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Abstract

We prove global wellposedness in the energy space of the defocusing cubic nonlinear Schrédinger and Gross—Pitaevskii equa-
tions on the exterior of a nontrapping domain in dimension 3. The main ingredient is a Strichartz estimate obtained combining a
semi-classical Strichartz estimate [R. Anton, Strichartz inequalities for Lipschitz metrics on manifolds and nonlinear Schrodinger
equation on domains, arxiv:math.AP/0512639, Bull. Soc. Math. France, submitted for publication] with a smoothing effect on
exterior domains [N. Burq, P. Gérard, N. Tzvetkov, On nonlinear Schrodinger equations in exterior domains, Ann. .H.P. (2004)
295-318].
© 2007 Elsevier Masson SAS. All rights reserved.

Résumé

On démontre I’existence et ’unicité des solutions globales dans 1’espace d’énergie pour les équations de Schrodinger et de
Gross—Pitaevskii cubiques a I’extérieur des obstacles non captants de dimension 3. La démonstration répose sur une inégalité de
Strichartz obtenue en combinant une inégalité de Strichartz semi-classique [R. Anton, Strichartz inequalities for Lipschitz metrics
on manifolds and nonlinear Schrédinger equation on domains, arxiv:math.AP/0512639, Bull. Soc. Math. France, submitted for
publication] avec 1’effet régularisant a I’extérieur des obstacles non captants [N. Burq, P. Gérard, N. Tzvetkov, On nonlinear
Schrodinger equations in exterior domains, Ann. LH.P. (2004) 295-318].
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let © # ), ©® C R3, anontrapping obstacle with compact boundary and let 2 = C@. In this paper we are interested

in the Cauchy problem for the cubic defocusing NLS equation (here written with Dirichlet boundary conditions) on £2:
10;u + Au = |u|2u, onR x £,

uli=o =up, on$2, (1

ulrxae =0.
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This equation appears in the nonlinear optics and more generally in propagation of nonlinear waves. For more details
on nonlinear Schrodinger equations, see, for example, the books of C. Sulem, P.L.. Sulem [25], T. Cazenave [12] and
the references therein. This equation preserves, at least formally, the mass and the energy:

||u(t) HLZ(.Q) = ”uO“LZ(.Q)’

5(u(t))=%f|vxu|2(r,x)dx+4—11/|u|4(z,x)dx=5(u0).
2 2

There is a wide literature on the Cauchy problem in the Euclidean space. One of the main tools in addressing this
problem is the Strichartz inequality, which translates the dispersive property of the linear Schrodinger flow. We refer
to the work of Strichartz [27], Ginibre—Velo [15] and Keel-Tao [21].

Recently, the question of the influence of the geometry on the solution has been studied. Let us mention the work
of J. Bourgain [9] on the tori T9 for d = 2,3 and of N. Burg—P. Gérard-N. Tzvetkov [10,11] on compact manifold
and exterior of nontrapping obstacles.

In recent works on superfluidity and Bose—Einstein condensates (see, for example, the book of A. Aftalion [2]) the
following variant of NLS (1) is studied:

i0u 4+ Au= (Jul>* — Du, onR x £2,

M|[:()=Lt0, on ‘Q’ (2)

9
Solrxae =0.

This is called the cubic Gross—Pitaevskii equation with Neumann boundary conditions. This is also a Hamiltonian
equation, for the Hamiltonian:

1 1
Eorw) = 5 / VeuP () dr+ f(|u|2(x> ~ 1)y,
2 2

also called Ginzburg-Landau energy.
The main difference between the NLS (1) and the Gross—Pitaevskii equation (2) is in their energy space. For
Gross—Pitaevskii it reads

E={ueH(2), VueL*2), lul*—1eL*(2)}.

Namely, the initial datum in the energy space, ug € E, is not an L%(£2) function. In [6,5,3,17-19,13] the question
of existence of traveling waves and vortices is studied. We are interested in showing global wellposedness in the
energy space. There have been previous works on the Cauchy problem for the Gross—Pitaevskii equation: P.E. Zhid-
kov [28,29] in Zhidkov spaces X!(R), F. Béthuel-J.C. Saut [6] in the space of functions 1 + H!(RY), for d = 2,3,
P. Gérard in [16] in the energy space on the whole Euclidean space R?, for d = 2, 3,4, C. Gallo [14] in the energy
space ugp + H(£2) for exterior domains in d = 2.

In dimension 2 the smoothing effect [11] provides wellposedness for both NLS [11] and Gross—Pitaevskii [14], with
all power nonlinearities. In dimension 3 the smoothing effect only provides wellposedness of subcubic nonlinearities
[11,14]. In order to handle the cubic nonlinearity in the energy space in dimension 3, one has to gain more than %
of derivatives. For both (1) and (2) the method we use is based on a new Strichartz estimate obtained combining a
smoothing effect in exterior domains shown by Burq—Gérard—Tzvetkov [11] with a semiclassical Strichartz estimate
on small intervals of time depending on the frequencies where the flow is localized [4]. This idea appears in the work
of Staffilani—Tataru [26].

Having a Strichartz inequality we obtain classically a local existence theorem for (1) by Picard iteration scheme.
These also enables propagation of the regularity of the initial data. We obtain an existence time that only depends on
the H'! norm of the initial data. Local existence in the energy space H(} (£2) combined with the conservation of the
energy (and for defocusing nonlinearity of the HO1 (£2) norm) enables us to conclude that the solution to (1) is global
in time.

Theorem 1.1. For all ug € HO1 (£2) there exists an unique solution,

ueC(R, Hy(2)) NLE (R, L®(£2)),

loc
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(for every 2 < p < 3) of Eq. (1). Moreover, for every T > 0 and for every bounded subset B of HO1 (£2), the
flow ug — u is Lipschitz from B to C([-T,T], Hol(Q)). For 1 <o <2 and ug € H(} (£2) N H°(£2) we have
ueC(-T,T], HOl (£2) N H (§2)). The conservation of the mass and of the energy hold: for allt € R, ||u(t)||Lz(9) =
luoll 2oy and Eu(t)) = E(uo).

For Gross—Pitaevskii equation, as ug € E is not an L?(£2) function, the Strichartz inequality does not apply directly.
We adapt the arguments of [16] to the boundary case for the description of the structure of E: in dimension 3,

E={c+v, ceC, |c|=1, ve H'(£2), [v]* +2Re(c™'v) € L*(2)}.

The nontrapping assumption does not have a particular influence into the analysis, the same holds for any compact
obstacle with smooth boundary. The natural metric,

Sp(c+v,é+ D) =c— &l +IVv— Vil 2 + [Iv]* +2Re(cv) — [5]* — 2Re(éﬁ)||L2(m,

defines a structure of complete metric space on E. We show that E is stable under the action of the linear flow:
for all ug € E, e®uq € {ug} + H'(£2) C E. For the nonlinear term in the Duhamel formula we use, thanks to the
Strichartz inequality on £2, a fixed point method in the space C([—T, T, H'(£2)) N S, where § = LIT’(LOO(.Q)) is
some Strichartz space, for the functional:

t
d(w) = —i/ei<f—f>ANF(uL +w)(7)dr.
0
We have denoted by uy () = el 2ug, by w=u —uy and by F(u) = (lu|* = 1)u. We obtain that the energy is con-

served and the existence time depends on Egy (ug). Therefore, the global existence theorem for the Gross—Pitaevskii
equation (2) follows.

Theorem 1.2. For all ug € E there exists an unique solution,

ueCR,E)NL! (R, L®(R)),

loc
(for every 2 < p < 3) of Eq. (2). Moreover, the following properties hold: for every bounded subset B of E there exists
T > 0 such that for all ug € B the flow ug +— u is Lipschitz from B to C([—T, T], E); we haveu —uy € C(R, H'(2));
if uo € E is such that Aug € L*($2) and 30 = 0, then Au € C(R, L2(2)); for all t € R, E1(u(1)) = Egr(uo)-

Remark 1. After the completion of this work Blair—-Smith—Sogge [7] announced an improved Strichartz inequality
on boundary domains. They prove a Strichartz inequality with a loss of % derivatives as opposed to the Strichartz

inequality [4] with a loss of % derivatives we used here. Using Blair—-Smith—Sogge inequality improves our Strichartz

inequality (3), obtaining a loss of # + ¢ derivatives.

The structure of the paper is as follows: in Section 2 we show how we obtain the Strichartz estimate (3). In Section 3
we give the proof of Theorem 1.1. In Section 4 we deal with the Gross—Pitaevskii equation (1) and we give the proof
of Theorem 1.2.

2. Strichartz estimate in exterior domains

The idea is to combine Strichartz inequality on exterior domains [4] with the gain of % derivative from the smooth-
ing effect [11]. This idea appears in the work of Staffilani—Tataru [26] and has been used by many authors since (e.g.
[10,24,20,8]). Let us recall the definition of an admissible pair.

Definition 1. A pair (p, g) is called admissible in dimension 3 if p > 2, and
2 3 3

P q 2
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The Strichartz inequality we obtain is the following (see also Remark 1):

Proposition 2.1. For (p, q) an admissible couple in dimension 3 and & > 0, there exists ¢, > 0 such that for all
|

=+
we H " (),

itA
e DMO“LP(I,L‘I(.Q))<C£””0”Hﬁ+e : 3)

p (&)
For (p,q) and (p,q) admissible couples in dimension 3 and ¢ > 0, there exists ¢ > 0 such that, for all f €
/ 11 !/
LP (I, w25 ted (£2)), where p’ denotes the dual exponent of p: % + % =1, we have:
1

/ el=D4D £(¢ x)dt

0

“4)

<c [ .
el b

LY (1,L3(2))

A similar result holds for the linear Schrodinger flow with Neumann boundary conditions.

Rather than using the Strichartz estimate with loss of % + ¢ derivatives (45) of [4], we prefer to use the Strichartz
estimate without loss of derivatives (Proposition 4.13 of [4]), that holds for frequency localized initial data and small
intervals of time depending on the frequency.

In order to do that here, we need to recall some of the notations and results from [4]. That is done in Section 2.1.
In Section 2.2 we recall the results of N. Burq, P. Gérard and N. Tzvetkov [11] concerning the smoothing effect and
Strichartz estimate away from the obstacle. Section 2.3 is the core of this section. We prove a new Strichartz estimate
close to the obstacle by combining semiclassical Strichartz estimate and smoothing effect. In Section 2.4 we deduce
the proof of Proposition 2.1.

2.1. Preliminaries

We recall here the classical mirror reflection that allows us to pass from a manifold with boundary to a boundaryless
manifold. This method consists in taking a copy of the domain and glue it to the initial one by identifying the points of
the boundary. In the particular case of a half space, RY~! x R, the double manifold is R? and we can extend the metric
symmetrically with respect to the boundary. In the general case, we have to choose the coordinates carefully in order
to obtain a manifold. Taking normal coordinates at the boundary is like straightening a neighborhood of the boundary
into a cylinder 952 x [0, 1). Gluing the two cylinders along the boundary makes a nice smooth manifold. This can be
properly done using, for example, tubular neighborhoods (e.g., [22, pp. 468 and 74]). Let M = 2 x {0} Uy 2 x {1},
where we identify (p, 0) with (p, 1) for p € 952.

Lemma. (See [22].) There is a unique C™ structure on M such that 2 x {k} — M, k € {0,1}, is C* and
X:U x {0} Uge U x {1} = 082 x (—1, 1) is a diffeomorphism, where U is a small neighborhood of 3§2 for which
there are deformation retractions onto 052.

On M we define the metric G induced by the new coordinates. As we have chosen coordinates in the normal
direction close to the boundary, the metric is well defined over the boundary, its coefficients are Lipschitz in local
coordinates and diagonal by blocs (no interaction between the normal and the tangent components). Moreover,

G(r(») =G,

where r:M — M, r(x,0) = (x, 1), r2 = Id is the reflection with respect to the boundary 9£2.
For the Dirichlet problem we introduce the space H ,L{s of functions of H'!(M) which are anti-symmetric with
respect to the boundary. Let

Hig={v:M—C, ve H'(M), v(y) =—v(r(»)}.

Note that for v € H f} ¢ the restriction v|gxo is in H(; (£2) and every function from H fl g is obtained from a function of
H(; (£2). We shall prove the stability of H /1 ¢ under the action of el’26,
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By complex interpolation define Hy for s € [0, 1] and deduce its stability under the action of el’2G . Moreover,
the restriction to §2 of functions in Hj belongs to H},(£2) and vice versa. This allows us to deduce the Strichartz
inequality for e"2P on £2 from the Strichartz inequality for e/26 on M.

Similarly, we can define for the Neumann problem the space H ; of symmetric functions with respect to the bound-
ary. This space is also stable under the action of e2¢,

HSl ={v:M—>C,ve H'\(M), v(y) =v(r(m)}.

Let us prove the stability of H S under the action of e’26¢ . Let vg € H ls and v(z,y) = el’26 . Then v satisfies
to id;v(t, y) + Agyv(t, y) =0, v(0) = vo. Let v(z, y) = v(#, r(y)). We shall look for the equation verified by .
First note that v(0) = —vg and 9,v(¢, y) = 9,v(t, y). As G is diagonal by blocks, having no interactions between the
normal and tangent components, so is G~!. Thus in AgG(y) there is no crossed term. Consequently A (y)U(t, y) =
Ag)v(t,y). We see thus that v satisfies to the linear Schrodinger equation with initial data —vg(y). But —v(¢, y)
satisfies the same equations. By uniqueness we conclude that

v(t, r(y)) = —v(t,y).

Moreover, if vo(t, y) = ug(t, y) for all y € §2, then v(¢, y) = u(¢, y) for all ¢ and for all y € £2, where u(r) = ei’ADuo.

We prepare the frequency decomposition. We begin with a partition of unity on M. Since M is flat outside a
compact set, let (Uj, k) jes be a covering of the area of M where G # Id. This area is compact, so we can choose
J of finite cardinal. We have M = UJEJ U;j UUj,0 U Uz, 0, Where Uy oo and Us oo are two disjoint neighborhood
of infinity, diffeomorphic to R4 \ B. Let (Xj)jess X1,00> X2,00 : M — [0, 1] be a partition of unity subordinated to the
previous covering. For all j € J let x;: M — [0, 1] be a C* function such that ¥; = 1 on the support of x; and the
support of x; is contained in U;. Similarly we define X1 00, X2,00: M — [0, 1]. Let gg € C oo(IR{”l) be supported in a
ball centered at origin and ¢ € C*(R?) be supported in an annulus such that for all A € RY,

Qo)+ w270 =1 ©)

keN

On S(RY), the Schwartz space, we define the Fourier multiplier ¢ (h D) by (<p(/hD\)q)($ )=@(h&)qE),forqge S (R,
h € (0,1) and £ € R?. In order to define a spectral truncation for f € S(M) (M flat outside a compact set), we use the
partition of unity to restrict f to a coordinate neighborhood. Then we use the pullback to read it in local coordinates
in RY. Here we apply ¢(hD). We cut the result with a cut-off function slightly larger than the pullback of the initial
one such that we are still in the coordinate neighborhood. We go back on the manifold and sum using the partition
of unity over all such neighborhoods. Thus, we define a family of spectral truncations on M: for f € C°°(M) and
he(0,1),let

Inf = k) (%jehD)(7") () + Fihoof + Fanoof: 6)
jeJ
and
Jof = Z(K, Xjfﬂo(D)( )*(Xjf))+F1,0,oof+Fz,o,oof, 7
jeJ

where * denotes the usual pullback operation and Fy ;.00 f = Xi.009(h D) x1.00 f (x), for I € {1, 2} correspond to spec-
tral truncations on the flat regions of M (neighborhoods of infinity). For more on pseudo-differential operators see for
example [1]. The following identity holds:

oo
Jof )+ Ik f(x) = [ (x). ®)
k=0
This will be useful for decomposing f in spectrally localized functions Jy, f.
In order to construct a parametrix we need more regularity on the coefficients of the metric than the Lipschitz
regularity. Therefore we define a regularized metric G, as follows: let ¥ be a C® (R?) radially symmetric function
with ¢ = 1 near 0. Let

Gi="Y (p)* (¥ (h2D) (k") (x;G)). ©)

jeJ
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The transformation of G into G, does not spoil the symmetry. Note also that G, converges uniformly in x to G, and
thus, for & sufficiently small, G, is positive definite. Therefore, Gy, is still a metric. We present some properties of
metrics G and Gj,.

Lemma. The metric G: M — My(R) is symmetric, positive definite and its coefficients are Lipschitz: there exist
¢, C,c1 > 0 such that for all j € J U{(1,00), (2,00)}, forall x € U;,

cld<G(x)<CId, [3G|<ecr,

where we have denoted by G the derivatives of the coefficients of the metric in the sense of distributions on U;. The
coefficients of the regularized metric G, are C* functions that verify the followings: there exists ¢,C > 0 and c¢,, > 0
such that for all j € J U{(1,00), (2,00)}, for all x € Uj and every y € N:

cld< Gp(x) CId, |37 Gp(x)| < ¢ hmemax(I=1O),

Notice that the constants can be chosen independent of the neighborhood of coordinates as we have a finite system
of coordinate neighborhoods and outside a compact set, the metric is the Euclidean metric.
We present next a collection of estimates on Jp,. There exist constants ¢ > 0 such that, for all 4 € (0, 1):

— nllLr—rr <cp, forall 1 < p < oo.
= s 26,0l 12— 2 < and ([, A, g1 p2 < e

As G is only Lipschitz, the similar statement for [ F;, Ag] only holds for the H! — L? norm: ||[Fy,, Agl| g1, 12 < c.

1
- ”‘Ih(AGh - AG)”[-H*)LZ < ch™2.

We define also a spectral cut-off slightly larger than J,. Let ¢ be a C* function supported in an annulus such that
¢ = 1 on a neighborhood of the support of ¢. We define J, just like Jj, replacing ¢ par ¢ in (6):

Inf = k) (%, gD (") 3 )) + Finoof + Fanocof- (10)
jeJ

Then the action of fh on J, and [Jy, Ag,] is close to identity in L?” — L? norm, p > 2, and L? - L? norm,
respectively.

— Wndh = InllLr—rr < enh?.
= s 26,1 = Wns A6 )l 22 < enh, forall N e N.

Let us recall also the Strichartz estimate we use from [4].

Lemma. (See 4.13 of [4].) For all couples (p, q) admissible in dimension 3 and I, an interval of time such that
[In] = ch%, we have:

| T2 < cllugll - (1D

nug | LP (I, L9(M))

We prefer to go back to the estimate on e"26n since the form of the Strichartz estimate for e2¢ is more difficult
to handle ((45) of [4]):

irA
” Jljel Cuo “LP(Ih,L‘I(M)) < chlluoll g1
This is due to the fact that Ag and Ag, are not both self-adjoint in the same space, because of the volume density
1

JdetG(x)”
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2.2. Smoothing effect and Strichartz estimate away from the obstacle

In this section we recall two results of N. Burq, P. Gérard and N. Tzvetkov [11] on the smoothing effect for the
Schrodinger flow on exterior domains and the Strichartz estimate away from the obstacle. The smoothing effect was
obtained via resolvent bounds. For Strichartz estimate they used a strategy inspired by G. Staffilani and D. Tataru’s
paper [26] on C? short range perturbation of the free Laplacian on R?. Thus, they proved that away from the obstacle
the linear Schrodinger flow satisfies the usual Strichartz estimates. We present an equivalent statement on the double
manifold.

Proposition. (See 2.7 of [11].) Assume that ® # (. Then for every T > 0, for every x € C{° R, d >2,

irtA
ern DUO”Lz HH%(.Q) < C”“OHLZTHB(_Q)v fors €0, 1].
D

Proposition. (See 2.10 of [11].) For every T > 0, for every x € C(‘)’O(Rd), x =1 close to O, there exists C > 0 such
that

||(1—X)u||L;Ws,q(_Q) < Clluoll g, (82), 12)

where s € [0, 1], u(t) = e“Pug and (p, q) any Strichartz admissible pair.

The proof relies on the use of the smoothing effect and the fact that (1 — x)e“Puq can be seen as a solution to
some nonlinear Schrodinger equation on R¢.

Although the properties are written for the Dirichlet Laplacian, Remark 1.2 of [11] ensures that the results hold for
the Neumann conditions as well. From the way we constructed the double manifold and flows, we deduce that those
results extend easily on the double manifold.

Proposition 2.2. Assume that © # (). Then for every T > 0, for every x € C3°(M),

Ixe"2ou] ,

< ; .
THH'%(M) < C””()”LZTHA(M)’ fors €[0,1]

Proposition 2.3. For every T > 0, for every x € C5°(M), x =1 close to DO, where DO represents the double of ©,
there exists C > 0 such that

|- X)eitAGuoHLszW.;,q(M) < Clluoll g5 sy (13)

where s € [0, 1] and (p, q) any Strichartz admissible pair.
2.3. Strichartz estimate near the obstacle

We want to combine Strichartz estimate on domains [4] with smoothing effect [11]. This idea goes back to the
work of Staffilani—Tataru [26]. For this we use the Strichartz estimate of the frequency localized linear flow, without
loss of derivatives, which holds on a small interval of time (see estimate (11) from Section 2.1).

Let ¢ € CSO(R) such that ¢ =1 on [—%, %], 0< o<1, suppy C [—%, %] and there exists J C R a discrete set
such that Ztoe] (pz(t —19) =1 for all r € R. Let § > 0 be a small number. If we consider J=[-8,14+48]N ch% J
then, for 7 € [—3, 1+ 2],

Z¢2<t_f°)=l. (14)

P 2
toeJ ch

3/2 3/2 3/2 3/2 :
Let us denote by I, (tg) = [to — %, to + %], 1;/,([0) = [ty — %, to + Chz/ 1, ur () = "G ug and by:

t— 1 :
v(t) = <p< QO)J;,"xe”AGuo. (15)

ch2
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Notice that v(¢) = J; Xei’ A6y for t € I (1) and supp, v C I ;l We write the end-point Strichartz estimate for v on I,
that is for the couple (p, g) = (2, 6).

Lemma 2.4. Forto € R, x € C{°(M) such that x x = x and Ju a spectral cut-off slightly larger than Jy, for definition
see (10), we have:

t—1 :
(,0( - )J;XGUAGMO
ch?

< Chi% ” Jp xur ||L2(1,;,L2(M)) + h% ” jlﬁul ”LZ(I,;,HI(M)) + Ch% lXuL ”LZ(I,Q,H’ (M) (16)

L2(I;, LS (M)

Proof. For simplicity, let us suppose that I, (fo) = [0, T'], where T = ch3/?. Then v(t) verifies, for t € I, (to), the
equation,
{iazv+AGhv =fi+ 2+ /3,
V=0 =0,

where f1 = Chia/zﬁl’/(zh_zt/oz)J;X”L, fo = 9CapAG,, Jixlur and f3 = (i) Jyx (A — Ag,)ur. By the

Duhamel formula and using that J* wdy =Jy + cyh" in LP — LP norm, for p > 2, we have:
V(1) = vi (1) + v2(1) + v3(0) + enh”,

where we define,

t
1 o T—1

vi(t) = — fJZel(t_T)AGh¢/< 30>J;XML(T)C1T,
ch2 0 ch2

t
o —t
vz(t)z—i/J,;"e“’—’)AGw( 0) DGy, Iy x Jur (v)dr,
0

13
— I
v3(1) = —i / Tiet= ’mw( O)JhX(AG A,)uL(t)dr.

By Minkowski inequality and estimate (11), we have:
T
T—1 e i
<p’< ; > ‘ ||]1r<t-]];kel(t )Ag, I xurp(7) ||L,2(L6(M)) dz
ch2 x

_3
il 2y, 6y < €h 2/
0
T
_3 T—1
<t [ ““(7)‘||fﬁ‘qu<r>||Lz(M)df
cn? *

0

Using Cauchy—Schwarz inequality and ||¢’ (Gl = ch3/#, we obtain:

Wotll 207 Loy S ch™ 4“Jh XML||L2(I’><M) an
Similarly, we have [[vall 2. 16(ary) < ch**[Ag,, Ty xlurllp2p xary- Using that [I[Ag,, Jy x)ll g1 2 < ¢ and
IAG, S x W gtz ~ IAG,, I x19; |l g1 12 modulo ch™ | we obtain:
3 e o
||U2||L%(1;’,L6(M)) §Ch4||JITXML||L2([}/”H1(M))- (18)
We estimate the third term v3 in L?(I/, LS(M)) norm in a similar manner. We get: |vs3| L2115y S

3 . . L .
cha||J) x(Ag — AGh)”L”LZ(I,;xM)- Using the estimate || J; x (Ag — AG) fllLzany < ch 211X f g1 (ay> We obtain:

.
103l 20y sy < hFNRuLl L2071 oty (19)
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Recalling that v(t) = vi () + va(¢) + v3(t) + cphN | the result follows from the triangle inequality and the sum of
(17), (18) and (19). O

We proceed to the summation over the intervals of time in order to obtain a Strichartz inequality (for the frequency
localized flow) on a fixed interval of time. Let us denote by I = [0, 1] and by Is = I 4 [—§, 8], where § is chosen like
in (14).

Lemma 2.5. Under the same notations as in Lemma 2.4, we have:

” Jpxur HLZ(l,Lﬁ(M))

< ch™ |5 xur ||L2(15,L2(M)) +hi | J xur ||L2(15,H1(M)) +chi IXurllz2cy, 1t my)- (20)

Proof. We sum the square of (16) over g € J, where J was defined for the identity (14). From (14) and the definition

of ¢ we deduce that the reunion of intervals I (1), for 1y € J, recovers I at most twice. Thus, Zto cjllf ||L2 ap S <

2||f||L2( 5.148)) . The result follows by merely observing that || J; xur ll .27 Loy < 15 xurll 2, 06(0y)- O
From (20) we get the Strichartz inequality near the obstacle by means of summation.

Proposition 2.6. For every ¢ > O there exists ¢, > 0 such that for (p, q) admissible in dimension 3,

A
85 | L, Sceluoll 1 1)

| xe 1 < 1
LP([0,1,W 2P " (M)) HP (M)

Proof. Notice that the last term in (20) is not localized in frequency. Therefore, when we sum the frequencies we
necessarily lose ¢ derivatives. Thus, a triangle inequality suffices to sum the first terms of (20) as well. We give the
details of this argument. The inequality (20) also reads:

[ixuel .,y imes, < e (ixuc] g, my + 10 %ue] s+ IR0 205 00)-

L2(I, W4 L2(Is,H?2)

For j € N, let h =27/. We want to sum for j > 0 the previous inequality. Using the frequency decomposition (8) and
triangle inequality, we have:

llxurll e \]X:HJZ*,-XMLH 2wk oo

From the previous inequality, we deduce that this is bounded by a geometric series with base 27¢. Therefore, we
obtain,

||XML|| 21, Wz,g(,(M)) < C”XML”LZ(L;,H%(M)) +C||XML||L2(15,H|(M))-

We apply the smoothing effect (see Proposition 2.7 of [11] and the translation onto the double). Thus,

u
Ll 4o < Mol g

We want to perform a complex interpolation between this estimate and the conservation of the L> norm (we used also
O0<x <)

I xur ||L°°(1 L2(M) C||'40||L2(M)

2

Using a weight of %, respectively, 1 — > We getan estimate of Strichartz type with loss of derivatives:

I xurll 1, <clluoll 1,
L w2 2y HP (M)

where (p, q) satisfy % + 3 = %, i.e. they form an admissible couple in dimension 3. O
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2.4. Proof of Proposition 2.1

Combining estimates (21) (Strichartz estimate near the boundary of £2) with (13) (Strichartz estimate away from
the boundary) for s = % — &, we obtain, using that |lvo]l 1 , <lvoll &+
P HZ (M) HP (M)

(S| <cellvoll

LP(0,1,W 2" (1)) HP (M)
zi-ﬁ-e %-ﬁ-s . . .
Letupe H D" (£2) andletvg e H A§ (£2) be such that vg|> = ug. By uniqueness and stability at reflexion over
the boundary of £2 of the linear flow (see Section 2.1), we have el'26 yo|o = el’2Dyq. Thus,
itA ~ ” eitA

He Puo ” LP([0,1], WS4 (£2))°

GUO”LP([O,]],WW (M))
and [|voll gs sy = |luoll fs(s2)- We obtain,

&2 uo

1 <cellu .
LP([0,1],W 2P (£2)) HP ()

We apply the ellipticity of the Laplacian Ap to deduce a whole range of Strichartz inequalities: let iy =
(1 = Ap)~°2ug, where o = ﬁ —e—us,5€[0,1]. If ug € H(£2) then iip € H©~°(£2). We obtain the follow-

ing inequality for e20y:

itA
E DMO”LP([O,]],WW(.Q)) < Cs||u0||Hs+$+e(Q)' (22)

1

+& 7pte
In the case of Neumann boundary conditions, for ug € H AZ/’ (£2), we consider vy € H SZ P~ (M) be such that
vo|e = uo. We deduce as above the Strichartz inequality for the linear Schrédinger flow with Neumann Laplacian.

3. Global existence for NLS

Having a Strichartz inequality we obtain classically a local existence theorem by Picard iteration scheme. These
also enables propagation of the regularity of the initial data. Local existence in the energy space HO1 (£2) combined
with the conservation of the energy (and for defocusing nonlinearity of the HO1 (£2) norm) enables us to conclude that
the solution to (1) is global in time.

Proof of Theorem 1.1. Let us denote by X7 = C([-T, T], HO1 NHNLP(—-T,T], L°°(£2)) and, for afix up € B C
H}(£2),by @ : X7 — X7 the functional,

t
@ (u)(1) =ei’Au0—ifei(’_rm|u(r)|2u(r)dr.

0

The space X7 is a complete Banach space for the following norm:
lullx; = max; g7 ||M(f)||H1(9) + llullLr (7,71, L2(82))-
We prove that for a 7 > 0 and R > 0 small enough, @ is a contraction from B(0, R) C X7 into itself. We begin by
estimating the H' norm of @ (u):
loaw®)|,, < +eT" 7 ull2 < + T ul3
W (@) || g1 < lluoll g1 +¢ Nl e pooy 1l oty < lluoll g1 + ¢ lullx, -

We have considered 2 < p < 3. Thus, there exists € > 0 such that ¢ < % - % Therefore, by Sobolev imbedding

1
theorem we have, for (p, ¢) admissible in dimension 3, that w28 (£2) C L™ (£2):

[ @] ,p,(2) <c||a>(u)UL,;Wlfﬁfe,q(m-

Using the Strichartz estimate (3) and Minkowski inequality (like in the proof of (16)), we have:
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t

fei(’_f)A|u|2(r)u(r)dr

0

| @) ||LP(L°°) < Heimuo [ +

1
l—ﬁ—s,q I—L—gq

P
LTW L;:W 2p

T
< clluoll g +Cf|||”|2”(f)||yl(mdf'
0

Using that [[[u2(0)u (1)l 11y < llu(@) | 1 14(2) ]2, we obtain:
l—z 2 1_; 3
|2 Ly ooy < clluoll g +eT 7P Null oo gyl ooy < clluollgr + T 7 flully, -

_2
Thus, | @)llx, < clluolly +cT' 7 ull}, .
Consequently, as p > 2, there exist 7, R > 0, depending only on B C H(} (£2) (ug € B), such that, for u € X7 with
lullx,; < R, we have ||®w)llx; < R.
As above, we prove that, for u, v € X7 such that u(0) = ug = v(0),

_2
2@ — o)y, <cT' 77 (lulk, + 0Ik, )l = vix,.

Choosing T eventually smaller, we ensure that @ is a contraction on the ball B(0,R) C X7, B(0,R) =
{u e X7, llullx; < R}. Consequently, there exists a fix point of @, which is therefore solution to (1).

For the Lipschitz property of the flow let us consider u, v € B(0, R) C X7 two solutions of (1) with initial data,
respectively, ug, vg € B. As above, we have:

1-2 2 2
lu —vix; <cllug —vollg1 +cT ”(IIMIIXT + IIUIIXT)IIM — V| x7.

For T, R > 0 chosen before we have CTI_%(HuH%(T + ||v||§(T) < 1 and therefore, 3¢ > 0 such that ||u — v| x, <
Clluo — voll 1. We conclude that the flow ug — u is Lipschitz on B C H&.

Let o > 1 and suppose ug € H° (£2) N H(} (£2). Let us estimate @ (u) in Y7 =C([-T,T], H°(2))NLP([-T, T],
L®°(£2)) norm:

lully, = ‘Itﬁlg lu)| wo(2) T lullrq-r.r1.0202)-
As above, we obtain:

-2 0
|2 o0 o < clluollire +eT 77 el Nl e b

2
We have chosen T > 0 such that ch_F(Hullir + ||v||§(T) < 1. Consequently, the H° norm does not blow up for

[t < T:
lull Lo o < Elluoll g -

Therefore we can conclude that regularity propagates up to time 7.

The semi-linear Schrodinger equation (1) has a Hamiltonian structure with gauge invariance and thus conservation
laws hold for H? initial data. For ug € H' we deduce them by density: the solution of (1) constructed above satisfies,
for |t| < T, to

[lu@®)?dx = [ uo|?dx,
[1Vu@)? + Su@l* dx = [ [Vuol|® + 3|uol* dx.

Moreover, note that 7 > 0 depends only on ||ug|| 1. Therefore, conservation of H ! norm enables us to obtain, via
a bootstrap argument, the global existence. O
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4. Global existence for Gross—Pitaevskii

The Gross—Pitaevskii equation (2) is associated to the energy:

1 1
Eu) = / 5|Vu|2(x) + Z(|u|2(x) - 1)2dx. (23)
Q
The main difference between the NLS (1) and the Gross—Pitaevskii equation (2) is their energy space. For Gross—
Pitaevskii it reads,

E={ueH! (2), VueL*(2), lul*— 1€ L*(2)}.

Namely, the initial data in the energy space, uo € E, is not an L?(£2) function. Therefore we begin this section by
describing the structure of E and of the action of the linear Schrodinger group on E by adapting the arguments of [16]
to the boundary case. Then, we give the proof of the global existence theorem for the Gross—Pitaevskii equation (2)
by combining the latter structure with dispersive estimates derived in Sections 2.2 and 2.3.

4.1. The energy space

This section is inspired from the work of P. Gérard [16]. In that paper, the Cauchy problem for Gross—Pitaevskii
equation is studied in the whole Euclidean space R4, for d = 2,3, 4. In the special case of d =3, ug € E can be
expressed in an explicit form as ug = ¢ 4+ vy, where ¢ € C and vg € H'. We show here that the same holds on £2
and give the outline of the proof. For more details we refer to [16]. Notice that the nontrapping assumption does not
influence the analysis, the same holds for the exterior of a compact obstacle with smooth boundary.

We denote by C° (£2) the restriction to §2 of cse (R?) and by HY(£2) the completion of C° (£2) in the norm
IV - 1lL2()- We recall that

H'(2)={ue L), Vue L (2)}.

Moreover, we have the following approximation property.
Let x € CSO(R3), x =1 on the ball of radius 1 B(0, 1) and x = 0 outside B(0, 2). We define xg(x) = x(%). For

ve H'(£2) we have xrv € H'(£2), and
xRV =20 v in the |V - | £2(ynorm. (24)

We prove the main result of this section.

Proposition 4.1. The energy space E has the following structure:
E={c+v, ceC, |cl=1, ve H'(2), [v]* +2Re(c"'v) e L2(2)}.
The space E is a complete metric space with the distance function:

SE(c+v. 84 0) =lc — &+ Vv — Vil 200 + || [v* +2Re(Ev) — [3]* — 2Re(éﬁ)|\L2(m.

Proof. The embedding “>” is obvious. For the converse we consider Ry > 0 such that 02 C B(Ry). For u € E we
define, for every w € S? and R > Ry,

Ur(w) =u(Rw).

Just as in the proof of Lemma 7 of [16], we show that Ug converges to U in L2(S?) norm and moreover V,,U = 0.
This enables us to conclude that U is a constant c¢(u). Since |u|2 — 1 € L?(£2), we conclude that ¢(u) = 1. Let us
proceed to the proof by noticing that

]

/ R2I9RURI 22, + 190 URII 2 g2y AR < 1IVutl75 g, < 00 (25)
Ro
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By Cauchy—Schwarz, f,ﬁj 10rURl 252y dR < ( fR R0 URI:, - dR)> and thus [z 9,U,dp satisfies the
Cauchy criterion for convergence in L2(S?). We conclude the existence of a limit U of Ug in L%(S?). From (25)
we deduce also that fR+1 IV Upll 252y dp goes to 0 as R — oo. Since V,U = limg_ f,f“ VU, dp we con-
clude that ||V U |l ;2(s2) = 0. Thus, U = ¢, a constant of absolute value 1.

Let us show that, if we denote by v =u — ¢, then v € H'(£2). Notice that Vv = Vu € L%(2). Let x € CSO(R3),
x = 1 on the ball of radius 1 B(0, 1) and x = 0 outside B(0, 2). We define x g (x) = x (%). We show that v is the limit
of xgv in the norm [V - [ 12(). As xrv € H'(£2), we obtain v € H'(2).

Notice that we have v(Rw) = — f;;o d,Updp=— f;\,’o w- (Vu)(pw)dp. By Cauchy—Schwarz we obtain |v(Rw)| <

ﬁ(f;;o p?|Vul?(pw) dp)? . Consequently,

2R’ 2R’1 00
//’v(Rw)|2da)dR</E//p2|Vu|2(pw)dwdde.
RS2 R RS

Let us denote by g(R) = f;;o sz 02| Vu|?(pw) dwdp. The function g is a decreasing function whose limit is 0 at co.
Then f2R Es z8(R)dR < g(R")In2, which goes to 0 as R’ goes to co. Consequently,

2R’

hrn //’v(Rw)| dwdR =0.

R §?

This enables us to show that [|V(v — xgv)ll;22) — 0 as R — oo. Indeed, we have that

1
V= xrv) = 2 (ViOrv + (1= Xp)v.
By writing v in polar coordinates we obtain, for R > Ry,

2R
/ ( >v(x) c//|v(,oa))|2da)dp—>0,
Q R 2

as R — oo. The other term also goes to 0 in L2(£2) norm as R — oo:

[ = X0Vl 12, < eIVl 0 = O

This concludes the proof of v =u —c € H'(£2) and thus of the embedding “C”. The completeness of the metric space
E is an easy consequence of its structure. O

We end this section by showing that £ + H 1(£2) C E (see also Lemma 2 of [16]).

Lemma4.2. Letu € E and w € H (2). Thenu +w € E, and
e +wl* - lHLz(Q) (VE@) + llwll g1 @) (1 + lwll g1 (2))- (26)
Moreover, for it € E and € H'(£2), we have:

Se(u+ w, i+ w)
S (L+llwlgr + 10l g1)8e @, @) + (1 4+ VEW) +VE@) + lwll g1 + llwll g llw — |l g1 (27)

Proof. Frprn Proposition 4.1 we know thatu =c+v,ceC,|c/]=1andv € Hl(.Q). Then u +w =c + (v + w) and
v4+we H' (2)+ H'(£2) c H'(£2). We have to show that |u 4+ w|?> — 1 € L2(£2). We have:

lu+wl* —1=|v* +2Re(c™ v) + [w|* +2Re(c™'w) + 2 Re(vw).
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From Proposition 4.1 we have [v|* + 2Re(c™'v) € L*(£2) and from (23) |[|v]* + 2Re(c™'v)||12(p) < ~/E@). From
w e H'(2) C L*(2) N L(2) we deduce [||w|?| ;2o < c||w||%{1(9), I2Re(vw)ll 20y < cllvll sy lwll 1) and
I2Re(cw) |l 12(e) < cllwll g1(g)- Estimate (26) follows. For (27) we proceed similarly. O

4.2. The action of S(t) =e"*N on E

This section is devoting to defining the action of the group S(r) = ¥ on the energy space E. In view of the
Neumann condition, S(¢) leaves constants invariant. We have to justify that S(¢) acts on H L(2). We begin by recalling
some functional calculus facts (e.g., [23]).

The domain of —Ay in L2(£2) is Hy(2) = H*(£2) N {3L = 0}. For v € Hy(£2) we have |/=ANv 20 =
” Vo || L2(2) Indeed,

IV=ANvI72 g, = (V=ANv, V=ANV) 12 = (0, =ANV) 2 = [Vl )

The domain of /=Ay in L*(£2) is H'(£2). For u € H'(2) we also have the identity ||v/=Ayull;2.o) =
Vil 12y Indeed, let v € HR,(£2). Then

W —=ANu,/—ANV)2 = (U, —ANV) 2 = (Vu, Vv);2.

From ||V—=Anvl20) = VUl 2(e) forv e H]%,(.Q) we deduce the same identity for u € H'(£2).

Lemma 4.3. Using the notations of (24), for v € HY(2) the limit,
lim /—AN(XRV),
R—o0
exists in the L2(82) norm and we denote it by /—Anv. Moreover,

Iv—2nv| 122 = VUl

Proof. From (24) we have that (V(xgv))r is a Cauchy sequence in the L?(£2) norm. As XRVEH 1(£2), the identity

IvV—AN(XRV 202y = ||V(XRv)||Lz(Q) holds. Therefore, (/—AnN(xgv))g is also a Cauchy sequence in the LZ(Q)
norm. Denoting by /—A v its limit, we obtain:

[V=280] 120y = 1VVll2e). O

Remark 2. Using the previous lemmas we can define a functional calculus ¢(v/—Apx) on H L(£2) for functions
¢:[0,00) — C such that A — £() is continuous and bounded for A € [0, 00). We denote by,

A
7=

and this is well defined for v € H'(2) as /—=Apyv € L2(£2). An equivalent definition is: ¢(/—Ap )v is the limit, in
L?(£2) norm, of o(v/—AN ) (xrV).

An important consequence of the previous remark is the definition of S(¢) = e’V on H(£2). Letv € H!(£2). We
have S(f)v = v + (e“2¥ — 1)v and each term of the sum is well defined.

Lemma 4.4. For all t € R we have S(t) : H! (£2)— H! (£2) and moreover, for v € Hl(Q), we have:

HS(t)v—v”Hl(Q) gc(1+|z|%)||Vv||Lz(9). (28)
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Proof. By functional calculus we have that JN—] = @(—Ap) acts on L%(£2) with a norm le(=An)l2o 12 <

SUP; eq(—ay) [9(M)]. Here ¢(X) = [ , for & > 0. We have |l¢|lz>~ < cmin(|z[v/A, VA ~1). Optimizing on A we

obtain ||| e < c|t|2 and, thus

itAy |
Scltl2[IVullp2gy-

L2(2)

We have also ||/—Apy (2N — Dvll2) < c||mv||Lz(9) cllVoll2¢gy- Thus, S(Hv =v + (S@) — Dv €

HY(2)+H (Q2)cHY(R). O

e —1 /——ANU

_AN

From the previous lemmas we shall deduce that E is stable under the action of S(¢), for all € R.

Proposition 4.5. For every t € R we have S(t)E C E. Moreover, for every R > 0, for every T > 0, there exists C > 0
such that, for ug, g € E with £(ug), E(ig) < R, the following holds:

supy, <7 £ (S(1)uo, S(1)ig) < CSE (uo, ito). (29)

Proof. We write S(¢)ug = ug + (S(t) — Dug. Writing uo = co + vo, with vg € HI(Q), we have that S(t)ug — up =
S(t)vo — vo. From (28) we deduce (S(r) — 1)ug € H'(£2). From Lemma 4.2 we have S(t)ug = ug+ (S(t) — Dug € E.
Estimate (29) follows from (27), which reads in this setting:

~ 1 = ~
SE(SMuo, S()iap) < (14 112) (1 4 v/ Euo) + v/E (o) )3 (uo, o). O
4.3. Strichartz inequality and energy space

As we mentioned in the beginning of Section 4, one of the main differences between NLS and Gross—Pitaevskii
is that the initial data is not in L2(£2) for Gross—Pitaevskii. Therefore, it is not obvious to guess what the Strichartz
inequality gives for S(¢)ug, when ug € E. This is the purpose of this section. We denote by uy, () = S(t)uo, for all
t € R. We show in this section that for ug € E and 2 < p <3 we have uy € LP([—T, T], L*°(£2)), for some T > 0.
We decompose u, in its high and low frequency parts and we treat them separately.

Let 1 € C3°(R) such that g1 (s) = 1 pour |s| < 1 and @1 (s) = 0 for [s| > 2. Let 9, € C*°(R) such that ¢; +¢, = 1.
Let ug € E, ug = co + vg, with ¢ € C, |co| = 1 and vy € H' (2).

We denote by vy9 = ¢2(+/—A N )vg. From Remark 2 and Lemma 4.3 we deduce the following properties of vyg.

Lemma 4.6. Under the previous notations, we have vyy € H L), and

lvaoll g1y < clliVoll L2y
In view of Lemma 4.6 we can apply the Strichartz inequality (3) (in Neumann setting) to S(¢)vyp.

Lemma 4.7. Let vy(t) = S(t)vag. For T > 0 and 2 < p < 3, the following holds: vy € LP([—T, T], L°°(£2)) N
L®([-T,T1, H'(£2)), and

||U2||L5(L00) + ||U2||LC}O(H1) < C”VUOHLZ(_Q)'

Proof. From Lemma 4.6 we have vy € H'(£2). Let ( P, q) be an admissible couple in dimension 3 and ¢ > 0. From
the Strichartz inequality (3) we deduce:

”UZHLP Wl_ﬁ_g'q(g) < C”UZO”H](Q)

A
For 2 < p < 3 there exists & > 0 such that W'~ 2% ©9(2) ¢ L>(£2) (see the proof of 1.1). Thus, l2ll 12 oo () <
cllVuoll 2y The estimate on [|v2|| L (HY) follows from the conservation of the H'! norm by the linear Schrodinger

flow e'&N. O
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We denote by v19 = vo — v20 = ¢1(v/—2ApN)vp and by v1(¢) = S(¢)vp.

Lemma 4.8. For T > 0, there exists C > 0 such that we have v| € L*°([—T, T] x £2) satisfying,

lvilizge < ClIVuol 2.

Proof In this proof we look at v separately near the obstacle and away from the obstacle. The reason is that v1 is only
an H'(£2) function. Indeed, ¢; (v=AN ) : Lﬁ(sz) — L9(2) and @1 (/—AN): LE(2) - L%(£2).As S(t): H (£2) —
HY(£2) by Lemma 4.4, we obtain vy € HY(2).

We consider x € C°°(R3) such that y = 1 near ® = (2. Then xv; € L®([—T, T1, L*(2)):

|01 oo 1202y < Ix N2y 01l sy < VW0l L2(a)-

Similarly, we obtain A(xvy) = (Ax)vi +2Vyx - Vo + x(Avy) € L°°(L2(.Q)) Moreover, au(XU1)|d-Q = 3v Liso =0
as x = 1 in the neighborhood of 3£2. Thus, xv| € L H (£2), where HZ (£2) is the domain of —Ay in L?(£2). As
HZ(2) C L(£2), we obtain yv; € L®([—T, T] x 9).

We pass to the term (1 — y)v;. It can be seen as a function on R3 in the x variable extending it by 0. Since
v € L$LO(£2), we have (1 — x)v; € L¥LS(R3). We show that (1 — x)v; € L WS(R?). For that purpose, it
suffices to show that A((1 — x)v1) € L (LS (R?)). We have:

A((l—)()vl)z—(A)()vl —2Vyx - Vv + (1 — x)(Avy). 30)

Clearly, the first and the last term of the right-hand side expression are in LC;O(LG(R3)). For Vx - Vu; we need to do
finer analysis. As Vv € L%’Lz([)) we deduce Vy - Vu; € L%’LZ(R3). We show that Vy - Vv € L‘;OWM(R3). We
compute:

A(Vx - Vo) = (AVY) - Vo +2(V2x) - (V1) + Vx - (AVy).

We have (AVx)- Vv € LYL*(R3) and Vx - (AVvy) € LY L*(R?). The middle term, 2(V2x) - (V2vy) can be written
as P(x, D)(1 — A)v, with P(x, D) =2(VZx)-(V2(1—=A)"1) an pseudo-differential operator of order 0 with compact
support. Its coefficients are independent of 7. Consequently, 2(V?x) - (VZv;) € Ly LO(R?) and since this function is
compactly supported in x, it belongs also to L‘}OLZ(R3).

We obtain Vy - Vv € L W22(R?) C L¥LS(R?). Going back to (30) we deduce (1 — x)v; € L W>O(R?)
L®([—T, T] x R%). Taking the restriction to £2 concludes the proof. O

From the previous lemmas, we deduce easily the following:

Proposition 4.9. For T > 0 and 2 < p < 3, there exists C > 0 such that, for ug € E and uy (t) = ei’ANuo, we have:
up € LP([-T,T], L*®(£2)), and

||ML||LP(Loc) 1+ ClIVuoll 2o (€1}
Moreover, for iig € E and iy (t) = eV iig,
lur — ML||LP(Loo) CoE (uo, o). (32)

Proof. We write uy (t) = co + €N vy = co + v () + v2(¢). The conclusion follows from cq € C, v € L% 7 (L),
vy € L7 (L) and their respective estimates. [

We close this section by collecting estimates which will be useful in the sequel. We consider ug, iig € E, up (t) =
S(®)uo and uy (t) = S)ug, w,w € X7 =C(-T,T], HO1 (£2)) N LP([—T,T], L°°(£2)) with the associated norm
lwllx, =max; <7 ||w(t)||H1(_Q) + llwllzrq-1,77.0(2))- Let u =ur +w and it = iy, + w. We denote by:

y =38 (uo, o) + llw — Wl x,.

As a corollary of Lemmas 4.4 and 4.2 we have:
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[z = 1] o200y < ¢ (VEWO) + Emo)). (33)
[l = 1] o200y < (1 + E@) Iwllxy + 1wl - (34)
As a corollary of Proposition 4.9 we have:
lull g ooy < €(1+VEWo) + llwllxy ). (35)
[l — ﬁ”LgLoo(g) <V (36)
From (35), (36) and (29) we deduce:
[l =12 [ o 2 < ¥ (14 VE@o) +VEG0) + wllxy + D] x7)- 37)
Moreover,
Ml =1] 2 <1+ Ewo)+ Iwlik,, (38)
L7L® ’
ul® — |ﬁ|2||Lng <y (1 +VEWmo) + VEGo) + lwlx, + 1®lx,)- (39)
T

By simple computations we obtain:

IVull 2 202) < VE@O) + lwllxy (40)
IVu = Vill 120 < 7- (41)

The estimates (33) to (41) follow from simple computations, decomposing u = u;, + w and applying Holder and
Sobolev inequalities combined with the estimates cited.

4.4. Proof of Theorem 1.2

Let ug € E. In Section 4.2 we presented the action of S(¢) = e"2N on E. We recall the notation uy (t) = S(t)uo.
We call the solution of (2) the solution to the Duhamel associated formula:

t

u(t) =up () —i/ei(’_T)ANF(u)(t)dt, (42)
0

where F(u) = (Ju|?> — 1)u. We denote by w = u — u; and by & the functional:
t
@)= —i [0 Py + w0 dr. 3)
0

We show the local existence of u that satisfies (42) by showing that @ has a fixed point @ (w) = w. For that purpose
we define, for 7 > 0and2 < p <3, Xy =C(-T,T], HO1 2)NLP([—T,T], L*°(£2)). The space Xr is a complete
Banach space for the following norm:

lwllx, = |I,?2);”w(t)”f11(9) + llwllLr-1,11,.L%(2))-
We prove that, for a 7 > 0 and R > 0 small enough, @ is a contraction from B(0, R) C X7 into itself.

Lemma 4.10. Using the previous notations we have, for w € X, that

le)ly, <clFar+wl, -

Proof. From (42) we deduce, by Minkowski inequality, that

|2 0 120) S lF@L AWy 12q)-
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As V(@ (w)) = —ifé e "DANV(F(up + w))(t)dr we have also,
|V (@w) “L;OLZ(.Q) < | V(FuL +w) ”L]TLZ(Q)'

We have considered 2 < p < 3. Thus, there exists ¢ > 0 such that, for (p, g) an admissible couple in dimension 3,
1
w2 —8d (£2) C L°°(£2). From the Strichartz inequality (3) we obtain:

”Cb(w)”L;LOO(.Q) < ”qj(w) ‘}Liwlfﬁf.ﬁ:.q ) < CHF(”L + w)HLITHl(Q)' O

(2

We have to estimate F(u) in LITH1 (82) for u = u; + w, w € Xr. For the fixed point method we also need to
estimate ||F(uy +w) — F(up + LD)IILerl(Q).

Proposition 4.11. Under the conditions of Section 4.4 we have:
-1 2
”F(M)HLITLZ ST 77 (14 Euo) + lwlxy ) lwlixy,

2
[V(F@)] 13,2 <eT' 77 (14 VEw@O) + lwlix,),

and
[F ) = F@ ) 2 < eT' 77y (14 Ewo) +EGo) + Iwllxy + lilx,)’,
[V(FG) = F@)| .2 < T Ty (14 VEMO) +vEGo) + llwllxy + I15l1x, )7,
where we have denoted by y = §g (uo, ito) + |lw — Wl x,.
Notice that, if ug = o, then we have y = |lw — w|| x,.

Proof. The conclusions follow from estimates (33) to (41). Let us explain one of the conclusions, for example the
estimate on F(u; + w) — F(iuy + w). We have:

F(u) = F(@) = (Jul® = al*)u + (u — i) (jul” = 1).

We apply the Holder inequality combined with (37) and (35) for the first term and (36) and (34) for the second one.
We bound thus || F(ur +w) — F(ip + w)|| L2 By Holder inequality we obtain the positive power of T':

- -1 -
[F) = F@,y 2 <eT' ™7 |F@) = F@)] 2
The other estimates follow similarly. O
Combining the estimates on the nonlinear term from Proposition 4.11 with Lemma 4.10 we obtain the following:
Corollary 4.12. Under the conditions on Lemma 4.10 we have:
1-2 3
@@y, <eT 77 (1+Ewo) + llwlix, )", (44)

@) —e@)|y, < Ty (1 + Euo) + EGio) + wllxy + IBl1x, )7, (45)

where we denoted by y = §g (ug, i) + |lw — @l x,-

As a consequence, we can prove the global wellposedness result from Theorem 1.2 on Gross—Pitaevskii equa-
tion (2).

Proof. We fix ug € B C E. From estimate (44) we deduce that there exist 7, R > 0, depending only on B C E
(up € B), such that, for w € X7 with ||w||x, < R, we have |®(w)]x, < R.
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For i1y = uq estimate (45) reads:

2
@) @]y, < T (14w, + IIIDIIXT)ZIIw —wllx;-

As 2 < p, choosing T eventually smaller ensures that @ is a contraction on the ball B(0, R) C X7, B(0,R) =
{we X7, lwllx; < R}. Consequently, there exists a fixed point of @ in B(0, R), which is therefore solution to (2).
For the Lipschitz property of the flow let us consider u, # € B(0, R) C X two solutions of ®(u —urp) =u —uy,
therefore of (2), with initial data, respectively, ug, iig € B.
From (45) we have, for w =u —uy and w =u — iy,

- _z . - - - 2
lw = Bllx, <cT' 7 (8 (uo, iio) + llw — wllx; ) (14 E o) + E o) + lwllx, + I@llx;)"

2
For T, R > 0 chosen before we have eT' ™ (1 4+ Euo) + Eig) + lwllx, + ||1I)||XT)2 < 1 and therefore, 3¢ > 0
such that

lw—wlg <llw—wllx, <ESg(uo, o).

From (27) we have 8g(u(t), u(t)) < C(R, B)(8g (ug, itg) + ||w — u~)||L;cH1). Consequently, there exists C > 0 such
that g (u(t), u(t)) < cdg(uo, up), for all |t| < T. We conclude that the flow ug — u(¢) is Lipschitzon B C E.

The proof of the propagation of regularity from Section 3.3 of [16] adapts to the framework of exterior domains
using techniques similar to those of Section 4.2. Those techniques combined with the stability of E by summation
with an H' element (see Lemma 4.2) enables us to show that uo € E can be approached, in ¢ distance, by ug € E
such that Aug € L?(£2). As one can prove conservation of energy £ for initial data f € E such that A f € L2(2),
from (29) we deduce that conservation of energy holds for ug € E: E(u(t)) = E(up).

Notice that T, the existence time for which we applied the fixed point method, depends on £(ug) and on R. From
the conservation of energy for the solutions of (2) we have £(ug) = £(u(t)) for all |¢| < T. Consequently, we can
apply a bootstrap argument and conclude to the extension globally in time of u € C(R, E), solution of (2). O
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