Journal of Computational and Applied Mathematics 233 (2010) 2265-2277

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Optimum calibration points estimating distribution functions

S. Martinez®*, M. Rueda®, A. Arcos®, H. Martinez?

@ Department of Statistics and Applied Mathematics, University of Almeria, Spain
b Department of Statistics and Operational Research, University of Granada, Spain

ARTICLE INFO ABSTRACT

Article history: The calibration method has been widely discussed in the recent literature on survey sam-

Received 30 June 2009 pling, and calibration estimators are routinely computed by many survey organizations.

Received in revised form 6 October 2009 The calibration technique was introduced in [12] to estimate linear parameters as mean
or total. Recently, some authors have applied the calibration technique to estimate the fi-

Keywords: nite distribution function and the quantiles. The computationally simpler method in [14]

Aucxiliary information

o - is built by means of constraints that require the use of a fixed value t;. The precision of
Calibration technique

Distribution function estimates the resulting calibration estimato_r c_hanges wit'h the selected point_ to. In the present paper,
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1. Introduction

In survey sampling a common task is the estimation of the finite population distribution, as the finite population quantiles
and some poverty measures can be obtained by means of this function.

In the presence of auxiliary information, various general estimation procedures can be used to obtain more efficient
estimators of population means and totals. Work has been done to apply these general procedures directly to estimating
the distribution function. _ R

The design-based ratio F.(t) and difference F;(t) type estimators for the distribution function [1] suffer from several
drawbacks, the obvious one being that they can take values outside [0, 1]. Furthermore, they are not always monotone
functions and therefore are not recommended for estimating finite population quantiles. Other important papers on this
topic[2,3] have assumed a superpopulation model, and have suggested model-based estimators. Careful model checking and
diagnostics need to be carried out before these model-based estimators are used. Under simple random sampling, Wang and
Dorfman [4] combined the Chambers-Dunstan estimator and the Rao-Kovar-Mantel estimator in a hybrid estimator, which
under certain conditions is more efficient than either of the above. However, their estimator also inherits the drawbacks of
the other two estimators and cannot be readily generalized to more complex designs. Other references related to estimating
the distribution function are [5,6].

In the last decade, calibration estimation [7-11] has become an important field of research in survey sampling. Calibration
is now an important methodological instrument in the production of statistics. It was introduced in [12] to estimate the
population total, but this approach can be adapted to the estimation of more complex parameters than just a population total.
Harms and Duchesne [13] and Rueda et al. [ 14] use different ways to implement the calibration approach in the estimation
of the distribution function and the quantiles.
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Both methods give nearly design-unbiased estimation and compare favorably with earlier estimation methods for the
distribution function, not based on the calibration approach but using the same auxiliary information (see [15]).

The computationally simpler method of Rueda et al. [ 14] is an application of model calibration, in that they calibrate with
respect to the predicted y-values. The weights are obtained by minimizing the chi-square distance subject to calibration
equations that require the use of an arbitrarily fixed value t,. The precision of the resulting calibration estimator changes
with the selected point ty. Furthermore, this estimator undergoes a loss of efficiency when ty is far away from t, the point
where the distribution function is being evaluated. Thus, the selection of the point ty is a serious problem and one not
analyzed in the above mentioned work. In this paper, we study the problem of the optimal value ¢, that gives the best
estimation under simple random sampling without replacement. Finally, a simulation study compares the method proposed
with other conventional methods.

Section 2 summarizes Cumulative distribution function (CDF) calibration estimation. In Section 3 we derive an optimum
calibration point when estimation by CDF calibration is based on one point. Section 4 is similar to the previous section but
with estimation by CDF calibration based on two points. A brief simulation study is performed and our conclusions are
reported in Section 5.

2. Calibration estimation of distribution function

Consider a finite population U = {1,...,k, ..., N}, consisting of N different elements. Let s = {1, ..., n} be the set
of n units included in a sample, selected according to a specified sampling design with inclusion probabilities 7, and
assumed to be strictly positive. Let y, be the value of the study variable y, for the kth population element, with which
an auxiliary value x; is also associated. The values x1, X, ..., Xy are known for the entire population but y; is known
only if the kth unit is selected in the sample s. The finite population distribution function of the study variable y is given
by Fy(t) = Y pey At — yi)/N with A(t —y,) = 1ift > y;and A(t — yi) = 0 otherwise. A purely design-based
estimator of the distribution function is the Horvitz-Thompson estimator, defined by fy,.,(t) = D pes AA(t — yi) /N with
dy = 1/m; describing the basic design weights. The estimator fYH(t) is unbiased, but in general, it is not a distribution
function (lim,_, ;o Fyy (t) # 1) and does not use the auxiliary information provided by the variable x.

Rueda et al. [14] consider a calibration estimator by first defining a pseudo-variable g, = 'x, fork =1, 2, ..., N, where
-1
B= (Z dekaX;{) Z i qXiYk (M
kes kes

is a weighted estimator of the multiple regression coefficient § between y and x. The g, are known positive constants
unrelated to dy = 1/m. They then define the calibration estimator

~ 1
Fe() = = D oAt =y

kes
where the new weights wy are modified from d, = 1/ by minimizing the chi-square distance measure
(wr — di)?
o, =y 4 2)
kes qu1<

subject to the calibration equations

1 .

N}{Zwkmrj—gk)zfg(tp j=12,....P. (3)

€S

The term F;(t;) denotes the finite distribution function of the pseudo-variable g evaluated at the point tj, where ¢; for
j=1,2,..., P are points chosen arbitrarily, assuming that

th<th<---<tp.

The resulting estimator can be written as

Fye(t) = Fyy (t) + (Fg(®) — Feu () D (4)
wheret = (t, ..., tp)/,ﬁ;H is the Horvitz-Thompson estimator of F; and
D=T")" dqA(t—g)A(t -y
kes

assuming that the inverse of symmetric matrix T

T=>) dqAlt—g)At—g)

kes

exists.
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This estimator is a distribution function (continuous on the right, monotone nondecreasing and limH,wac (t) = 0;
lim_, 4o ’F}C (t) = 1)and gives a nearly design-unbiased estimation. The estimator gives perfect estimates of the distribution
function F (t) intj;; j = 1, 2, ..., P, but with these conditions we have assumed that the study variable y and the auxiliary
vector X are linearly related.!

The calibrated estimator uses the same t for any t in F(t). If different values t are used to estimate various arguments t,
nonmonotonicity is unsatisfying from a theoretical point of view and causes complications in the inverse problem of quantile
estimation. The solution to this issue is to consider the same calibration point. This optimum for the fixed point is obtained
in Section 3.

3. Optimal point for estimating the cumulative distribution function by one-point calibration
In this section, we study the optimal choice of the point in the calibration equations (3). We consider the case where one
point t = ¢y is used in the calibration estimator F,.(t) under simple random sampling. The following theorem summarizes

the main result.

Theorem 1. Let gy = E’Xk, k=1, ..., N and F; represent the finite population distribution function of g-values. Suppose that
we wish to estimate F, at point t. Let

B
Gr) = 7 | 2NROF; () = (1 +F(r) Y At =y Ay — 8

keU
where
B=) At —y)Aly —gk)/z Ay — 0.
keU keU
y-values are denoted in ascending order by yp11, ..., yvy and g-values are arranged by the y-variable by gy, ..., gny. Let

A ={gn | ke U,y <t}
Then, the point at which the calibration estimator is optimum is given by

tope = argmin G(g).
8kEAL

A proof of the above result is as follows. In a first step, the variance of the f-‘\yc (t) estimator is expressed as a real function
G(y).In a second step, the G(y) properties are studied and, finally, we find the optimum ¢,.

Variance of the ac(t) estimator
The estimator Fy(t) is given by

Fye () = Fyu(t) + (Fy(to) — Fou(to)) By (6)
where
> deqr At — yi) Ato — 8k)

kes
Y diqrAto — &)

kes

B, =

Rueda et al. [14] show that the asymptotic behaviour of Ec(t) is the same as the estimator

Fyn (t) + (Fe(to) — Fon (to)) - B

1 Note. If the relation between y and X is not linear, the pseudo-variable g, and the condition (3) are inadequate and it is necessary to adapt or to modify
these conditions for nonlinear models.

Ruedaetal.[16] assume that the relationship between y and x can be described by the following superpopulation model (the linear or nonlinear regression
model)

Ve =pn&Xy, 0) + e k=1,2,...,N 5)

where 6 = (6, ..., 6) and o2 are unknown superpopulation parameters, (X, #) is a known function of x and @, the v, = v(X;) is a strictly positive
known function of xi, and the &; are independently and identically distributed random variables with

Ec(er) =0 and Vi(g) = o?

where E¢ and V¢ denote the expectation and variance with respect to the superpopulation model. Under this model the authors propose an alternative
estimator based on nonparametric regression.
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with
D QA — yi) Atg — )
B = keU
Y qA(to — &)
keU

Consequently, the asymptotic variance of a,c(t) is

V(Fye(t)) = V (Fyu () + B2V (Feu (to)) — 2B Cov(Fyu (t), Fon (to)).

Thus, we must choose the value of t, that minimizes the following expression

B2V (Fan (o)) — 2B Cov(Fyu (1), Fan (to)). (7)
Expression (7) can be written in the following way
BBV (Fou (to)) — 2Cov(Fyu (t), Feu(to))] - (8)
Under simple random sampling, we have:
~ N
V(Feu(to)) = ﬁFg(tO) (1 - Fg(fo)) (9)
o 3 At =Y Alto = 8 — NFy(1)Fg(to)
Cov(Fan (to), Fyn (1)) = “= T (10)
LetH =), A(t — y) A(to — &)- Expressions (9) and (10) can be replaced in (8)
N 2
B [B |:N — 1Fg(fo) (1 - Fg(fo)):l T N1 (H - NFy(t)Fg(tO))] : (1)
Now, we consider the term
N 2
B [N_ng(to) (1- Fg(to)):| -N 1 (H — NFy(t)Fq(to))
1
= —— [B(NFq(to) (1 — Fg(to))) — 2 (H — NF,(t)Fg(to)) ] (12)

N—1
if we take into account that:
D QA — yi) Alto — &)
B (NFy(to) (1 — Fy(to))) = “~ SIS (NFy (to) (1 — Fy(to)))

keU

and we choose q, = 1 for all k € U (this choice guarantees that the calibration estimator is monotone nondecreasing,
see [14]), the previous expression takes the form

D QA — yi) Alto — 8 DA —yi) Aty — )

T adt g MV (1 R®) = s (NFg 1) (1 = F3()))
keU
= (1 —Fy(to))H

and

B (NFg(to) (1 — Fg(t0))) = (1 — Fg(to)) H. (13)
Next, if we replace (13) in (12), we obtain

1 1

N1 [(1 = Fy(to))H — 2 (H — NF,(D)Fy(to))] = N1 [2NF (t)Fq (to) — (1 + Fy(to))H] . (14)

Finally, if we replace (14) in (11), we have
B
G(to) = N—1 |:2NFy(t)Fg(tO) — (1+ Fg(to)) Z At — yi)A(to — gk)} - (15)
keU

Properties of G(y)
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Therefore, we must obtain the value of t, that minimizes the function G(tp) given in (15). To do so, let us consider the
population values of the study variable y in ascending order

Y <Y < Y- (16)
Next, we consider the population values of the variable g, arranged by the variable y, that is
gr15 81215 - - -5 8N (17)

where, for example, the value giy; is not the smallest value of the variable g but the value of the variable g that corresponds
to the value y(q3, g2 corresponds to the value yp, .. ., thatis
s &5 Wizps 81205 - - -5 it &ivy)-

Thus, if we wish to estimate the distribution function F, at the value t, we must prove that the function G(ty) reaches the
minimum at a point in the set

A = {8 : ke G} (18)
where C; is the following set
Ct={ke{1,2,...,N}:y[k]St}. (19)

The set A; is finite and we suppose that a; < a, < --- < ap are the P different elements of A; in ascending order.
Now, we study the choice of ty with the function G(ty), which can take various values:

(1) Iftp < aq the function G(ty) takes the value 0, because
Z A(t — Y Alto — &) = 0.
keU
(2) Iftg > ap, we have
Z A(t — ypg) A(to — gixy) = NFy(t)
keU
and
_ NEy(1)
NFg (fo) ’
Then, the function G(tp) is

B
G(to) = —— |:2NFy(t)Fg(t0) — (14 Fg(t0)) Y At — yp) Alto — g[k])i|

N-1 keU
NF,(t)
= ———— | 2NF,(t)F; (to) — (1 + Fy(to))NF, (t
(N—I)NFg(l'O) [ y() g(O) ( + g(O)) y( )]
N2(F,(t))? N(F,(1))? 1
_ _NEOP g NEO) [1_ ]<0
(N — 1)NF; (to) (N—-1) Fq (to)
(3) Finally, we consider the case where a; < ty < a;y1.Fori € {1,...,P — 1} we denote
ki= )" At = yuDAlto — gup) = Y At =y A — giry)-
keU keU
Foralli € {1,...,P — 1} we have k; < NF,(t) and G(to) takes the value
k,‘
G(tg) = ——————— | 2NF,(t)F;(tp) — (1 4 Fy(to))k;
(O) (N — 1)NFg(t0) [ y( ) g( O) ( + g( 0)) 1]
k,’

- m [(ZNFy(t) — ki)Fg(to) — ki]

_ ki |:2NFy(f) — ki _ kl' ]
C(N-1) N NFg(to) |

Thus, G(tp) is a piecewise function given by
0 th < aq
ki 2NF,(t) — ki ki
G(to) = { (N — 1) [ N NR(to)
N(F,(t))? [] 1 ]
(N-1) Fy (to)

] a; < to < Qi1

ap < ty.
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Now, we consider the interval [ap, +00) where the function G(tp) is
N(F,(t))? 1
G(to) = ( Y( )) |:1 — :I ap < tp.
(N-=1) Fg(to)

It is apparent that G(t) is monotone nondecreasing in [ap, +00). Consequently, the minimum point of G(y) is at typ = ap
and this minimum takes the value

2
N(R(1)) []_ 1 ]<0

(N=1) Fg(ap)
If we consider the interval [a;, ;1) withi € {1, ..., P — 1}, the function G(tp) is
k 2NF,(t) — k; k;
G(to) — i y( ) i i
(N—-1) N NF, (to)

where k; is constant for all ty € [a;, a;+1) and equal to
ki = Z At — Yi) Aai — gg)-
keU

Therefore, the function G(ty), in the interval [a;, g;;1), is monotone nondecreasing and its minimum point is at ty, = a;. This
minimum is equal to

k; [ZNFy(t)—k,-_ k; ]
(N=1) N NF, (to)

Thus, the local minimum values of G(ty) are:

e Oat to < 4y

ki [2NFy(®O)—ki Kk
(N-1) N NFg (a;)
N(Fy(£)?

(N=1)

]attgzai,izl,...,P—l

1 —
—m] <0att0—ap.

Because the last local minimum value is negative, the value 0 of the first interval cannot be the global minimum of G(t)
and then the global minimum of the function G(ty) is at one point of A; = {@; : i=1,...P}.
The proposed estimator

The optimal value of ty, (t,pc) depends on some unknown values, so the optimal estimator ch,,p = FYH (t) + (Fg(topt) —

FGH (topt))Bs cannot be calculated. In the absence of good a priori knowledge these characteristics, we go to replace the
optimal value t,p; by sample-based estimates.
First, we have to estimate the function G(ty) by

A B[ - -
G(to) = ~— | 2NFua (Fci (to) — (1 + Fan(to)) Y deA(t = y) Alto - gg}
L kes
__¢B -ZN? t)Fen (t 1+ Tt Y 3™ At At
= 7 | NP (OFcu(to) — (1+ GH<0))g§ (t = y) Alto — &)

BN [~ - 1
= —— | 2Fyu(O)Feu(to) — (1 + FGH(tO))E Z At — yr)Ato — gk):|

N-1 L kes
where
YAt —yi) At — &)
’E — kes
> Alto — &)
kes

In a similar way, we can prove that the global minimum of the function E(to) is at one point of A;; = {g : k € C;} with
Ce=f{kes:y, <t}

Then, with the sample s we can find the global minimum of E(to) to do this, we have to calculate the image of the points in
the set A = {gx : k € At} under G(to) and take the point whose image is less than the others.

The value which minimizes G(to) is an estimator of top; and after replacing toy; by this estimator topt we obtain the
proposed estimator:

'F\ycprop = 'I':YH(t) + (Fg (,Eopt) - ’I::GH (t\opt)) ES (20)



S. Martinez et al. / Journal of Computational and Applied Mathematics 233 (2010) 2265-2277 2271
being
Z At — yk)A(topt — &)

> — kes
> Altopt — &)

kes

jos]
o

Thus we consider the estimator;:ycpmp which is obtained by replacing the unknown values with theirs sample estimators.
This estimator does not coincide with the theoretical optimum estimator ?“\ywp but we can derive the limit distribution for
such statistics using the results of Randles [17]. We embed our finite population in a sequence of populations where the
sample sizes and the population sizes both increase without bound.

Following Randles’ notation, we denote the estimator chpmp as T, (¥) = T,(31, %) withy = (topt, B s) an consistent
estimator of y = (topt, Bs). We embed our finite population in a sequence of populations where the sample sizes and the
population sizes both increase without bound.

We replace 7 in T,(-) with a variable ¢. Now we calculate the limit of the expectation of the statistic T,(¢) when the
current value of the parameter is y:

n(g) = nETOOEy[Tn(g)] = nETOOEy Fyu(t) + (Fg(§1) _’I;GH(S'l)) : §2] = E/(f)

where Fy(t) is the limiting value of F, (t) as N — oo.
Then

(<)
ag s =(toptBs)

= (0, 0).

We conclude that the asymptotic distribution of T,(3’) (the proposed estimator, /I;yc,,m,,) is the same as that of T,,(y) (the
estimator based on optimum point, Fycp).

4. Optimal point for estimating the cumulative distribution function by two-point calibration

We now consider the case in which two points t = (t;, t;)" are used in the calibration estimator /F\yc(t) under simple
random sampling. The first point t; is an arbitrary chosen point and the second point is t, = maxycy g. There is a specific
reason for choosing the point t,. Since the estimator Fy(t) is an estimator for the distribution function F,(t), it is desirable

for the estimator fyc (t) to be a genuine distribution function. Therefore, the following property must be satisfied:
lim F () = 1. 21
t— 400

Following Rueda et al. [14], by taking a sufficiently large t,, the condition (21) is satisfied. Therefore, it is logical to take
t; = maXgey k-
As in Section 3, Theorem 2 summarizes the main result.

Theorem 2. Let g, = E'Xl<, k=1,..., N andF; be the finite population distribution function of g-values. Assume that we wish
to estimate F, at the point t. Let

2
» [Z Ay — At —y1) — NFy(t)Fg(V)]

keU
N-1 NFg(y)(1 — Fg(y))

Assume Ay = {a; < --- < ap}inTheorem 1. Let B, = {by : k = 1, ..., P} defined as

Gi(y) =

b = rlnsx{g,} withU; ={leU:g < a}
€ly

by = rlngx{gl} withU,={leU:aq_1<g <a}; k=2,...,P.
€Uk

Then, the point at which the calibration estimator is optimum is given by

tope = argmin Gy(gy).
8kEAUBt

As in Section 3, the proof is established in several steps.
Variance of the fyc (t) estimator
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The calibration estimator ?-‘\yc(t) with two points t; and t; = maxycy gk is given by

- —~ - 1
Fye(t) = Fyy(t) + (Fg(fl) - FGH(rl)) Bis + (1 N de) Bys

kes

where
Z dek(Syk (t)5g1< (t1) Z diqi — Z dek‘Syk (t) Z dek(Sgk (t1)
kes kes kes kes
Bis =
> diqibg, (t1) (Z deqr — ) dekthk(f]))
kes kes kes
Z dk‘]kayk (t) - Z dek‘Syk (t)agk (tl)
Bz _ kes kes
s =
Do diqr — Y diGrdg, (t1)
kes kes

with 8y, (t) = A(t — y) and g, (t1) = A(t; — ).
Under simple random sampling, we have

1
—Nd, =1.
Nék

Consequently, the estimator ?yc(t) is

Fye(t) = Fwu () + (Fg(t1) — Fou (t1)) Bis.

If we choose g, = 1for all k € U, the asymptotic variance of fyc (t) takes the following expression:

V(Fye(t)) = V(Fyn (1) + B2V (Fer (1)) — 2B1 Cov(Fyy (1), Fer (£1))
with
Z At — y) Aty — &) — NFg(tl)Fy(t)
keU
NFg(t1)(1 — Fg(t1))
Then, we must find the value of t; that minimizes
B2V (Fou (t1)) — 2By Cov(Fy (¢£), Fon (1)) = By [Blv(fGH(fl)) — 2Cov(Fyy (t)s?GH(tl))] .
Under simple random sampling

B =

~ N
V(Feu(t)) = mFg(tl) (1= Fg(ty))

’Z At —yi) Aty — g) — NE,(H)F, (t1)
keU

Cov(Fon (tr). Fyu (1)) = N1

and we have

~ 1
BV (Feu(t1)) = N_1 |:Z Aty — 8 A(t — Y1) — NFy(f)Fg(tl):|
keU

~ -~ 2
2Cov(Fgh(t1), Fyu (t)) = N—1 |:Z Aty — g) At — yi) — NFy(t)Fg(t1)i|

- keU

and

~ ~ ~ -1
BV (Fu(t1)) — 2Cov(Fgy (t1), Fyu(t)) = N_1 |:Z Aty — g A(t — yi) — NFy(f)Fg(fl)] .

keU

Now, if we replace (27) in (24), we obtain the following function
Gi(t1) = By [Blv(ﬁGH(tl)) — 2Cov(Fgr (t1), Fyn ()]

2
_1 |:Z Aty — 8 At —yi) — NFy(f)Fg(fl)]

keU
TN—-1 NFy (£1) (1 — Fy (1))

(22)

(23)

(24)

(25)

(26)

(27)

(28)
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The properties of G1(y) are given in Appendix.
Now, if we wish to estimate the distribution function F, at point t, we must prove that the global minimum G;(t;) is at
a point of the set A; or B, by studying the values of G;(t;):

N(F(©)?  F(t)
N—1 (F(t)—1)
-1 [k = NR,OF )]

COZNNN-D K@ - Ry 50T

N [F,©] L]
(N—1) ( _Fgm))
In the interval (—o0, a;), the function
RGO

N—1 (x—1)

is monotone nondecreasing, and because F; (t;) is monotone nondecreasing, the function G;(t;) is monotone nondecreasing
and its minimum point is at t; = by, and this minimum takes the value

N(Fy(1)*  Fg(b1)
N—1 (Fg(b) -1’

It is now apparent that G;(t;) is monotone nondecreasing in [ap, +00) and its local minimum is at t; = ap. This minimum
is given by

N[F, ] (1— 1 )
N—1) Fo(ar))”

Finally, if we wish to study the monotonicity of G;(t;) in the interval [a;, ai;1) withi = 1,2, ..., P — 1, we must consider
the function

1 < aq

ap < tj.

Gi1(%)

—1 [k — NE (0]
NN—-1) x(1—x)
where k; is constant for all [a;, a;+1) given by

ki = ZA(ai — g At — Yig) < NFy(0).
keU

fx) =

The derivative of f (x) is equal to
1 NFy (t) (2k; — Fy(£))x* — 2k2x + k?

/ X) =
F N(N —1) (x — x2)?
and the equation f’(x) = 0 has two solutions
ki ki
X1 = ;

;= o————
NF, (t) 2k; — NF,(t)

It is clear that the solution x; € (0, 1) because k; < NF,(t) and the solution x, € (—oo, 0) if (2k; — NF,(t)) < O or
Xy € (1, 400) if (2k; — NF,(t)) > 0.
Thus, if (2k; — NF,(t)) < 0 we have

f'(x) <0 forx e (—o00,x) U (x1, 1) U (1, +00)
f'(x) >0 forx € (x,0) U (0, x1).
If (2k; — NF,(t)) > 0
f'(x) >0 forx € (—o0,0)U (0, x1) U (xz, +00)
flx) <0 forx e (x1, 1) U(1,xy).
In both cases f'(x) > 0 forx € (0, x;) and f’(x) < O for x € (x;, 1) and consequently

f(x) is monotone nondecreasing for x € (0, x1)
f(x) is monotone nondecreasing for x € (xq, 1).

Because Fy(t;) € (0, 1) and Fg(t1) is monotone nondecreasing, the local minimum of the function G;(t;) in the interval
[ai, aiyq) is at the point t; = a; or t; = biy4.
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Therefore, the global minimum of the function G;(t;) is at one point of Ay = {a; : i = 1,2,...,P}orB; = {b; : i =
1,2,...,P).
The proposed calibration estimator

We need the entire population value of the study variable y in order to obtain the function G;(t;). This problem can be
solved by estimating G;(t;) by

2
» [Z di Aty — 8D At — yi) — NFyu ()Fn (rl)}

Gi(t) = kes = =
N -1 NFgy (t1)(1 — Feu(t1))
2
; |:Z N Aty — g) At — yi) — NFyy (DFy (tl):|
. - kes
N-1 NFgy (t1)(1 — Feu(t1))
2
_N2 |:Z Aty — 8 At — i) — nFYH(t)FGH(tl)]
= - kes _ _ ) (29)
n*(N — 1) NFgy (t1)(1 — Fey(t1))
In a similar way, if we consider the set
Ast = {gk 1k e Cst} (30)
with G = {k € s : y, < t} and assume that A, has p points, that is
AS[ = {ai:i: ]727"'7p}
and we define the set
By ={bi:i=1,2,...,p} (31)
by
e by = max, {g} withsy ={les: g < a1}
o by = maxi, {g} withsy ={les: g1 =g <ah k=2,...,p

the global minimum of the function Gl (tq) is at one point of A or Bg;.

Now we define the calibration estimator obtained with the values that minimize the function G1 (t1). This estimator is
denoted by FympmlJ (t). In the same way that it was done in the Section 3, one can prove that Fympmp (t) and the obtained
calibration estimator using the optimal value of t; have the same asymptotic behaviour.

5. Simulation study

The optimum calibration points are determined by minimizing the asymptotic variance. In this section, a limited study
has been conducted to investigate the design-based finite sample performance of the proposed estimators in comparison
with that of conventional calibration estimators.

We compare the precision of the proposed callbratlon estimators chpmp(t) and chmpmp(t) with the following estimators:

FCD(t) [2], FRKM(t) [1] the d1fference estimator Fd(t) the usual calibration estimator ch(t) from (6) with tp = Q¢(0.5) and

finally the calibration estimator chm(t) from (22) with two points t; = Qg(0.5) and t, = maxkey{g}.

Several simulated and natural populations with different relationships between the study variable and the auxiliary
variable are used in this study.

First, two natural populations are considered. The cARs population consists of the number of cars in the Spanish region of
Andalusia in 2003 (variable of interest) and the number of cars in 2002 (the auxiliary variable). This population is available
from the Andalusian Statistics Institute web site: http://www.juntadeandalucia.es/institutodeestadistica.

In this case, the study variable y and the auxiliary variable x present a good linear relation. The MURTHY population
consists of 80 factories where the variable of interest is the output and the auxiliary variable is the number of workers. This
has been studied in [ 18-20]. Examination of the scatter plots in Fig. 1 reveals that the linearity assumption is no longer valid
in this population.

A finite population of size N = 1000 (BumMP, population) was also generated from a regression model y, = 2 + 2(x; —
0.5) 4exp(—200(x; —0.5)?) + ¢ (see [21]) where x is uniformly distributed over [0, 1] and the ¢;’s are i.i.d random variables
from N (0, 0.1). This model is used because we wish to observe the effect of model misspecification on the estimators and
to provide an indication of the robustness of the estimators.

We selected 1000 samples for three different sample sizes under simple random sampling without replacement
(SRSWOR). The considered sample sizes were 50, 75 and 100 for the carRs and BuMP populations but the population size
of the MURTHY population was small (N = 80), and so samples of size 25, 30 and 35 were considered for this population.
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Fig. 1. Scatter plots for cArs, MURTHY and BUMP populations.

For each sample and for each estimator, estimates of the distribution function F (t) were calculated for 11 different values
of t, namely the quantiles Q,(«) for o = 0.1, 0.2, 0.25, 0.3, 0.4, 0.5, 0.6, 0.7, 0.75, 0.8 and 0.9.

The performance of all the estimators is measured by means of the average relative bias (AvRB) and the average relative
efficiency (AVRE), given respectively by

1 & 1 &
AVRB(t) = I ; [RB(tq)], AVRE(t) = I ; RE(t,)
where RB and RE are defined as
F(t), — Fy(t MSE[F(t
RB(f) = Z M and RE(f) = ﬂ (32)
B F(b) MSE[Fyy ()]

where b indexes the bth simulation run, ?(t) is an estimator for the distribution function, MSE [F(t)] = B! Zgzl [?-‘\(t),J —
F, (t)]? is the empirical Mean Square Error for F(t) and MSE[Fyy (t)]is similarly defined for the Horvitz-Thompson estimator.

Note that the measures AVRB and AVRE have also been used in [22] and reveal the average behaviour of the various
estimators at different values of t. Table 1 shows our results for all the populations.

Table 1 gives the values of the bias and the efficiency for all populations.

It can be seen in Table 1 that:

- In the cars population, the fCD(t) fd and ff\RKM estimators have small biases, compared with the calibration estimators
ch and chm However when the estimators based on the optimal points are considered, the bias is reduced considerably.
Thus the chpmp and chmpmp estimators have the lowest AVRB of all the estimators considered.

- The FCD (t), Fd, FRKM, yc(t) and chm(t) estimators provide estimates with a large AVRB in the populations where the linear
model does not fit. The estimated biases deviate significantly from zero for most quantiles, especially for the lower
quantiles. This is not surprising given the extreme nonlinearity of these populations. In these populations, the a,cprop
and chmop[ estimators reduce the bias compared to the corresponding calibration estimators based on the median. This
reduction is very significant in the MURTHY population.

- In all populations and all sizes the estimator Fycpprop pProduces the lowest AVRB.
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Table 1
Average relative bias (AvRB) and the average relative efficiency (AVRE).
MURTHY CARS BUMP
AVRB AVRE AVRB AVRE AVRB AVRE
n=25 n=>50 n=>50
FCD 0.169 0.4233 0.0503 0.2179 0.1374 0.3675
7-‘} 0.1549 0.401 0.0222 0.1734 0.1043 0.3345
?RKM 0.1400 0.3755 0.0359 0.1944 0.1033 0.3299
7’}5 0.1597 0.4106 0.1285 0.3691 0.1407 0.3878
i-‘\ycm 0.0875 0.4004 0.1231 0.3593 0.1344 0.3774
Ecpmp 0.0348 0.2305 0.022 0.1707 0.1337 0.3729
chmpmp 0.0291 0.2228 0.0184 0.1638 0.1003 0.3219
n =30 n=75 n=75
?CD 0.1494 0.3998 0.0506 0.2157 0.1336 0.3561
?a 0.1318 0.3756 0.0187 0.1526 0.086 0.3014
fRKM 0.1173 0.3481 0.0294 0.1721 0.0818 0.2938
7’}5 0.1339 0.3784 0.1012 0.3285 0.1123 0.3475
chm 0.1293 0.3692 0.0964 0.3192 0.1066 0.3367
?yq,mp 0.0256 0.2009 0.018 0.1473 0.1062 0.3329
?ycm,,mp 0.0206 0.1871 0.0157 0.1401 0.0785 0.286
n=35 n = 100 n = 100
fCD 0.1309 0.3744 0.0523 0.2148 0.1291 0.3478
Fd 0.115 0.3454 0.0166 0.1406 0.0739 0.2788
?RKM 0.1036 0.3225 0.0262 0.1616 0.0699 0.271
?yc 0.1183 0.3522 0.0859 0.3024 0.095 0.3196
?ycm 0.1135 0.3437 0.0821 0.2944 0.0913 0.3103
Ecp,up 0.0194 0.1739 0.0158 0.1327 0.0894 0.3061
’F\yrmpmp 0.0162 0.1599 0.0139 0.1252 0.0666 0.2634

- In terms of average relative efficiency, we observe that a,cmpmp performs better than a,q,mp, and that both estimators are
more efficient than the Fy.(t) and Fycp, (t) estimators.

- In all cases, the estimator Fyqnprop is the most efficient. This was expected in the case of the cArs population, where the
linear model describes the data very well. However, in the case of the MURTHY population, this result is more impressive.

The main finding of this study is that both of the proposed calibration estimators obtained perform satisfactorily. The
sizes of their biases decline as n increases and a gain in precision is obtained in comparison with alternative calibrated
estimators. They are also robust against model misspecification.

In conclusion, we suggest that the research of optimum points for calibration provides a practical approach to estimating
distribution functions, which offers useful gains in efficiency.
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Appendix. Properties of G;(y)

The function G (t;) always takes a negative value for any value t; selected and we must obtain the point t; that minimizes
G1(t1). Let us again consider the population values of y in ascending order as in (16), the population values of the variable
g, arranged by the variable y as in (17) and the set A, given by (18), but in this case we consider another set of values

Bi={b.:k=1,2,...,P} (A.1)
where
by = rlngx{g,} withU; ={le U :g < a}
€l
by, = Ilngx{gl} withUy={leU:aq_1<g <a}; k=2,...,P
€Uk
and the values a; < a; < --- < ap are the P elements of A;. The value by does not exist when a; = mingey{gk}, but in this

case, it makes no sense for us to consider t; < a; in the calibration equation because Fg(t;) = 0.
Next we observe that the function G;(t;) is defined by:
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(1) If t; < a, the function G{(ty) is

N —(ROKEE)  NEO?P  Ft)
N—1F(t)(1—F(t)  N—-1 (Ft)—1)

Gi(ty) =
(2) Ifty = ap
—1 [NEy(t) = NE,(DFy ()]
NN —=1)  Fg(t1)(1 — Fg(t1))

_NM@F@@—U_NMmfo_ 1)
T N-1)  Ft)  (N-1 F(t) )’
3) Ifa; <t; <aipqwithi=1,2,...,P -1

—1 [k — NE,(OF(t)]’

Gi(t) =

Gi(t) = N(N —1) Fg(t)(1 — F(t1))
where
o ZA(ﬁ — B At — yp) = ZA(ai — g At — Ypp)-
keU kv

Consequently, G1(t1) is a piecewise function.
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