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This research utilized the novel computational framework of the generalized finite element method
(GFEM) to predict the potential for crack propagation in concrete slabs. A two-scale approach, using
the global-local concept within the GFEM framework (GFEM#™), is applied to multi-site cracking prob-
lems (MSC), where different crack geometries are placed simultaneously at different positions in a
three-dimensional airfield slab loaded by new generation aircraft gears. The GFEM®™ approach efficiently
simulated multiple cracks without discretization in the global mesh, but only in the local domain. The
GFEM#~! enrichment functions allow the displacements of the local problem to be represented in the glo-
bal domain through enrichment functions from the local problems rather than explicitly modeling each
crack discretely in the global domain. The main contribution of this work was extension of the GFEM#™!
approach to a class of three-dimensional MSC problems involving realistic boundaries conditions and
existence of multiple cracks spanning different orders of magnitude in size (scales) within the domain.
For the linear elastic structure, bottom- and surface-initiated cracks with small dimensions were consid-
ered in conjunction with a larger macro-crack. Unlike traditional numerical methods, the proposed
GFEM#! made it possible to tackle this class of problems by avoiding refined crack front meshes in the
global domain as well as numerical round-off errors. Furthermore, the two-scale approach significantly

reduces the computational cost for large-scale 3-D MSC problems.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

An advanced modeling technique that balances accuracy with
computational time is required for the class of problems involving
cracks with different scale, like in the case of macro-cracks inter-
acting with many meso-cracks. For these cases, the global mesh
is generally designed to model the macro-crack and cannot capture
the response for meso-cracks. The finite element method (FEM) re-
quires extreme local refinements around the front of macro-cracks
and also in regions where meso-cracks are located, leading to a
high computational cost, especially in three-dimensional cases
(Kim et al., 2008, 2010). An alternative approach to analyze this
class of problems is the global-local or sub-modeling procedures
implemented in the finite element model (Noor, 1986; Diamantou-
dis and Labeas, 2005). However, this approach is known to be sen-
sitive to the quality of boundary conditions used in the local
domains (sub-models). Several other two- or multi-scale ap-
proaches for the analysis of fracture mechanics problems have
been proposed recently (Guidault et al., 2008; Loehnert and Bely-
tschko, 2007; McVeigh et al., 2006; Liu and McVeigh, 2008; Ghosh
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et al.,, 2001; Fish, 1992). The main difference among the proposed
methods is the technique to transfer information between fine-
and coarse-scale approximations.

In order to expedite 3-D problems, Duarte and Kim (2008) and
Kim et al. (2008) introduced a two-scale approach using global-lo-
cal enrichment functions in a GFEM framework referred to as
GFEM®™!, The GFEM®™! has proved to be very efficient for a variety
of problems with singularities (Kim et al., 2008, 2010; Pereira
et al,, 2010) and strongly localized gradients (O’Hara et al., 2009).
The procedure involves the analysis of an initial global problem
using a coarse finite element mesh in order to provide boundary
conditions (BCs) to the local problems that are strategically ex-
tracted from the global domain. These local problems can use
much finer meshes in order to describe features of interest (i.e.
cracks, flaws, inclusions), and their solutions are used to enrich
the global problem through the partition of unity framework of
the GFEM. Kim et al. (2008) also applied the GFEM concepts for a
Multi-Site Cracking (MSC) problem of a plate under uniaxial ten-
sion, and Kim et al. (2010) tackled an industrial problem where
three cracks are solved in three-different local problems and their
solutions are then passed to the global domain, one crack at a time,
through enrichment functions. Kim et al. (2011) explored the
natural parallelism of the GFEM global-local strategy in which
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different local problems were solved with different processors.
Although the aforementioned references have demonstrated the
computational accuracy and robustness of the GFEM&™ approach
to include more than one crack, the literature lacks extension of
the method to large-scale problems involving hundreds of thou-
sand degrees-of-freedom and multiple cracks with different orders
of magnitude considered simultaneously as special enrichments in
the global domain.

The main contribution of this paper is to extend the benefits of
the global-local approach in the generalized finite element method
framework (GFEM®™) to a broader class of three-dimensional frac-
ture problems involving realistic boundaries conditions and exis-
tence of multiple cracks of different orders of magnitude and
geometry within multiple regions of the domain. For example, the
consideration of realistic shrinkage crack sizes in concrete struc-
tures lead to different scales for the problem because of the different
orders of magnitude of the crack sizes relative to the entire domain.
A multi-site cracking (MSC) problem is idealized for an airfield con-
crete slab supported by an elastic foundation and loaded by a new
generation aircraft. In this large-scale problem, multiple initial
cracks are assumed to be in critical positions of the slab where the
existence of those cracks or flaws is likely to grow and eventually
cause structural failure when combined with specific loading condi-
tions. For example, excessive shrinkage of the concrete slab can cre-
ate surface-initiated cracks of very small dimensions in conjunction
with a macro-crack at the top of the slab (Heath and Roesler, 2000;
Bolander and Berton, 2004; Evangelista Jr. and Roesler, 2010). The
large size of airfield slabs pose difficulties to traditional numerical
methods with millions of degrees-of-freedom due to the three-
dimensional nature of the slab geometry, large aircraft landing
gears, and crack position and size. Furthermore, traditional numer-
ical methods generally cannot tackle this problem because as the
crack size decreases, computations at the refined crack fronts be-
come more challenging due to numerical round-off errors governed
by the large domain. A large ratio of domain size and the size of the
smallest finite element in a mesh leads, in general, to a large condi-
tion number of the global stiffness matrix. This ill-conditioning of
the global matrix may cause severe round-off errors when using a di-
rect solver or cause iterative solvers not to converge.

This paper proposes the formulation of a GFEM®™ in a MSC
framework to investigate the cracking potential of 3-D airfield con-
crete slabs over elastic foundation loaded by new generation air-
craft. The approach considers an initial problem with a coarse
mesh with a single crack, and only accounts for the presence of
the other cracks in the local problem which uses a fine mesh (one lo-
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(a) continuous high-order enrichment

cal problem for each crack). The solution (displacements) of each lo-
cal problem is used as enrichment functions, through the GFEM
framework, in the global domain which is re-solved to account for
the presence of the multiple cracks simultaneously in the enriched
global domain. The key contribution is that all the special enrich-
ment functions created from each local problem simultaneously en-
rich the global domain bridging the displacement effects of all the
discontinuity and/or singularity of the MSC problem. Furthermore,
the computational cost of the two-scale problem is significantly re-
duced, since only the local problem explicitly contains the features
of interest and the finer mesh. The quantification of the crack growth
potential of aircraft-loaded concrete slab containing multiple cracks
is performed through the evaluation of crack front parameters using
Linear Elastic Fracture Mechanics (LEFM) quantities, specifically
Stress Intensity Factors (SIF) for the opening (K;), in-plane (Kj), and
out-plane shear (Kjy;) modes.

2. Generalized finite element method (GFEM)

The GFEM, or also called extended finite element method
(XFEM), has shown promise in overcoming difficulties in three-
dimensional crack simulations (Belytschko et al., 1996). The key
technological advance of this method is that standard finite ele-
ment shape functions can be locally enriched with special func-
tions that efficiently approximate discontinuous or singular
fields, i.e., cracks. The GFEM enables the insertion of crack surfaces
in any position of the model without the need to fit the standard
finite element mesh boundaries to the crack surface (Babuska
et al.,, 1994; Duarte and Oden, 1996; Belytschko and Black, 1999).

The GFEM uses the concept of Partition of Unity to build new
approximation functions (Babuska et al., 1994). In the GFEM
framework, a shape function is built by combining a standard finite
element shape function (¢,) and an enrichment function (L,;):

bix(X) = Py (X)Lui(X) (1)

(without a summation on «); in which « is the index for a node in
the finite element mesh. Fig. 1(a) shows the construction of a 2-D
GFEM shape function for a node x,, shared by four rectangular ele-
ments as illustrated in the bottom of the figure. The function at the
top is a standard linear finite element shape function ¢,, a polyno-
mial enrichment L,; is shown in the middle, and the resulting gen-
eralized FE shape function, ¢;,, is shown as the bottom function.
In the context of a discretized finite element domain, the GFEM
approximation u(x) of a displacement field u(x) is defined as:
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(b) discontinuous high-order enrichment

Fig. 1. GFEM shape function construction for (a) continuous and (b) discontinuous high-order enrichments.
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where u,; are the nodal degree-of-freedom at the element node o, N
is the number of nodes, and D; is the number of enrichment func-
tions assigned to node «. It is important to note that u"?(x) is the lo-
cal approximation defined in the support domain, w,, which is the
union of the finite element sharing the same node x,, as showed in
the bottom of Fig. 1(a).

In the GFEM, the enrichment functions, L;, can be conveniently
chosen to improve the local approximation with the finite element
shape function. The method allows more flexibility in simulating
various types of problems encountered in mechanics. For example,
finite element simulations can apply polynomial enrichment func-
tions to enable coarsening the finite element mesh without losing
accuracy of the solution.

The set of polynomial enrichment functions used in this paper
has a support domain, w,, associated with a node & (X14,X24,X34,)
and is defined in (Oden et al., 1998) as:

D, 7{1 K1 = X1a) (2 =Xo) (K3 —X3a) (1 —Xia)® (X~ Xau)? }

p
L = e Bt Bofe) S @

where X;,, X5,, and X3, are the coordinates for the node x,; X;, X,
and X3 are the coordinates of the point where the enrichment is
computed; and h,, is a scaling factor. Therefore, the GFEM approxi-
mation of the continuous field u,; is:

P (x) = iﬁai]-ii (X) (4)
i-1

In fracture mechanics applications, special functions can be
used to simulate the presence of cracks without the need to tailor
the finite element mesh to the crack surface and still capture the
discontinuity induced by the crack surface. Therefore, discontinu-
ous enrichment functions, L, are used for nodes at the support do-
main, w,, that intersect the crack surface but not the crack front
(Duarte et al., 2007a; Pereira et al., 2010):

{ 1 ifxeow]
0 otherwise

()

(L3P = HIP (%) with H(x) =
where w; is the region of the support domain on one side of the dis-
continuity as shown by the gray area in Fig. 1(b). Thus, the GFEM
approximation of the discontinuous field i,; can be written as:

P (x) = iﬂmlf’a(x) (6)

Enrichment functions to model the crack front singularity can
be chosen according to available solutions using LEFM, such as
two-dimensional asymptotic expansions of the elastic solution
for plane strain. The enrichment corresponds to the first-order
terms of modes I and II, and the first and second order terms of
mode III for the asymptotic expansion around a straight crack front
of a traction-free flat crack surface (Szabé and Babuska, 1991; Pere-
ira et al., 2009).

(r.0) = VF (s — cos} ~ Jcos¥
(r,0) = Vr[(k +3)sin§ — 3sin3]
(figeop ) -{ B0 -
= (r,0) = VT[ (K +3)sind + 1sin3]
(r.0)=vr
(r,0)

r[(rx —3)cos§ +1cos]

where r, 0, and &3 are local curvilinear cylindrical coordinates; &1, &5,
and &3 are the directions in the curvilinear coordinate system de-
fined along the crack front; x is a constant x =1 — v; and v is the
material Poisson’s ratio. Therefore, the GFEM approximation of
the singular field u% is:

—& =%
Uy Loti(rv 9)
—hp 2 ey -2
U, = Z uoa'Lozi(rv 9) (8)
=1 —&3-83
uzxi in (T', 9)

Duarte and collaborators (Duarte et al., 2007b; Pereira et al.,
2009, 2010; Garzon et al., 2010) have developed a geometric and
numerical engine to model and handle arbitrarily located crack
surfaces in 3-D domains using the above described enrichments
in a GFEM framework. Automatic refinement around the crack
front is performed by detecting elements that intersect with crack
surface and then enriching with singular functions for nodes
immediately ahead the crack front, and discontinuous functions
are used for nodes within the elements which the crack surface
has passed through. Furthermore, non-uniform polynomial enrich-
ment was also applied to the domain.

3. Two-scale strategy using the generalized finite element
method

Exploring the flexibility of the GFEM in using special functions
to improve the approximation, Duarte et al., 2007a; Duarte and
Kim, 2008; Kim et al., 2008 introduced GFEM#™! as an alternative
to the standard global-local approach currently used with the fi-
nite element method. In the GFEM#, enrichment functions are
numerically built from solutions of local problems as depicted in
Fig. 2. The procedure to build numerical enrichment functions,
shown in the figure, can be summarized by the following steps
(Duarte and Kim, 2008):

1. Solve an initial global problem.

. Create local problem (s).

. Provide boundary conditions to local problem (s) from the ini-
tial global problem.

. Solve local problem (s)

. Enrich global solution with local problem (s) solutions.

. Solve enriched global problem.

. Extract crack front parameters of interest such as stress inten-
sity factors (K) or energy release rates (G).

w N

N O U

The following sections detail the basic concepts of the GFEM3™,
the construction of the global-local enrichment functions, and
their relations to the GFEM strategy discussed in the previous
section.

3.1. Global problem

Consider the boundary value problem (BVP) shown in Fig. 2(a).
The problem consists of a global domain Q¢ with a boundary I'¢
Tractions t and displacements u are prescribed on the complemen-
tary surfaces I'y; and T, respectively. The governing equations,
without consideration of body forces or inertial effects, can be de-
fined as:

V.6 =0 in Qg Equilibrium equations
6-n=1t on I traction boundary condition
u=1u on I} displacement boundary condition (9a-e)
o =C:¢& in Q constitutive equations
&= Vu Kkinematic relations
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Fig. 2. GFEM&™' steps for static fracture mechanics problems: (a) initial global, (b) local, and (c) enriched global problems.

where n is the outward normal vector on I'; ¢ is the Cauchy stress
tensor; C is the Hookean constitutive tensor; ¢ is the linear strain
tensor; Vi is the symmetric part of the gradient operator tensor.
Then, let u? be the GFEM solution of the initial static problem de-
fined in Eq. (9a-e) for the field displacement u. The weak form of
this problem is stated as follows:

Find #2 € X2(Qs) c H'(Qq) such that Vo2 € X2(Qq)

/a(ug):s(vg)dwrn/ ul . 22ds
QC u
=/ t- vcds+17/ u- 2ds (10)

where 22 are the virtual displacement, # is the penalty parameter
used to assign displacement boundary conditions defined on I,
and X%(Qq) is a discretization of the Hilbert space H'(€) defined
in Qg, and built using GFEM shape functions:

X2 (Qc) = {uP} (11)

where ﬁ’;f’ is defined in Eq. (4). The search for the unknown degrees-
of-freedom of u? is led through Eq. (10) to a system of linear
equations.

3.2. Local problem

Let u; be the GFEM solution of the local problem containing a
crack surface I'; as shown in Fig. 2(b). The problem is solved on
a subdomain Q; of the global domain Qg after the global solution
u? is computed as described in the previous section. The weak form
of the local problem can be stated as follows

Find u; € XP(Q;) c H' () such that Vo, € XP(Q))

/ o(uy):gv)dx+1n u -vds+k / u; - v ds
Q Jrnr JIy/(Tnlg)
:/ t-vds+n ﬁ~des+/ (n-o(ud)
rArt rnr Iy/(FNlg)
+ Kkud) - v ds (12)

where # is the penalty parameter used to assign displacement
boundary conditions defined on I'; NT%, k is the spring stiffness
used to assign boundary conditions defined on I';/(I'y nI¢), and
X{’p(QL) is a discretization of the Hilbert space H'(€;) defined in Q.

In fracture mechanics problems with the presence of a crack in
the local domain, the space X" (Q;) has GFEM shape functions built

with discontinuous and singular enrichments, and Eq. (12) is
solved in the same way as in the global problem. The type of
boundaries conditions provided by u2 depends on the choice of
the parameters 7 and x. For example, Neumann boundary condi-
tions (tractions) are prescribed on I';/(I', N T'¢) if x = 0. Dirichlet
boundary conditions (the displacement solution u — G°) are pre-
scribedon I' /(I N I'¢) if k = n > 1. Since the solution of the initial
global problem u can be considered accurate enough and smooth
away from the crack fronts, it can be used as boundary condition
on I';/(I', N T¢) of the global problem (Duarte and Kim 2008). On
the portions of Q; that intersect the global problem (Q% or Qf), ex-
act boundary conditions are applied. It is important to note that, in
the GFEM#™! approach described here, quantities of interest such as
SIFs are not evaluated in the local domain but evaluated back in the
global domain enriched with the local solution u; solved from Eq.
(12).

3.3. Enriched global problem

The local solution u; is used as enrichment function in the glo-
bal coarse mesh through global-local generalized finite element
shape functions:

$,(X) = @, (X)u(X) (13)

where ¢,(x) is the finite element shape function used at node x,,
whose support @y, is contained in the domain ;. Then, the global
problem (defined in Section 3.1) can be solved again using Eq.
(13) finally leading to the solution u£. This enriched global solution
is illustrated in Fig. 2(c). Duarte and Kim (2008) further proposed a
technique to efficiently solve the linear system for uf using the
available factorization of the global stiffness matrix of the initial
global problem. It is shown that the CPU time required to solve
the enriched global problem is approximately 5% of the time re-
quired to solve the initial global one. More details about this tech-
nique can be found in Duarte and Kim (2008) and Kim et al. (2010).

The accuracy of the GFEM&™ is not significantly affected by the
size of the local domains as shown in Duarte and Kim (2008). The
authors suggest the use of local domains in which the crack front is
not close to the local boundary. If the global mesh is coarse, which
is in general the case, this requirement on the local domain is auto-
matically satisfied. Alternatively, the iterative procedure proposed
in Gupta et al. (2012) can be used to control the accuracy of the
GFEM®™! regardless of the local domain size.
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4. Three-dimensional MSC modeling for airfield slabs
4.1. Finite element model

A large scale three-dimensional problem is shown in Fig. 3(a)
and (b) where an A-380 aircraft and its two triple dual tandem
(TDT) gears loads an airfield concrete slab. An idealized MSC
problem and finite element mesh, is shown in Fig. 3(c), at a po-
tential critical loading position with one of the TDT belly gears
placed in one corner of the slab, while half of the other TDT gear
loads the other corner. The critical positions for the airfield slab
are selected according to previous 2D and 3D analyses of
Evangelista Jr. and Roesler (2009) and Evangelista Jr. and Roesler
(2010). A major through-the-length crack is assumed at the

.P‘ =

‘V"‘ “t “t. dv‘ﬂ

(a) aircraft A-380 (source: www:a

position of maximum tensile stress on the top of the slab. Sev-
eral other cracks are placed in critical locations for different
stress conditions such as compression, tensile, shear, and com-
bined stress situations. The surface cracks are idealized as exist-
ing cracks and can be attributed to combined material-
environmental effects such as concrete shrinkage cracks which
are more likely to occur at early ages than bottom-initiated fati-
gue cracks (Heath and Roesler, 2000; Bolander and Berton, 2004;
Rao and Roesler, 2005). The small crack surface placed at the
bottom of the slab is rotated 45° relative to the bottom of the
slab in order to investigate possible mixed-modality due to the
high compression at the bottom of the slab at that location.
Fig. 3(d) shows the cross-section with the boundary conditions
and material properties.

Gear tire
prints

(c) MSC idealization with aircraft loading and assumed existing surface cracks

z

concrete slab
E=31GPa| L9.41m
v=0.15

I

elastic foundation
k=40.7 MPa/m

(d) cross-section, boundary conditions, and material properties

Fig. 3. Airfield problem with (a) new generation aircraft A-380; (b) detail of the belly gears with two triple dual tandems (TDT); (c) slab mesh, load position for the TDT belly
gears, and position of potential cracks defining the MSC problem; (d) cross-section of the slab with boundary conditions and material properties.
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t s=y/L crack front
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(a) rectangular crack for top of the slab (I6)
k fi < b
crack front .. > B
a a
A tc:rack front
z/ zy " s=20/m
y y
(b) elliptical crack for bottom of the slab (I'.5) (c) elliptical crack for top of the slab (I, Iz, I3, and I',y)
Fig. 4. Geometry for rectangular and quarter-elliptical surfaces for (a) and (c) surface-initiated cracks; and (b) bottom-initiated crack.

Table 1
Crack surface geometry.

Crack I'a I'e I's Tea I'es I

Type Quarter-elliptical Quarter-elliptical Quarter-elliptical Quarter-elliptical Quarter-elliptical Rectangular

a x b (mm?) 76 x 508 127 x 152 76 x 508 76 x 508 76 x 127 127 x 6100

a." (mm) 113 80 113 113 57 880

3 g, = v/A, with A the area of the crack surface.

Fig. 4 presents the geometry of the idealized crack surfaces shown
in Fig. 3(c). The cracks are rectangular and quarter-elliptical surfaces
with depth a and length b, and the normalized variable, s, varying from
0 to 1, which defines the local position along the crack front (AB). Ta-
ble 1 lists the specific details of the geometry type and dimensions (a
and b) of the six cracks (I'¢; to I') for the slab configuration loaded
with the TDT aircraft gears. An equivalent crack length a, is also deter-
mined to express a characteristic size for each crack surface. The values
of a, spans in two different orders of magnitude due to the different
sizes of cracks considered for the MSC problem.

As shown in Fig. 4, 2D triangular elements are only used to rep-
resent the crack surface geometry to be inserted in the 3D model of
the slab. The nodes do not have degrees of freedom like standard
finite elements and the crack surface mesh is independent of the
3D finite element mesh (Duarte et al., 2000). For the surface-initi-
ated cracks (Fig. 4(a) and (c)), the crack front is at the bottom of the
crack surfaces, which promotes top-down cracking in the slab for
the critical gear load location. Similarly, for the bottom-initiated
crack (Fig. 4(b)), the crack front is at the top of the crack surface
inducing bottom-up cracking.

4.2. Two-scale approach

The multi-site cracking problem described previously is solved
with GFEM8&™! strategy based on the general formulation in Sec-
tion 3. The flowchart in Fig. 5 summarizes the domains, surfaces,
and enrichments used for the initial global, local, and the enriched
global problems. The initial global problem only has the rectangu-
lar through-the-length crack, I' ;s explicitly modeled. All the other
crack surfaces, I'¢; to I'cs, are simulated in independent local prob-
lems, and their effects are passed to the global problem through
the global-local enrichment functions ({ui}le) when solving the
enriched global problem. These enrichments are applied to the
nodes of the global mesh that comprise the local problems accord-
ing to Eq. (13). Therefore, the resulting enriched global problem

has just one crack explicitly modeled but has also the kinematics
of the five other cracks modeled simultaneously.

The initial global problem is solved with a coarse mesh of four-
node tetrahedral volume elements for the domain discretization.
Fig. 6 shows the slab’s finite element mesh and stress distribution
(oxx) for the initial global problem loaded with the aircraft belly
gears from Fig. 3(c). As seen in Fig. 6, the global slab model only
has the single crack (through-the-length) explicitly modeled.
Fig. 6 also shows each local problem created to analyze the effects
of the individual crack surfaces with respect to the global loading
conditions, and their respective meshes and stress solution. The
coarse mesh shown for each local problem is the respective global
mesh at that position while the finer mesh is used to solve the local
problem with the respective crack explicitly modeled. The opening
at each crack site can also be observed since the displacements are
magnified 500 times.

Although GFEM enrichment functions provide better solutions
for coarser meshes relative to the standard FEM, local problem,
mesh refinement is still required at elements close to the crack
front. Therefore coarse mesh for each local problem is inherited
from the initial global problem while the fine mesh is obtained
through additional local refinement, as seen in Fig. 6. Specifically,
mesh refinement was completed for elements that intersect the
crack surface or crack vertices in order to have the ratio of the lon-
gest edge of the element (4.) to the equivalent crack size (a.) along
the crack front approximately 0.1 > ¢./a. > 0.02.

Table 2 lists the mesh size parameters for the crack front of each
crack considered for the MSC problem. The quantity f¢/Lgq, €X-
presses the ratio of /. to the size of the entire domain represented
here as the slab size (Lgjqp). The ratios span three orders of magni-
tude (107° < le/Lsiap < 10’2) showing that as the crack size de-
creases, the computations increase due to the more refined crack
fronts. Traditional numerical methods such as the standard finite
element method, generally cannot handle this specific problem
due to numerical round-off errors.
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Fig. 5. Flowchart of the proposed two-scale GFEM&™ strategy for the MSC problem.

Local problem €,

coarse mesh

coarse mesh

fine mesh

solution

coarse mesh

fine mesh solution

fine mesh solution

Global
crackI ¢

Localproblem €,

1997

Local problem ;<

coarse mesh

fine mesh solution

solution

.

Fig. 6. Deformed mesh and stress distribution (o) for the initial global problem and position of local problems with their respective coarse and fine meshes, deformed mesh
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Table 2
Mesh size parameters for the crack front.

Table 3
Size of each problem through the number of degrees-of-freedom.

Crack Tq T T Ty T T Problem Mesh [ Mesh 11 Reference mesh
le (mm) 3.23 1.60 3.29 3.29 0.57 26.40 Initial global 53,301 222,607 724,698
Le/Lsap 53E-04 2.6E-04 54E-04 54E-04 93E-05 4.3E-03 Local 1 (I'¢q) 90,689 92,689 139,603
Local 2 (T'e,) 57,693 59,793 98,127%
Global-local enrichment 8,579 9,317 20,228
Enriched global 61,880 231,924 744,926
5. Analysis of crack front parameters for MSC locations Total 263,563 607,013 1,707,354

The displacements of all six crack surfaces (I'¢; to I'g) are pres-
ent in the domain of the enriched global problem. Therefore, the
crack front parameters, such as SIFs for the three modes, are ex-
tracted using the cut-off function method (CFM) fully presented
in references Szabé and Babuska (1991) and Pereira and Duarte
(2006). In the CFM, a smooth extraction function is used along with
the displacements of the finite element solution to calculate the
stress intensity factors through evaluations of contour integrals
ahead of the crack front (Szab6 and Babuska, 1991). The following
section presents validation and mesh convergence studies for the
MSC approach followed by the results for each crack position in
the global model.

5.1. Verification and mesh convergence

The convergence and accuracy of the GFEM2™ solution for the
crack simulations are evaluated in terms of mode I SIFs extracted
for the surface-initiated quarter-elliptical cracks, I';; and I',, with
the TDT belly gear loading as shown in Fig. 6. Two different levels
of mesh discretization for both local and global problems are com-
pared with a reference solution with a highly refined mesh. The
computational efficiency of the proposed two-scale MSC approach
is then compared with traditional finite element approaches.

(i) Mesh I: coarse mesh of linear 4-noded tetrahedrons and
enriched to a polynomial order p =1 for the initial global;
fine mesh and p =3 for the local problems; coarse mesh
and polynomial order p =1 for the enriched global plus the
global-local enrichments for the nodes which comprise the
local problems.

(ii) Mesh II: coarse mesh of linear 4-noded tetrahedrons and
enriched to a polynomial order p =2 for the initial global;
finer mesh and p =3 for the local problems; coarse mesh
and polynomial order p =2 for the enriched global plus the
global-local enrichments for the nodes which comprise the
local problems.

(iii) Reference mesh: Coarse mesh of linear 4-noded tetrahedrons
and enriched to a polynomial order p = 3 for the initial glo-
bal; fine mesh and p = 3 for the local problems; coarse mesh
and polynomial order p = 3 for the enriched global plus the
global-local enrichments for the nodes which comprise the
local problems

The size of the initial global problem, local problem and en-
riched global problem in terms of degrees-of-freedom are shown
in Table 3. The quality of the initial global problem has been shown
to be essential to the accuracy of the global-local approach. There-
fore, the amount of refinement and polynomial order for the local
problems are kept virtually the same for both meshes following
recommendation of Kim et al. (2010). However different polyno-
mial orders are used for the initial global problem in order to ob-
serve the influence of the quality of the initial global problem
approximation. Even though the solution of the local problems en-
riches all the nodes of the global mesh that constitute each local
domain, relatively few degrees-of-freedom are added to the en-
riched global problem.

2 Finer mesh refinement compared to mesh II is applied to each local problem.

For all the mesh configurations, the SIFs are extracted at each
crack front vertex (j) for a total number of vertices (Nye,), as illus-
trated in Fig. 4(c). Fig. 7 shows the extracted mode I SIFs (y-axis)
for the three meshes and two top-initiated quarter-elliptical cracks
(I'c1 and T' ) for the slab loaded by the aircraft. The x-axis in Fig. 7
is the normalized variable s, which describes the position along the
crack front as depicted in Fig. 4(c). The increasing mesh quality of
the initial global problems, through higher polynomial order, led to
the convergence of the K; along the crack front relative to the ref-
erence mesh. Mesh Il provided a very good K; approximation with
lower polynomial order and DOFs when compared to the reference
mesh.

In order to quantify the relative difference of the SIFs extracted
along each crack front, the error, e, is computed as the normalized
discrete [>-norm of the relative difference between the extracted
SIF for the meshes I or Il (K}) and the reference mesh (K?).

o llells Y (K - K))? 14)
[1Kil] 2 E,-N::r (Ki)?

The normalized errors for both cracks are presented in

Table 4 for each mesh type. The results show that mesh II pro-
vide a very small normalized error and can be regarded as ade-
quate to be used in the modeling. The increase of the polynomial
order for the initial global problem significantly decreased the nor-
malized error for mesh II solution about 9 to 11 times compared to
mesh I which verifies the conclusions of Kim et al. (2010).

5.2. Crack front parameters results

Based on the mesh verification study, mesh II is used to study
the effect of crack front geometries on the SIFs for the MSC prob-
lem. Fig. 8 shows the three SIFs (left y-axis) for the slab loaded
by the TDT belly gears for the six crack surfaces (a through f) com-
prising the MSC problem. The ratio between the mode I SIF (K;) and
an equivalent SIF (Kep) calculated from the K;, Ky, and Kj; is also
plotted to provide an idea of the mix-modality along the crack
front. The magnitude of the ratios |Kj/Keq is shown on the second
y-axis to the right. The determination of K follows Tanaka
(1974) who obtains the effective SIF based on the critical value of
the displacement behind the crack tip:

8K } i

Koy = |K} + 8K} + (15)

1-v

where v is the Poisson’s ratio. This definition for Ky is chosen be-
cause for pure Mode II conditions, it leads to Kes= 1.68K;; which ap-
proaches the ratio %’ = 1.60 that maximizes the energy release rate
G at the propagation angle of 6 =+75° for pure mode II fracture
(Hussain et al. 1974).

The x-axis in Fig. 8 is the normalized crack front position vari-
able, s, and the y-axis scale is chosen in order to compare the mag-
nitude of SIF and |Ki/Key ratio among the different crack
geometries and locations. A moving-least-square (MLS) technique
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Fig. 7. Stress Intensity factors versus normalized position along the quarter-
elliptical crack front (s) for top-initiated cracks (a) I'; (76 x 508 mm?) and (b) I',
(127 x 152 mm?) with TDT single gear load.

Table 4

Mesh refinement normalized error, e, for extracted SIF.
Cracks Mesh | Mesh II
Ty 0.163 0.019
I'o 0.160 0.014

is used to have a continuous and smooth representation of the SIFs
along the crack front (Lancaster and Salkauskas, 1981, 1986). The
MLS approximation also eliminates some noise in the results, espe-
cially for non-dominant fracture modes (Pereira, 2010).

Three idealized surface-initiated cracks (I'cq, 'y, and I's)
placed between the two TDT gears at the edge (Fig. 8(a),(b) and
(f)) mimics concrete shrinkage cracking which is more likely to oc-
cur at early-ages than bottom-initiated fatigue cracks. The maxi-
mum K; occurs at the edge of the slab (s =0) for all three cracks,
and decreases along the crack front as s — 1. The magnitude of K;
also increases with the size of the initial crack length with a max-
imum K; = 2.3 MPa m'/? for the through-the-length crack, I'c.

The magnitude of the shear modes, Ky and Ky, for cracks T'y
and I, indicates the mixed modality of these surface cracks.
Although the shear mode magnitudes are still smaller than their

respective K; values, the magnitude of the in-plane shear increases
for the crack front away from the slab edge and approaching the
top-surface of the slab (s — 1). Crack I', produces the highest K
(0.3 MPam'/) for s =1 which also increases the mixed-modality
confirmed by the |Ki/Kes plot, where the ratio averages 0.8 for
the crack front but dramatically decreases when s > 0.85. The rect-
angular through-the-length crack (I'cg) presents a constant |K;/
Kl = 1 demonstrating that this crack is approximately in mode I
over the entire crack front.

Fig. 8(c) and (d) show the extracted SIFs for the surface cracks
placed beside one of the TDT wheels (I'cz and I'4), where the shear
stresses are maximum. For these two crack locations and load con-
figuration, a mixed-modality can be observed with the presence of
the three modes of fracture along the crack fronts. The mode I dis-
tribution for the crack I'.3 shows the crack opening conditions for
this loading configuration. The |K/Kez plots in Fig. 8(c) and (d) con-
firm this high mix-modality for the crack I'c,, especially when the
crack front approaches the top-surface of the slab (s — 1).

Finally, Fig. 8(e) shows the small crack surface (I'cs) placed at the
location of maximum compression at the bottom of the slab and ro-
tated 45° left of the normal axis of the bottom of the slab (see Fig. 6).
The high compressive stress state induces negative mode | with the
mixed modality observed for the entire crack front as confirmed by
the |K;/K,s ratio. The maximum mixed-mode is observed at the bot-
tom surface of the slab (s — 1). The negative K; values indicate that
some interpenetration occurred at the finite element mesh nodes,
which qualitatively means crack closure exists.

5.3. Computational efficiency of two-scale MSC approach

The computational efficiency of the GFEM#™ to solve the MSC
type of problems presented in Section 5.2 are compared, in terms
of the total number of degrees-of-freedom, with two other tradi-
tional approaches.

(i) GFEME™: coarse mesh of 4-noded tetrahedrons enriched to a
polynomial order p =2 for the initial global problem; fine
mesh and p =3 for the local problems; coarse mesh and
polynomial order p =2 for the enriched global problem plus
the global-local enrichments for the nodes which comprise
the local problems. Although just one crack is explicitly
modeled in the global domain, all the other five cracks are
considered through enrichment functions from their respec-
tive local problems.

(ii) FEM I: coarse mesh of 4-noded tetrahedrons and polynomial
order p =3 for the entire domain and localized refinement
around the crack locations. All six cracks are explicitly mod-
eled in the domain. Although p-hierarchical enrichment is
applied to all nodes in the domain, this mesh aims to repre-
sent standard cubic 20-noded tetrahedrons used in the stan-
dard FEM.

(iii) FEM II: coarse mesh of 4-noded tetrahedrons and polynomial
order p =2 for the entire domain and localized refinement
around the crack locations. Each crack is considered in the
global domain separately, and the global problem is solved
independently for each crack configuration.

The meshes for each model were constructed for both FEM I and
Il since the total number of degrees-of-freedom gives a good mea-
sure of the computational cost to solve each problem. Fig. 9 shows
the total number of degrees-of-freedom for each method to dis-
cretize the MSC problem for the slab loaded by the TDT belly gears
(Fig. 3(b)). The plot shows that the two-scale approach of the
GFEME™! uses the fewest number of degrees-of-freedom among
the three solution techniques. This is a result of being able to apply
only a higher-order approximation to the local crack problem and
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Fig. 8. Stress Intensity factors (K) and ratios |K; [K.g for surface- and bottom-initiated cracks for the slab loaded by the TDT belly gears.

not to the entire global domain. Only a small number of degrees-
of-freedom are added to the enriched global problem in the
two-scale approach in order to account for the simultaneous pres-
ence of all six cracks. The enriched problem is therefore just slightly
larger than the initial global one. In the FEM I strategy, cubic polyno-
mial orders for the entire global domain lead to a significant increase
in the problem size. This result agrees with the efficiency of the
GFEM®™! reported in literature (Duarte and KIM 2008; Kim et al,,
2010). (Kim et al. (2010) further emphasizes the efficiency of the
GFEM2! in terms of CPU time required to solve the enriched global
problem since the cost to compute the enriched global solutions cor-

responds to only 4° to 6° of the time required to solve the initial glo-
bal problem. This is mainly due to the fact that the factorized
stiffness matrix of the initial global problem can be used to compute
the solution of the enriched global problems by static condensation,
which leads to significantly lower computational cost compared
with standard FEM and conventional global-local methods. Fig. 9
also shows that the FEM II strategy leads to a high computational
costs when a large number of crack configurations must be analyzed
independently. Furthermore, this strategy does not have the ability
to capture any interaction between cracks fronts close to each other
since it simulates each crack separately.
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6. Conclusions

The potential for crack propagation in a realistic, large scale 3-D
problem was analyzed using the generalized finite element meth-
od (GFEM) in a two-scale, multi-site cracking (MSC) approach. The
global-local approach (GFEM#™) was extended to a large-scale
problem where different crack geometries spanning two orders
of magnitude in size were placed at different positions in a slab
and loaded with the landing gears of a wide-body aircraft. Both
bottom and surface-initiated cracks of varying length and geome-
tries were inserted into multiple locations in the airport concrete
slab to demonstrate the robustness of this approach. For the triple
dual tandem load position analyzed, the GFEM&™' showed that the
surface-initiated cracks, placed at the mid-slab edge, produced the
greatest crack front stress intensity factors (SIF) in the slabs. The
rectangular through-the-length crack induced the highest K values
with mode I dominating. Although high mixed modality existed for
the cracks placed in the position of maximum shear and compres-
sive stress states, the magnitude of the crack front SIFs were not be
sufficient to propagate a mixed-mode crack. The GFEM2™ allowed
the displacements of multiple cracks to be represented in the glo-
bal domain through enrichment functions from the local problems
rather than explicitly model each crack in the global domain. The
proposed strategy proved it was possible to solve an engineering-
scale problem with realistic boundary conditions and initial crack
conditions that traditional numerical methods generally cannot
tackle due to numerical round-off errors. In addition, the two-scale
approach significantly reduced the computational costs for this
three-dimensional MSC problem which would have required solv-
ing over a million degrees-of-freedom problem.
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