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Abstract

We establish the existence of smooth stable manifolds in Banach spaces for sufficiently small perturba-
tions of a new type of dichotomy that we call nonuniform polynomial dichotomy. This new dichotomy is
more restrictive in the “nonuniform part” but allow the “uniform part” to obey a polynomial law instead of
an exponential (more restrictive) law. We consider two families of perturbations. For one of the families we
obtain local Lipschitz stable manifolds and for the other family, assuming more restrictive conditions on the
perturbations and its derivatives, we obtain c! global stable manifolds. Finally we present an example of
a family of nonuniform polynomial dichotomies and apply our results to obtain stable manifolds for some
perturbations of this family.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction

The existence of invariant manifolds is one of the key features in the theory of nonuniform
hyperbolicity. The concept of nonuniform hyperbolicity introduced by Pesin [20-22] (see [1,2]
for a description of the current status of the theory) is a generalization of the classical concept
of (uniform) hyperbolicity. In the nonuniform hyperbolic context the rates of expansion and
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contraction are allowed to vary from point to point. The stable manifold theorem for nonuniform
hyperbolic trajectories obtained by Pesin [20] in the finite-dimensional setting is an elaboration
of the classical work of Perron. Since then other proofs were obtained, namely, in [24] Ruelle
gave a proof based on the study of perturbations of products of matrices occurring in Oseledets’
multiplicative ergodic theorem [18]. The proof given by Pugh and Shub in [23] is based on the
classical work of Hadamard and uses graph transform techniques. There exist also versions of
the stable manifold theorem for dynamical systems in infinite-dimensional spaces. In [25] Ruelle
established a corresponding version in Hilbert spaces under some compactness assumptions,
following his approach in [24]. In [17] Maiié considered transformations in Banach spaces under
some compactness and invertibility assumptions that includes the case of differentiable maps
with compact derivative at each point. The results of Mafi¢ were generalized by Thieullen in [27]
for a family of transformations satisfying some asymptotic compactness.

The existence of invariant manifolds is also an important subject in the context of exponential
dichotomies introduced by Perron in [19]. There is a substantial amount of literature concerning
the existence of stable and unstable manifolds for exponential dichotomies (see for example [26]
and the references given there).

As mentioned before, the notion of nonuniform hyperbolicity is a generalization of the con-
cept of (uniform) hyperbolicity. Similarly there is also a concept introduced by Barreira and Valls
[9,6] of nonuniform exponential dichotomy that is a weaker (and therefore more general) version
of the classical notion of exponential dichotomy.

In the discrete time setting, Barreira and Valls obtained C! stable manifolds for nonuniformly
exponential dichotomies in finite dimension in [7]. Building on this result Barreira, Silva and
Valls were able in [3] to establish the existence of C¥ local manifolds for C* perturbations, using
an induction process and considering a more geometric approach based on the linear extension of
the dynamics. Assuming some exponential decay of the derivatives along the orbits, the same au-
thors established in [4] the existence of C! global manifolds for perturbations of nonuniformly
exponential dichotomies in Banach spaces. Continuous time versions of this results were ob-
tained by Barreira and Valls in [5,6,8,11].

In a recent work Barreira and Valls [12] considered a generalization of the concept of nonuni-
form exponential dichotomies that they call p-nonuniform exponential dichotomy, with p an
increasing differentiable function from Rg into Rg such that

im lo_gt = (D)
t—+o00 p(t)
With this generalization, Barreira and Valls replaced the asymptotic rates e’ that appear in
the nonuniform exponential case by the asymptotic rates e’ Barreira and Valls established,
in a finite-dimensional space, the existence of p-nonuniform exponential dichotomies and tri-
chotomies for a general family of nonautonomous linear differential equations v’ = A(f)v, where
A(t) are matrices in some block form. To achieve this Barreira and Valls used an adapted type of
Lyapunov exponent.

In this work we consider a different kind of nonuniform dichotomy where the rates of expan-
sion and contraction are allowed to vary polynomially. Naturally, the nonuniform parts must vary
at most polynomially (see (2) and (3)). We thus consider a new type of behavior: there are fam-
ilies of nonuniform polynomial dichotomies that are not nonuniform exponential dichotomies
and vice versa. Even in the more general case of p-nonuniform exponential dichotomy, it is not
possible to have a polynomial behavior because, to have a polynomial behavior, p(¢) would have
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to increase at most logarithmically, and by (1) this is not possible. Note that our case allows
situations for which the Lyapunov exponent defined in [10, Section 8] for Hilbert spaces is zero
for all v € E (see Section 2 for the definition of Ey).

The main results of this paper are stable manifolds theorems for perturbations of nonuniform
polynomial dichotomies. In Section 3 we get local Lipschitz stable manifolds and in Section 4 we
get global C! stable manifolds. The reason for the difference in the regularity of the manifolds
obtained is that to get C! manifolds in the local case we would have to consider perturbations that
are zero outside a ball of increasingly small radius and it is not known in the infinite-dimensional
setting how to obtain appropriate cutoff functions (see the comment in [11, p. 2]).

The content of the paper is the following: in Section 2 we introduce some notations, the
main definitions and also establish a technical lemma used several times; then, respectively in
Sections 3 and 4, we obtain a local and a global stable manifold theorem; finally we present in
Section 5 examples of families of nonuniform polynomial dichotomies and apply our results to
obtain stable manifolds for some perturbations of these families.

2. Notation and preliminaries

Let B(X) be the space of bounded linear operators in the Banach space X. Given a sequence
(An)nen of invertible operators of B(X) we define

An_1...A, ifm>n,

A(m,n):{ld if m=n.

We say that (A,),eN admits a nonuniform polynomial dichotomy if there exist projections
P, : X — X for n € N such that

P,Am,n)=Am,n)P,, m,neN,
and constants a < 0 < b, ¢ > 0 and D > 1 such that for every m > n,

[ A, n) P, | < D(m —n+1)"n°, (2)
|AGn, 1)~ Q| < DOm —n+ D) 7Pm*, 3)

where Q,, =1d—P,, is the complementary projection. When ¢ = 0 we say that we have a uni-
form polynomial dichotomy or simply a polynomial dichotomy.

In these conditions we define, for each n € N, the linear subspaces E,, = P,(X) and F,, =
0, (X). Without loss of generality, we always identify the spaces E, x F, and E, & F,, as
the same space and we equip these spaces with the norm given by | (x, y)|| = ||x]| + ||y| for
(x,y)e E, X Fy.

We are going to address the problem of existence of stable manifolds of the dynamics given
by

Ap—1+ fu—)o---0(Ay+ fu) ifm>n,

Id ifm=n, “)

F(im,n) = {

where (A;)neN admits a nonuniform polynomial dichotomy and f, : X — X are perturbations
that verify some conditions to be specified later.
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Givenn € Nand v, = (&€, 1) € E, x F,, for each m > n we write
Vi =F(m, n) (V) = Xm, Ym) € Em X Fy.

Writing f;, = (gm, hm) Where g, = Ppu+1 fimn and hy, = Q41 fin for each m > n, the trajectory
(Um)m>n satisfies the following equations

m—1

X = Alm,mE + Y A(m, k+ 1ge (e, yi). (5)
k=n
m—1

Y =Am,mm + Y Alm, k+ Dhy (e, ye).- 6)

k=n

In what follows we are going to use Dirichlet series. For every o < —1, we denote by A, the
sum of the Dirichlet series Y -, k. The following lemma will be used several times.

Lemma 1. Let m,n e Nwithm >n,a <0, g >0and e > 0.

(@) If ag 4+ ¢ < —1, then the following inequality holds

m—1
D m =k k4 DF(k —n + 1T <27 hggpe(m —n + 1)n°. (7
k=n

(b) If € > 0, then the following inequality holds

m—1
Z(m — )%k —n+ DK+ Dk <257 5o (m —n + DO, (8)
k=n

Proof. (a) Because the sum of the factors of (m — k)(k —n + 1) is constant and a < 0, it follows
that

(m—k)*k—n+1D*<(m—-n)*<27%m —n+ 1", €))

k=n,...,m— 1. On the other hand, we have

&
(k+1)€=(1+k_27+1> k—n+1)° <2n°k —n+ 1),

k=n,...,m — 1. Therefore
m—1 m—1
D =k k4 Dk —n+ DL —n+ 1) Y (k—n+ 14T
k=n k=n

<27 Nggre(m —n+1)n’.

(b) It follows immediately from (9) and (k + 1)® <2%k*. O
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3. Local stable manifolds

In this section we assume that there are constants ¢ > 0 and ¢ > 1 such that the functions f,
in the perturbed dynamics (4) verify the following conditions

f2(0) =0, (10)
| f2@) = fu) | < cllu = vl (lull + llv])? (11)

for every n e Nand u, v € X. Making v =01in (11) we have
| £u )] < cllufat! (12)

for every u € X.

We denote by B, (r) the open ball of E, centered at zero and with radius » > 0. The initial
condition at time n will be taken in B, (8n—#) for some §, B > 0. We denote by Xg the space of
sequences (¢, )nenN of continuous functions ¢, : B, (8n=#) — F,, such that

@n(0) =0, (13)
len @) —0a®)| < 1IE &l (14)

for every &, § € B, (6n—?). For each ¢ = (Pn)nen € Xg we define

llen I
lgn

|I<p||’=sup{ neNandseBn(sn‘ﬁ)\{O}}.

Clearly ||¢|” < 1, and given m € N and & # 0, we have

llgn ©)l
p |’|15|| <Slell’ <8

len @) < 8n™

for every ¢ € Xg. This readily implies that Xg is a complete metric space with the distance
induced by | - ||
We also consider the space f)C:‘; of sequences ¢ = (¢,)nen With @, : E, — F, such that the

sequence (¢y, | By SnP)) ey is in Xp and, for each n € N,
sn—Pg
€N

¥n(§) = ¢n ( ) whenever & ¢ B, (5n~F).

There is a one-to-one correspondence between the sequences in Xg and in X% because for each
sequence of functions ¢ = (¢,)sen € Xpg there is a unique extension @ = (@, )nen such that each
@n is a Lipschitz extension of ¢, to B, (5n—#). Clearly DCE is also a complete metric space with
the metric induced by x;g > ¢ = |l@|Xg||. Furthermore, one can easily verify that given ¢ € x;g
and n € N we have

lon () = @u()]| <2llx — y|l foreveryx,y€E. (15)
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Given B, 8 > 0 and (¢,)nen € Xg, for each n € N, we consider the graph

Visp = { (€ 0n(®)): & € Bu(8n77)}. (16)
We now present the main result of this section.

Theorem 1 (Local stable manifolds). Let (A,)neN be a sequence of invertible bounded linear
operators, acting on a Banach space X, that admits a nonuniform polynomial dichotomy satisfy-
ing (2) and (3) for some D > 1, a <0< b and ¢ > 0 and let ( f)neN be a sequence of functions,
acting on X, that verifies (10) and (11) for some ¢ > 0 and some q > 1. If

ag+e+1<0 and a+pB<0

hold with B = (1 +2/q), then, for every C > D, choosing ¢ sufficiently small, there is a unique
¢ € Xg such that

F(m, n)(\?n’ ) CVmsp foreverym >n, (17)

%,}.‘H—a

with F(m, n) given by (4) and Vn%ﬁﬂ and "V, 5.8 given by (16).
Furthermore, for every m >n and &, € € B, (8n~$18) /C) we have

[F0n,n)(€, @a(§)) = Fm,n)(€, a(®) | <2Cm —n+1)?n" 1§ —&|I. (18)

We call each V,, 5 g a stable manifold.

In view of the forward invariance in (17), each trajectory starting V n b pie mustbein V,, 5 g.
Thus, for every (&, ¢, (€)) € \7”’ 5 pres using Egs. (5) and (6), we have to prove that
m—1
Xm (§) = A(m,n)§ + Z Alm, k 4+ Dgr(xk (&), or (xx(£))), (19)
k=n
m—1
Om (xm () = A(m, n)p, (&) + Z Am, k + Dhi (xi(8), ok (x1(8))). (20)
k=n
and
| @) < 8m~* 1)

for every £ € B, (sn~#*+9 /C) and every m > n, where

F(m, n)(E, @n(é)) = (xm(éj-)a (pm(xm(é))) € Em X Fy.

The idea of the proof of Theorem 1 is to solve Egs. (19) and (20) separately using in each
case the Banach fixed point theorem. For this we first establish, using the Banach fixed point
theorem on a suitable space B, that for every ¢ € Xg there is a unique sequence of functions
x¥ = (Xp)m>n € B that verifies (19) and (21). To prove Eq. (20), we first prove that this equation
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is equivalent to another one and we solve this second equation applying the Banach fixed point
theorem in the space X%.
Let B = B, g be the space of all sequences x = (X;;)m>» of functions

Xm 1 By (8n7P) — E,
such that for every m > n and every &, § € B, (5n—P) we have
@) =& xm(0)=0, (22)
|xm (&) = xm @] < COm —n+1)%n°|1§ - E], (23)
for some constant C > D. Making £ = 0 in (23) we obtain the following estimate
|xm @) < Cn—n+ 1D nflIE < C8(m —n + 1)*nF (24)

for every m > n and every & € B, Sn=F).
This space B allows to estimate the speed of decay of the stable component of the solution
along the graphs given by . In fact, if & € B, (8n~#+%)/C), then, (21) holds because a 4 8 < 0:

[ @] < Con—n+ 1D °NIEN <8m —n+ 1) P <5m™F.
For every x € B, we define

llxm (5l

/_
lx|” = sup{ (m —n + 1)an¢

cm>n, E€B, (5n—ﬂ)} (25)

and with the metric induced by (25), B is a complete metric space.
Given ¢ = (¢n)neN € DC:; and x = (Xm)m>n € B we write

P =@moxm and [ (&) = fu(xm(€), ¢y, (£)).

Lemma 2. Given § > 0 sufficiently small, for each ¢ € DCE and n € N there exists a unique
sequence x = x¥ € B satisfying Eq. (19) for every m > n and & € B, (6n™P).

Proof. We define an operator J in B by (Jx),(§) =&, and for each m > n by

m—1
(JxX)m (&) = A(m, n)§ + Z A(m, k+ Dgr(xx(§), gx (21 (5)))-

k=n

One can easily verify from (22), (13) and (10) that (Jx),,(0) = 0 for every m > n.
From the definition of the operator it follows that

|(TX)m (&) — (T)m®|
m—1

< A, n) Pug — A, m) P& + Y [AGm, k+ D Pyt | - [ £ &) — £EE)]. 26)
k=n
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Using (2) we have
| A, 1) Py — Alm, n) P& | < | AGn, n) Py |IIE = €l < D(m —n+ 1)n® 1§ = &||

and from (2), (11), (15), (23) and (7) we also have

m—1
Y JAm k+ D P |- | fE — K@)
k=n
m—1 _ _
<eD Y (m =)k + D (| @) — e ®] + o (&) — o (s ®))])
k=n

(@[ + lex (e ©) | + @ + o (s ®) )

m—1

<cD Z(m — k) k4 1 (32 @) —x &) |) 3] x &) | + 3] xx®)])?
k=n
m—1
< 29301 psIntath—Pa g — g Z(m — )%k + D) (k —n + )%t
k=n

<2H e BO) T DS hage m —n+ 1)@ P g .
Choosing § sufficiently small, it follows from (26) that
1(T0)mE) = ()@ | < Cm —n+1)n°||E = &||

and this implies the inclusion J(B) C B.
We now show that J is a contraction for the metric induced by (25). Let x, y € B. Then

m—1

|(2)m (&) = (Iym @) ] < Z | A, k4 1) Pryr [,

k=n

where o = || fi (x (§), ¢ (xx (5))) — fr(¥i(€), o (y&(6))) . By (11) and (15) we have

o < e[|k @& — @& + [or () — ex (e(®)])
x ([ @] + oe (e @) + 3@ + o @)
<3 e @ =@ | (| ® [ + [ @& )

and, using (24), it follows that

o <2939 989 (k — n 4+ DY P | xi (8) — yi(®)||
<2939 cC989 (k — n + 1)MT @ tD=Ba ) x — y|’. (27)

Hence, from (2) and (27), we have
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[(TX)mE) = (Ty)mE)|
m—1
<2139HeCI DS ATV Px — y|I" Y " (m — k) (k + 1)F (k — n + 1)+
k=n

<2973 e CI DS Ny o(m — i+ 1)t AT =P x — y
and choosing § sufficiently small it follows that
|(J0)m (E) = (IP)m@)| < plm —n+ 1)n®|lx — y|’
with u < 1. Therefore,
IJx — Iyl < pllx =yl
and J is a contraction in B provided that § is sufficiently small. Because B is complete, by the
Banach fixed point theorem, the map J has a unique fixed point x¥ in B, which is thus the desired
sequence. 0O

We now represent by (xffy Wk=n € By g the unique sequence given by Lemma 2.

Lemma 3. Given § > 0 sufficiently small and ¢ € I)C}’} the following properties hold:

(1) Ifforeveryne N, m >nand & € By, (8nP) the identity (20) holds, then
o
on(€) ==Y AU+ L) e (xf &), or (. ©))) (28)
k=n
foreveryn e N, m >n and £ € B,(n"P).
(2) If for everyn € N, m >n and & € B,(n~P) Eq. (28) holds, then (20) holds for every & €
B, (8n=B+9 /).
Proof. First we prove that the series in (28) is convergent. From (3), (12), (15) and (24), we

conclude that

D A+ 1) ()  ©), pr(xf ©)))

k=n

< JAGk+ 1) Qrt | fe (x5 &) on (L)) |

k=n

<Y Dk —n+27 G+ V(i ®] + o (ai ) )
k=n

oo
<eD Y k—n+2)7"(k+ 1) (3C8(k —n+ D' F)!
k=n
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o0
< c(3C8)IH ppE=Pla+D Z(k —n+ H¥taebg 4o 1)e
k=n

00
< 286(3C6)q+1Dna(q+2)—ﬁ(q+l) Z(k —n+ 1)aq+a—b+e < oo,

k=n

Let us suppose that (20) holds. Then by A(m, N TAm k+ 1) =Ak+1,n)""1, Eqg. (20) can
be written in the following equivalent form

m—1

on(€) = Am, n) " o (xf,,(E)) = D AG+ 1) hi(xf (&), @i (xf (8))). (29

k=n

Using (3), (15) and (24), we have

[A G, )~ o (57, ) | = [ACn, )~ Qoo (8, ©) |
<2D(m —n+1)"m®|x¢ &) |
<2D(m —n+1D)"Pm*Cs(m —n+1)n*#
<2CD8(m —n + 1)470Fep2eF

and this converges to zero when m — co. Hence, letting m — oo in (29) we obtain the iden-
tity (28).

We now assume that for every n e N, m > n and £ € B, (6n~P) the identity (28) holds. If
£ € B,(8n~ B8 /C) then, since a + B < 0, we get

| @] < Cm—n+ D)€ <8m —n+ 1)*n~F <sm™F. (30)
Then
o
A, m)pn(E) = — Y Alm, k+ Dhi(x¢ 1), 0 (x4, ©)).
k=n
and thus it follows from (28), the uniqueness of the sequences x¥ and (30) that

m—1

A, m)gn ) + 3 Ak + Dhi (xf 1 (€), o (x¢ 1 ©)))

k=n

=— > A k+ Dhi(xf (). gi (xf (5)))

k=m

==Y AGmk+ Dhe(xhy (58, ). ox (xfy 1 (8, ))))

k=m
= Pm (x,(f,m (é))

This proves the lemma. 0O
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Lemma 4. Given § > 0 sufficiently small, for each ¢, V¥ € DCZ, neN,m>nandé& € B, Sn=P)
we have

C
[x& @) —xk @) < > m—=n+DENlle - vl 31)
Proof. Putting

ve = | fi (), o (xf ©))) — filxl ), o (x] ©)) ], (32)

by (11) it follows that

e <c(|xf ) —xf ©| + |ee(xf ©) — v (x) ©)])
< ([ @) + le (L@ + [ & + v @) )
<c(Jxf @ = O + e (x{ ©) — vl @)D G @ + 3] @)
< c(6C8)!([|xf ©) —x) © + |ox (xf ©) = v (x] ©) )k — n + D0 e=Pa

and because
loe(xf ©) = v ©)] < [ee(x£ ©) — (5 )| + e () ©) = v (! ©) |

<t © = O+ o ©) — v ©)]
<@ —xf ©| +lle —wi']x) @
we have
Vi < e6C8)! 2[xf @) —x/ © ] + e — vl |5 @)k —n+ D¥nEP (33
Using (33), we are going to prove | this lemma by induction on m. For m = n the result follows

immediately because x;, rer=£=x (E)
Suppose that (31) is true for n, ... ., m—1.Thenfork =n,..., m — 1 we have

2xf&) — x| +llo— vl |x) @
<Clk—n+ D& g — vl + Clk —n+ 1)n°|IE]| o — ¥’
<2CGk —n+ 1)° €] lg — Il

and this implies by (33) that
v <2cCITH68)1|E |l — Y/ (k — n + D)9 Hapeath=ha,

Hence we have
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|x4@&) — xk @)

m—1

< DA k+ 1) Pesi |

k=n
m—1

<2eCTHDO3) 0 VP gl — Yl Y m — k) (k + D (h —n 4 D)
k=n

<2 CTH D(68) hagve (m —n + D n* @27 lg — |5 .
Choosing § > 0 sufficiently small and using the fact that (¢ + 2) — B¢ = 0 we obtain (31). O

Lemma 5. Given § > 0 sufficiently small there is a unique ¢ € T)CZ such that

on(€) ==Y Ak + 1) e (xf (€). g (xf ©)))

k=n
for every n € N and every € € B,(8n™P).

Proof. We consider the operator @ defined for each ¢ € T)C;} by

(@) (E) ==Y A+ 1,m) " he(xf &), g (xf ©))). (34)

k=n

where x¥ = (x,‘f)k>n is the unique sequence given by Lemma 2. Since x¥ € Bg we have
x00)=0,m>n. It follows from (10), (22), (13) and (34) that (?¢),(0) =0 for each n € N.
Furthermore, given &, € € B, (n?), by (3) and (11), we have

[(@)n (&) — (@) (€)]

<A+ L) Q| - [ @) - £ )

k=n

<eDY (k—n+2)""(k+ D (3] x &) — xe®|) B xx®] + 3] )*

k=n

o0
<3cCItD(65)Ine @t D=Pa g — g Z(k —n+2)7Pk+ 1)k —n+ 1)%te
k=n

(0.¢]
< 2q+8c(3C)q+lD8qn8(q+2)—ﬁq ”E _é-” Z(k —n+ 1)aq+a—b+8

k=n

<2°3¢CIT D(68) hagra—bre & —Ell.

Hence, choosing é > 0 sufficiently small (independently of ¢, n and £) we have (14). Therefore
cD(Dng) C Dng.
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We now show that @ is a contraction. Given ¢, ¥ € DCZ andn € N, let x¥ and x¥ be the unique
sequences given by Lemma 2 respectively for ¢ and v. By (33) (see (32) for the definition of yj)
and Lemma 4 we have

Vi < 2CT168)7 £ [lllg — Il (k — n + 1)@t apelath=ha

and this inequality and (3) imply
[(@0)n (&) = (@v)u(®)]

o0
< ZHA(k +1,m) 7 Qpp1 [k
k=n

oo
<2eCTID©O8) 1§ llp — ' TP Sk —n +2)7 (kD (k —n A 1)
k=n

o0
<2'7cCt D68 €Nl — Y II'n IR "k —n 4 1taTabe
k=n

<2M*cCr D(68)7 1€ [ hagra—brellp — V1.
Hence, choosing § > 0 sufficiently small, we have

|(@9)n(&) = (@) (&) | < uliEllle — v I

for some & < 1. This implies that
Iep — oyl < plle — vl

and this means that @ is a contraction in x;g Therefore the map @ has a unique fixed point ¢
in x;g that is the desired sequence. O

We are now in conditions to prove Theorem 1.

Proof of Theorem 1. By Lemma 2, for each ¢ € f)C:’; there is a unique sequence x¥ € B
satisfying (19). It remains to solve (20) with x = x?. By Lemma 3, this is equivalent to
solve (28). Finally, by Lemma 5, there is a unique solution of (28). This establishes the exis-
tence of the stable manifolds for § > 0 sufficiently small. Moreover, for each n € N, m > n and
£,& € B,(5n~ B+ /) it follows from (14) that

|xm &) = x| + [ 0 &) — 01 ©)
2||xm(€) _xm(é)”
<2C(m —n+ 1)n®|& —&|.

|Fm, n) (&, @n(®)) = Fm,n)(E, pu(®))|| <
<

Hence we obtain (18) and the theorem is proved. O
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4. Global stable manifolds

We say that a function is of class C!! if it is of class C! and its derivative is Lipschitz.
We will consider that the perturbations f; in (4) are of class C L1 and we assume that there
exists § > 0 such that, for every n € Nand u, v € X,

f2(0)=0, dof,=0, (35)
I foll < 8n73¢71, (36)
I du fr — dy full <80 ju — v, (37)

with the same ¢ as in (2) and (3).

In this section, for technical reasons, we have to assume that ¢ > 0. It is easy to verify that
all the results in this section remain true in the case ¢ = 0 if we replace the exponent in (36) and
(B37) by =1 —y with y > 0.

Let X be the space of sequences of C!:! functions ¢, : E, — F, such that, for every n € N
and x,y € E,,

¥ (0) =0, dop, =0, (38)
ldconll <1, 39)
ldx@n — dy@nll < llx — ylI. (40)

Given (¢,)eN € X we consider the graphs

Vo ={(€, ¢u(®)): & € Ey} 41
that we call global stable manifolds. We have the following result.

Theorem 2 (Global stable manifolds). Let (A,)neN be a sequence of bounded invertible linear
operators, acting on a Banach space X, that admits a nonuniform polynomial dichotomy satisfy-
ing (2) and (3) for some D > 1, a <0< b and ¢ > 0 and let (f)neN be a sequence of functions,
acting on X, that verify (35), (36) and (37) for some & > 0. If

a+e<b, (42)
then, choosing § > 0 sufficiently small, there exists a unique sequence (¢,)neN € X such that
(@) Fm,n)(Vy,) ="V, for every m > n, where F(m, n) is given by (4) and V,, and V,,, are given

by (41);

(b) V, is a CY! manifold with TyV, = E, for eachn € N;
(¢c) there exists K > 0 such that form >n and &, & € E,, we have

|F(m, n)(v) — Fm,n)(®)| < K(m —n+1)n°||IE -], (43)
|dvF(m, n) — dsF(m, n)|| < K (m —n + 1)*n* || — &, (44)

where v = (£, 9 (§)) and v = (£, 9 (€)).
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The idea of the proof of this theorem follows the same lines of the proof of Theorem 1,
although with different spaces of sequences of functions. As in Theorem 1, we have to solve the
following equations

m—1
xXm(§) = A(m, n)é§ + Z Alm, k4 Dgr(xx (), or (xx (£))), (45)
k=n
m—1
Om (xm (§)) = A(m, n)@, () + Z A(m, k 4+ Dhi (xi(8), ox (x1(8))). (46)
k=n

for every £ € E, and every m > n, where

Fm,n) (&, 0n(©)) = (xm (&), @m(xm(&))) € Em X Fin,

and prove that these solutions verify (43) and (44).
Given n € N and C > D (note that C > 1), let B = B, be the space of sequences of C L1
functions x,, : E, — E,, that, for every m > n and &, £ € E,,, satisfy the following conditions

Xn(E) =&, xu(0)=0, (47)
ldexmll < C(m —n + 1)“n®, (48)
lde X — dzxmll < Cm —n + 1)*n* 1€ — €. (49)

From the mean value theorem, (47) and (48) it follows that
|lxm )| < Cm—n+1)n°|I€| (50
for every & € E,. This allows us to equip B with the metric induced by

lxm (E)NI0n —n4+1)™n"*
11

1l =Sup{ cmzn, § €k, \{0}} (S

for x = (Xp)m>n € B. Note that ||x||" < C for each x € B.
Proposition 1. The space B is a complete metric space with the metric induced by (51).

Proof. Let (x¢)k = ((Xm k)m>n)k be a Cauchy sequence in B with respect to the metric induced
by (51). Then for each m > n the sequence (X |B,())ken is a Cauchy sequence with respect
to the supremum norm in the space of bounded functions from By, (r) into F,,. Here B, (r) is the
open ball of E,, centered at 0 and with radius r. Therefore, for each m > n, there exists a function
Ym : Bu(r) = Fy, such that (X, k|B,(r))ken converges to y,, in the space of bounded functions
from B, (r) into F;, equipped with the supremum norm.

For every & € B, (r), from (50), (48) and (49) we get
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||xm,k(§)|| <Clm—n+ l)ansr
| < Cm —n+ 1),
”dfxm,k - dgxm,k” < C(m —n—+ ])an25”§ . é”

ldg X k|

Putting b = C(m — n + 1)?n® max{n®, r}, it follows that, for each m > n and k € N, x,, 4 €

C;’l (B, (r), F,;). Here C;’] (B (1), Fy,) is the space of C!! functions from B, (r) into F,, such
that the norm defined by

llulhi1 = max{[[ulloo, dullco, L(du)},

is less or equal than b, || - || is the supremum norm and
L(u):sup{w yeXW1thx7éy}
y

It follows from the generalization of Henry’s lemma (see [15, p. 151]) given by Elbialy [14]
(for related results see also [16] and [13]) that y,, € Cbl’l(Bn (r), F,,) and

(de Xm x)ken converges pointwise to dg y;,, when k — oo (52)

for every & € B, (r). By the uniqueness of each function y,, in the ball B, (r), we can obtain a
function y,, € cl! (Em, Fp) such that y,|,) = ym for each r > 0. Using (52) we can easily
verify that (V,,), € B. Moreover, since (x)x is a Cauchy sequence, for each « > 0 there exists
p € N such that if k, m > p then

|k ) = xgm@®)|| <x(g —n+1Dn°|&]| (53)
forevery g > n and & € E,,. Letting m — oo in (53) we obtain

|xq.x&) — 34®)|| <x(qg —n+1)n°|I€],
and thus (x;), converges to y = (y4)4>n in the space B. O

Given ¢ = (¢n)nen € X and x = (X)) m>n € B we write

o =@moxy and fr(&) = fu(xm (&), ¢p®).

Lemma 6. Foreachp € X, n €N, x € B, £,& € E,,, and m > n we have

| &) — xm(®) | < Cm —n + 1)n® & — |, (54)
|deg | < Com —n+ 1)%nt, (55)
Ids 2] <2C€8m =3~ m — n + 1)*nf, (56)
o) — i@ <Cm—n+1)n||E - ||, (57)
|de gy, — dz ey, | <2C%(m —n + 1)*n*|j& — £, (58)

lde f5 — dz £ | <TC28m ™ m —n + 1)*n*||& — & (59)
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Proof. By the mean value theorem and (48) we have

|2 ©) = xm )] < sup lldg ¢ _gyXmll - 15 =€ <Com—n+1)n°||5 |
rel0,1]

and this establishes (54).
Eq. (55) follows immediately from (39) and (48). In fact

ldeyy | < lldu, & @ml - ldexm || < COm —n + 1)%n°.
By (36), (48) and (55) we have
”défm ” S ” 8xm(s) wm(s)fm ” g xm |l + ” agml(s) wm(g)fm ” ”dS‘Pm H
<208m™ Y —n 4+ 1)%n®
and this proves (56).

Using the mean value theorem and (55) we obtain (57).
To prove (58) we note that by (40) and (54) we get

I, Pm — dy, & Pm | < |Xm(E) = xm ()] < COn —n+1)n°|1§ &,
and, since C > 1, it follows from (48), (39) and (49) that
|z, — degi | < N, 0m — dy, & Pm - ldexm |l + 1y, & @m |l - | dexm — dzxm|l

C2(m —n+ DX n|g — &+ C(m —n+ 1)n* & — |

<
<2C3m —n+ D) n* |5 - €.
Finally we are going to prove (59). Writing
_ A . A
Frow= ” 8xm(é),<p3;(é)fm 8xm(§),¢;ﬂn(§)fm “

where A, u € {0, 1} and A + £ = 1, we have

Hdéfm dﬁ,—‘me F10||d§xm||+F01”dg(pmH+H3

o B). (E)fm H Ndgxm — dg&xm”

+ 197 @5 6 | - e — dz |- 60)

Using (37), (54) and (57) we obtain

Fo <8m™ 7 x () — xm ®)]) 4+ 8m ™7 01 (8) — 03 B) |
<2C5m ™3 (m —n + 1)"n®||E — €|

By the former inequalities, (48), (55), (36), (49) and (58) it follows from (60) that
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|de f5 — dz f5 | <AC8m ™7 m — n + 1)*n* & — €|
+(C+2C%)8m ™ m —n + 1)*n* & — &|.
This yields (59) and the lemma is proved. O

Lemma 7. Given § > 0 sufficiently small, for each ¢ € X and n € N there exists a unique se-
quence x = x?¥ € B satisfying (45) for every m > n and & € E,.

Proof. We consider an operator J in B defined by (Jx),(§) =& and by

m—1

(JX)m (&) = Am,m)E + Y Am, k+ Degr(x (&), ox (x(6)))

k=n

for m > n. For every m > n, one can easily verify that (Jx),, is a function of class C' and,
from (47), (38) and (35), that (Jx),,(0) = 0.

From
m—1
dg(JX)m = A(m,n) P, + > A(m, k + 1) Piy1de f;F
k=n
it follows from (2), (56) and (8) that
m—1
[de (Tom | < [AGn. m)Po| + D [ AGn. k+ 1) P | | de £ |
k=n
m—1
<Dm—n+1)"n°+ Y Dim—k)*(k+1)2C8(k —n + 1)*nk !
k=n
m—1
< D(m —n+ 1)%n® +2CDént Z(m — )%k —n+ D%k + Dok !
k=n

<Dm—n+ 1" +2"7CDSA_pe_1(m — n + 1)°n°.
Choosing § sufficiently small (independently of ¢, x, n, m and &) and since C > D we have
|de (Jx)m| < Cm —n + 1)%n°. (61)
Proceeding in a similar manner, by (2), (59) and (8) it follows that

m—1

|ds (Jx)m — dg(T)m | < D [AGH k+ 1) Pt | - |de £ — de £
k=n
m—1
<Y Don— k) (k+ 1DFTC8k 3 (k —n+ 1)*n* |15 — €|
k=n



140 A.J.G. Bento, C. Silva / Journal of Functional Analysis 257 (2009) 122-148

<T2°79C DShze—1(m —n+ D)0 |5 = |
and choosing 8 sufficiently small (independently of ¢, x, n, m, & and £) we have
|de (Jx)m — dz (JX)m || < COm —n + D% g —&]. (62)
Therefore from (61) and (62) we conclude that J (B) C B.

We now show that J is a contraction in B with the metric induced by (51). Let x, y € B.
By (36), the mean value theorem and (39), for k > n we have

o = | fic (0 (®). e (5 (®))) — S (3 ®). 06 (76©))) |
< Sk (xk®) — e ®)|| + or (5 () — x (33 ) )
< 26k () — e (®) ||
<28k Nk —n 4+ 1)n® | E|lIx — Il

Using (2), the former inequality and (8) we obtain

m—1

|0 @) = T @ | < Y[ A k+ 1) Pigi s
k=n
m—1
<Y DOon— k) (k+ D28k ke — n + Dnf €]l 1x — I’
k=n

<80 (m —n+ D& llx — yI
with 0’ = 217¢=¢ D} _,, ;. Therefore,
[Jx — Jyl" <80'|lx — yll,

and for § > O sufficiently small J is a contraction in B. By Proposition 1, the map J has a unique
fixed point x¥ in B, which is thus the desired sequence. 0O

For the next lemma we need to represent by (x;f Wk=n € B, the unique sequence given by
Lemma 7.

Lemma 8. Given § > 0 sufficiently small, for each ¢ € X the following properties are equivalent:

(1) foreveryn e N, m > n, and & € E,, the identity (46) holds with x = (X,(f,k)k>n;
(2) foreveryn e N, and & € E,, we have

on(€) = — DA+ 1m) " he(x @), ox (xF 1)) (63)

k=n
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Proof. We first show that the series in (63) converges. By the mean value theorem, using (36),
(39) and (50) we obtain

| Ficler 1 ®) e o @) | <3k (), @ + [ (57 1))
<20k X ()|
<28Ck3* 7k — n 4+ 1)nf ||

From (3), we conclude that

S AG+ 1 (58 ), i ©)))]

k=n

=Y JAG+ 1.7 Qupr fi(xf &) i (x2 ,©))

k=n

o
< Z Dk —n+2)""(k + 1)28Ck™ "k — n 4+ 1)%n®| €|

k=n

o
<2 5CDnf €Y (k= n+ DT PE!

k=n

o
<2'5CDnf g1 Y (k—n+ 1) <00
k=n

If the first property holds, the identity A(m,n) ' A@m,k + 1) = Ak + 1,n)~" allows to
write (46) in the following equivalent form

m—1

on(€) = Am, ) o (xf,,©) = YA+ 1) hi(xf &), or(x)  ©))). (64

k=n

By (3) and (39), it follows that

[AGn.m) ™ g (xf @) | = [ A0 Qg (58,1, ©) |
<D(m —n+1)7"me |2, @)
D(m—n—1)""m*Cm —n+ 1)%®|&|

<
<CD(m —n+ D702 g

Therefore by (42) we have || A(m, n)_1<pm (x,‘,p,m(é)) || = 0 when m — oo and letting m — oo in
(64) we obtain (63).
We now assume that (63) holds. Then

Am, n)gn(§) = — Zﬂ(m, k+ Dhe(xy 1 (6), @x(x) (©))),

k=n
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and thus

m—1

Alm, ) &) + Y A(m. k+ Dhi () €). gr (x(6)))
k=n

==Y A, k+ Dhi(xf (), gr(xf (). (65)

k=m

It follows from (63) that the right-hand side of (65) is ¢, (x,‘f, m(&)), and Eq. (46) is satisfied with
x=x% 0O

We now equip the space X with metric induced by

||¢|’|1)§)|C|)” :neNandx € E, \ {0}}- (66)

||§0||’=SHP{

Proposition 2. The space X is a complete metric space with the metric induced by (66).

The proof of Proposition 2 is completely analogous to the proof of Proposition 1 and thus it
is omitted.

Lemma 9. Given § > 0 sufficiently small, for each ¢, € X, n € N, m > n, and & € E,, we have

C
|xe@) —xh @) < S —n+ D g llg =y

Proof. Putting

e = | fi (P ), o (2 ©))) = (el @), v (x) @), (67)

by the mean value theorem and (36) we obtain
v <N (xf @) — ) © ] + e (L ©) — v (xf ©)]).
Using again the mean value theorem, (39) and (50) we have
loc (L ©) = w6 ©) | < Jer (5 ©) = v (L ©)] + v (f ©) = v (x) ©) |

<l = vl |xf @] + [|xf &) —x;p(é)ﬂ
SChk—n+1)"nlo—yI'IEN+ | x &) — x;f(&)”

and this implies that

Yk < 5k—3£_1(2||x1f(5) - x;f'(é)” +Ctk—n+1)"nllg—vII€N). (63)

We are now going to prove the lemma by induction. For k = n the result follows immediately.
Suppose that the result is true for k =n,...,m — 1. Thenfork =n,...,m — 1 we get from (68)
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and the induction hypothesis that

vk S8k THC Uk —n+ Dnfllo — I IEI + Clk —n+ Dnfllo — v | I]])
<28C(k —n+ D n ko —ylI£].

Hence by (2), the last inequality and (8) it follows that

m—1
|x6&) =@ < DAk + 1) Py | e
k=n
m—1
<Y Dm —k)*(k+1)°28C(k —n + Dn°k > lg — y|| €]l
k=n

< 21+8—aCD5)»_25—1(m —n+1)%°%|¢ — 1ﬁ||/||‘§||

Choosing § such that 2lte—apsy oo < 1/2 we have
|xg@&) —xh @) < E(m —n+ 1Dl =yl
m m ~ 2

and this concludes the proof of the lemma. O

Lemma 10. Given § > 0 sufficiently small, there is a unique ¢ € X such that (63) holds for every
neNandé € E,.

Proof. We consider the operator @ defined for each ¢ € X by

(@@ (&) ==Y A+ 1,n)  hi(xf &), x (x ©))),

k=n

where x¥ = (x,‘f)k>n is the unique sequence given by Lemma 7. One can easily verify that each
function (@¢), is of class C!. Since x? € B we have x5 (0) = 0, m > n. It follows from (38)
and (35) that (®¢),(0) =0 for each n € N. We also have dy(P¢),, = 0 for each n € N because
dofir =0,k eN, ¢,(0)=0and x}, (0) =0, m > n.

Furthermore, by (3) and (56) we have

lde (@@)a|| <D | AGK+1,m) 7" Q| - e £

k=n

o0
<2CD$ Z(k —n+2) P+ D%k Nk —n+ 1D)%n®

k=n

o
<2t cps Z(k —n+2)"Pthk—n+ D% !
k=n

(o)
<2MCDS Y (k—n+ 1) < o0,
k=n
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Hence, for § > 0 sufficiently small (independently of ¢, n and &) we have ||ds (D@ ¢),| < 1 for
every n € N. .
On the other hand, given &, & € E,, it follows from (59) that

|de (@ @)n — dz (@) || < JAG+ 1) Quya || - |de £ — dz £ |
k=n

o0
<7C*Dsn* g — & Z(k —n+2) P+ D%k Nk —n+ 1)

k=n

oo
<72°C?D3|I§ — &1l Y J(k—n+ DT

k=n

<lg—éll

provided that § > 0 is sufficiently small (independently of ¢, n, £ and &). Hence, ® (X) C X.

We now show that @ is a contraction. Given ¢, ¥ € X and n € N, let x¥ and x¥ be the unique
sequences given by Lemma 7 respectively for ¢ and yr. By (68) (see (67) for the definition of %)
and Lemma 9 we have

[(@9)n () — (@) (®)|

o0
< ZHA(k +1,0) " Qrp ||k
k=n

o0
<Y AG+ 1) Qg |8k
k=n

X (Clk=n+DUEN-llg =y l'+Clk—n+D%°IE] -l —v1')

o0
<2CD8|IE] Nl — Y'Y (k—n+2)""(k+ Dk (k —n + 1)“n*
k=n

o
<2'°CDs|EN - Nl — I Y (k—n+ 1Pt
k=n

Therefore, choosing § > 0 such that A := 2145 CDSA,_p_e—1 < 1, it follows that

IPg — @yl < il -yl

and with this A we obtain a contraction in X. By Proposition 2, the map @ has a unique fixed
point ¢ in X that is the desired sequence. O

Proof of Theorem 2. By Lemma 7, for each ¢ € X there is a unique sequence x¥ € B satisfying
identity (45). It remains to solve the identity (46) with x = x¥. By Lemma 8, this is the same
as solving (63). Finally, by Lemma 10, there is a unique solution of (63). This establishes the
existence of the stable manifolds for § > O sufficiently small. Since the functions ¢, are of class
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CU1 the graphs 'V, are C1! manifolds. Finally, for each n e N, m > n, E,é;‘ € E,, it follows
from (54) and (57) that

[F0n,m) @) = Fm, m)@) || < [xm &) = x| + |03 &) — ¢, )|
<2C(m —n+1)"n° | — €|
and from (49) and (58) that
|dvF(m, n) — dsF(m,n)|| < |ldexm — dsxm |l + | degy, — dz oy |
<(C+2C%)m —n+1)'n* € -],
where v = (£, ¢, (£)) and © = (£, ¢, (§)). This completes the proof of the theorem. O
5. Examples

In this section we are going to give examples of nonuniform polynomial dichotomies and two
families of perturbations, the first one verifying our assumptions in Section 3 and the second one
verifying the assumptions of Section 4.

Let a <0< b and ¢ > 0. We are going to construct a sequence of linear operators
A, : R? — R? given by diagonal matrices

_la, 0O
=[5 ]
with positive entries in the diagonal and that verify (2) and (3) with D = 1 and projections given
by P,(x,y) =(x,0) and Q,(x,y) = (0, y). Because ||A(2, 1) P;|| = a1, from (2) we must have
ai < 2%, Therefore we put a; = 2.
Using again (2) we must have

|43, 2)P,] <292° and [AG, DP| <3%

Since ||A(3,2)P2|| = ap and || A3, 1) P || = aza;, we put

3a
a) = min{2“28, —}
ai

Using the same arguments we put

a3 = minj 293¢ ﬁ 4
T ar Twar |

Hence the values of a,, are given recursively by a; = 2% and

ey = minl29n 1+ 197, 2 n'2” w4 D7)
mt Tay T an...an ay...a;
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Using similar arguments, from (3) we set by = 2°27¢ and

2b 3P n® (n+ 1P }

b == ) RN )
ntl max{(n+1)e i+ Dbyt Dby byt Db, ... by

It follows immediately from the construction that (A,) admits a nonuniform polynomial di-
chotomy. For instance, if ¢ = —a = b we can easily verify that

_[ea o
a=C 0]

For the local case considered in Section 3 we have the perturbations £, : R — R? given by

fale, ) = (x990 or fu(x, ) = (T, X7

with ¢ € N. Obviously we have f,(0, 0) = (0, 0) and from inequalities

Va2 + b2 < la| + |b| < V2Va? + b2

and

q
<la—b1Y_lal?*|b|* < la —bl(jal + |b])*
k=1

q
(@—b)Y at™Fp*

k=1

aq+1 _ bq+1 | —

it follows that

[ x99 = s 00| = (a1 =51 o (= +1)?

< ‘xq“ _ uq-ﬁ—l} + }yq-ﬁ—l _ vq-H}

<l = ul(lx ]+ ul)? + 1y = vl (Iy] + [v])?

< (Ix —ul+ 1y —vl) (Ix] + lul + |y + [v])?

< V2], y) = @) | (1] + ul + [yl + [v])?
2402 (x,y) = @) ([ ) + [ v ).

N

This proves that the family of perturbations f, satisfy (10) and (11). Therefore if we have aq +
e+ 1<0anda+ g <0, using Theorem 1 with (A,) and (f,) as above, we get local Lipschitz
stable manifolds for the dynamics defined by (4).

Let g : R — R be the function defined by g(¢) = 2= Ttis easy to see that
g’ = [20(1 - )| <1 (69)

and

lg'() — g'(s)| <2l — s (70)



A.J.G. Bento, C. Silva / Journal of Functional Analysis 257 (2009) 122-148 147
for every t € R. Then if f, : R> — R? is the function defined by

) )
fn(x,y)zEn—“—l(g(x),g(y)) or fn(x,y>=En—*—l(g(y),g(x)),

from (69) and (70) it follows immediately that the functions f,, satisfy (35), (36) and (37).
A closer look in the proofs of Lemmas 7, 9 and 10, allows us to conclude, taking C = 2D,
that it is sufficient to have

1

P
1426=4D3)_,_,

and in our example, since D =1 and A_._1 < 14 1/e¢, it is enough to have

1

[P —
142¢=a(1 + 1/e)

With these ( f,;) and with (A;) as above, using Theorem 2 we conclude that the dynamics given
by (4) has global stable C!' manifolds when a + & < b and & > 0.
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