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Tight span of a metric D defined on a finite set X (endowed, as a subspace of R¥, with the metric and
Cutpoint the topology induced by the £,,-norm) that are of the form

B=238.() ={gcTD): |If —gll = &}

for some f € T(D) and some ¢ > 0. In particular, we will present some conditions on
f and & which ensure that such a subset of T(D) is a barrier in T(D). More specifically,
we will show that B, (f) is a barrier in T(D) if there exists a bipartition (or split) of the
e-support supp, (f) := {x € X : f(x) > ¢} of f into two non-empty sets A and B such that
f(a) + f(b) < ab + ¢ holds for all elements a € A and b € B while, conversely, whenever
B, (f) is a barrier in T(D), there exists a bipartition of supp, (f) into two non-empty sets A
and B such that, at least, f(a) + f (b) < ab + 2¢ holds for all elementsa € Aand b € B.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Given aset X and ametricD : X x X — R : (x,y) — xy defined on X, consider the tight span
T(D) = {f e R* : f(x) = sup(xy — f(¥) : y € X) forall x € X}
of D endowed, as a subspace of RX, with the metric and the topology induced by the £.,-norm; recall (cf. [1-3]) that

If — &lloo = sup(f(x) —g(x) : x € X) = sup(g(x) —f(x) : x € X) (1)

holds forallf, g € T(D), and recall that, denoting the so-called Kuratowski map X — R : y — xy associated with an element
xeXbyk, = kf, one has ky € T(D) and ||f — kxllco = f (X).

Next, given a map f € T(D) and a non-negative number ¢ € Rxq, let B.(f) = {g € T(D) : ||If — gllo < €} denote the
(closed) e-ball centered at f, put Tis ) (D) := T(D) — 8.(f), and denote the e-support {x € X : f(x) > &} of f by supp, (f).
Note that x € supp,(f) <= kx € T (D) holds for every x € X and every f in T(D), and define f to be

- a topological e-cutpoint of D if B, (f) is a barrier in T(D), i.e., if T (D) is disconnected,
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- avirtual e-cutpoint of D if there exists a bipartition of supp, (f) into two non-empty disjoint subsets A and B such that
f@)+f) <ab+¢
holds for all elementsa € Aand b € B, and

- a weak virtual e-cutpoint of D if there exists a bipartition of supp, (f) into two non-empty disjoint subsets A and B such
that

f(a) +f(b) <ab+2e
holds for all elementsa € Aand b € B.
Building on results obtained in [4-6] and motivated by related work (see e.g. [7]), we will show in this note that these
notions are, in fact, closely related to one another: A map f € T(D) is a topological e-cutpoint of D whenever it is a virtual
e-cutpoint of D while, conversely, if it is a topological e-cutpoint of D, then it is, at least, a weak virtual e-cutpoint.

2. Virtual e-cutpoints are topological ¢-cutpoints

With X, D, f, and € as above, let I' = Iy ;) = (supp,(f), E¢ ) denote the graph with vertex set supp, (f) and edge set

su
E=Egs = {{a, b} € ( p‘;“) f(@) +F(b) > ab+ g}
so that f is a virtual e-cutpoint if and only if I" is disconnected. Further, given a subset A of supp, (f), let O(A) = Oji (A) denote
the (necessarily open) subset O(A) = Ofs (A) = {g € Ts,e)(D) : Vxesupp, (f)-af (¥) < g(x)} of the (also open) subset T . (D)
of T(D). Note that
- kq € O(A) holds for every connected component A € my(I"), the set of connected components of I", and every a € A as

fG) <fX) +f(a) —e < xa = ke(x)
holds for all a, x € supp, (f) with {a, x} & E . and, hence, foralla € Aand x € supp,(f) — A if Ais a connected component
of I';

- 0(A) N O(B) = ¥ holds for any two subsets A, B of supp, (f) withAN B = @ as g € 0(A) N O(B) for some g € T (D)
would imply that g(x) exceeds f(x) for all x in supp,(f) — A as well as in supp,(f) — B and, hence, for all x € supp,(f)
implying (cf. (1)) the contradiction

e <|If —gllo <sup(f(®) : g(x) < f(x)) < sup(f(x) : x & supp, () < &;

- if g € T (D) holds for some map g € T(D), there must exist some a € X with g(a) + ¢ < f(a) and, therefore,
with a € supp,(f) as well as g € O(F(a)) (with I"'(a) denoting the connected component of I" containing a) as
f&) <fx) +f(a) —e—g(a) <xa—g(a) < g(x) musthold for every x € supp,(f) — I'(a),i.e, Ts (D) = UAENOU‘) 0(A)

holds for every f and ¢ as above.
Together, these imply most of

Theorem 1. With X, D, f, and ¢ as above, the collection
O = 0. = {0A) : A€ mo(I')}

of open subsets of T ;) (D) forms a partition of T ¢ (D) into a family of pairwise disjoint and non-empty subsets of T ;) (D),
each such subset O(A) (A € no(F)) containing all Kuratowski maps k, with a € A.

More generally, given any partition 4 of supp,(f) into non-empty subsets for which f (a) + f (a') < aa’ + ¢ or, equivalently,
{a,a'} & T holds, foralla € Aand a € A, for any two distinct subsets A,A" € s, the corresponding collection
O(A) = {0(A) : A € A} of open subsets of T (D) forms a partition of T ¢ (D) such that k, € O(A) holds foralla € A € .

In particular, there exists a canonical surjective mapping Iy = Il ) from mg (T(fﬁg) (D)), the set of connected components of
Ts.¢) (D), into o (s ) defined by associating, with each connected component C of T (D), the unique connected component
A = Af(C) of I" for which C C O(A) holds.

Proof. Clearly, the assertions not yet established above follow from the fact that ., O(F (a)) = O(A) holds for any subset
A € A which follows immediately from the fact that, as established already above, T(s ) (D) is the disjoint union of its subsets
of the form O(A") with A’ € mo(I") and that, by definition, O(U") € O(U) holds forall U, U" C supp, (f) with U’ C U: Indeed,
this implies that | J,., O(I"(a)) € O(A) as well as | J,, O(I" (b))  O(B) holds for any subset A € 4 and its complement
B = supp,(f) — A relative to supp,(f) (asa € Aand b € Bimplies I'(a) € A and I'(b) € B) and hence, in view of

0(A) N O(B) = 1, als0 O(A) C Tys¢)(D) = 0B) S U,csupp, ) O(I'®) = Upep O(F (1) = Upea O(F' (@) m

Note that the converse of the second part of Theorem 1 does not hold in general. More precisely, Example 1 below presents
a metric space (X, D) together with a map f € T(D) and a number ¢ > 0 such that T (D) is disconnected while the
corresponding graph I . is connected (see Fig. 1).

Example 1. Put X = {a, b, d’,b'}, define Dby ab = a'b’ .= 1,ad’ = bb’ := 10 and ab’ = da’b := 11, put ¢ := 0.5, and
consider the map f on X with f(a) = f(a’) = f(b) = f(b') := 5.5.Then f(x) + f(y) > xy + € holds forallx,y € X
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Fig. 1. The tight span T(D) = 0,U&B, (f)U0, for the space (X, D) considered in the example in the text.

except in the case {x, y} = {a, b’} and {x, y} = {a’, b} implying that I . is connected while T . (D) is the disjoint union
of the two open subsets 01 := {g € T (D) : g(a) < g(@)}and 0, : {g € Ty (D) : g(a') < g(a)}: Indeed, according
to[1, p. 335], g(a) + g(b’) = g(a’) + g(b) = 11 must hold for every g € T(D) while, by definition of T (D), we must have
g(a) +g(a),g) +g(’) > 10.So, g(a) = g(a’) can hold only in the case g(a) = g(a’) € [5, 6] and g(b) = g(b") € [5, 6]
and, therefore, ||g — f|| < &.50, Ts (D) = 04 U 0, must hold.

3. Topological e-cutpoints are weak virtual e-cutpoints

We now establish a partial converse of Theorem 1. To this end, we introduce the following notation.
bWith X, D, and f as above, we denote by I'* = F(’;’g) the graph with vertex set supp, (f) (just as for I") and edge set the
subset

B =E), = {{a, b} e (S”pgs(f)> f(@) +f(b) > ab+ 28}

of E = E ) (implying that f is a weak virtual e-cutpointif and only if I"* is disconnected), we denote, for every a € supp, (f),
by I"*(a) the unique connected component of I"* that contains the vertex a, and we denote, for every g € T(s ), by Tis ) (DIg)
the unique connected component of T . (D) that contains the map g. Then, the following holds:

Theorem 2. There exists a canonical surjective mapping
IF =11, mo(I'*) = 10(Tgr.) (D))

from the set 7o (I"*) of connected components of I'* onto g (T(fyg) (D)) induced by associating, with every connected component
I'*(a) € supp,(f), the connected component T ) (D|ks) of Ts ¢ (D), that is, there exists, for every g € T ), somea = ag €
supp, (f) with T ¢ (DIg) = Ts.6)(D|ka), and T ¢y (Dlka) = Ts.¢)(D|ky) holds for any two elements a, b in supp, (f) for which
the connected components I"*(a) and I"*(b) of I'* coincide.

In particular, given a bipartition of supp, (f) into two non-empty subsets A and B such that the corresponding two open subsets
O(5.e)(A) and O ) (B) of T (D) form a bipartition of T (D), one has f (a) + f(b) < ab + 2¢ foralla € Aand b € B.
Proof. To establish this theorem, we use the following well-known fact (cf. [1, Section 1.10]):

(Geod) T (D) is a geodesic space relative to the metric induced by the ¢,,-norm, i.e., there exists, for any two maps fi, f, €
T(D), an isometry ¢ = ¢, f,) from the real interval [0, ||fi — f2lloc] C R into T(D) with ¢(0) = fi and ¢(|If1 — f2lloc) = fo-
Clearly, this implies that the following holds:

(i) The metric interval

(fi, 2l ={h € TD) : lIfi = hllc + Ih = f2llcc = Ifi = f2lleo}

and the sets B, (f) are connected subsets of T(D) for all f, f>, f in T(D) and all ¢ > 0.

(ii) Restricting Kuratowski's mapping k : X — T(D) : a — k, to the subset supp, () of X induces a surjective mapping

k(f,s) : SuPps(f) - nO(T(f,s)(D))

because (cf. (1)) there exists, for every g € T (D), some a = a; € X with
If —glle = f(a) — g(a)

and, hence, f(a) > ||f — glloo > € (i.e.,a € supp,(f))as well as g € [k,, f]p in view of
ke = flloo =f(a) =@ + If —&lloo = Ilka —&lloo + If —&lloo

which, in turn, implies [k, glp € T (D) ash € [kq, glp € [kq, f1p implies g € [h, f]p and, therefore [|h — f|loc =
Ih—glloc + I8 — fllc > € as well as T ) (DIg) = Tis,¢) (Dlkq).

(iii) And finally, given any two maps f1, f, € T ) (D), the connected components T ¢ (DIf1) and T ) (Dlf2) of T(s ) (D)
containing the two mabps fi, f,, respectively, must coincide whenever

Ifi = fa2lloo + 28 < i =flloo + If = folloo
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holds: Indeed, [f1, f2]p € T(s ¢ (D) must hold in this case because h € [fi, fo]p implies
2e < lfi = flloo + If = falloo = Ifi — falloo
= |lfi =flloo + If —Ff2llco = Ilfi = hlloo — Ih = fallo
= (Ifi = fllo = Ifi = hlloo) + (If — falloo — 1h — f2llc0)
< llh=flloo + 1h = fllooc = 210 = fllco,

i.e, it implies h € Ty (D) for all h € [f1, f2]p as claimed. In particular, T¢ . (Dlk,) = T, (D|kp) holds for any two
elements a, b in supp, (f) with {a, b} € E?f,e) (as this implies ||k — flloo + IIf — kblloo = f(a) + f(b) > ab + 2¢ =
llka — kplloo + 2¢€) and, hence, for any two elements a, b in supp, (f) for which the connected components I"*(a) and
I'*(b) of I'’* containing a and b, respectively, coincide.

Clearly this establishes Theorem2. ®

Remark. Note that the factor 2 in the definition of I"* is optimal in the sense that there are topological e-cutpoints f such
that the graph

¥ = (supp, (). E") = {{a, b} e (S”p‘;‘“)>  £(@ +f(b) > ab+ ke}

is connected for any k € [1, 2): Indeed, for the space (X, D) considered in Example 1, f is a topological e-cutpoint while the
graph I'* is connected.

Our results suggest considering the following commutative diagram of canonical surjective maps:

supp, (f)

ﬂo(r*) 7T0(F)

70(T¢r,e) (D))

Clearly, our results imply:

Corollary 3.1. Continuing with the notation introduced above, the maps ITy and Hf* are mutually inverse bijections if and only
if the canonical surjective map from mo(I"*) onto mo(I") that associates with any connected component C of I'* the unique
connected component of I' that contains C is a bijection.

Note finally that in the particular case ¢ := 0, we clearly have I" = I'* and, hence, recover a result from [6]: [T is a
bijection from 7o(T (D) — {f}) onto the set of connected components of the graph

Iy = (Supp(f), {{a, b) € <S”"§ (f)) F@ +f(b) > ab}) .
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