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Abstract

Splicing systems were introduced by Head in 1987 as a formal counterpart of a biological mechanism of DNA recombination under
the action of restriction and ligase enzymes. Despite the intensive studies on linear splicing systems, some elementary questions
about their computational power are still open. In particular, in this paper we face the problem of characterizing the proper subclass
of regular languages which are generated by finite (Paun) linear splicing systems. We introduce here the class of marker languages L,
i.e., regular languages with the form L=_L1[x]{ Ly, where L1, L, are regular languages, [x] is a syntactic congruence class satisfying
special conditions and [x] is either equal to [x] or equal to [x] U {1}, 1 being the empty word. Using classical properties of formal
language theory, we give an algorithm which allows us to decide whether a regular language is a marker language. Furthermore, for
each marker language L we exhibit a finite Paun linear splicing system and we prove that this system generates L.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Linear splicing systems are generative devices of formal languages, introduced by Head in 1987 to model the
recombinant behaviour of DNA molecules under the action of restriction and ligase enzymes (splicing operation).
Two strands of DNA are cut at specified substrings (sites) by restriction enzymes that recognize a pattern inside the
molecule and then the fragments are pasted by ligase enzymes. In particular, Head was concerned with the structure of
the languages of those DNA molecules (strings) which could be produced through the splicing operation, performed
by a splicing system consisting of a finite set of initial DNA molecules (initial language) and a finite set of enzymes
(set of rules). He showed that under some conditions, the generated language is strictly locally testable [12]. As a result
of his pioneering work, several variants of the splicing operation were proposed, some of which by Paun and Pixton.
Moreover, different variants of splicing systems were introduced together with the more general model of a splicing
system which has an infinite set of initial strings and an infinite set of rules (see [19] for a survey).
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The computational power of splicing systems, recently called H systems, i.e., triples H = (A, I, R) where A is a
finite alphabet, 7 is the initial language over A, and R is the set of rules, has been investigated and this computational
power also depends on which level in Chomsky hierarchy 7, R belong. In particular, these systems can be as powerful
as the Turing machines [14,19]. At the lowest level of the hierarchy, the regularity of splicing languages generated by
regular initial languages and a finite set of rules is proved in [19,22]. On the other hand, it is known that finite linear
splicing systems, i.e., H systems with both I, R finite sets, generate languages which belong to a proper subset of the
family of regular languages, but the complete structure of these regular languages is still unknown [6,14,16]. This is
the problem we deal with in this paper and definitions and results from classical formal language theory are used in
order to obtain our results. In particular, we will consider the notion of a constant for a regular language L, given by
Schiitzenberger in [23] and the notion of synfactic congruence for a regular language L (see Sections 2.2 and 8 for the
definitions). These notions seem to play an important role in the description of the structure of the above-mentioned
class of regular languages.

To be more precise, we say that [x] is a marker if [x] is a syntactic congruence class satisfying some conditions.
Specifically, in the transition diagram of the minimal finite state automaton .o/ recognizing L, we find only a path 7 with
label x. We also suppose that either x is the label of a closed path or {x’ € A* | x’= x} is a finite set, where =, denotes
the syntactic congruence of L. Under these hypotheses, we set [x]; = [x] U {1} in the former case and [x]; = [x] in the
latter case, where 1 is the empty word. In this paper we will consider marker languages L, i.e., regular languages with
the form L = Lq[x]; Ly, where L1, L are regular languages and [x] is a marker. We show that we can generate each
marker language L through a finite linear Paun splicing system which is defined by means of some particular closed
paths (cycles) in the minimal finite state automaton recognizing L (Definition 6.3, Theorem 6.1).

A special case is worthy of note. If [x] is a marker, we can show that for each x” € [x], x" is a constant for L. Now,
when {x’ € A* | x'=[ x} is a finite set, the marker language L = L[x]; L, = L[x]L; belongs to a family of languages
proved to be generated by finite linear Paun splicing systems in [13] by Head. As a matter of fact, L is a finite union of
languages named constant languages in [3]. Therefore, it is natural to compare these two classes of languages—marker
languages and constant languages—with respect to the order of set inclusion. In connection with this problem, we
show that constant languages exist which are not marker languages and marker languages exist which are not constant
languages (see Propositions 8.2, 8.3).

Concepts, techniques and statements proved in this paper also intervene in a recent result, which characterizes
reflexive languages (i.e., languages generated by finite reflexive Paun linear splicing systems), a class which properly
contains the family of languages generated by finite Head splicing systems [3,5]. Once again this characterization,
given in [3,5], is obtained via constants (see also [9,10] for other results on reflexive languages).

Decision problems also arise in a natural way. We recall that deciding whether a regular language is a constant
language is a question which was first asked in [13]. In [10] the authors have given an answer to this question, along
with a solution to the analogous question for reflexive languages. In this framework, we design an algorithm which
shows that it is decidable whether a regular language is a marker language (Proposition 5.3).

This paper is organized as follows. Section 2 contains some basics on words and finite automata together with all
the necessary preliminary definitions on the splicing operation. The other sections are devoted to marker languages.
Precisely, in Section 3 we give an outline of the results. Section 4 contains some definitions and properties of particular
closed paths in a graph (cycles) which will be used in the proofs of our results. In Sections 6—7 we prove that marker
languages, defined in Section 5, are generated by special finite linear Paun splicing systems which are constructed in
Section 6.1. Finally, in Section 8 we discuss the notion of marker and the relationship between constant languages and
marker languages. An extended abstract of most of the results contained in this paper has been presented at DLT02 [2].

2. Basics
2.1. Words and finite automata

We denote by A* the free monoid over a finite alphabet A with the concatenation (or product) operation, and we set
AT = A*\1, where 1 is the empty word. For a word w € A*, |w| is the length of w and, for a subset L of A*, we denote

by |L| the cardinality of L. A word x € A* is a factor of w € A* if uy, up € A* exist such that w = uxuy; x is a prefix
(resp. suffix) of w € A* if uy = 1 (resp. up = 1); x is a proper prefix (resp. proper suffix) of w € A* if up # 1 =u,
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(resp. u; # 1 =uy). We denote Fact(L) = {w € A*| A*wA* N L # @} the set of all the factors of the elements of
L C A* and we set Fact({w}) = Fact(w). We also recall that the reverse w® of w € A* is defined as follows: 1% = 1
and, forallx € A*,a € A, (xa)R = ax®. Then, for a language L C A*, LR ={R |1 € L} is the reverse of L.

We refer the reader to [8,11,15,20] for the notations and results which will be used in the next part of this section.
In the following .« = (Q, A, 9, qo, F) will be a finite state automaton, where Q is a finite set of states, go € Q is the
initial state and F € Q is the set of final states. The transition function ¢ is defined in the classical way. A finite state
automaton .o/ is deterministic if, foreach g € Q, a € A, there exists at most one state p € Q such that (g, a) = p. The
triple (g, a, p) is called an edge of the automaton .o7. Furthermore, ./ is trim if each state is accessible and coaccessible,
i.e., if for each state ¢ € Q there exist x, y € A* such that d(qg, x) = ¢ and (g, y) € F. As usual, in the transition
diagram of a trim deterministic automaton .7, each final state will be indicated by a double circle and the initial state
will be indicated by an arrow without a label going into it. In this paper, each automaton will be supposed to be
deterministic and trim. A path 7 in an automaton .7 is a finite sequence © = (q1, a1, ¢2)(q2, @2, q3) . . . (qn> An» Gn+1)

of consecutive edges, i.e., for each i = 1,...,n we have d(q;, a;) = g;+1. An abbreviated notation for a path is
n=(q1,ai1az---ay, qu+1) and aja . . . a, is called the label of ©. Moreover, we say that g1, ..., g,+1 are the states
crossed by the path (g1, ay ---ay, gn+1) and, for each i € {2,...,n}, g; is an internal state crossed by the same

path. For each state g, we consider also the null path 1, with label 1. A path = = (g, x, p) is a closed path if n # 1,
and g = p.

If not stated, L € A* will always be a regular language, at times represented by means of a regular expression. Well
known results state that, if L is regular then L¥ is regular and, for any set M, M~'L ={y € A*|xy € L,x € M},
LM~'={y e A*|yx € L, x € M} are also regular [11]. Given a regular language L C A*, it is also well known that
there exists a minimal finite state automaton .o recognizing it, i.e., such that L = L(.«/). This canonical automaton is
determined uniquely up to a renaming of the states and (when we make it trim) it has the minimal number of states. It
is related to the syntactic monoid of L (the definition of which will be recalled in Section 2.2) and can be obtained by
standard construction algorithms. One of these algorithms uses the property reported in Proposition 2.1 [1,15]. Given
a deterministic finite state automaton .«/ = (Q, A, 9, qo, F), forall ¢ € Q, we denote L, = {w € A*| (g, w) € F}.

Proposition 2.1. Let o/ = (Q, A, 0, qo, F) be a trim deterministic finite state automaton recognizing the regular
language L = L(.s/). Then, .o/ is minimal if and only if, for every q, p € Q, we have Ly # L.

Unless otherwise stated, for a regular language L € A*, we will always refer to the minimal finite state automaton
.o/ recognizing L. In particular, .7 will be deterministic and trim.

2.2. Syntactic monoid

The investigation of a regular language L C A* has been thoroughly developed by using the algebraic theory of finite
monoids via the so-called syntactic monoid associated with L [20]. This is the quotient monoid .# (L) with respect to the
syntactic congruence =p, defined as follows: two words w, w’ are equivalent with respect to the syntactic congruence
if they have the same set of contexts, i.e.,

w=w & [Vx,yeAf,xwyel & xw'yel]e Cw)=CwW).

Here, we denote C(w) = {(x,y) € A* x A*|xwy € L} the set of contexts C(w) of w € A* for L C A* and
[w] = {w' € A*|w'=pw} the class of w modulo =;. If L is a regular language then the index (i.e., the number of
congruence classes) of the syntactic congruence is finite and so .# (L) is a finite monoid. Theorem 2.1, proved in [17],
will be widely used in the next part of this paper.

Theorem 2.1. Let L be a regular language and let of = (Q, A, 0, qo, F) be the minimal automaton recognizing L. We
have w=pw' if and only if for all ¢ € Q we have (g, w) = d(g, w').

Let us introduce some notations which will be used in the following sections. We set Q,,(«/) = {g € Q| (g, w)
is defined}, simply denoted Q, when the context makes the meaning evident. Furthermore the observation below
defines the notation Qy,,) with w € A*.
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Remark 2.1. If w=;w’ then Q,, = Q.. By contradiction, suppose that there exists ¢ € Q,,\ Q. and let é(g, w) = p.
Since ¢ is accessible and p is coaccessible, then there exist x, y € A* such that d(go, x) = ¢, d(p, y) € F. Thus,
(x,y) € C(w),but (x, y) ¢ C(w’), since 6(qo, x) =¢ and d(q, w') is not defined. In conclusion, Q,, C Q.. Similarly,
Ouw S Oy and so Oy = Q.

Finally, a word w € A* can be a label of zero, one path or more in .7, but since .o/ is deterministic, for a given
q € Qu, we have that w is the label of a unique path in .7 starting from g.

2.3. Linear splicing

In Section 3 we present the main result of this paper, namely we describe a new class of languages which can be
generated by a finite linear splicing system. As a matter of fact, there are three definitions of the linear splicing operation
given by Head, Paun and Pixton, respectively [14]. We will only consider the second definition, also reported in [18].

Paun’s definition. Given a finite alphabet A and two special symbols |, $ ¢ A, a splicing rule (over A) is
denoted r = uy |up $us3|uq, (uj € A*,i =1,2,3,4). For such a rule r we write (x, y)F-(w’, w”) if and only if
X1, X2, ¥1, y2 € A* exist such that x = xjujuzx, y = yjususyr, w' =xjujusyy and w”’ = yjusuosxy. A splicing system
Spa = (A, I, R) consists of a finite alphabet A, an initial language / C A* and a set R of rules. Furthermore, given
a language L C A*, we denote by ¢/(L) = {w’, w” € A*|3x,y € L,Ir € R : (x, y)F(w', w”)}. Then, we define
o®(L)=L,d" "' (L)=¢'(L) Ud' (6" (L)), i >0, and then o* (L) = J; 5 (0" (L).

Definition 2.1. Given a splicing system Spq = (A, I, R), the language L(Spy) = ¢*(I) is the language generated by
the system Spy . A language L is Spy generated (or L is a Paun splicing language) if a splicing system Spy exists such
that L = L(Spy).

Given a splicing system Spq = (A, I, R), let us consider arule r =uj |up $u3 | us € R. Clearly r may be considered
a word, so the reverse rX = uf |u§ $u§ |uf of r may also be defined. Thus, we can define the splicing system

Sf’A = (A, IR, R®) where RR = {rR | r € R}. Proposition 2.2 is more or less folklore.

Proposition 2.2. Let L C A* be a language, let Spg = (A, I, R) be a splicing system. We have (L(SPA))R = L(S;;A)'
In addition, if L € L(Spy) then L C L(S};A).

Proof. Given a splicing system Spy = (A, I, R) and a language L C A*, we denote by o/, (L) (resp. o(L)) the
function ¢’ (resp. ¢) when we refer to S}S Jie, dRp(L) ={w,w” € A*|3x,y € L,IrR € RR: (x, y)Fr(w', w")}.
Furthermore, we have o%(L) =1L, aiRH (L) = cr‘k(L) U a’R(a‘k(L)), i>0.

It is clear that 6% (I®) = I® = (6°(1))®. Furthermore, given x,y € L, r € R, w’, w” € A*, we obviously have

(x,y) by (', w") if and only if (x®, y®) F.x ("X, (w")F). This observation shows that ¢/, (LR) = (¢’ (L))X. Then,
looking at Definition 2.1, we have (L(SPA))R = L(S;;A).
Suppose that L € L(Sp4). Then, for each w® e LR, we have either w € I or there exist x, y € L(Spy),r € R
and w’ € A* such that (x, y)F,(w, w’) (the other case (x, y)F,(w’, w) is analogous). Consequently, either w® e IR
or there is a rule rX € RR, xR, yR e (L(Spg)® = L(SF,) and (w)® € A* such that (xR, y®)b, r(wE, (")), ie.,
wk e L(Sg,). O

In the next part of this paper we deal only with finite linear splicing systems, i.e., with both I, R € Fin, where Fin
is the class of finite languages. The corresponding class of generated languages will be denoted Spy (Fin, Fin).

3. Outline of the results

As already said, the main result of this paper is the construction of a family of languages generated by finite Paun
linear splicing systems and called marker languages (Definition 5.4). These languages are defined starting with a regular
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language L = L(.</) and a particular syntactic congruence class [x] with respect to L. To be more specific, we give
the definition of a marker for L (Definition 5.3). Intuitively, given x € A*, [x] is a marker for L if, in the transition
diagram of the minimal finite state automaton .o/ recognizing L, there is only one path 7 with label x. Furthermore,
either [x] is a finite set or x is the label of a closed path in .«7. Under these hypotheses, we set [x]; = [x] in the former
case and [x]; = [x] U {1} in the latter case. A marker language L will have the form L[x]; L, where Ly, L, are regular
languages and [x] is a marker.

We give an algorithm which shows that we can decide whether a regular language is a marker language. Furthermore,
for each marker language L we exhibit a finite linear splicing system (Section 6.1) and we show that this system generates
L (Theorem 6.1). Propositions 8.2 and 8.3 prove that the class of marker languages is different from the class of constant
languages introduced in [13] and mentioned in Section 1.

4. Cycles

Let L be a regular language and let &/ = (Q, A, 9, qo, F) be the minimal finite state automaton recognizing L.
Intuitively, if a regular infinite language L is generated by a finite linear splicing system, we must exhibit a finite set of
rules which are able to produce words with a non-bounded number of occurrences of labels of closed paths as factors.
This is the reason for which in [4] the authors give a definition for referring to some of these labels (cycles) in .o7.

The result which follows, also reported in [5], can be easily proved and will be used in Section 6 in the proofs of
Proposition 6.2 and Lemma 6.1.

Lemma 4.1. Let o/ = (Q, A, 5, qo, F) be a deterministic finite state automaton. For each w € AT, g, p € Q such
that 6(q, w) = p there exist a positive integer k,uy, ..., ug+1,dy, ...,dx € A*, po, P1, ..., Pk, Pk+1 € Q such that

® Do=dq, Pk+1 =P,
o w=uiduy---ugdiitpi1,

o ¥(pi,d) =pi, 1<i<k,d(pj_1,uj)=pj, 1<j<k+ 1.
Furthermore, w' = ujuy - - - upuy satisfies the conditions that follow.

(a) o(q, w") = p,

(b) each state crossed by the path (q, w’, p) is also crossed by the path (¢, w, p),

(c) the internal states crossed by the path (q, w’', p) are different from one another and with respect to q, p,
d) eitherw=w' =ujur, k=1ork>1,dy,...,di € AT and, ifk>2,u>, ..., up € AT.

As we have already said, since .o/ is deterministic, a path &= = (g, ¢, p) is uniquely defined by the pair (g, ¢).

Definition 4.1 (g-label). Letg € Q. A word ¢ € At is a g-label in .o/ (or simply a g-label, if .o is understood) if ¢
is the label of some closed path © = (g, ¢, q) in .«Z. A g-label c is elementary if the internal states crossed by the path
(g, c, q) are different from ¢, otherwise it is non-elementary.

Itis obvious that, for a non-elementary g-label c, there exist (not necessarily different) elementary g-labels cy, . . ., ¢,,
n>1,suchthatc=cy---c,. A cycleis a special elementary g-label, its definition, given in [4] and reported below, is
mutually recursive with the definition of a semi-cycle.

Definition 4.2 (Simple cycle). The word ¢ € A™ is a simple cycle on q if c is an elementary g-label and the internal
states crossed by the path (g, ¢, ¢) are different from one another.

(Semi-cycle) The word ¢ € AT is a semi-cycle on q if there exist (not necessarily different) cycles ¢y, ..., ¢, on ¢
suchthatc=cy---cy and, if ¢; =cj for 1<i < j<n,thenc; =cy fork € {i,i +1,..., j}.If n > 1 then c is a proper
semi-cycle on q.

(Cycle) The word ¢ € A™ is a cycle on q if c is an elementary g-label such that either ¢ is a simple cycle on g or
there exist uy, us, ..., Ug, Ug+1, 51, ..., 5 € AT suchthat c=uysjus - - - ugsgugr1, withk>1, uquy - - - ugug4 1 being
a simple cycle on ¢, s; being a semi-cycle on p; =6(pj_1,u;), 1< j<kand po=gq.
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Fig. 2. Automaton .o/5.

A cycle ¢ on g is simply named cycle when the context makes the meaning evident.

Example 4.1. The word ¢ = ba’b?a>b is a (non-simple) cycle on state 0 in .71 (Fig. 1). Indeed, ¢ = bs 1b2s52b, where
bb?b is a simple cycle on 0, s; = a? is a simple cycle on 1 and s, = a? is a simple cycle on 3. Notice that we can also
state that ¢ is a cycle on 0 by observing that ¢ = basb, where bab is a simple cycle on 0 and s = abbaa is a semi-cycle
on 3. The same word ¢ = ba’b*a?b is a (non-simple) cycle on 2 since ¢ = bsb2s»b, where bb>b is a simple cycle on
2,51 = a’ is a simple cycle on 3 and s = a? is a simple cycle on 1.

Example 4.2. As another example, consider the automaton .o/, (Fig. 2). It is easy to see that the elementary 0-labels
adeaa, adddeeaa are cycles on 0. On the contrary, ¢ = adedaa is not a cycle on 0 since there is a unique simple cycle
on 0 having a as a prefix, namely a3, and ded is not a semi-cycle on 1.

The 0-label c=ad?e3a(be*b) (be>b) (be*b)aisa cycle on 0. Indeed, we have c=asas;a, with a’ being a simple cycle
on0,s; =d%e3 being a semi-cycle on 1, s = c3c4cs being a semi-cycle on 2 since ¢3 = (bezb), 4= (be3b), c5= (be4b)
are different cycles on 2. On the contrary, ¢ = ad*e3a(be’b) (be’b)(be*b)a is not a cycle on 0 since, once again, there
is a unique simple cycle on 0 having a as a prefix, namely a3, and (be?b)(be>b)(be?b) is not a semi-cycle on 2.

Cycles satisfy a combinatorial property which is described in the lemma below. This lemma, which will be used in
the proof of Proposition 4.1, states that a proper semi-cycle on g is not a cycle on ¢ and that a cycle on g cannot be a
proper prefix of another cycle on g.

Lemma 4.2. Let o/ = (Q, A, 0, qo, F) be a deterministic finite state automaton, let g € Q. A cycle on q is never a
proper prefix of another cycle on q.

Proof. Let ¢, d be two cycles on g with ¢ # d and, by contradiction, suppose that there exists w € AT such that
¢ =dw or d = cw. Let us suppose that the first case holds (the second case is analogous). Consequently, we have
q=0(q,c)=9(q,dw)=950(q,d), w)=90d(g, w),i.e., c=dw is not an elementary g-label and this is a contradiction
(see Definition 4.2). [



458 P. Bonizzoni et al. / Discrete Applied Mathematics 154 (2006) 452—470

The definition which follows intervenes in the statement of Proposition 4.1. In this proposition, we will state a
property of g-labels that are not cycles on g which, in turn, will be used in the proof of the main result of this

paper.

Definition 4.2 (Forbidden g-label). A g-label c is a quasi semi-cycle on q if there exist (not necessarily different)
cyclescy,...,cpongsuchthatc=cy - - - ¢,. If n > 1 then c is a proper quasi semi-cycle on q. A g-label c is a forbidden
g-label if ¢ = cy/c1, where ¢ is a cycle on g and 4 is a g-label which is not a power of ¢; (i.e., 4 # c’], t>1).

Remark 4.1. We notice that if ¢ is a cycle on ¢ then ¢ is not a proper quasi semi-cycle on g. Furthermore, using the
same notations as in Definition 4.2, there exists a factorization of ¢, say u1Sy - - - sgug+1, such that no s; is a forbidden
pj-label. Nevertheless, examples of cycles ¢ on g exist such that we can write ¢ = hfg with f being a forbidden p-label
and 0(q, h) = p. For instance, let .27 be the automaton in Fig. 1. Then ¢ = ba’b%a*bisa cycle on 0 since c = bs1b%syb,
where bb2b is a simple cycle on 0, s1 = atisa cycleon 1 and s, = atisa semi-cycle on 3. On the other hand, c=bfab,
where f = a?b?a3 is a forbidden 1-label with ¢ = a2, ) = b%a. As another example, consider the automaton .o/ and
the cycle ¢ = ad?*e3a(be’b)(be’b)(be*b)a on 0. We have ¢ = (ad*e3abe?) f (e*ba), where f = b*e3b? is a forbidden
3-label. Proposition 4.1 states that, if a g-label c is not a quasi semi-cycle on g then the above-mentioned factorization
hfg of c always exists.

Proposition 4.1. Let L be a regular language and let o/ = (Q, A, 0, qo, F) be the minimal finite state automaton
recognizing L. Let ¢ be a g-label in 7. If ¢ is not a cycle, then one of the following two cases occurs.

(1) cis a proper quasi semi-cycle on q.
(2) c=hfg, whereh, g € A", fis a forbidden p-label and 6(q, h) = p.

Proof. Let c be a g-label in .«7 which is not a cycle. By using induction over |c|, we prove that condition (1) or (2)
holds.

Let c be the shortest string among all those strings that are p-labels in .2/ and that are not cycles on p, with p € Q.
If ¢ is not an elementary g-label, i.e., ¢ = ¢’¢” with ¢/, ¢’ being g-labels, then ¢/, ¢’ are cycles on ¢ (since ¢, ¢”
are shorter than c¢) and c is a proper quasi semi-cycle on g. Otherwise, ¢ is not a simple cycle on ¢ and, for each
UL, Uy oy Uy U1, ST, -+, 5k € AT such that ¢ = ULS1UD - UkSkUk+1, With k> 1, ujus - - - upur41 being a simple
cycle on g, there exists j, 1< j <k such that, for p; = 6(p;j—1,u;), s; is a p;-label which is not a semi-cycle, in
particular s; is not a cycle, a contradiction since [s;| < |c].

Suppose now that the conclusion holds for words d € A*, |d| < |c| and let us prove the conclusion for ¢. The
following preliminary observations hold as direct results.

(a) If ¢/, ¢” are g-labels such that each of them is a quasi semi-cycle on g or is a product 2’ f'g’, with h’, g’ € AT,
[/ being a forbidden p-label, d(q, h") = p, then c = ¢/¢” satisfies condition (1) or condition (2).

(b) If ¢ = hh' fg'g, where h,g € AT, h',g" € A*, fis a forbidden p-label, 5(q, hh') = p, then ¢ satisfies
condition (2).

If ¢ is not an elementary g-label, i.e., ¢ = ¢’¢” with ¢, ¢” being g-labels shorter than c, then item (a) along with
the induction hypothesis allows us to infer that ¢ satisfies condition (1) or condition (2). Suppose now that ¢ is an
elementary g-label. Once again, ¢ is not a simple cycle on ¢ and, for each uy, us, ..., ug, ug41, St, - -, Sk € At such
that ¢ = uysjuz - - - ugSgug+1, with k> 1, ujus - - - ugug41 being a simple cycle on g, there exists j, 1 < j <k, such
that, for pj = d(pj—1,uj), sj is a pj-label which is not a semi-cycle on p;. In particular, c = hsjg with h, g € A™,
sj is not a cycle on p; and |sj| <|c|. Thus, by induction hypothesis, either s; = h’ fg’, where h’, g’ € AT, fisa
forbidden p-label, d(p;, h') = p or s; is a proper quasi semi-cycle on p;. In the latter case, we still have s; = A’ fg’
with i/, f, g’as above, except that 4’ or g’ can now be the empty word. Indeed, since s; is a proper quasi semi-cycle on
pj,wehaves; = c/l . c;,, with n > 1 and c,’( being cycles on p ;. Furthermore, since s; is not a semi-cycle on p;, there
exists iy, i, 1 <iy <i» <k, such that cl{l = cl’.2 while ¢/ . cl{z_] are different from c; - Then, the above-mentioned

i1

o . . T s T N ! ;o

factorization exists with f = < lciz, since A =¢;, 4y ¢, €ATIsap; label and 4 is not a power of ¢;, (in view
of Lemma 4.2).
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Thus, in view of item (b), ¢ satisfies condition (2). [

In Remark 4.1 we have already observed that Proposition 4.1 does not lead to a characterization of cycles since we
have given examples of cycles which satisfy condition (2) contained in the statement of Proposition 4.1.

Example 4.3. Consider .«/> (Fig. 2). We observe that aea’, aedabeba are elementary 0-labels, while ea’ is not an
elementary 0-label.

Each word ¢; j = die/, with i, J =1, 1is a proper semi-cycle on 1, hence c; ; is not a cycle on 1. On the other hand,
each word ¢; jx = die/d*, with i, J»k>1,is a forbidden 1-label. Hence, once again, c; j x is not a cycle on 1 since
¢, j.k is not an elementary 1-label. Note, that d'el satisfies condition (1) in Proposition 4.1, while ad'e’ d*a? satisfies
condition (2) in the same proposition.

The word ¢ = adeda? is an example of an elementary O-label that is not a cycle on 0. Indeed, since there is a
unique simple cycle on 0 having a as a prefix, namely a>, there is only one factorization of ¢ which we should consider
and that is ¢ = as1a2, with s1 = ded. On the other hand, s; is not a semi-cycle on state 1 and so, c¢ is not a cycle
on 0.

5. Markers and languages defined by markers

In this section we will give some preliminary definitions in order to define the class of languages we deal with, i.e.,
marker languages (Definition 5.4).

Definition 5.1 (Cyclic class). A class [x] € .4 (L) is called cyclic if there exists g € Q and y € [x] such that y is a
g-label in .«7.

For instance, given the finite state automaton .«73 depicted in Fig. 3, [cb] = ((c¢b)*(dh)*)*\{1} is a cyclic class since
cb, dh are cycles.

Definition 5.2 (Singular class). A class [x] € .4 (L) is called singular if | Q)| = 1.
Proposition 5.1 states a property of a cyclic class which is singular: every word y in [x] is a g-label.

Proposition 5.1. Let [x] be a singular and cyclic class and let Q[x] = {qx}. For every y, z € [x], we have d(qx, y) =
0(qx, 2) = qx and yz € [x].

Proof. In virtue of Definition 5.1, we have d(gy, x) =¢q,. Let y, z € [x]. Thus, using Theorem 2.1, we have 6(gy, y) =
0(qx, 2) =qx and also 6(qx, yz) = 6(6(qx, ¥), 2) =¢q,. Since Remark 2.1 allows us to state that 0, = O, = 0, ={q.},
we also have Qy, = {g,}. Thus, yz € [x] in virtue of Theorem 2.1. [

Definition 5.3 (Marker). Let L be a regular language and let x € A™ be such that Q, # @. The set [x] is a marker for
Lif[x] € .# (L) is a singular class that is finite or cyclic. We also set [x]; =[x] if [x] is finite, otherwise [x]; =[x]U{1}.

©)

Fig. 3. Automaton .<73 for a((chb)* (dh)*)*df.
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Example 5.1. For instance, given the finite state automaton .«/3 depicted in Fig. 3, [cb] is a marker for L = a((cb)*
(dh)*)*df since [cb] = ((cb)*(dh)*)*\{1} is a cyclic class and | Q[cpj| = 1. In addition, for each x € {a, b, ¢, d, f, h}
we have that [x] is a marker for L since |Q[y]| = 1 and [x] = {x} is a finite class.

Notice that a marker for L may be a word (when [[x]| = 1) or a finite set of equivalent words with respect to =p,
(when [x] is a finite class) or a set of equivalent words with respect to =y which are g, -labels of closed paths (when
[x] is a cyclic class). Furthermore, we have [x] # [1] unless we have |Q| = 1, where Q is the set of the states in .o7.
In the next part of this paper we will suppose |Q| > 1. Proposition 5.2 states that the existence of a marker for L is
decidable.

Proposition 5.2. It is decidable whether a regular language L has a marker. There exists an algorithm for constructing
the set of markers for L.

Proof. Given a regular language L, the structure of the syntactic monoid .# (L) of L and, for each [x] € .# (L), the
structure of the regular language [x] can be obtained by standard construction algorithms [21]. Let {x1, ..., xx} be
a complete set of representatives of the syntactic congruence classes of L. Obviously, for all i € {1, ..., k}, we can
decide whether |Qy;| = 1 in the minimal automaton .o/ recognizing L. For this x; we can also decide whether [x;] is
a cyclic class since, in view of Proposition 5.1, [x;] is a cyclic class if and only if x; is a g-label. In addition, we can
decide whether [x;] is a finite class since it is decidable whether a regular set is finite. Therefore, in view of Definition
5.3, it is decidable whether [x;] is a marker. The argument above allows us to design an algorithm for constructing the
set of markers for L. [

Let L be a regular language and let [x] be a marker for L. We now define a regular language L([x]) associated with
a marker and in Theorem 6.1 we will prove that L([x]) is generated by a finite Paun splicing system. We will also
introduce notations which will be used in the next part of this paper. In view of Definition 5.3, Theorem 2.1 and Remark
2.1 there exist gy, px € O such that Q] = {gx} and for each x" € [x] we have d(gy, x') = px. In addition, in view of
Proposition 5.1, if [x] is a cyclic class then p, = g, .

Definition 5.4 (Marker language). Let L be a regular language and let [x] be a marker for L. Denote L = {y €
A*|6(q0, ) =¢qx}, Ly ={y € A*|(px,y) € F} =L, . If L = Li[x]|L,, then L is the marker language L([x])
associated with [x]. L is a marker language if there exists a marker [x] for L such that L is the marker language
associated with [x].

Example 5.2. Consider the finite state automaton .o73 depicted in Fig. 3. The language L([cb]) = a((ch)*(dh)*)*df
is the marker language associated with [cbh] and we have L1 = a((cb)*(dh)*)* and L, = ((cbh)*(dh)*)*df. The same
language L([ f1)=a((cb)*(dh)*)*df is also the marker language associated with [ ] and we have L1 =a((cb)*(dh)*)*d
and Ly = {1}.

Remark 5.1. Let L = L[x];L> be the marker language associated with a marker [x]. Since the minimal automaton
recognizing L is trim and Q, # ¢ (Definition 5.3), there exist y, z € A* such that y[x]z C L, i.e., we have L| #
and L, # . In addition, L| = L([x]le)_l, L, = (Ll[x]l)_lL and L1, L, are regular languages (see Section 2.1).

Remark 5.2. Let L be the marker language associated with a marker [x]. For z € L, we could have two different
factorizations z = xjxx2 = x{x'x} with x,x" € [x], x1,x] € Ly, x,x5 € Lo, i.e., the product Li[x]L; is not

necessarily unambiguous.

Proposition 5.3. It is decidable whether a regular language L is a marker language.

Proof. Given a regular language L, in Proposition 5.2 we have proved that there exists an algorithm for constructing
the set of markers [x] for L. In the proof of this result we have observed that the structure of the regular language [x]
can also be described.

Given a marker [x] for L, let us consider the regular sets F([x]) = A*[x]A* N L, Suf([x]) = (A*[x])_lF([x]),
Pref([x]) = F ([x])([x]A*)_l. Then, L is a marker language if and only if there exists a marker [x] for L such that
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L = F([x]) if [x] is a finite class, L = F ([x]) U Pref([x])Suf([x]) otherwise (Definition 5.4). Thus, the conclusion holds
since given two regular languages X, Y, it is decidable whether X =Y [15]. O

6. Main result

The main result of this section is stated in Theorem 6.1 which will be proved in Sections 6.2 and 7.

6.1. Definition of a splicing system for marker languages

Let L be a regular language, let o7 = (Q, A, 0, qo, F) be the minimal finite state automaton recognizing L and let
p € Q. We will consider the following set.#, o, associated with .o/ and p, simply denoted .# , when ./ is understood.

Ipg={yeA |peQy, Yu,ve A*, g Qify=uc'v
with d(p, u) = g and ¢ being a g-label, then ¢ is a cycle on g in .7 and t = 1}. (1)

The result that follows will be used in the next part of this section.

Proposition 6.1. Lety € A*. We have y € .9, o7 ifand only if p € Qy and each q € Q is crossed at most twice by
the path (p, y, 0(p, y)).

Proof. Suppose thaty € .#,, ;. Then, by definition p € Q,. By contradiction, suppose thatg € Q exists such that g is
crossed at least three times by the path (p, y, d(p, y)). Then, z1, 20 € A*and ¢y, 2 € AT exist such that y =z1c1¢222,
(g, c1) =q. 6(q, c2) = g, which contradicts y € .#, ., when we take c1cy = ¢’

Conversely, let y € A*, p € Q, and suppose that each ¢ € Q is crossed at most twice by the path (p, y, 6(p, y)).
Then, y € .#, ./ since otherwise, there exist u,v € A*, ¢ € Q and a g-label c such that y = uc’v and either c is
not a cycle on g or ¢ > 1. In view of Definition 4.2 and Proposition 4.1, g is crossed at least three times by the path
(p,y,0(p, y)): acontradiction. [

Remark 6.1. Each word y € .#, s is named a reduced label on p in [5].

Let [x] be a marker for L and suppose that L = L([x]) = L1[x]; L is the marker language associated with [x]. We
now define a splicing system S[y] = (A4, I, R) and we will prove that L([x]) € L(S[x]). In the next part of this paper,
2/ r=(QR, A, OR, g0z, Fr) will be the minimal finite state automaton recognizing (L 1)R and we will use the notation
(JR)) for the set .F, o/, the definition of which is recalled below.

(JR)p=1{y € A"|p € (QRr)y, Yu,v e A", q € Qg if y=ucv
with 0g(p, u) = g and ¢ being a g-label in .o/ g, then c is a cycle on ¢ in .o/ and t = 1}. 2)

Definition 6.1 (Initial language). Let L = L[x]; L, be the marker language associated with [x] and let x,; be a fixed
element in [x]. The initial language I associated with L[x] is the set

I'=1hM(xD12, 3)
where the sets 11, I, M ([x]), are defined as follows:
Li=(Rryg, NLi={yeIry, [y eLAp)

Lh=J, NLy={ye.f, |6(px,y) € F},

_Jxm if [x] is cyclic,
M) = { [x] if [x] is finite.

Proposition 6.2. The initial language I is not empty.
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Proof. Let L = L{[x]; L, be the marker language associated with [x] and let .o/ = (Q, A, 9, qo, F) be the minimal
finite state automaton recognizing L. By Remark 5.1, we have L} # @ and L, # @, so letl},l» € A* be such that
0(px, 1) =qr € F, 0r(qo,. llR) = pr € Fg. In view of Lemma 4.1, there exists I, € A* (resp. (l;)R € A*) such
that 0(px,15) = gr € F (resp. 0r(qoy, (li)R) = pr € Fpg) and the internal states crossed by the path (py, 15, gF)
(resp. by the path (go,, (/ i)R, pr)) are different from one another and with respect to py, g (resp. qo,, pr). Then, by
Proposition 6.1, 1] € I1 and I}, € I>. Finally, M ([x]) # ¥ and for each x" € M ([x]), we have [\1x'l, e I. O

In Proposition 6.3 we also prove that the initial language / is finite.

Definition 6.2 (Set of rules). Let [x] be a marker and let / be the initial language associated with L ([x]).
For every z =z1x'zp € I, with 21 € I}, x" € M([x]), z2 € I, for every factor ¢; of 2, i.e., zp = Z'c;z”, which is a
cycle on gin .oZ, g = 6(px, 2'), let
re; = X7 |18x'Zc;| 1. 4)
For every z = z1x'z2 € I, with z1 € I, x" € M([x]), z2 € I, for every factor ¢; of @Dk, e, @R = Z"c;z/, which
isacycle on g in .oZg, g = dr(qog, 2", let

re, = HEPREHR$ 11D )
In addition, if [x] is a cyclic class, let

Py =Xm | 181 xps. 6)
Finally, for each z =z1x'zy € I, let R, be the set of rules Tejs rc’.j defined by Eqs. (4), (5). We define R = ., R, when

[x]is a finite class and R = (Uzele) U {rx,,.xs,} When [x] is a cyclic class.

We also observe that there could be more than one occurrence of ¢; as a cycle in z. For instance, we could have
7 =2z1x20 = 21x7'¢;7" = z1x25¢;25 with 2’ # 25. Thus, in this case we have two rules re; (at least) and we should
denote them r/, i hesr As a matter of fact we will adopt the same notations as in Eqs. (4), (5) since the context will
not make them ambiguous.

In Proposition 6.3 we prove that Sy} = (A, I, R) is a finite splicing system by using an argument already given in
[4]. In the statements of the propositions proved in this section we will use all the notations introduced in Section 5
and in the first part of this section.

Proposition 6.3. The languages I and R are finite.

Proof. We know that I = I} M ([x]) I, where I (resp. IlR) is a subset of ., (resp. (JR)qOR ). Furthermore, M ([x]) is
a finite set. Thus, if we prove that ., (resp. (S R)‘IOR) is a finite set, then [ is also a finite set. On the other hand, each
y € Jp, is the label of a path 7 in .o/ such thatevery ¢ € Q is crossed at most twice by the path = (see Proposition 6.1).
Consequently, |y|<2|Q| and .7, is a finite set. The same argument maintains for (#g),, , which is in turn a finite
set. Furthermore, for each z € I, R, is finite since the number of the elements in R, is at most equal to the number of
the factors of z. Finally, if [x] is a finite class then R is finite since R is the union of a finite number (< |/|) of the finite
sets R;. Clearly, R is also finite when [x] is a cyclic class. [J

Definition 6.3 (Paun splicing system for marker languages). Let I be as in Definition 6.1 and let R be as in Definition
6.2. Then, Sjx] = (A, I, R) is the finite Paun splicing system associated with L([x]).

Theorem 6.1. Let L be a regular language. Let [x] be a marker for L and suppose that L = L([x]) is the marker
language associated with [x]. Let Sy} = (A, 1, R) be the finite Paun splicing system associated with L([x]). Then, we
have L([x]) = L(S[x)).

Example 6.1. Let L = a((ch)*(dh)*)*df be recognized by .75 (Fig. 3). As observed in Example 5.2, L = L([f]) =
Li[f11Ly = L{[f]L, is the marker language associated with [ /], where L| = a((cb)*(dh)*)*d and L, = {1}. The
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minimal finite state automaton .2/3 g recognizing (L1)® may be easily obtained by reversing all the edges in .73, by
removing state 4 and by taking 3 as initial state and 0 as the unique final state. Therefore, Iy ={acbd, adhd, ad}and S| 1=
(A, I, R) with I ={acbdf,adhdf,adf}, R={1|cbdf $1|df,1|dhdf$1]|df}. By Theorem 6.1, S|y generates L.
In Example 5.2, we have observed that L = L([cb])=L[cb]; L, is also the marker language associated with [cb] and, in
this case, we have L = a((ch)*(dh)*)* and L, = ((cb)*(dh)*)*df . The same automaton /3 g once again recognizes
(Ll)R, when we take 1 as the initial state. We have I} = {acbh, adh, a}, I = {cbdf,dhdf,df} and, when we set
M ([cb])=cb, we have S;cp)=(A, I, R) with I ={acb, adh, a}cb{cbdf,dhdf,df}, R={cb|1$cbcb|1,cb|1$cbdh
|1,1]cbcb$1|cb,1|dhcb$1|chb,cb|1$1]cb}. By Theorem 6.1, Si.p generates L.

6.2. Generation

In this section we prove that, given a marker language L([x]) = L[x];L> and the splicing system S}, associated
with L([x]) by Definition 6.3, we have L([x]) € L(S[x]). The proof of this result is divided into five steps and the
hypothesis that L([x]) is a marker language is unnecessary in the first step. Lemma 6.1 will be used in the proof of
Proposition 6.4.

Lemma 6.1. Let L be a regular language, let o/ = (Q, A, 9, qo, F) be the minimal finite state automaton recognizing
Landlet p € Q. Let wy, wy € A* be such that wy € I, oy = .9, wiwz € Ly and 6(p, w1) = q1, 6(q1, w2) = gr.
Suppose that for every q' € O\{q1}, if ¢’ is crossed by the path (q1, w2, qF), then q’ is crossed at most once by the
path (p, wy, q1). Then, there exists v € A* such that wiv' € f’p =4,NL,.

Proof. If g; = g the conclusion holds with v’ = 1. So, suppose g; # gr. Let v’ be the word satisfying conditions
(a)—(d) in Lemma 4.1 applied to wy and d(q1, wz) = g. In view of condition (a) in Lemma 4.1 we have wjv’ € L,
and, in view of condition () in the same lemma, wy, v’ satisfy the hypothesis in the statement. In addition, by using
condition (¢) in Lemma 4.1 and since g1 # qF, the states crossed by the path (g1, v, gr) are different from one another.

We claim that wiv’ € f;,, ie., wv e J . Indeed, ¢ is crossed at most twice by the path (p, wi, g1) (Proposition
6.1) and g is crossed only once by the path (g1, V', gF), so g is crossed at most twice by the path (p, wiv’, gF).
Analogously, for each ¢’ € Q\{q1}, either g’ is not crossed by the path (g1, v/, gr) and ¢’ is crossed at most twice
by the path (p, wi, ¢1) (Proposition 6.1) or ¢’ is crossed (only once) by the path (g1, v/, gr) and so, in view of the
hypothesis, g’ is crossed only once by the path (p, wy, g1). We conclude that each g’ € Q is crossed at most twice by
the path (p, wiv’, gr). Since p € Q,,,,, by using Proposition 6.1, we have wiv' € .#,. 0O

Proposition 6.4. Let L([x]) be a marker language and let Siy) = (A, I, R) be the splicing system associated with
L([x]). Then we have L([x]) € L(Spx))-

Proof. The proof is divided into the following five steps.

Step 1. Let M be a finite subset of A*, with M # (. Let L be a regular language, let .o/ = (Q, A, 9, qo, F) be the
minimal finite state automaton recognizing Landlet p € Q.Let.¥ ,=.%, . andlet J;:JPOLP. LetSpp=(A,I', R')
be a splicing system such that for every x" € M, z € .7/, for every factor ¢; of z2, i.e., 22 = z'c;z”, which is a cycle
in ./ ong = d(p, ), therule r;; = x'z" [ 1$x'Z'c; | 1 belongs to R'.

Forall Y C A*, if YMJ/p C L(Spy),then YML, € L(Spy).

Step 2. LM ([x]) L2 € L(Spx))-

Step 3. LM ([x]) L2 € L(S)).

Step 4. If [x] is a cyclic class then L1 M ([x])[x]L> € L(Spx))-

Step 5. L1[x]1 Ly € L(Sx))-

As amatter of fact, Steps 1-3 allow us to prove the statement when [x] is a finite class (in this case M ([x])=[x]=[x];).
Steps 4-5 are necessary in order to end the proof when [x] is a cyclic class.

Step1.Lety € Y,x' € M,l € L,,z=yx'l € YML,.We prove that z € L(Sp4) by induction over |z|. If | € .¥",
then by hypothesis z € L(Sp4). Assume that [ € L,,\f’p and that, for each 7’ € YML,,\YMf/p with |Z/]| < |z], we
have 7’ € L(Spa).

Since [ € Lp\f;,, then! ¢ .7 ,. Let [ be the shortest prefix of / that is a word notin .# ,. Then p € Q;, and, looking
at Eq. (1) and Proposition 4.1, we have that either ¢, u, c1, ¢, v exist such that [} = ucicz, I = ucicav, c1, c2 (not
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necessarily different) cycles on g = 6(p, u) or [y =uhcilc1g, where h, g € A" and d = c1Ac; is a forbidden ¢’-label,
with ¢" = (g, uh). Now, the latter case cannot occur since [’ = uhd is a proper prefix of /1 and I’ ¢ .7, (Proposition
6.1), a contradiction with the minimality of |/1].

In addition, by using the minimality of |/;|, we have that each proper prefix of /1 is in .. In particular, we have
ucy € 4 p, while uciv € L. Furthermore, ucyv satisfies one of the following two conditions.

(a) There exists a state ¢; which is crossed by the path (¢, v, 6(g, v)), with g; # ¢ and such that g is crossed at
least twice by the path (p, uci, q).

(b) For each state ¢ crossed by the path (g, v, 6(g, v)), g1 # ¢, q1 is crossed at most once by the path (p, ucy, q).

Case (a). Suppose that Case (a) occurs. Then, there exist uy, up, vy, vy € A* such that ucy = u1dus, v = vivy,
with d, upv; being gi-labels and 6(p, u1d) = q1 = o(p, uy) = 6(q, v1), 9(q1, u2) = q, d(q1,v2) € F. So, us # 1
since g1 # ¢. Suppose u1d of minimal length with respect to this condition, that is each state g’ crossed by the path
(g, v,0(q,v)), q" # q,q" # q is crossed at most once by the path (p, u1d, q1) and g is crossed exactly twice by
the path (p, u1d, q1). Furthermore, observe that since u1d is a proper prefix of uc; then |u1d| < |l1| and so u1d € .7,
d is a cycle on ¢;. In addition, ¢ is crossed at most once by the path (p, u1d, q1). Indeed, otherwise, u1d being a
proper prefix of ucy, g would be crossed more than twice by the path (p, ucy, ¢): this is a contradiction since ucy € .#
(Proposition 6.1). Moreover, obviously I” =u1dv, € L p- Thus, wi =ud, wy =v; satisfy the hypothesis of Lemma 6.1:
for every ¢’ € Q\{q1}, if ¢’ is crossed by the path (g1, w2, gr), then g’ is crossed at most once by the path (p, wy, q1).
Consequently, there exists v’ such that u1dv’ € J/p. So, for each x" € M we have ry = x'u; | 1$x'u1d|1 € R’. On
the other hand, we obviously have I’ = ujuscov € L, and I” = udvy € L. Thus, 2/ = yx'l', 2" = yx'lI" e YML,
with 2’| <zl |2”| < |z| and, consequently, by the induction hypothesis, z’, z” € L(Spy). By applying rule r4 to the
pair (z/, ) we generate z, i.e., z € L(Spy).

Case (b). Obviously we have ucyv, ucov € L,. Then 2’ = yx'uciv, z” = yx'ucov € YML, and by induction
hypothesis, 2, z”" € L(Spy).

Since ucy € Jp, uciv € L, and Case (b) occurs, the words wy = ucy and wy = v satisfy the hypothesis of Lemma
6.1. Consequently, v" € A* exists so that uciv’ € .#),. Then, the rule r¢; = x'u | 1$x'ucy | 1is in R'. By applying r,
to z” and 7/, we generate z, i.e., z € L(Spy).

Step 2. By choosing ¥ = I, M = M([x]), p = py in Step 1, we have L, = L, and Jﬁ’; = I>. Furthermore, Sy
satisfies the hypothesis in Step 1. Since I1 M ([x])I2 € L(S[x]), by using Step 1, we obtain /1 M ([x])L2 € L(S[x))-

Step 3. By using Step 2, we have I1 M ([x])L, € L(S[y)) and so, by using Proposition 2.2, (L)® (M ([x]) R (11)* <
L(S{)). By choosing Y = (L2)®, M = (M([x])X, o/ = o/ g, p=qo, in Step 1, we have L, = (L1)¥, .7, =  Bao,,
and J’p = (I)X. Furthermore, S[I;] satisfies the hypothesis in Step 1. Then, since (L)X MIx)RUDR < L(S[Ifc]),
by using Step 1, we obtain (L)RM @ RL)HR L(S[Ifc]) and, by using once again Proposition 2.2, we have
LiM([x)Ly € L(Sx).

Step 4. Let [x] be a cyclic class and let z = l1xyxlp € LiM([x])[x]L, with [ € L1,1lp € Ly and x € [x]. In view
of Proposition 5.1, d(gy, x) = ¢ and so, pyx = g,. Furthermore, since [, € Lj, we have d(py, [2) = 6(qy,2) € F.
Consequently, we have o(py, xl2) = 0(qyx, xl2) = 0(0(qyx, x), l2) = 3(gx,l2) € F. In conclusion, xlp € Ly, i.e.,
z=Ulixyxly € L1M([x])L> and, by using Step 3, z € L(S[x}).

Step 5. 1f [x] is a finite class then [x]; = [x] = M ([x]), so, by using Step 3, L1[x]; Ly € L(S|}). Thus, suppose that
[x] is a cyclic class. Let z = l1xlp € Li[x]Ly (resp. z =1[1lp) with [y € Ly, 1> € L;. Let us prove that z € L(S[x)).
By using Step 4 (resp. Step 3) we have 7 = ljxyxly € L(Spy)) (resp. 2/ =lixyla € L(S[x))). On the other hand,
Fry oy =Xm |18 1] xy € R and by applying the rule ry,, ,, to the pair (z/, ) we generate z, i.e., z € L(Sjy)). O

7. Consistency and syntactic monoid

In this section we give results which allow us to end the proof of Theorem 6.1, namely to prove that L(S[)) € L([x]).
Once again, we will refer to the minimal finite state automaton .o/ recognizing a regular language L. Let us also recall
the definition of the left and right contexts of a word z € A™.

Cy(z)={u € A"|3q € Q:: d(q0,u) =q},

Caq@)={veA*|5@g.2v) e F}. Cxp)= | Cay@.
q€Q;
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Remark 7.1. Since the automaton is trim, then it is evident that O, ={g | C» 4(z) # #}. Obviously, if O, = Q, then
C #(2)=C (7). Furthermore, itis easy to see that z=; z"ifand only if 0, =Q./,(C #(2)=C ¢ (2")), C 4(2)=Cz 4 (),
forany g € Q.= Q.. Indeed, in view of Remark 2.1, if z=; 7' we have O, = Q and so, C #(z) = C (7). Moreover,
C,4(2) = Cy,4(2)), otherwise there exist (u, v) € C(z) and (u, v) ¢ C(z') or vice versa. Indeed, let u be such that
0(qo0, u)=q.1fv € Cy 4(2)\Cyp 4(z'), wehave 6(qo, uzv) € F and 6(qo, uz'v) ¢ F,since 6(q, z'v) ¢ F. Vice versa, let
0:=0,,(Cy(@)=Cy(2)),Cp4(2)=Cyqy(Z), foranyqg € Q; = Q. 1f (u,v) € C(z) thenu € Cy(2) =Cyp(2')
and v € Cy,(2) = Cy 4(<), for g = 6(qo,u) € Q; = Q. Thus d(qo, uz'v) € F,ie., (u,v) € C('). Using a
symmetric argument, we can prove that C(z') € C(z).

In the next part of this paper we suppose that each rule r, in a given splicing system Spy, is useful, i.e., there exist
x,y € L(Spy) such that (x, y)F-(w’, w”). As already mentioned, in this section we will prove that L(Six) € L([x]),
i.e., by applying rules in S} to words in L([x]) we still obtain words in L([x]). The definition below naturally arises.
It has also been independently introduced with a different name in [9], along with the notion of a useful rule.

Definition 7.1. A language L C A* is closed with respect to arule rif and only if foreach x, y € L, if (x, y)F, (w’, w”)
then w’, w” € L.

Let Spy = (A, I, R) be a splicing system. Let r = u1 | us $u3 | us be a rule in R. By definition, if r is applied to
x = xjujuzxy and y = yjusuqys, then r generates w' = xjujuqyr and w” = yjususxy. Now, if x, y, w', w” € L(</),
the right context x, of uju, is a right context of usu, and the right context y, of usuy is a right context of uju4. (In
other words, splicing allows us to exchange right contexts between strings.) This observation leads to the following
result which links the concept of a language closed with respect to a rule with states in the minimal automaton
recognizing L.

Proposition 7.1. Let Spy = (A, I, R) be a finite Paun splicing system, let L C A* be a regular language and let o/ be
the minimal finite state automaton recognizing L. Then L = L(o7) is closed with respect to a rule r = uy |up $usz | uq

if and only if for each pair (p, q) € Quius X Qusus, we have (p, q) € Quiug X Quau, and

(D) Cqp,pmiuz) C Cyp 4(usuz),
(2) Cpq(usug) S Cyp ,(uiug).

Furthermore, if I C L(./) and L(.</) is closed with respect to each rule in R, then L(Spp) € L(o7).

Proof. Since each rule is useful, for each r = u | u2 $u3 | us we have that Qy,,, # ¥ and Q,,,, # 9.

Assume that L is closed with respect to the rule r = uy |uz $u3 |us. Let (p, q) € Quyuy X Qusu, and x1, y1 € A*
such that d(gg, x1) = p and 6(qo, y1) = ¢ (<7 is trim). For each x; € Cp,p(uiuz) and y» € Cgp 4(usug) we have
Xiujuzxy € L and yjuzuay, € L. Since L is closed with respect to r, we have xjujusyy € L and yjuzurxy € L.
Consequently, p € Qyu, and y2 € Cyp p(u1us), g € Quau, and xa € Cy 4 (u3uz), which proves (1) and (2).

Assume now that (1) and (2) hold for the rule r =uy | up $u3 | ug. Letw’, w” € A* be such that x, y € L exist so that
(x, y)F(w', w”). By definition, x =xjujux2, y=y1uszusyz, w =xjujusy; and w” = yjuzuyx,. Now, for p=0(qo, x1)
andg=4(qo, y1), wehave (p, ) € Quuy X Quaug»*2 € Cop, p(u1u2) S Cyp g (u3uz),y2 € Cyp 4 (usug) € Cyp p(uiug).
This means that w” = yjusuzxy € L and w’ = xjujuqys € L, which proves that L is closed with respect to the rule r.

Now, let I € L and let L be closed with respect to each rule in R. Let us prove that L(Spyg) = Ui >Oai(1) CcCL,
i.e., that for each w’ € L(Sp4) we have w’ € L, by induction on the minimal i such that w’ € o' (I). Clearly, if i =0,
then w’ € I C L. Assume now that i > 0. Then there exists a rule  and x, y € o'~ (I), w” € L(Spy) such that
(x, ) (w', w”) or (x, y)F(w”, w’). By induction hypothesis, x, y € L and by using Definition 7.1, w’, w” € L. O

Let S;x= (A, I, R) be the splicing system associated with L ([x]). In the next two propositions we prove that L ([x])
is closed with respect to each rule in R. Since I € L([x]), in view of Proposition 7.1, we obtain L(S[y]) € L([x]).

Proposition 7.2. Let L([x]) € A* be the marker language associated with a marker [x]. Let S;y; = (A, I, R) be the
splicing system associated with L([x]). Then L([x]) is closed with respect to each rule as in Eq. (5).
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Proof. Let rL/.j =1 (Cj)R(ZH)R.X/ $1|(z")Rx’ be as in Eq. (5). By definition, there exists z = z;x'z> € I and a factor
cjof (zn),ie., (z1)* =2"c;z/, whichis acycle in.o/ g on g =g (g, ¢;) =0r(qoz, 2") € (QR).,- Letx1, x2 € L([x])
be such that (x1, x2)F (w’, w"). By definition, k, i, y2, y5 € A* exist so that

J

X1 =k(e) @R y2,  xa=h(")Rx'y,
w/ — k(z”)Rx’yé, w// — h(Cj)R(ZN)RX/yz.

Furthermore, since x’ € M([x]) and [x] is a marker, we have d(py, y2) = 6(qo, k(Cj)R(z”)Rx/yz) = 0(qo, x1) € F,
i, y2 € Ly and 3(px, y5) = 8(qo, k(2R x'y}) = 8(qo, x2) € F,ie., ¥} € Ly. In addition, (qo, k(cj)®(Z"F) =
qx = 3(qo, h(ZHF), ie, k(cHRE)R, h(Z")R e L.

In order to prove that L([x]) is closed with respect to réj , we must prove that k(z”)Rx/yé, h(cj)R (@) Rx'y, € L([x]).
Then, since v}, y» € Ly and x” € [x], we must prove that k(ZHE, h(cj)R @R e Ly, ie., 2"kR, 7"c;h® € L(AR).
By hypothesis, z”cij, 7’h®R e L(</). Thus, since cjisacyclein &/ on ¢ and .o/ g is deterministic, we have

Or(qog, 7'k®) = Sr(OR (g0, 27, k™)
= OR(SRr(qog, 2"¢j)s k®) = Or(qog, 7 cik®) € F

and
SR (qog, 7"cih®) = dr(q, c;h®) = Sr(q, h®) = Sr(qog, Z'h") € Fr.

Soz"kR e (LR, 2"¢;h® e (LR, ie., w' = k(@) Rx'y) € L(Ix]) and w” = h(c )R (") Rx'y, € L([x]). O

Proposition 7.3. Let L([x]) € A* be the marker language associated with a marker [x]. Let S;xy; = (A, I, R) be the
splicing system associated with L([x]). Then L([x]) is closed with respect to each rule r € R and so L(S[x) € L([x]).

Proof. We refer to the set of the states in the minimal finite state automaton .o/ recognizing L ([x]). In Proposition 7.2,
we have proved the statement for the rules as in Eq. (5). So, let us consider the rules as in Egs. (4), (6), i.e., r¢; and, if
[x]is a cyclic class, ryy, xp -

Let us firstly prove that for each rule r =uy | u2 $ u3 | u4 asin Eqgs. (4), (6), we have Qi = Qusus = Quius S Qusus-
Indeed, since | Q| = 1, for re; =x'z"[1$xZ'c; | 1 we have Qv = Qyze; = {gx} and for ryy, vy = xp [ 18 1] xy
we have Q)CM = QXMXM = {fIx} g Q] = Q

Now, let us prove that Cyp 4 (u1u2) = Cyp 4 (uzuz) and Cyp ,(u3ug) = Cp 4(uiug) forg =g, r = re; and, if [x] is
a cyclic class, for r = ry), x,, - Indeed, for r.; we have Cy 4. (x'z") = Cy 4, (x'Z'c;) (c; is a cycle) and for ry,, x,, We
have Cyp 4. (xy) = Cp, 4. ()= Cyp 4. (xpxn) (xpr and xprxp are g, -labels, in view of Proposition 5.1).

As aresult, since /I € L([x]) and L([x]) is closed with respect to each rule in R, then L(S[y)) € L([x]) in view of
Proposition 7.1. O

Proof of Theorem 6.1. By using Propositions 6.4 and 7.3, Theorem 6.1 can be proved. [

The next result shows a relationship between the splicing operation and classes in a syntactic monoid: if L(.2/)
is closed with respect to r = uy |up $us | ug then L(.o7) is closed with respect to [r] = [u1] | [u2]$ [u3] ]| [u4]. This
statement has been independently proved also in [9].

Proposition 7.4. Let Spy = (A, I, R) be a finite Paun splicing system, let L C A* be a regular language. If L is closed
with respect to r = uy |uz $us | ug and, for u; € A* i €{1,2,3,4}, we have uiELu;, then L is closed with respect to
ul |uh Suly | uy.

Proof. Let us suppose that L is closed with respect to r = uj |up $usz |uq and let u; € A* be such that uiELu;,
i €{l1,2,3,4}. Then, in virtue of Remark 2.1, we have Qu/lu/z = Quyu, and Qyqyy = Q“S“ﬁ' Furthermore, by using
Proposition 7.1 and Remark 7.1, for each pair (p, q) € Quuy X Qusuy = Qu/lu/2 X ngug we have (p, q) € Quu, X
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Qusuy = Quiu, ¥ Qs> Cor,piuy) = Cop p(uiuz) € Cp g (uzuz) = Cp g (uus) and Cp g (uiuy) = Cp g (u3ua) <
Cap,p(uiug) = Cyp, ,(u'u}y). Thus, in view of Proposition 7.1, L is closed with respect to u} | u) $u’y [uy. [

8. Marker and constant languages

As mentioned in Section 1, it is natural to investigate the relationship between constant languages and marker
languages. In this section we will give results in this direction along with some observations about the definition of a
marker. Let us first recall the notion of a constant for a regular language, given by Schiitzenberger in [23].

Definition 8.1. A word z € A™ is a constant for a regular language L if A*zA* N L # @ and C(z) = C ¢ (z) x C»(2).

Definition 8.2. Let L be a regular language, let o7 = (Q, A, 9, qo, F) be the minimal automaton recognizing L. A
word w € AT is singular if | Q| = 1.

Remark 8.1. Let w € A*. By Remark 2.1, we already know that [w] is a singular class if and only if w is a singular
word.

Remark 8.2. Obviously, if z is a constant for L and 7/ € A* is such that z7/, 7'z € Fact(L), then zz' and 7'z are
also constants [7]. Furthermore, if z=, 7/, then 7’ is also a constant for L (.7 is trim) [7]. Finally, if [x] is a singular
class (in particular, if [x] is a marker for L), it is clear that x is a constant for L. Indeed, for each z € A*, we always
have C(z) € C¢(z) x Cx(z). In addition, if (z1, z2) € Co(x) x Cx»(x), then 8(qo, 21) = gx, 6(px,22) € F and
0(q0, z1x22) € F, where O = {q.} and py = 6(qx, x).

A characterization of constants, which is more or less folklore, is given in Proposition 8.1.

Proposition 8.1. Let L C A* be a regular language and let o/ be the minimal finite state automaton recognizing L.
A word z € AT is a constant for L if and only if Q, # @ and there exists q, € Q such that for all ¢ € Q, we have

5(‘], Z) = qZ'

Proof. Let z € A™ and suppose that z is a constant for a regular language L. By definition, Q, # @. By contradiction,
suppose that g, p, g1, g2 exist withq, p € Q;,q1,92 € O, q1 # g2 and 6(q, 2) =q1, 6(p, 2) =q2. Let y € Ly, . Then,
vy € C»(z). In addition, since .« is trim, x’ € A* exists such that d(gg, x') = p. Since (x/, y) € C¢(z) x C»(z) and 7
is a constant, we have 6(qg, x'zy) =0(g2, y) € F,ie.,y € Lg,.Thus, Ly, € Lgy,. A symmetrical argument shows that
Ly, € Ly, ie., Ly = Lg,, which is in contradiction with Proposition 2.1. Conversely, let z € A™. Suppose Q. # ¢}
and that g, € Q exists such that, for all ¢ € Q;, (g, z) = q;. Then, A*zA* N L # ¢, since ./ is trim. Furthermore,
we always have C(z) € C¢(z) X Cx(z). In addition, for each y € C4(z), we have that d(g;, y) € F. Thus, for each
(x,y) € Co(z) x Cx(2), it holds that 6(qg, xzy) = d(q;, y) € F and (x, y) € C(z),i.e., C(z) = C(z) x Cx(2).
Then, z is a constant for L. [

In Section 1, we mentioned that Head gave a class of regular languages which belong to Spy (Fin, Fin) [13]. To be
more precise, Head showed that a regular language L is generated by finite linear splicing systems with some special
rules (one-sided context) if and only if L =, ,L(m) U X, where X is a finite subset of A*, .# C A* is a finite set
of constants for L and, for each m € ., there exist L1, L2, € A* such that L(m)= L1 ,mL3 ,. We say that L(m)
is a constant language and L is a finite union of constant languages.

Some marker languages are constant languages. For example, if [x] is a marker with [x] being finite, then the marker
language L([x]) associated with [x] is a finite union of constant languages. Nevertheless, the class of marker languages
is not comparable with the class of constant languages with respect to the order of set inclusion, as Propositions 8.2
and 8.3 show.

Proposition 8.2. Let A = {a, b, ¢}, let L = a*bc + cbc = (a™ + c)bc C A*. The regular language L is a constant
language which is not a marker language.
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Fig. 4. A constant language which is not a marker language.
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Fig. 5. A marker language which is not a finite union of constant languages.

Proof. It is easy to see that the finite state automaton depicted in Fig. 4 is the minimal automaton recognizing L.
Then, in view of Proposition 8.1, b is a constant for L and L = LbL; is a constant language, where L = a* + ¢ and
L, ={c}. By contradiction, suppose that L is a marker language, i.e., L = L/1 [x]lL/2 with [x] being a marker. No word
in {a, b}A™ N Fact(L) is singular and c is not singular. Then, looking at Definition 5.3, either [x] = [¢b] or [x] = [¢bc].
In addition, by using Theorem 2.1, we have [cb] = {cb} and [cbc] = {cbc}. As a result, we have either L = L/ cbL), or
L= L’lcbcL/2 and in each case we have a contradiction since abc € L and abc N A*{cb, cbc}A* =@¥. O

The next proposition shows that there exist marker languages which are not a finite union of constant languages.

Proposition 8.3. The regular language L = Li(ab*c)*L, = Li(ab*c)*Liab*, with L1 = bTcb*ab*d and L, =
btcb*ab*dab* = Liab*, is a marker language which is not a finite union of constant languages.

Proof. Itis easy to see that the finite state automaton depicted in Fig. 5 is the minimal automaton recognizing L. Then,
let x € (ab*c)™. We have |Q,| = 1. Moreover, in view of Theorem 2.1, for each y € A* we have x=; y if and only if
y € (ab*c)t,ie., [x] = (ab*c)™. Since [x] is a cyclic and singular class, then [x] is a marker for L (Definition 5.3).
Since L = L (ab*c)* Ly, then L is a marker language (Definition 5.4).

If m is a constant for L, then m € Fact(L) and we now prove that either there exist x, x’ € A*, i € N such that
m = xab'cx’ or there exist y, y' € A*,j, j' € N, j' >0, such that m = yb’/cb’ cy’. Indeed, on the one hand if z is
a word which has no factor with the form ab’c or with the form b/cb/’ ¢ and z € Fact(L), i.e., z12z20 = l1131p, with
71,22 € A*, Iy € L1, € Ly, I3 € (ab*c)*, then either a prefix ab® of 15 exists such that z is a factor of [yab* or z
is a factor of I and in both the cases z € Fact(L3). On the other hand, each word z € Fact(L;) cannot be a constant
for L. Indeed, by contradiction, suppose that there exists z € Fact(L;) such that z is a constant for L. Let [ € L, be
such that [» = z1zz2, 21, 22 € A*. Thus, there exist[; € L1 and k € N such that [, = llabk = 7z1zz2. We also know that
Liab*cliab® = z1zzocl1ab® = l1ab¥cz1zz2 € L. As aresult, we have z; € C¢(2), 22 € C4(2), but (z1, 22) ¢ C(2),
since 21222 = l» ¢ L. Moreover, each element in (ab*c)™ is a constant for L, since (ab*c)™ is a marker and so, if
m = xab'cx’ € Fact(L) then m is a constant for L (Remark 8.2). Also each element z’ in b*ch™ ¢ is a constant for L,
since |Q,/|=1and so, if m = yblch /cy’ € Fact(L) then m is a constant for L (Remark 8.2). Consequently, each finite
set of constants for L is a subset of Fact(L) with the form {x;ab* cx; ki € K}U{y;b* chii cyilsieS, jieJLK, S, J
being finite subsets of N with 0 ¢ J.
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Let us now show that L is not a finite union of constant languages. By contradiction, let .# be a finite set of constants
such that L = J,, c.nL(m) U X, X being a finite set. As we have already said, there exist finite subsets K, S, J, of N,
with 0 ¢ J, such that .# = {x,-abk"cxg |k; € K}U {y,-bsicbjicyg |s; €8, jieJ}

With the same notations as in .Z, let w; = zab'tkmep'thner e [ with z € Ly, b *mez € Ly, t >0 and ky, =
max({k; | k; € K}U{ji | ji € J}U{s;|s; € S}). Observe that 7/ € b*ab*dab*. Let us prove that for each f € .4 we
have w; ¢ A* f A*.

Indeed, we cannot write zab'™meb ez = y fx', with f e {xablicx)|k; € K} (since ablic¢
Fact(z), abkic ¢Fact(b’+k’"cz’ ), no proper suffix (resp. prefix) of ab't*n¢ can be a proper prefix (resp. suffix) of
abkic and ky, + t ¢ K). Nor can we write zab' ™n ch! ™ ncz' = y'y;b%i cblicy|x'. Indeed, since z' € b*ab*dab* then
c ¢alph(z') = Fact(z) N A and so 7’ is a suffix of y/x’. Consequently, x” € A* exists such that zab!thm cptthm e =
y'y;ib%ich/icx”. Tn addition, since z € L; and za is a prefix of y'y;b%ich/icx”, then z is a prefix of y'y;, ie.,
y" € A* exists such that ab'thmep!thme = y/psicblicx” . Therefore, b%icblic € Fact(ab't*mcb' ™ nc), which is a
contradiction.

As aresult, w; € X. Since {w, | w; = zab!tkm cp!thm cz/, t > 0} is not a finite set, this is a contradiction. [J

We end this section with observations concerning the definition of a marker. Precisely, we can imagine different
variants of the definition of a marker given in this paper and of the class of languages associated with it. We intro-
duce two of these variants along with results concerning the corresponding families of languages (Propositions 8.4
and 8.5).

Firstly, consider regular languages L with the form L = LymL,, m being a singular word. By Remark 8.2, m is
a constant for L and, in view of the above-mentioned Head’s result, L is generated by finite Paun splicing systems.
Therefore, we can enlarge the class of markers for a regular language by adding singular classes (not necessarily finite
or cyclic). Thus, Proposition 8.4 shows that these new marker languages are once again generated by finite Paun splicing
systems.

Proposition 8.4. Let L = LimLy be a regular language with m being a singular word. Then, L = L1[m]Ly with [m]
being a singular class and L is generated by a finite Paun splicing system.

Proof. Let L be a regular language. We already know that m is singular if and only if [m] is singular (Remark 8.1).
Furthermore, in view of Remark 8.2, for each m’ € [m], m’ is a constant for L. In addition, in view of Remark 2.1, for
eachm’ € [m], we have Q,,y = Q,, = {¢} and in view of Theorem 2.1, we have 6(g, m) = p = (g, m’). Consequently,
if L=LimLy wehave L1 ={x € A*|(qo, x) =q}=Cqo(m’), Lo ={y € A*|d(p,y) € F}= Cgyh(m’). So, looking
at Definition 8.1, for the regular languages L| = L(mLz)*l, L, = (le)*lL we have Li[m]L, € L =LimL>,ie.
L=Li[m]L,. O

As another example, we can define a marker as a set w[x], (resp. [x]Jw) where wx (resp. wx) is a singular word,
[x] € A (L), and Q) # @ (resp . Oy # ¥). A further investigation should be done in order to state whether the
corresponding languages are generated by a finite Paun linear splicing system.

Proposition 8.5. Let L = Liw[x]L; be a regular language where wx is a singular word and [x] € M (L). Then, we
have L = L{[wx]L».

Proof. Since w[x] C [w][x] C [wx], we obviously have Liw([x]Ly € L{[wx]L,.Now, we can use the same argument
as in Proposition 8.4. In view of Remark 2.1, for each m’ € [wx], we have Q,,y = Qu» = {q}. Furthermore, in view of
Theorem 2.1, we have 6(g, wx) = p = §(q, m’). In addition, by using Remark 8.2, each element in [wx] is a constant
for L. Consequently, if L = Lyw[x]L,, we have L1 ={y; € A*|5(q0, y1) =q}=Cyp(m’), Ly ={y>, € A*|d(p, ») €
F} =Cgy(m’).

So, looking at Definition 8.1, for the regular languages L =L (w[x]L2) "', Ly=(L w[x])~'L we have Li[wx]L, C
L=Liw[x]Ly,ie. L=L{[wx]L,. O

Clearly, a dual version of Proposition 8.5 can be stated by considering [x]w instead of w[x], once again with xw
being a singular word and [x] € .Z(L).
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