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Let X be a Suslin-Borel set in a compact space. It is proved that X is either o-scattered or
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0. Introduction

As it is well known, every analytic subset X of a Polish (separable complete
metric) space is either countable or contains a copy of the Cantor set [12, p. 479].
This theorem has been generalized (with ‘o-discrete’ replacing ‘countable’) to Borel
and Suslin subsets of arbitrary complete metric spaces ([18] and [2], respectively).
Further, completeness can be replaced by the Prohorov property [10], a measure-
theoretic property enjoyed by complete metric spaces.

In this paper we generalize the above results when X is a Suslin-Borel subset of
a Cech-complete space or a first countable Suslin-Borel subset of a Prohorov space.
Here the conclusion states that X is either o-scattered or contains a compact perfect
set. This is proved in Theorems 3.1 and 4.2 in view of the remarks of Section 2.
From Theorem 4.2 we deduce that the Sorgenfrey line is not Prohorov, answering
a question of Mosiman and Wheeler ([13] and [22]). It is also proved that every
first countable Prohorov space is a Baire space (Theorem 4.4). Other results concern-
ing the Prohorov property for first countable spaces are proved in Theorems 5.6
and 5.7.

I would like to thank Professor D.H. Fremlin for providing a copy of [4].
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1. Preliminaries

Throughout this paper all topological spaces are assumed to be regular and
Hausdorft. A non-negative Borel measure u on a space X is called (a) r-additive
if for every increasing net {G.,} of open sets in X, lim, u(G,)=u (. G,), and (b)
Radon (or tight) if u is inner regular with respect to compact sets. It is well known
that every Radon measure is m-additive and that every r-additive measure is regular
with respect to closed sets.

The support S(u) of a r-additive measure p on X is defined by

S(u)=(){F: F closed in X, u(F)=u(X)}

and is the least closed subset of X with full measure. If u vanishes on singletons,
S(u) is dense in itself.

A space X is called scattered if no nonempty subset of X is dense in itself. It is
called o-scattered if it is a countable union of scattered subsets. A nonempty,
closed, dense in itself subset of X is called perfect. We have that X contains a
compact perfect set if and only if X admits a non-zero Radon measure, vanishing
on singletons, i.e. non-atomic ([8] and [17]).

We denote by M7 (X) the space of non-negative Radon measures on X, endowed
with the weak topology. That is, for a net {u,} in M, (X), wu, > if and only if
{fdu, > fdu for all bounded continuous real-valued functions f on X. We say
that X is a Prohorov space if every compact set H in M;(X) is uniformly tight,
that is, for every £ >0 there exists a compact set K in X such that u(X\K)<e
for all u e H.

Concerning the Prohorov property, one of our main tools will be the deep result
of Preiss [15] that the space of rational numbers is not Prohorov. We shall also use
the fact that the Prohorov property is preserved by countable products, countable
intersections, closed subspaces and open subspaces (see [13] and [20]). Since every
compact space is trivially Prohorov, it follows that every Cech-complete space (i.e.
homeomorphic to a Gs-subspace of a compact space) is Prohorov. The class of
Cech-complete spaces has the above stability properties of Prohorov spaces (see [3,
Section 3.9]).

We are primarily concerned with the following classes of spaces:

Definition (i) A completely regular space X is called Cech-analytic if there exists a
Cech-complete space R< X xNY such that X = (R), where m: X XNV>X
denotes the projection.

(ii) A space X is called Prohorov-analytic if there exists a Prohorov space
R < X xN" such that X = 7,(R).

Cech-analytic spaces were introduced by Fremlin in [4] in an equivalent form as
a common generalization of K-analytic spaces and absolutely analytic metric spaces.
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2. Suslin-Borel sets

In this section we show that a wide class of subsets of a Cech-complete (resp.
Prohorov) space consists of Cech-analytic (resp. Prohorov-analytic) spaces.

For every oeN" and neN, let o|n=(0(1),0(2),...,0(n)) and set NV =
{o|n: 0eN", neN}. A subset A of a topological space X is called Suslin- Borel if
A is expressible as

A= U N Ao, (%)

aeNY n=1

where each A, is a Borel set in X. If the sets A,|, can be chosen to be closed, A
is called a Suslin set. When X is metrizable, every Suslin-Borel set is Suslin.

If a subset A of a space X is the intersection of a closed with an open set, A is
called a D-set. A countable intersection (resp. countable union) of D-sets is called
a Djs-set (resp. D,-set).

The next proposition follows from the arguments of the proof of Theorem 4(b)
in [4] and we sketch the proof for completeness.

Proposition 2.1. A subset A of a topological space X is Suslin- Borel if and only if
there exists a Ds-subset R of X XN" such that A= m,(R).

Proof. The ‘if” part follows from the fact that for every Borel set R< X xN", 7,(R)
is Suslin-Borel in X (cf. [16, Theorem 2.6.5]).

If A is open or closed in X, then A= 7,(R), where R = A x{a} (for any a eNY)
is D; in X XxN™. Now let A be as in (*) above, where for every seN™_ A = 7,(R,)
for some D;-set R, = X xN". Then A= 7,(R), where R is the subset of X xN"x
(NY)N™ given by

R= ({6 @, (B, yen (3 Buia) € R

Finally, we see that R is a Dj-set and as NV x (NM)™" is homeomorphic to N, this
completes the proof. [

Remarks. As every D;-subspace of a Prohorov space is Prohorov, it follows from
Proposition 2.1 that every Suslin-Borel set in a Prohorov space is Prohorov-analytic.

For subsets of Cech-complete spaces we have an equivalence: a subset of a
Cech-complete space is Cech-analytic if and only if it is Suslin-Borel [4, Theorem
5]. The ‘only if” part follows from the fact that every Cech-complete subspace of a
completely regular space is a Dj;-subset, being G; in its closure (see [3, Exercise
3.9.A]). Thus, Cech-analytic spaces are those completely regular spaces that are
Suslin-Borel in some (or any) of their compactifications.
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3. Cech-analytic spaces

In this section we prove:

Theorem 3.1. For a Cech-analytic space X, exactly one of the following alternatives
holds: either (i) X is a-scattered, or (ii) X contains a compact perfect set.

For the proof of Theorem 3.1 we shall need some lemmas; Lemmas 3.2, 3.3 and
3.4 are concerned with o-scattered spaces; Lemma 3.5 is based on the Baire category
method for the space of Radon measures used in [14, Theorem 6.1} and [8, Theorem

1.

Lemma 3.2. If X is a o-scattered space, then X does not contain any compact perfect
set.

Proof. Suppose that X = Ui] X,, where each X, is scattered, and that X contains
a compact perfect set. Then there is a non-zero Radon measure p on X vanishing
on singletons. Fix an n such that £*(X,)> 0. Then u* induces a non-zero 7-additive
measure » on X, vanishing on singletons. But the support of », as a dense in itself
subset of X, is empty and so » =0, a contradiction. [

Lemma 3.3. Let (X, J) be a topological space, € a countable family of subsets of X
and J the topology on X generated by I and 6. If (X, F}) is scattered then (X, J)
is o-scattered.

Proof. Consider the sets G¢ and F; given by:
(i) Go=0, Fo=X;
(i) Gesr={x€ F;: x is 9-isolated in F;}, Fys, = F;\Ges; and

(iii) G¢=9 and F, = (<, F; for limit ordinals £>0.

Since (X, 9) is scattered, there is an ordinal « such that F, =0, s0o X = U§<K G,

Clearly we can assume that € is closed under finite intersections. Let €=
{C,:n=1,2,...} and define G,,, for é<x and n=1,2,...,by:

(a) Ggirn={x€ F;: there existsa J-openset Vsuchthat Vn C, n F,= {x}};and

(b) G,,=0if £ is limit.

Then we have G, =UJ,_, G;, and G, ,< C, " F;. Finally, we set X,, =\, G¢.
for n=1,2,... and we observe that X,< C, and X =J,_, X,.

We claim that if x e G,, then x is J-isolated in J,.., G, .. If this holds then
each X, is J-scattered (because X, = Ugﬂ G, ) and so (X, J) is o-scattered. To
prove the claim, assume that x € G;,, so that £ = +1 and there is a J-open set V
such that V C, n F;={x}. Since xe€ X,,= C,, we have Vn X, n F; = {x}, that is,
x is J-isolated in X,nF,. Since X,nF;2J,.,G,., x is J-isolated in
Upee Goe O
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Lemma 34. If R< X xN" is o-scattered, then m,(R) is o-scattered.

Proof. Clearly, we can assume that R is scattered. Moreover, since for every x € X
R.={oeN": (x, ) e R}

is countable, as a scattered subset of N, we can also assume that each R, is at most
a singleton. Thus, there is a function f: 7,( R) »N" such that R = Gr(f), the graph
of f.

Now let 3 be a countable base for the topology of NV and set € = {f '(B): Be %}.
If 9 denotes the relative topology of 7,(R) and 9 the topology on m;(R) generated
by J and €, then (7,(R), 3:) is homeomorphic to R and so is scattered. It now

follows from Lemma 3.3 that m,(R) is o-scattered.

For the next lemma we shall use the following notation. Given a family € of
subsets of a space Y we denote by K(&, Y) the largest subset Z of Y with the
property that no nonempty open set in Z is contained in any member of €; K(%, Y)
is closed in Y and is called the ‘non-locally € kernel of Y’ (see [18, Theorem 1]
for the existence of this kernel).

If f: Y X is a continuous function and w is a Borel measure on Y, we denote
by f(u) the image measure on X defined by f(u)(B)= u(f~'(B)) for all Borel sets
Bin X.

Lemma 3.5. Let Y be a Cech-complete space, f: Y - X a continuous function and set
€ ={f""({x}): xe X}. Then the following are equivalent:

(i) K(€, Y)#0;

(i1) there exists a compact perfect set K = Y and a Radon probability measure u
on K such that S(u)=K and u(EnK)=0 for all E€ €.

Proof. (ii)=>(i). It is obvious that K < K(%, Y), so K(&, Y)#4.

(i)=>(ii). Without loss of generality we assume that K(&, Y) =Y. (Otherwise,
consider the restriction of f to K(%, Y) which is Cech-complete as a closed subset
of Y)

For every ¢ >0 we set

C.={peM/(Y): u(E)=¢ forsome E € €}.

We show that each C, is closed and has empty interior in M;(Y).
Let {gto}acw beanetin C. with p, > u € M (Y). For every a € &, choose E, € €
with w,(E,)= ¢ and set
F= mae.ﬂ U EB~
B=za

If =1y, then

Ma( U EB) 2M0(Ea)2 €.
B=vy
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So, by [21, Part II, Theorem 2},

,u.( U EB> =lim, supu,,< U Eﬂ) =

B=y B=vy

for every . By the r-additivity of u, it follows that w(F) = &. So there exists some
x € f(F). Also, by the definition of &, each f(E,) is a singleton, say f(E,)={x.}.
We claim that there is a subnet {xg}gca Of {X,}.c« converging to x. Indeed, if V
is an open neighborhood of x then f (V) F#¢ and f~'(V) is open. Thus, for
every a € o there exists B = a such that f ~'(V) n Eg # 0, that is, x € V. This proves
the claim.

Now, let K be a closed neighborhood of x. We have that x5 € K for large enough
B and so f(upg)K)= f(pg)({xs}) = ua(Eg) = . Since the net { f(ug)} g converges
to f(w), f(u)(K)=limg sup f(ug)(K)=e. By the regularity of f(u), it follows
that f(u){{x})=e. Thus, u(f"({x}))= ¢ and we have shown that C. is closed in
MI(Y).

We now show that the interior of C, is empty. Let w =Y, ¢;,,, where 8, denotes
the Dirac measure at y;€ Y, ¢;=0 and neN. Since the set of all measures of this
form is dense in M;(X) (see [21, Part II, Theorem 10]) it suffices to show that u
is in the closure of M;(Y)\C,. If U is a nonempty open set in Y, then U meets
uncountably many members of &, because K(%, Y)=Y, asa Cech-complete space,
is a Baire space (see [3, Theorem 3.9.3]). Thus, for every open neighborhood U; of
¥, we can distribute the mass ¢; among points of U, belonging to distinct elements
of € such that no point has mass >¢/2n. Let w, be the resulting measure. It is
easy to see that u,, - ¢,8,, for i=1,..., n, where the family of the neighborhoods
U; of y; is directed in the obvious way. Therefore, u is the limit of a net of measures
in M7(Y)\C. and we have shown that C, has empty interior.

By the above, the set {0}u -, C,,n is of the first category in M, (Y). Since Y
is Cech-complete, so is M7 (Y) (cf. [21, Part II, Theorem 17]) and by the Baire
Category Theorem for M(Y) there exists a nonzero measure ve
M7(YN\US_, Cy/n Then v(E) =0 for all E € &€ Choose a compact set K in Y such
that »(K)>0 and K is the support of the restriction »x of v to the Borel sets in
K. It is clear that K and u = (1/v(K))yx have the desired properties. [

Proof of Theorem 3.1. By Lemma 3.2, (i) and (ii) cannot hold simultaneously. So
we prove only that —(i) implies (ii).

Let R be a Cech-complete subspace of X XN such that X = m,(R). We set
f=mir:R-> X, €={f""({x}): xe X} and choose a subset U of X xN™ containing
exactly one point from each member of &. As m;(U)= X and X is not o-scattered,
it follows from Lemma 3.4 that U is not scattered. Thus, K(¥%, R)# @ and by Lemma
3.5 there exists a compact set K = R and a probability Radon measure x on K such
that S(u) =K and u(K n E)=0forall E € &. Setting L = 7,(K) and v = (7 |k }(p),
we have that v is a probability Radon measure on L, vanishing on singletons, such
that S(v)= L. Thus, L is a compact perfect subset of X. [
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4. Prohorov-analytic spaces

We shall prove that the analogue of Theorem 3.1 holds for first countable
Prohorov-analytic spaces. The proof is similar except that Lemma 3.5 is replaced
by the next lemma which is based on an idea using Preiss’ Theorem and contained
in [10].

Given a family % of subsets of a space X, we say that a set Z< X is &-discrete
if for every x € Z there exists E € € such that {x}=En Z

Lemma 4.1. Let X be a first countable Prohorov space and € a partition of X into
D-sets. Then the following are equivalent:

(i) K(%, X)#0;

(ii) there exists an €-discrete set Q such that Q is homeomorphic to the rational
numbers and clx(Q) is a compact perfect set.

Proof. (ii)=(i) is trivial because Q< K(&, X).

(1)=(1). Let{V%, n=1,2,...}beadecreasing neighborhood base for each x € X.
Without loss of generality we assume that K(Z, X)= X. (Otherwise, consider Z =
K(% X) and ¥ ={Z nE: E € €} which is a partition of Z to D-sets such that
K(#,Z)=Z) If Ec &, then int(E)=0 and E = Fn G, where F is closed and G
is open in X. Therefore, int( F) n G =§ and so F » G < F\int(F). This implies that
every E € &, and therefore every finite union of members of &, is nowhere dense.
Using this fact we can easily construct by induction points x(s) € X for every s e NV
such that the set P of all x(s) is é-discrete and x(s, n) € V3 ,\{x(s)}, where (s, n) =
($1, 82, ..., S, n) if s =(58y, 55,..., 5,) and neN. It is clear that P is countable dense
in itself and metrizable, so by a well-known theorem of Sierpinski (see [12, p. 287])
P is homeomorphic to the rationals.

By Preiss” Theorem [15], P is not Prohorov and so there is a compact set H of
probability measures in M (P) such that H is not uniformly tight. Fix an £¢>0
such that for every compact set K = P there is uw € H with u(K)<1—¢. Now we
consider H as a compact set of Radon measures on the Prohorov space X. Thus
we find a compact set L< X such that w(PnL)>1~¢/2 for all u € H.

To complete the proof it is enough to show that P n L contains a copy Q of the
rationals. Suppose that this is false. Then P~ L is a countable scattered metrizable
space and so a Polish space. Since the set {u|,,: w € H} is relatively compact in
M7(Pn L) (see [20, Lemma 5.1]), by the Prohorov property of P L, there exists
a compact set K< P~ L such that u(Pn L\K)<¢/2 for all we H. But then
w(K)>1—¢ for all we H, contradicting the choice of £ and completing the
proof. [

Theorem 4.2. For a first countable Prohorov-analytic space X, exactly one of the
following alternatives holds: either (i) X is o-scattered, or (ii) X contains a compact
perfect set.
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Proof. As in Theorem 3.1 we prove only that —(i) implies (ii). Let R be a Prohorov
subspace of X XN" such that X =7, (R) and set €={R,: x€ X}. As X is not
o-scattered, by the arguments used in Theorem 3.1, we see that K(¥, R)# 0.
Applying Lemma 4.1, we find an &-discrete set Q homeomorphic to the rationals
such that clx(Q) is compact and perfect. Setting L = ,(clg(Q)), we have that 7,(Q)
is dense in L and dense in itself. Thus L is a compact perfect subset of X. [

We shall now give some other consequences of Lemma 4.1.

Corollary 4.3. (a) Every first countable Prohorov space is either scattered or contains
a compact perfect set. (b) Every o-scattered first countable Prohorov space is scattered.

Proof. (a) follows directly from Lemma 4.1 when & is the partition of the space
into singletons and (b) follows from (a) and Lemma 3.2. [J

Of course Corollary 4.3 remains valid if we replace ‘first countable Prohorov’ by
‘Cech-complete’ (we use Lemma 3.5 instead of Lemma 4.1). In this case part (a) is
essentially [8, Theorem 3(i)].

A useful observation about Lemma 4.1 is that the compact set K =cly(Q) in (ii)
meets uncountably many members of &. This is because K n E is nowhere dense
for every E € € and K is a Baire space. Using this fact we prove the next theorem
which was first proved by Preiss [15, Theorem 5] for metric Prohorov spaces.

Theorem 4.4. Every first countable Prohorov space is a Baire space.

Proof. Let X be a first countable Prohorov space and assume that X is of the first
category in itself, that is, X = Uil F,, where each F, is closed nowhere dense. Set
E,=F\U,.,F,n=1,2,...,and €={E,:n=1,2,...}. Then € is a partition of
X to D-sets with empty interior, so K(&, X)=X. Using Lemma 4.1, we find a
compact set meeting uncountably many members of &. Since % is countable, this
is a contradiction and we have shown that X is of the second category in itself. As
the same argument applies for every nonempty open set in X, we conclude that X
is a Baire space. [

I do not know whether the above theorem can be generalized to the space M, ;
that is, if X is first countable and Prohorov, must M; (X) be a Baire space? If the
answer is ‘yes’, then we can prove that Lemma 3.5 holds for first countable Prohorov
spaces Y using the same method. ]

In view of Theorem 4.4 we have the following extension of Lemma 4.1.

Corollary 4.5. Lemma 4.1 remains valid when € is a partition of X to D,-sets.

Proof. For the essential direction (i)=>(ii), we assume as in Lemma 4.1 that
K (%, X)= X. Then each member of € is a D,-set with empty interior, so a set of
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the first category in X. But X is by Theorem 4.4 a Baire space and so every countable
union of members of € has empty interior. Now we construct the set P as in Lemma
4.1 and proceed in the same way. [J

Remarks. (1) Since every complete metric space is Cech-complete, either of
Theorems 3.1 and 4.2 applies when X is an absolutely analytic metric space (i.e.
homeomorphicto a Suslin subspace of a complete metric space). But every metrizable
(or, more generally, paracompact and perfectly normal) o-scattered space is o-
discrete (cf. [18, Theorem 4']). Thus, we obtain the results of [2] and [18] mentioned
in the introduction.

(2) Let S be the Sorgenfrey line, i.e. the real line with the topology of the right
half-open intervals. S is a first countable, dense in itself, regular space and every
compact subset of S is countable. Thus, by Corollary 4.3(a), S is not Prohorov; this
solves [22, Problem 12.15], first raised by Mosiman and Wheeler in [13].

Moreover, because S is hereditarily Lindel6f and so paracompact and perfectly
normal, it follows from (1) that S is not o-scattered. (This can also be deduced
from Lemma 5.1 below, because S is a dense in itself Baire space.) Therefore, by
Theorem 4.2, S is not even Prohorov-analytic.

We conclude this section by showing that none of the above results holds if ‘first
countable’ is dropped.

Haydon [6, Theorem 2.4 and p.9] proved that every subspace Z of 8N (the
Stone-Cech compactification of N) whose compact sets are finite is Prohorov.
Moreover, he proved that there exists such a space Z admitting a 7-additive
non-Radon measure [6, Example 2.5]. In particular, there exists a 7-additive non-zero
measure on Z vanishing on singletons and, as in the proof of Lemma 3.2, we
conclude that Z is not o-scattered. Thus, Z is a counterexample for Theorem 4.2.

Next we give a common counterexample for Lemma 4.1, Theorem 4.4 and
Corollaries 4.3 and 4.5. Another common feature of these results is that each of
them implies Preiss’ Theorem that the rationals are not Prohorov.

Example 4.6. There exists a finer topology 7 on the space Q of rational numbers
such that (Q, ) is a regular, dense in itself, Prohorov space whose compact sets
are finite. (In particular, (Q, 7) is o-scattered, but not a Baire space.)

Let f: BN—[0, 1] be a continuous surjection and let K be the intersection of all
compact subsets F of 8N such that f(F)=[0, 1]. Choose a countable dense subset
D of [0,1] and a subset E of K such that f|.:E—~ D is one-to-one and onto.
Because D is homeomorphic to the rationals, it suffices to show that E is a dense
in itself Prohorov space whose compact sets are finite.

It is clear that K is dense in itself and that E is dense in K. So, E is dense in
itself. Because E is countable and BN does not contain nontrivial convergent
sequences, every compact subset of E is finite. Thus, by Haydon’s result mentioned
above, E is Prohorov.



68 G. Koumoullis / Prohorov spaces
5. Scattered and o-scattered spaces

In this section we characterize those first countable spaces that are scattered (resp.
o-scattered) in terms of the Prohorov (resp. Prohorov-analytic) property (Theorems
5.6 and 5.7). First we shall prove some lemmas, beginning with the following
extension of Lemma 3.2.

Lemma 5.1. If X is a o-scattered space, then X does not contain any dense in itself
nonempty Baire subspace.

Proof. Suppose that X =U:°:, X,, where the X,’s are scattered and pairwise dis-
joint, and that X contains a nonempty dense in itself Baire space Y. Define f: Y >R
with f] vax,=n (f YN X, #@) for all n. It is clear that the graph Gr(f) of f is
scattered. Since Y is a Baire space, by a special form of Blumberg’s Theorem (see
[23, Corollary 1.5]), there is a dense subset Z of Y such that f], is continuous. But
then Gr(f],) is a dense in itself subset of Gr(f), a contradiction. [

The next lemma is proved in {9, Theorem 4.15] and in [11, Theorem 2.3]; it is a
special case of a result of Graf [5, Theorem 5]. We refer to [11, Section 2] and [7]
for the definition of a strong lifting p for a Radon measure on a space Y and the
fact that the sets p(A), where A is Borel in Y, form a base for a topology 7, on Y.

Lemma 5.2. Let X and Y be compact spaces and v a Radon measure on Y admitting
a strong lifting p. Then every continuous surjection f: X > Y has a J ,-continuous right
inverse.

Using this result, we prove the next lemma on the existence of spaces for which
none of the alternatives of Theorems 3.1 and 4.2 holds.

Lemma 5.3. Every non-o-scattered space X contains a subset which is neither o-
scattered nor contains any compact perfect set.

Proof. Of course we can assume that X contains a compact perfect set Y. By [16,
Proposition 5.4.1], there is a continuous surjection f: Y [0, 1]. Let A denote the
Lebesgue measure on [0, 1] and let p be a strong lifting for A. By Lemma 5.2, there
is a J,-continuous function g:[0, 1] Y such that f g is the identity function of
[0,1].

Now A is a 7-additive measure on ([0, 1], 9,) (see [1, Proposition 3] or use the
arguments of the proof of [11, Theorem 2.2]) and so the measure p=g(A) is
r-additive on Y. Itis clear that w*(g[0, 1])) = 1 and therefore u™* induces a probability
7-additive measure on the subspace Z = g([0, 1]). By the arguments of Lemma 3.2,
Z is not o-scattered.
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We choose a Bernstein set B in [0, 1], that is, a subset B of [0, 1] such that neither
B nor [0, 11\ B contains any compact perfect set (see [12, pp. 514-516]) and set
Z,=Z~f YB)and Z,=Z\f}(B). Since Z=2Z,U Z,, some Z; (i=1 or 2) is not
o-scattered. Since f|Zi is continuous and one-to-one, it follows from the choice of
B that Z; does not contain any compact perfect set. Therefore Z; is the desired
subset. [

Lemma 5.4. Let X be a space such that for some x € X, X\{x} is Prohorov and x has
a countable neighborhood base. Then X is Prohorov.

The proof follows from the arguments used in [13, Lemma 5.11] and is omitted.
Lemma 5.5. Every first countable scattered space is Prohorov.

Proof. Let F; and G, be defined as in Lemma 3.3 for some first countable scattered
space X. Then X = U§<K G, for some ordinal k. We prove by induction that U§<p G;
is Prohorov for every p < «. So we assume that qu G, is Prohorov for every { <p
and show that \_J,., G, is locally Prohorov (hence Prohorov by [13, Theorem 4.7}).
If p is limit, this is trivial because U¢<; G; is open for every { <p. If p={+1, then

U 6:=U GuGi= U (U Gutm),

E<p £<<{ xe Gy \£<¢

where each |, ., G, U {x} is Prohorov (by Lemma 5.4) and openin_J,_., G, because
x is isolated in G,. Therefore, |, , G¢ is locally Prohorov. [

Remark. By an example of Varadarajan{21, p. 225] the assumption of first countabil-
ity in Lemmas 5.4 and 5.5 cannot be dropped.

We are now ready to prove the next two theorems. For metrizable spaces X some
other equivalent conditions can be added to these theorems (see [18, Theorem 11]
and [19, Theorem 2]).

Theorem 5.6. For a first countable space X the following are equivalent:
(i) X is o-scattered ;
(i1} X is Prohorov-analytic and every Baire subspace of X has an isolated point;
(iii) X is Prohorov-analytic and every compact subset of X is countable:
(iv) X is hereditarily Prohorov-analytic.

Proof. (i)=>(iv). As in the proof of Lemma 5.1, there is f: X - N" such that Gr(f)
is scattered. Now for every Z< X, Z = m,(Gr(f],)) and Gr(f|,) is Prohorov by
Lemma 5.5, so Z is Prohorov-analytic.
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(iv)=>(i). Suppose that X is not o-scattered. Then, by Lemma 5.3, there is Z< X
such that Z is neither o-scattered nor contains any compact perfect set. So, by
Theorem 4.2, Z is not Prohorov-analytic.

(i)=(ii). Since (i)=>(iv), X is Prohorov-analytic. The rest follows from Lemma
5.1.

(ii)=>(iii) follows from the fact that every uncountable compact first countable
space contains a compact perfect set (cf. [16, Theorem 3.5.1 and Proposition 5.4.1]).

(iii)=>(i) follows from Theorem 4.2. 0O

Theorem 5.7. For a first countable space X the following are equivalent:
(i} X is scattered ;
(ii) X is Prohorov and every Baire subspace of X has an isolated point ;
(iii) X is Prohorov and every compact subset of X is countable;
(iv) X is hereditarily Prohorov;
(v) X is o-scattered and every closed subset of X is a Baire space;
(vi) X is o-scattered and Prohorov.

Proof. (i)=(iv) follows from Lemma 5.5 and (iv)=>(i) from the fact that a non-
scattered first countable space contains a copy of the rationals. The proof of the
equivalence of (i)-(iii) is similar to the proof of the corresponding assertions of
Theorem 5.6 (with Corollary 4.3(a) replacing Theorem 4.2). Finally, (i)=(vi)=
(v)=(i) follow from Lemma 5.5, Theorem 4.4 and Lemma 5.1, respectively. []
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