = −〈ż, Y (z)〉(R), the manifoldNp,q is equivalently defined as

Np,q =
{
z ∈Ω1,2

p,q

∣∣ ∃cz ∈R: 〈ż, Y (z)〉(R) = cz a.e. onI
}
.

By such a definition, for allz ∈Np,q , we have that

TzNp,q =
{
ζ ∈ TzΩ1,2

p,q

∣∣ ∃cζ ∈R:
〈∇(R)

s ζ, Y (z)
〉
(R) +

〈
ż,∇(R)

s Y (z)
〉
(R) = cζ a.e.

}
.

As in the proof of Proposition 2.1, we can writeµm by means of (8) and define the constantsCm as in
(9), where now∇(R)

żm
and〈·, ·〉(R) take, respectively, the roles of∇s and〈·, ·〉. Then it follows:

(44)|Cm|�
∥∥∇(R)

żm
ζ̃m
∥∥

2+‖ζ̃m‖2

∥∥∇(R)
żm
Y (zm)

∥∥
2

and

(45)

1∫
0

(
µ′m
)2

ds � 3
∥∥∇(R)

żm
ζ̃m
∥∥2

2+ 3‖ζ̃m‖2
∞
∥∥∇(R)

żm
Y (zm)

∥∥2
2+ 3C2

m.

By (38), (44) and (45), it follows that{‖µ′m‖2}m∈N is bounded and consequently{ζm}m∈N is bounded in
TNp,q . Therefore, (37) implies that

(46)F ′+(zm)[ζm]→ 0.

SinceY is a Killing field we have〈ż,∇(R)
Y Y (z)〉(R) = −〈∇(R)

s Y (z), Y (z)〉(R) and 〈∇(R)
s Y (z), ż〉(R) = 0.

Moreover (41) implies〈∇(R)
s Y (z), Y (z)〉(R)= 0. So recalling that〈żm, Y (zm)〉(R) is a constants-a.e., from
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(40), we easily obtain

(47)F̃ ′+(zm)[µmY ] = 0,

for everym ∈N. Since it results

F̃ ′+(zm)[ζ̃m] = F̃ ′+(zm)[ζm +µmY ],
from (46) and (47), we get

F̃ ′+(zm)[ζ̃m]→ 0,

that is

F̃ ′+(zm)[ζ̃m] =−
1∫

0

〈∇(R)
żm
ζ̃m, Y (zm)

〉
(R) ds −

1∫
0

〈
żm,∇(R)

ζ̃m
Y (zm)

〉
(R) ds +

∫ 1
0 〈∇(R)

żm
ζ̃m, żm〉(R) ds√
A(zm)

(48)+
−〈żm, Y (zm)〉(R)

∫ 1
0 〈∇(R)

żm
ζ̃m, Y (zm)〉(R) + 〈żm,∇(R)

ζ̃m
Y (zm)〉(R) ds

√
A(zm)

→ 0.

Sinceζ̃m converges weakly and uniformly to 0,zm uniformly to z and (38) holds, we deduce that

(49)−
1∫

0

〈∇(R)
żm
ζ̃m, Y (zm)

〉
(R) ds −

1∫
0

〈
żm,∇(R)

ζ̃m
Y (zm)

〉
(R) ds→ 0.

Recalling that the sequences{〈żm, Y (zm)〉(R)} and{A(zm)} are bounded and multiplying both hand sides
of (48) by

√
A(zm), from (49), we obtain

1∫
0

〈∇(R)
żm
ζ̃m, żm

〉
(R) ds→ 0.

Thus, sincezm − z= ζ̃m − νm, we have

1∫
0

〈żm − ż, żm − ż〉(RN) ds =
1∫

0

〈żm − ż,
˙̃
ζm + ν̇m〉(RN) ds

=
1∫

0

〈
żm − ż,∇(R)

żm
ζ̃m
〉
(R) ds +

1∫
0

〈żm − ż, ν̇m〉(RN) ds→ 0,

where〈·, ·〉RN denotes the euclidean product inR
N , ˙̃ζm and ν̇m the derivatives of the vector fields̃ζm

andνm in R
N . Therefore,zm→ z strongly inH 1,2(I,RN). Hence there exists a subsequence of{żm}m∈N

which converges almost everywhere toż. Consequently〈ż, Y (z)〉(R) is a constant almost everywhere on
I andz ∈Np,q . ✷
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4. Proof of Theorems 1.8 and 1.9

In this section we will prove the Theorems 1.8 and 1.9. In the next lemma we show thatF+ is bounded
from below.

Lemma 4.1. Under the assumptions of Theorem1.8, F+ is bounded from below.

Proof. Let {zm} be a minimizing sequence forF+ and assume by contradiction that

(50)lim
m→∞F+(zm)=−∞.

Then, for anym large enough,

(51)

1∫
0

〈żm, żm〉(R) ds � 2〈żm, Y (zm)〉2(R).

Moreover from (50) we deduce that

(52)lim
m→∞−〈żm, Y (zm)〉(R) =−∞.

Now, let t ∈R, t > 0. By (3), (16) and (51) we get

1

2

1∫
0

〈
żtm, ż

t
m

〉
ds = 1

2

1∫
0

〈żm, żm〉(R) ds − 〈żm, Y (zm)〉2(R) − t〈żm, Y (zm)〉(R) − 1

2
t2

�−t〈żm, Y (zm)〉(R) − 1

2
t2.

Therefore it results

lim
m→∞J

t
(
ztm
)=−∞,

and there exists a constantc ∈R such that for anym ∈N J t(ztm)� c. By Lemma 3.1, it is

sup
m

∣∣〈żtm, Y (ztm)〉∣∣<+∞.

Then (13) implies that

sup
m

|〈żm, Y (zm)〉(R)|<+∞,

in contradiction with (52). ✷
Proof of Theorem 1.8. By Lemma 4.1, the functionalF+ is bounded from below. Moreover, by
Theorem 3.3, it satisfies the Palais–Smale condition. Finally the sublevels ofF+ are complete metric
spaces. Indeed if{zm}m∈N is a Cauchy sequence in(F+)c, then it converges to a curvez ∈H 1,2(I,RN).
SinceF+ is bounded from below, the assumptions of Lemma 3.2 are verified, hence it is

sup
m

|〈żm, Y (zm)〉|<+∞.
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Arguing as in the proof of Theorem 3.3, we get (39). By thec-precompactness, we have that the sequence
{zm}m∈N has a subsequence converging uniformly to a curve inΛ. Such a curve must coincide withz,
hencez ∈ Np,q . Thus the sublevels ofF+ are complete metric spaces. By a well known theorem in
Critical Point Theory (see, e.g., [9]), these properties ofF+ imply that it attains its infimum at a pointz
onNp,q . By Theorem 2.5 such a minimum point provides a lightlike geodesic,zF+(z) =FF+(z)(z), joining
p andγ (F+(z)). ✷

The proof of Theorem 1.9 is based on the Ljusternik–Schnirelmann category. We recall that ifX is a
topological space andA is a subspace ofX, the Ljusternik–Schnirelmann category ofA in X, denoted
by catX A, is the minimum number of closed, contractible subsets ofX, coveringA. If A is not covered
by a finite number of closed, contractible subsets ofX, we set catX A=+∞. Moreover we will denote
by catX the category ofX in X.

Proof of Theorem 1.9. SinceΛ is not contractible in itself, a well known result by Fadell and Husseini
(see [2]) says that catΩ1,2

p,q =+∞. By the completeness ofY , it can be proved that also catNp,q =+∞
(see [7, p. 186]). MoreoverNp,q is an Hilbert manifold andF+ is bounded from below, satisfies the
Palais–Smale condition and has sublevels which are complete metric spaces. Therefore, by a standard
argument in Critical Point TheoryF+ has infinitely many critical points and it diverges on the set of
its critical points. Thus there exists a sequence{zm}m∈N of critical points ofF+ which, by Theorem 2.5,
provides a sequence{l+m}m∈N of lightlike geodesic ofΛ, such that, for everym ∈N, l+m =J F+(zm)(zm) and
l+m joinsp andγ (F+(zm)). Moreover, by Remark 2.6, we can conclude that the sequence{l+m} consists of
future-pointing lightlike geodesics.✷
Remark 4.2. The result on the existence and multiplicity of light rays connectingp and γ (R) and
pointing into the past can be obtained using the functionalF− instead ofF+.

5. Application to standard stationary Lorentzian manifolds

In Remark 1.3 we recalled the definition of standard stationary Lorentzian manifolds. Clearly∂
∂t

is
a timelike Killing vector field for such manifolds. Its integral curves are the vertical linesr ∈ R �→
(x0, r) ∈Λ, for all x0 ∈Λ0.

In this subsection the coefficientβ will be assumed constant and equal to 1 (see Remark 1.4). Moreover
we require the metricg to satisfy the following assumptions:

• the Riemannian manifoldΛ0 is complete;
• the vector fieldδ is bounded, that is there exists a positive constantD0 ∈R such that

sup
x∈M0

√〈δ(x), δ(x)〉0 �D0.

Let p = (x̄, t̄ ) ∈Λ=M0×R and consider the vertical lineγ through the pointq = (x0,0), x̄ �= x0. Fix
r ∈R and set�= r − t̄ . In this setting the manifoldsNp,γ (r) are given by

(53)Np,γ (r)=
{
z≡ (x, t) ∈Ω1,2

p,γ (r)

∣∣ ∃cz ∈R: 〈δ(x), ẋ〉0− ṫ = cz a.e. onI
}
.
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The constantcz in (53) can be easily computed, namely integration overI provides

(54)cz =
1∫

0

〈δ(x), ẋ〉0−�,

socz depends solely onx and it will be denoted bycx .
We are going to see that the functionals{J r}r∈R are c-precompact for everyc ∈ R. Let {zm}m∈N,

zm ≡ (xm, tm), a sequence of curves contained in the sublevel(J r)c ⊂Np,γ (r), c ∈R. Taking into account
the definition ofNp,γ (r) (cf. (53)), the action functional evaluated on such a sequence is

1

2

1∫
0

〈żm, żm〉ds = 1

2

1∫
0

〈ẋm, ẋm〉0 ds +
1∫

0

〈δ(xm), ẋm〉0ṫm ds − 1

2

1∫
0

ṫ2m ds

= 1

2

1∫
0

〈ẋm, ẋm〉0 ds + 1

2

1∫
0

〈δ(xm), ẋm〉20 ds − 1

2
c2
xm
.

Since1
2

∫ 1
0 〈żm, żm〉ds � c, from (54) we obtain

1∫
0

〈ẋm, ẋm〉0 ds � 2c−
1∫

0

〈δ(xm), ẋm〉20 ds + c2
xm

� 2c− 2�
1∫

0

〈δ(xm), ẋm〉0 ds +�2

� 2c+ 2�D0

1∫
0

√〈ẋm, ẋm〉0 ds +�2.

This last inequality implies that supm
∫ 1

0 〈ẋm, ẋm〉0 ds < +∞, so by the Ascoli–Arzelà Theorem there
exists a subsequence of{xm}m∈N converging uniformly to a curve onΛ0. From (54) and the equality

1∫
0

ṫ2m ds =
1∫

0

(〈δ(xm), ẋm〉0− cxm
)2

ds

we deduce that supm
∫ 1

0 ṫ
2
m ds < +∞; so the sequence{tm}m∈N admits a subsequence uniformly

converging to a curvet : I → R. As a consequence, from the sequence{zm}m∈N we can extract a
subsequence converging uniformly to the curve(x, t).

If we takeq = (x1,0), a simple calculation shows that functionalsF+ andF− are independent on the
t component of the curvez= (x, t) and are defined in the following way:

F+(z)≡ F+(x)= t0+
1∫

0

〈δ(x), ẋ〉0 ds +

√√√√√ 1∫
0

〈δ(x), ẋ〉20 ds +
1∫

0

〈ẋ, ẋ〉0 ds,

F−(z)≡ F−(x)= t0+
1∫

0

〈δ(x), ẋ〉0 ds −

√√√√√ 1∫
0

〈δ(x), ẋ〉20 ds +
1∫

0

〈ẋ, ẋ〉0 ds.
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Now we pass to study some physically relevant space–times. We shall prove that the results obtained in
this paper can be applied to such space–times.

5.1. Schwarzschild space–time

The Schwarzschild space–time is the solution of Einstein equations, representing the spherically
symmetric empty space–time outside a spherically symmetric massive body (see [8]). It is defined as
follows: letm be a positive constant (the mass of the body) and

Λ0=
{
x ∈ R

3
∣∣ |x|> 2m

}
(| · | is the Euclidean norm inR3), the Schwarzschild space–time is the manifoldΛ=Λ0×R endowed
with the metric

(55)ds2= 1

β(r)
dr2+ r2(dθ2+ sin2 θ dφ2)− β(r)dt2,

where(r, θ, φ) are the polar coordinate onR3 andβ(r)= 1− 2m
r

. HenceΛ is a static standard stationary
Lorentz manifold and∂

∂t
is a timelike Killing vector field. It is well known thatΛ0 endowed with the

conformal metricds2

β
is complete. So ifp = (x̄, t̄ ) andq = (x0,0) are two points onΛ andγ is the

vertical line throughq, then for eachr ∈ R, the functional(J r)c is c-precompact for allc ∈R. Therefore
Theorem 1.9 holds in the Schwarzschild space–time.

5.2. Reissner–Nordström space–time

The Reissner–Nordström space–time describes the space–time outside a spherically symmetric
massive body carrying an electric charge (see [8]). There exist coordinates in which the metric has the
form (55) with

(56)β(r)= 1− 2m

r
+ e2

m2
,

wherem is the mass ande the charge of the body. As in the Schwarzschild, whenever the electric chargee

satisfies the conditione2 <m2, Theorem 1.9 holds outside the first event horizon, that is on the manifold
{x ∈R

3: |x|>m+√m2− e2 } ×R endowed with the static metric (55), withβ given by (56).

5.3. Kerr space–time

Finally we give an outline of the Kerr space–time outside thestationary limit surface. It is the
stationary gravitational field outside a rotating massive object which cover the so-called stationary limit
surface. In mathematical terms, ifm is the mass of the body,ma is its angular moment as measured
from infinity, (r, θ, φ) are the usual polar coordinate inR

3 andm2 > a2, the Kerr space–time outside the
stationary limit surface is the Lorentzian manifold{x ∈ R

3: |x|>m+√m2− a2 cos2 θ } ×R endowed
with the stationary metric

ds2= ρ2

(
dr2

D
+ dθ2

)
+ (r2+ a2)sin2 θ dφ2− dt2+ 2mr

ρ2

(
a sin2 θ dφ − dt

)2
,
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whereρ2= ρ2(r, θ)= r2+a2 cos2 θ andD =D(r)= r2−2mr+a2. If we suppose that the surface of the
rotating body is very close to the stationary limit surface,r =m+√m2− a2 cos2 θ , and the coefficient
a is small, an analogue of Theorem 1.9 can be proved, provided that the notion of manifold with smooth
light-convex boundaryis introduced. In this case, we should assume that the timelike Killing vector field
is tangent to the boundary at each of its points and we should replace the functionalF+ by a family
of perturbed functionals satisfying thec-precompactess condition (see [3] or [9] for the notion of light-
convex boundary and for the analogue of Theorem 1.9 in the context of standard stationary Lorentzian
manifolds).
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