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Abstract

The geodesic deviation equation is generalized to worldline deviation equations describing the relative acceler
charged spinning particles in the framework of Dixon–Souriau equations of motion.
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1. Introduction

In the study of the dynamics of particles in a giv
space–time, one important object is the relative ac
eration of particles. For nearby test particles, this
given by the well-known geodesic deviation equati
This equation gives in a frame-independent way, h
much two nearby geodesics deviate from each ot
For test particles which are not necessarily nea
similar equations may be derived by keeping hig
order terms in the approximation whose first ord
terms lead to the equation of geodesic deviation. W
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the particles under study possess some internal s
ture like spin, or if they are subject to extra interactio
like the Lorentz force, their worldlines will no longe
be geodesics. In such cases the geodesic devi
equation should be modified so as to accommod
the effects of those extra interactions on the rela
accelerations of the particles. For the case of test
ticles with charge moving in an arbitrary space–ti
in the presence of some electromagnetic fields, a
of worldline deviation equations has been obtained
[1]. For particles with spin (but no charge), describ
by the Mathison–Papapetrou–Dixon equations, a
of such generalized worldline deviation equations w
derived in a recent publication[2]. In [3] the relative
motion of a spinning particle with respect to a nea
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free test particle in the gravitational field of a rotati
source was studied. The aim of the present Letter
obtain worldline deviation equations for charged sp
ning particles moving in an arbitrary space–time in
presence of electromagnetic fields.

In general relativity, the motion of charged spi
ning particles is described by the so-called Dixo
Souriau (DS, for abbreviation) equations[4,5]. These
equations reflect the effects of the spin-curvatu
the charge-electromagnetic field, and the spin-elec
magnetic field on the motion of the particle. The
equations consist of seven independent equation
describe the particle’s four-momentum and spin ten
supplemented by three other equations to render
equations of motion complete. The particle’s traje
tory is then determined by integrating its four-veloc
which is obtained indirectly from the equations of m
tion. These equations or simplified versions of th
have been used to study the motion of charged s
ning particles in different space–times[6–13]. An ex-
tension of these equations to the case where tor
fields are also included was obtained in[14,15]. It
has also been shown that the DS equations reduc
the well-known Bargmann–Michel–Telegdi equatio
in the limit of the weak and homogeneous exter
field [16].

In the following sections we first review the D
equations briefly and derive the worldline deviati
equations along the lines of Ref.[2]. We then apply
these equations to the case of motion of charged s
ning particles in a gravitational wave space–time an
uniform magnetic field and show how they can be u
to calculate the relative accelerations and also to g
erate approximate solutions to the DS equations v
known one. In the last section we present our con
sions.

2. The DS equations of motion

The motion of a charged spinning particle is d
scribed by the Dixon–Souriau equations[17]

(1)

Dpµ

Dτ
= −1

2
Rµ

νλρsλρẋν + qFµ
βẋβ + k

2
sκρDµFκρ,

(2)
Dsµν

Dτ
= pµẋν − pνẋµ − k

(
sµκFκ

ν − sνκFκ
µ
)
,

supplemented by the following equations

(3)pµsµν = 0,

whereD represents covariant differentiation,τ is an
affine parameter along the worldline of the partic
ẋµ = dxµ

dτ
is the 4-velocity of the particle,pµ is the

components of its 4-momentum,sµν is the particle’s
spin tensor,q is the particle’s charge,Fµν is the elec-
tromagnetic tensor, andk = qg

2m
is a constant withg

being the particle’s gyromagnetic ratio andm its mass,
andRµ

ναβ = ∂αΓ
µ
νβ −∂βΓ

µ
να +Γ

µ
ακΓ κ

νβ −Γ
µ
βκΓ κ

να . The
particle’s spin may also be described by a four-vec

sµ = 1

2m
√−g

εµ
νκρpνsκρ.

It can be shown that these equations lead to

(4)
1

2
sµνs

µν = s2

in which the spins of the particle is constant. We ca
also deduce the following relation from the DS equ
tions[5]

(5)pµẋµ d

dτ

(
pµpµ

) − pµpµ d

dτ

(
qg

2
Fµνs

µν

)
= 0.

We fix the gauge by

(6)pµẋµ − qg

2m
Fµνs

µν = −m,

which reduces to the Dixon’s gauge introduced in[18]
if we let the electromagnetic field to be absent. Now
follows from Eq.(5) that

(7)pµpµ − qg

2
Fµνs

µν = −m2

is a constant of motion.
In the DS framework no direct equations of moti

exist for ẋµ, but it can be shown that in the gauge(6),
the following relation results from Eqs.(1)–(3)

ẋµ = 1

m
pµ

+ qg

2m(pµpµ)

(
1

2
sαβDµFαβ − pνsµκFκν

)

(8)+ sµνf κ lνκ

1+ 1
2sκρlκρ

,

where

lνκ = 1
µ

(
−1

Rνκαβsαβ + qFνκ

)
.

pµp 2
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The above equation reduces to the equation give
[19] in the case ofFµν = 0.

3. Worldline deviations

Let us now consider a one-parameter family
worldlines {xµ(τ,λ)} describing the worldlines o
charged spinning particles of the same spin-to-m
ratios and the same charge-to-mass ratios. In this f
ily, worldlines are obtained from a specific “fiducia
worldline via xµ → xµ + �λnµ with nµ = dxµ

dλ
. We

now define

(9)Jµν = Dsµν

Dλ
, jµ = Dpµ

Dλ
.

Now by settingxµ → xµ +�λnµ in Eqs.(1)–(3), and
keeping only linear terms of�λ in the resulting equa
tions, and making use of

Dẋµ

Dλ
= Dnµ

Dτ
,

we obtain the worldline deviation equations, whi
read

(10)

Djµ

Dτ
= −Rµ

βακ ẋκnαpβ − 1

2
nκDκRµ

νλρsλρẋν

− 1

2
Rµ

νλρJ λρẋν − 1

2
Rµ

νλρsλρ Dnν

Dτ

+ qFµ
β

Dnβ

Dτ
+ q

DFµ
α

Dτ
ẋα

+ qg

4m
JκρDµFκρ + qg

4m
sκρnνDνD

µFκρ,

(11)

DJµν

Dτ
= sκ[µRν]

καβnαẋβ + p[µ D

Dτ
nν] + j [µẋν]

− qg

2m
J [µκFκ

ν] − qg

2m
s[µα D

Dλ
Fα

ν],

and

(12)sµνj
ν + Jµνp

ν = 0,

respectively. Here,A[µBν] meansAµBν − AνBµ.
Similarly one can obtain from Eqs.(4) and (7)the fol-
lowing useful relations

(13)sµνJ
µν = 0,

(14)pµjµ − qg

4
FµνJ

µν − qg

4
sµν DFµν

Dλ
= 0,
respectively. Also the relation(6) leads to

(15)

jµẋµ + pµ

Dnµ

Dτ
− qg

2m
FµνJ

µν − qg

2m
sµν DFµν

Dλ
= 0.

To find the deviationnµ itself, one should solve th
above equations forjµ, Jµν and findnµ from these
indirectly. Having this in mind, a useful equation m
be obtained by starting from Eq.(8) and following the
same procedure described above. Thus we have

(16)
Dnµ(τ)

Dτ
= 1

m
jµ(τ) + D

Dλ

(
rµ

pµpµ

)

where

rµ = sµν

(
−1

2
Rνκαβ ẋκsαβ + qFνκ ẋκ

+ qg

4m
sαβDνFαβ

)
− qg

2m
pνsµκFκν.

4. Motion in a gravitational wave

Here, we apply our results to the case of the m
tion of a charged spinning particle in the space–ti
of a plane gravitational wave when a uniform ma
netic field is present. We take this magnetic field to
in the same direction the wave propagates and the
romagnetic ratio asg = 2.

The space–time metric is given by

(17)ds2 = −dudv − K(u,x, y) du2 + dx2 + dy2

representing a gravitational wave propagating al
thez-direction. Here,(u, v) are the light-cone coordi
nates given byu = t − z andv = t + z andK(u,x, y)

is given by

(18)K(u,x, y) = f (u)
(
x2 − y2)

in which f (u) is an arbitrary function correspondin
to the linear polarization of the wave. We also ta
the non-vanishing components of the electromagn
tensorFµν as follows

(19)F34 = B

which corresponds to a uniform magnetic field in t
z-direction. We label the coordinatesu,v, x, y with
1,2,3,4, respectively.
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With this metric and field, the DS equations adm
the following solution

vµ = (1,1,0,0),

pµ = (M,M,0,0),

(20)s34 = S, s1µ = s2µ = 0,

whereM = √
m2 − qBS. This describes a particle si

ting in the origin of the coordinates with its spin d
rected along thez-direction. We take the worldline o
this particle,(τ, τ,0,0), as a fiducial worldline and
calculate the relative acceleration of nearby char
spinning particles and also show that how appro
mate solutions to the DS equations may be found
the vicinity of the above fiducial worldline. Now b
using the deviation equations of the previous sec
we reach at

(21)n1(τ ) = −n2(τ ) = α,

and consequently

(22)nz(τ ) = −α,

whereα is a constant. This means that the partic
gain no relative velocity in thez-direction. For conve-
nience we setα = 0 hereafter. We also obtain

(23)

dj3(τ )

dτ
= f (u)

(
J 13(τ ) − Mn3(τ )

)

+ qB
dn4(τ )

dτ
,

(24)

dj4(τ )

dτ
= −f (u)

(
J 14(τ ) − Mn4(τ )

)

− qB
dn3(τ )

dτ
,

(25)2Sj4(τ ) = −M
(
J 13(τ ) + J 23(τ )

)
,

(26)2Sj3(τ ) = M
(
J 14(τ ) + J 24(τ )

)
,

(27)J 12(τ ) = 0,

(28)J 34(τ ) = 0,

(29)
dJ 13(τ )

dτ
= M

dn3(τ )

dτ
− j3(τ ) + ωJ 14(τ ),

(30)
dJ 14(τ )

dτ
= M

dn4(τ )

dτ
− j4(τ ) − ωJ 13(τ ),

(31)

dJ 23(τ )

dτ
= M

dn3(τ )

dτ
− j3(τ ) + ωJ 24(τ )

− 2Sf (u)n4(τ ),
(32)

dJ 24(τ )

dτ
= M

dn4(τ )

dτ
− j4(τ ) − ωJ 23(τ )

− 2Sf (u)n3(τ ),

(33)
dn3(τ )

dτ
= 1

m
j3(τ ) + S

M2 − qBS
f (u)J 14(τ ),

(34)
dn4(τ )

dτ
= 1

m
j4(τ ) + S

M2 − qBS
f (u)J 13(τ ),

whereω = qB
m

. The solutions to these equations g
nµ and hence the relative accelerations of the parti
near the fiducial worldline and also approximate so
tions of the DS equations there. These equations
simplified in the interesting situation whereM = 0,
that is in the fine-tuned case ofs

m
= 1

ω
. In this case the

above equations result in

(35)j3(τ ) = 0= j4(τ ),

(36)J 12(τ ) = 0= J 34(τ ),

(37)J 13(τ ) = J sin(ωτ + φ),

(38)J 14(τ ) = J cos(ωτ + φ),

(39)n3(τ ) = − J

qB

∫
f (τ)cos(ωτ + φ)dτ,

(40)n4(τ ) = − J

qB

∫
f (τ)sin(ωτ + φ)dτ,

(41)

J 23(τ ) = −cos(ωτ + χ)η(τ) − sin(ωτ + χ)ρ(τ),

(42)J 24(τ ) = sin(ωτ + χ)η(τ) − cos(ωτ + χ)ρ(τ)

with J,φ,χ being constants and

η(τ) = 2S

∫ (
n4(τ )cos(ωτ + χ)

− n3(τ )sin(ωτ + χ)
)
f (τ) dτ,

ρ(τ ) = 2S

∫ (
n3(τ )cos(ωτ + χ)

+ n4(τ )sin(ωτ + χ)
)
f (τ) dτ.

5. Conclusions

In this Letter we have studied worldline deviatio
of charged spinning particles of the same spin-to-m
and the same charge-to-mass ratios in the framew
of the DS equations and determined the effects of
spin-curvature, the charge-electromagnetic field,
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the spin-electromagnetic couplings on the relative
celeration of nearby particles. The equations we h
found, reduce to those of[2] if the electromagnetic
field is turned off.

The equation of geodesic deviation is usually c
sidered in the literature together with an extra eq
tion, namelyẋµnµ = 0. This is becausėxµnµ is con-
stant along a time-like geodesic. However, in the c
of spinning particles, the relatioṅxµẋµ = −1 is no
longer guaranteed by the equations of motion
ẋµnµ is not a constant along the particle’s worl
lines. In the framework of the DS equations, one m
consider Eq.(15) having the same role the equati
ẋµnµ = 0 plays in the case of geodesics.

It is possible to extend the above worldline de
ation equations systematically to equations of hig
accuracy by keeping higher order terms in�λ. These
extensions then may be used to calculate the rela
accelerations of particles of arbitrary separations.

Another interesting application of our worldline d
viation equations is to generate approximate soluti
of the DS equations from a given solution. The app
cation of these equations in the study of the dyna
ics of charged spinning particles in some interest
space–times would be reported in a future work.
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