L

View metadata, citation and similar papers at core.ac.uk brought to you byf\‘: CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com

Journal of

-
N *.” ScienceDirect Differential
AN Equations
ELSEVIER J. Differential Equations 242 (2007) 287-321 e

www.elsevier.com/locate/jde

Schauder estimates for a degenerate second order
elliptic operator on a cube *

Sandra Cerrai **, Philippe Clément "

4 Dip. Matematica per le Decisioni, Universita di Firenze, Via C. Lombroso 6/17, I-50134 Firenze, Italy
Y Mathematisch Institut, Universiteit Leiden, Niels Bohrweg 1, CA-2333 Leiden, The Netherlands

Received 2 February 2007; revised 25 July 2007
Available online 20 September 2007
On the occasion of the 70th birthday of Giuseppe Da Prato

Abstract

In the present article we are concerned with a class of degenerate second order differential operators L 4 p,
defined on the cube [0, l]d, with d > 1. Under suitable assumptions on the coefficients A and b (among
them the assumption of their Holder regularity) we show that the operator L 4 5, defined on Cc2([0,11%) is
closable and its closure is m-dissipative. In particular, its closure ITJ, is the generator of a Cp-semigroup of
contractions on C ([0, l]d ) and Cz([O, l]d) is a core for it. The proof of such result is obtained by studying
the solvability in Holder spaces of functions of the elliptic problem Au(x) — L4 pu(x) = f(x), x € [0, l]d,
for a sufficiently large class of functions f.
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1. Introduction
In this paper we continue our study of a class of degenerate elliptic problems
Mu(x) = Lapu(x) = f(x), xel0,1), (1.1)

where d > 1, A is a positive constant and L 4 p, is the operator
1 2
Lap:i= ETr[AD ]+ (b. D), (1.2)

with (-,-) the usual scalar product in R4, Here we assume that A:[0, 119 — £1(RY) (where
LT ([R?) is the space of symmetric and non-negative definite (d x d)-matrices) and b: [0, 119 -
R are continuous mappings such that

Av=0, (b,v)>0, ond0,1]% (1.3)

where v is the unit inward normal at 9[0, l]d. We recall that condition (1.3) is necessary and
sufficient in order to have stochastic invariance (see [8]).

It is known (to this purpose we refer for example to [4]) that the operator L4 , defined
on C%([0, 11¢) with values in C ([0, 1]¢) is a pregenerator of a Markov semigroup on C ([0, 119,
equipped with the supremum norm, in the sense of Liggett [13, Definitions 2.1]. A natural ques-
tion to be addressed is whether the closure of L4 j; is a generator, which is equivalent to the
solvability of problem (1.1) for a dense subset of data f in C ([0, 11%). In [6, Theorem 1.1] we
showed that this is the case when the mappings A and b are of class C2([0, 1]¢) and the compo-
nents a;; of the matrix A satisfy the further condition

aij(x) = a;j(xi, x;), x€[0,11%.

Note that no non-degeneracy condition is assumed on A. It would be of interest to be able to
exhibit an explicit class of functions f for which problem (1.1) has a solution in c2(o, 114 ), but
the method we have used in [6] does not provide an answer to this question. However a first step
in this direction is already contained in [6, Theorem 5.2] where we have proved that there exists
some A = 0 such that for any f € C 1[0, 11%) and A > XA there exists a unique weak solution u
in C1([0, 11¢) to problem (1.1). That is there exists a unique u € C' ([0, 1]¢) such that

1 1
/|:Aug0+E(ADM,D(p)+<§DA—b,Du><p:|dx= / fodx, (1.4)
[0,14 [0,13¢

for any ¢ € Wl'oo([O, 1]d). Moreover, we have shown that

lullcr (o, 174y < ml|f||cl([o,1]<1)- (1.5)

We emphasize that in order to give a meaning to problem (1.1) in its weak formulation (1.4)
we needed some differentiability property of A. Actually in [6, Lemma 3.4] we established a
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maximum principle when A is in C 1(10, 11¢) and b is in C ([0, l]d), which guarantees uniqueness
of weak solutions in C' ([0, 119).

In view of natural applications of these results to the theory of dynamics of populations and
of interacting particles the assumption of C? regularity for A and b seems to be rather strong.
In this paper, motivated by the work of Bass, Perkins and others (see [2] and [3]), we consider a
matrix A = (g;;) of the form

aij(x) =m(x)x; (1 —x)8;, x€[0,119, i, j=1,...,d,

where m; are strictly positive functions in C 8 ([0, l]d ), for some 6 € (0, 1). Our assumptions on b
include the special form

b(x)=c(® —x), xel0,11%,

for some positive constant ¢ and some vector 6 in the interior of [0, 119, We would like to stress
that by using the method developed in [2] and [3], the well-posedness of the associated mar-
tingale problem can be proved. This means that if for any x € [0, 1]? we denote by n®}>o0
the canonical process on C, ([0, +00); [0, 14 ) and by & and {&};>0 we denote the canonical
o -algebra with the canonical filtration on C ([0, +00); [0, l]d ), then there exists a unique prob-
ability measure [P on (Cx ([0, +00); [0, 11%), €) such that the process

t
1 €10, +00) > ¢(n(1)) —/LA,bw(n(s))ds,
0

is an &-martingale on (C, ([0, +00); [0, 11%), &, P), for any ¢ € C%([0, 11%).

However, in the present paper our goal is to establish the much stronger result stated in The-
orem 2.1. Namely, we show that the operator L4, defined on C2([0, 11%) is closable and its
closure is m-dissipative. In particular L 4 is the generator of a Co-semigroup of contractions on
C([0, 11¢) and C?([0, 1]%) is a core for it. We emphasize that the regularity we impose on the
coefficients my, by and ¢y in Theorem 2.1 is Holder regularity. It is by no means clear that the
conclusions of the theorem hold when my, by and ¢ are merely continuous and d > 1.

In order to prove Theorem 2.1, we use a change of variables, introduced in the one-
dimensional case by Metafune in [16]. Actually, we write the operator L 4 ; as the sum of the
operators

Liu(x) = my(x)xx (1 — x¢) Diu(x) + cx (x)by (x) Dgu(x),  x € [0, 119,

fork=1,...,d. For each k we take

D(Ly) = |u e C([0, 1"): Deu € €(10,11%), Diu € C([0, 11 N {0 < x¢ < 1}),

lim sup xx(1— Xk)D/%u(x) = 0}-
x—>{0.1} x; €[0,1]
ik
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Clearly c([o, l]d) is contained in the intersection of all D(Ly),sothat Ly, C Ly +---+ Lg.
Next, we introduce the following change of variables, by setting for any v € C([0, 7]%)

[Tov](x) :==v(p~ ' (x1).....0 7 (xa)). x€[0, 117,

where ¢(t) := (1 — cost)/2, for ¢t € [0, w]. In these new coordinates, the operator L; can be
written as

Ny = T(;l oLroTgp,
so that

2y (¥) B (Yi)
i (y)

1
NkU(Y):Mk(}’)[D/%v()’)+. ( —cosyk>Dkv(y)}, yel0,71%,
Sin yg

for suitable mappings ik, ¥« and Bi. Finally, we define

d d d
N:=Y N.. DW):= ﬂD(Nk)qu)l(ﬂD(Lk)).
k=1 k=1

k=1

Although the transformed operator N has singular coefficients, it is possible to obtain for it
Schauder type estimates in the usual Holder spaces. This is the content of Theorem 2.2 (see also
its Corollary 2.3) and the proof of such a theorem, which is realized in several steps through
Sections 3-5, is the main task of the paper. Clearly, Theorem 2.2 could be reformulated for the
operator L 4 j in terms of inhomogeneous Holder spaces, but we refrain to do it since it is obvious
from Theorem 2.2 and since we do not have a direct application of it in this paper.

The proof of Theorem 2.2 is based on the method of freezing coefficients. Indeed, having
optimal regularity estimates for the operator N (defined as the closure of the operator N) when
the coefficients px, B and y; are constant, we are able to construct an approximate resolvent
operator. Using the fact that, when the coefficients wy, Br and yi are constant, the operator N is
a commutative sum of partial differential operators acting on one variable only, we can apply the
method of sums introduced by Grisvard in [11], see also [9] in the so-called parabolic case. In the
present paper we provide a proof of it due to Da Prato [7], which applies when all operators are
generators of analytic semigroups. Notice that this proof does not rely on complex methods.

Once we have Theorem 2.2, we introduce the closed operator

M:=TpoNoTj", D(M) :=Ty(D(N)),

and, thanks to the results proved for N, we show that A — M is a bijection from D(M) into
C([0, 11%) and C2([0, 119) is a core for M. We conclude the proof of Theorem 2.1, by showing
that M = L4 p.

The paper is organized as follows. In Section 2 we state our main results and show how
Theorem 2.1 can be deduced from Corollary 2.3. In Section 3 the required estimates for the
partial differential operators acting on one variable are established. They rely on previous results
of Angenent [1] and Metafune [16] and on an abstract result stated in Appendix A. In Section 4
we establish the basic a priori estimates (4.4), by using the method of sums given in Appendix
B. In Section 5 we introduce a suitable partition of unity and construct an approximate resolvent.
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We mention that by extending this approximate resolvent for complex values of A we could prove
the analyticity of the semigroup generated by N in C([0, 1]¢), but we refrain to do it in this paper.

2. Statement of main results

Fix a < b and d € N*. We denote by C([a, b]d) the Banach space of continuous functions
u:[a,bl¥ - R, endowed with the sup-norm

lulp := max }u(x)|.
x€la,bld

Forany § € (0, 1), C 8 (la, b]d ) is the subspace of Holder continuous functions, endowed with the
norm

lu(x) —u(y)l
juls = lulo + [uls = lulg+ sup 20
x,y€la,bl? lx =yl
xXFy
If u, v e C*([a, b]?) we have
[uvls < lulo[v]s + [uls|v]o. 2.1)

For any k € N, we denote by Ck([a, b]?) the subspace of k-times continuously differentiable
functions u#, endowed with the norm

k k
lul = lulo+ Y [uly =:lulo+ Y sup |D"u(x)|

h=1 h=1x€la,b}

and by C k+‘3([a, b]d) the subspace of functions u € C k([a, b]d) having Holder continuous kth
derivative, endowed with the norm

lulirs = lul + [D"u],.

Finally, for any & € (0, 1) we denote by 4% ([a, b]?) the space of little-Holder continuous func-
tions, consisting of all functions u € C 8 (la, b]d ) such that

() —ul

lim  sup =0.

T
=0 x,yela,b]? lx =l
[x—yl<e

For any k € N, we denote by W53 ([a, b]?) the subspace of functions in C*([a, b]?) such that
D*u e hd([a, b]¢).

It is immediate to check that C% ([a, b]¢) C h®2([a, b]?), for any §1 > 8. Moreover it is
possible to prove that h%2([a, b]?) is the closure of C% ([a, b]?) in C‘SZ([a, b1%) (for a proof see
e.g. [14, Proposition 0.2.1]).
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We are here concerned with the following second order elliptic operator

d

Lu(x) =) [me(0)xe(1 = x) DRu(x) + e (0)be (xx) Dyu(x) ], x €10, 119,
k=1

u e D(L) = C*([0,119).

2.2)

We assume that the coefficients my, cx and by satisfy the following conditions.
Hypothesis 1. There exists § € (0, 1) such thatforany k=1,...,d

(1) the functions my and ci belong to C%([0, 11%) and are strictly positive;
(2) the function by belongs to C%([0, 17), with b (0) > 0 and bi(1) < 0.

Notice that under the conditions above, if we set
Ane(x) 1= Spemi () (1= xi), bi(x) := cr(x)bi (xx),
we have
Av(x) =0, (b(x),v(x))>0, xed[0,1]%,

where v is the unit inward normal at 9[0, 1]¢. As proved for example in [5, Lemma 3.3], the two
conditions above imply that a minimum principle holds for the operator L. Namely, at any point
% € [0, 11¢ where a function u € C2([0, 1]9) achieves its minimum, we have Lu(¥) > 0. As is
well known, since L1 = 0, this implies that the operator L is dissipative, that is for any A > 0

1
lulo < XM“ — Lulg, ueD(L). (2.3)

Therefore, as D(L) = C2([O 114 ) is dense in C([O, 114 ), the operator (L, D(L)) is closable in
C ([0, 1]d) and its closure (L, D(L)) is a dissipative operator on C ([0, 1]d)

Thanks to the Lumer—Phillips theorem, if we show that Range(\ — L) C ([0, l]d), for any
A > 0, the main result of this paper follows.

Theorem 2.1. Under Hypothesis 1, the operator (L, D(L)) defined in (2.2) is closable and its
closure is m-dissipative. Hence L generates a Co-semigroup of contractions on C ([0, 11%) and
C2([0, 11%) is a core for L.

In order to prove that Range(\ — I:) = C([0, 119), we study the solvability of the elliptic
equation

Au—Lu=f, 2.4)

for all f in some dense subset of C ([0, 114 ). To this purpose, in what follows we shall introduce
an auxiliary operator, obtained from L by a suitable change of variables.
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Forany k=1,...,d we define
Liu(x) = mp(x)xx (1 — xg) Dfu(x) + cx(x)be (xx) Deu(x),  x € [0, 119,

for any u € D(Ly), where
D(Ly) = Hu e C([0, 1"): Deu € €(10,117), Diu e C([0, 11 N {0 < xx < 1}),

lim sup xx(1— xk)D,%u(x) = 0}
x—1{0,1} x;€[0,1]
ik

and my, ¢ and by are the coefficients of the operator L introduced in (2.2) and fulfilling Hypoth-
esis 1. Clearly we have

Lu=(Li+--+Lgu, ueC*[0,11%).
In order to study the operators Ly, we perform a change of variables as in [16]. We define
@:(0. 717> [0, 11,y @) = (D). .. 0 0)),

where ¢ : [0, 7] — [0, 1] is the homeomorphism
o(t) = %(1 —cost), tel0,m].
If for any v: [0, 71¢ — R we define
[Tovl(x) =v(®~'(x)), xel0,119, (2.5)
and set
Ni:=Ty'oLioTo,

it is immediate to check that

1 /2
Niv(y) = my)[D,%v(y) b ( eOPeln) _ cosyk)Dmy)], 2.6)
Sin yx mi(y)
where
Ui :=my oD, Vi :=cgo®, Br :=br o ®. 2.7

By proceeding as in [16, pp. 265-266], it is possible to show that if we set D(Ny) = del (D(Ly)),
then

DNy = {v e C([0.71"): Jpw € €2 ([0, 7): C([0.71~)).

lim (Juv) () = lim (Jrv) (1) =o},
t—07t t—mT—
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where J; are the mappings from C ([0, n]d) into C ([0, ]; C([0, 71¢~1)) which are defined for
anyk=1,....d, feC(0,7]%),re[0,7]and (x1,...,Xk_1, Xks1, ..., Xq) € [0, 719! by

[Tk f@O]Cers o Xkt X ts oy Xa) 2= (X1 oo Xk 1o B Xig 1 -+ 2 Xd)

(for all details see Appendix A).
Now, we define

d
Vi=) N,  DIN):= ﬂ D(Ny) =T, ( N D(Lk)> 2.8)
k=1 k=1

k=1

The operator N is clearly densely defined and is dissipative in C ([0, 71%), hence it is closable
with dissipative closure (N, D(N)).
In Section 5 we shall prove the following result.

Theorem 2.2. Under Hypothesis 1, for any A > 0 the operator .. — N is an isomorphism from
CxP2 (10, 1%) into C2([0, w1%), where

d
Cx (10, 71%) ﬂ [ve C?™ ([0, 719): Drw(y) =0, y €0, 719N {y =0,7}}. (2.9)

As a consequence of the previous theorem, we have

Corollary 2.3. Under Hypothesis 1, for any §' € (0,8) and A > 0 the operator A — N is an
isomorphism from hﬁs ([0, 1%) into h‘sl([O, 719), where

d
n3E (10,7 ﬂ [ e K25 (10, 71%): Drv(y) =0, y € [0, 719 N {ye =0, 7}}.

Proof. This is a direct consequence of the fact that A — N is an isomorphism between
c}\#/([o,n]d) and C¥ ([0, 71%), for any & < 8, the spaces h*t ([0, 7]%) and A% ([0, 7]%)
are closed respectively in C”‘S/([O,n]d) and C5/([O,n]‘1) and the spaces C28(10, 71%) and
C%([0, 719) are dense respectively in h2+5/([0, 719 and h‘s/([O, 719).

Actually, if f € k2 ([0, 7]9), there exists a sequence {f}neny C C2T9([0, 719) which
converges to f in C2+‘3/([O,n]d), so that the sequence {(A — N) f,},en converges to the
function (A — N) f in C¥ ([0, 19). Now, as C3([0, 71¢) C h% ([0, 7]9), for each n € N we
have (A — N) f, € h‘s/([O, 719) and, as hS,([O, 71%) is closed in C‘S/([O, 719), we conclude that
(A—=N)feh®(0,7]1%). O

In particular, from Theorem 2.2 and its Corollary 2.3, we have that (N, D(N)) is a densely
defined m-dissipative operator which generates a Co-semigroup of contractions on C ([0, ]%)

and hﬁ"’([o, 719) is a core for N, for any &' € (0, §).
Now, we introduce the space

Z:={vec*(10,71): () ) = )P @) =0, 1 €{0, 7}, k=1,...,d]}.
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For any fixed § € (0,1) and u € h}ﬁ([o, 719), we can find a sequence {un},n C c([0, n]d)
which converges to u in the C2*%([0, 7]¢) norm. As the function u satisfies a Neumann boundary
condition, we can construct functions u, which satisfy a Neumann boundary condition as well.
Moreover, as the sequence {u,},en converge to u in the C>+4([0, 7]¢) norm, it is possible to
construct the functions u, in such a way that their third derivatives vanish at the boundary as
well. This means that Z is dense in hf\#([o, 74 ), with respect to the CcZH (0, 714 ) norm, and,

in particular, for any v € hf\f‘g([O, 74 ) there exists a sequence {v,}, C Z such that

lim v, =v, lim Nv, =Nv, inC([0,7]%).
n—o00 n—oo

As hf\}"s/([o, 714) is a core for N, for any 8’ € (0, 8), this implies that Z is a core for N.
Now, we introduce the closed operator

M:=TpoNoT,',  DM)=Ts(D(N)).

As T is an isomorphism from C ([0, 7]%) into C ([0, 11¢) and N is m-dissipative and densely de-
fined, it follows that M is m-dissipative and then A — M is a bijection from D (M) into C ([0, 1]%),
for any A > 0. Moreover, as Z is a core for N, it follows that T (Z) is a core for M.

In the next lemma we show that Tg(Z) C C2([O, l]d). Since Ty(Z) is a core for M, this
implies that C2([0, 11%) is a core for M.

Lemma 2.4. For any v € Z, we have that Tev € Cz([O, 119).

Proof. Clearly Tpv € C([O, l]d). As far as the first derivatives are concerned we have

(e (s)= s€(0,1),

sin(p~1(s))’
so that, forany k =1, ...,d and x € [0, l]d N{xr € (0, 1)}

Div(y)

Di(Topv)(x) =2—
SIn yg

where y = @~ (x). As Dyv(y) =0, for y, =0, 7, this implies that

D
lim Dy(Ton)r)=2 lim 2K*O)
xr—0,1

=2(—1)*DZv(o!
yk—0,7 sinyk ( ) k ( (X))

IXk=0‘1 ’
so that D(Tev) € C([0, 119), forany k =1, ..., d, and hence Tpv € C'([0, 119).

As far as the second derivatives are concerned, for any k = 1,...,d and x € [0,1]¢ N
{xx € (0, 1)}, we have

sin yx Dv(y) — cos y Div(y)

D (Tpv)(x) =4 —
SIn” Yk

where y = @1 (x). Hence, as Dyv(y) = D,fv(y) =0, for yy =0, 7, by the theorem of De L'Ho-
pital, we have
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sinyx Dv(y) + sin yx Dxv(y)

11m Dk(T<pU)()C)—4 lim

w—0,7 3sin? Yk COS Yk
4 D3v Dyv
4 m = () + D)
3 y—0,7 Sin Yy, COS Yx  SIN yi COS yi

= %[Dﬁv(¢—1(x)) + Div(o ()]

lxg=0,1"

This means that D]%(Tq) v) € C([0, 119). Concerning mixed derivatives, forany k #h =1, ...,d
and x € [0, 119 N {xx, x5 € (0, 1)}

D0 (y)

D} (Tov)(x) = 2—1k——
sin yy sin yy,

where y = @ (x). As Dﬁkv(y) =0, both for yy =0, & and for y, =0, w, we get

2 3 1
Jim Djy(Tov)(x) =2 lim 2 D) _ o jyn D)

— : =0,1
ye—0.7  sin yg sin yy, sin(e~!(xz)) b

and analogously for the limit as x;, goes to 0 and 1. This allows to conclude that Dflk(qu v) €
C([0,119), forany h, k=1, ...,d, so that Tev € C*([0,1]¢). O

Now, if we show that L = M, since A — M is a bijection from D (M) into C([O, 1]d), for any

A > 0, we have that_ Range(A — E) = C(]0, l]d), for any A > 0 and Theorem 2.1 is proved. In
order to prove that L = M, we notice that

D(L) = c*([o, 1} ﬂD(Lk)

Then, due to (2.8) we have Tq;] (D(L)) < D(]Qf), so that L € M and hence
LCM=M.

On the other hand, since C2([0, 71%) is a core for M, for any u € D(M) there exists a sequence
{tn}nen € C2([0, 71¢) such that

lim u, =u, lim Mu,, = Mu.
n—oo n— oo

But Mu, = Lu,, so that u € D(L) and Lu = Mu.
3. The one-dimensional case
In the present section we denote by E the space C([0, oo]; C), equipped with the sup-norm

| - o, and by F the space {u € C2([0, o0]; C): ' (0) =0}, equipped with the CZ%-norm | - |5.
We start with the following result by Angenent (see [1, Theorem 4.2]).
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Proposition 3.1. For any b € C, set
Apu(t) := Du(t) + bt;lDu(t), t>0,  Apu(0):=bu"(0).
Then, Ap € L(F; E). Moreover, ifReb > 0, then A — Ap € Isom(F; E), for any A € C\ (—00, 0].
If we set
U:={(r b)eC* A ¢ (—00,0], Reb >0},
then U is an open subset of C? and the map
A, b)eUr> A — Ap e lsom(F; E)
is analytic. Since the mapping B — B! from Isom(F; E) into Isom(E; F) is analytic, the map
(h,b) €U > (A — Ap)~! € Isom(E; F)

is analytic. Then, given b € C, with Reb > 0, u € I := [y, 2], with 0 < p; < ua, and
6 € [0, ), we have that there exists My = My(6, I) > 0 such that

[ =AD" pigapy < Mo, =1, largAl<O, pel. (3.1)
By using a rescaling argument, as in [1] and [16, Proposition 2.7], we obtain
Proposition 3.2. Let b € C, with Reb > 0, and u > 0. Then
C\ (00,01 C p(Aup).

Moreover, for every 6 € [0,m) and I := [u1, u2], with 0 < w1 < ua, there exists My =
M, I) > 0 such that

M

[ =A™ iy < B hep(Aw). laghl<O, pel (3.2)

By using the same argument as in [1] or [16], we see that if the constant b is replaced by a
function b € C([0, 0c0); C), with Reb(0) > 0, then A, € L(F; E) and (3.2) holds.
Next, for any u > 0 and b € C([0, ]), we consider the operator

D?v(t) + (sint) " (ub(t) — cost)Dv(t), t e (0, 1),
lim, 0,7 Buv(s), t=0,m,

B, () := {
with
D(B,) = {v e C*([0,71): v'(0) =v'(w) =0}.

By following the same arguments used in [16, Theorem 2.11] we obtain
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Proposition 3.3. Let b € C ([0, 71%) satisfy b(0) > 0 and b(w) < 0 and let I := 1, 2], with
0 < (1 < . Then, there exist 0 € [0, ] and p > 0 such that for every A € C, with |A| > p and
largA| < 6, and every w € I it holds 0 € p(A — By,) and

M,

-, 33
W (3.3

—1
|G- =B gy <
for some M, = M>(@, p,I) > 0.

The previous proposition implies that if we denote by /5, t > 0, the analytic semigroup
on E generated by By, then for any b € C([0, 7]), with 5(0) > 0 and b(7r) < 0, and for any
I := [y, up], with 0 < w1 < u, there exists a constant M3 = M3(I) > 0 such that

tB
HtBMe [ “L(E) <Mjz, t>0.
Replacing B;, by mB,,, withm € J :=[m, m>] and 0 < m < m;, we obtain
B
|tmBye™ P oy < M3, 10, (3.4)
for some M3 = M3(I, J) > 0.

We conclude the present section by recalling some well-known estimates in Holder spaces for
the operators (sin®)"!'D and mBy,.

Lemma 3.4. Let u € C2([0, 7]) such that u'(0) = u’ () = 0 and fix § € (0, 1).
1. We have

|(sint) ™' Dul, < clu”|o, [sint)™' Du] < es[u”];

2. IfmByu € C‘S([O, ]), withm € J and u € I, we have that u € C2+5([0, 1t]) and there exists
My = My(1,J) > 0 such that

[u”]s < Ma[mBuls.
4. The d-dimensional commutative case

In the present section we are concerned with the operator (1\7 , D(N )) introduced in (2.8), in
the case its coefficients uy and y, introduced in (2.7), are constant.
In what follows we shall denote

wi= inf ur(y), M:= sup pur(y),
ye[0,7]¢ yel0,17]¢
k=1,....d k=1,....d

and

y:= inf y(y), I':= sup w(®).
yel0,71¢ xel0,7]4
k=1,....d k=l1,...d
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Lemma 4.1. Assume that i and yy are constant, for any k =1, ..., d. Then, under Hypothesis 1
the operator N is closable in C([0,71%) and, if we denote by N its closure, for any A > 0 we
have that A — N is an isomorphism between Cjz\f‘s([O, 719) and C‘S([O, 719) and for any v € X

. 1
|0 = N)" |y < = Jvlo.
A
Moreover, there exists K = K (u, M, y, I') > 0 such that forany A > 0 and v € X
[Dk DO — N) ], <K (A [vlo + [v]s). 4.1)
Proof. As shown in Proposition 3.3, for any k =1, ..., d the operator B2y, /., is densely
defined and m-dissipative and generates an analytic semigroup e’/ Bayeie on €([0, 19). Then,
according to Theorem A.2, we denote by Ej(ui B2y, /u,) the unique densely defined and m-
dissipative operator, which generates an analytic semigroup on C([0, ]%), such that
e Bk Bay, /) — Ek(et“"Bsz/“k), t>0.
Due to (A.10)

Epc (i Bay, e 0P = By (11 Bay, g € i),

and then, thanks to (3.4) and to (A.5)

|7 Ex (s By i e Bl ”L(C([o,n]d))

= [tk Bays pu €™ Pk | 1oy < M- (4.2)

for some M3 = M3(j, M, y, I') > 0. Next, if for any u € C([0, 1]) and v € C([0, 1]97!) we
denote, as in (A.3),

[ @k V](x) :=u(XR (X1, ., Xk, Xt 1, -, Xa), X €[0,1]9,
it is immediate to check that, when w; and yj are constant,

Nilu @ v] = (i Bayy ju ) Qk v = Ex (i Bayy jp) [ Qk v,

last equality following from (A.6). Then, by Theorem A.2 we obtain that, for any k =1, ...,d,
Ni = Er (1 Bay fpu)-

This means that the operator Ny, is densely defined and m-dissipative and generates an analytic
semigroup eNe t>0,in C ([0, n]d ) and all the semigroups !Nk are commuting. Moreover,
thanks to (4.2) there exists some M = M (m, M, y, I'") > 0 such that

Sug“tNketNk ”[:(C([o,n]d)) <M, k=1,....,d. 4.3)
t>



300 S. Cerrai, P. Clément / J. Differential Equations 242 (2007) 287-321

Now, we are in the position to apply Theorem B.2, in the case E = C ([0, 7]?). To this purpose
we need to identify the spaces X and Y introduced respectively in (B.3) and (B.4), for 8 =4§/2.
Noting that forany k=1, ...,d

D(iNeJ") = {v e €2(10,71; €([0, 71771)): v/ (0) =0/ (r) =0},
as proved for example in Lunardi [14], we have

Dy 6/2,00) = C2(10, 11 €([0, 7 1")).

Moreover, we have

Dy, (8/2,00) = {u € C(10.71): Juwe Dy ,1(3/2.00))

and then, as

d

X = (") D, (8/2. 00),
k=1

according to Lemma C.1 we conclude that X = C%([0, 719), and the norm introduced in (B.2) is
equivalent to the usual norm in C4([0, 719).
Concerning the space Y, we have

d
Y = ("){u € DNW): Nyu € Dy, (8/2, 00)}.
k=1

Proceeding as before for X and using Lemma 3.4 in his Banach space-valued version, we find
that forany k=1,...,d
{u € D(N): Nxu € Dy, (8/2,00)}
={u e C(10,71%): Jru € C*([0, 7]; C([0, 717H)),
(Je)' (0) = (Jew)' () = 0, (JiNew) € C°([0, 71; ([0, 71771)) }
={u e C(10,71%): Ju € C*([0, 71; C ([0, 71%7")), (Jkw) (0) = (Jew)' () = 0}

In view of Lemma C.2 we conclude that
Y = {ueC*([0.71%): Diuy,_, = Diuy,,_, =0} = CxF ([0.71%).

Therefore, thanks to Theorem B.2 we have that the operator N defined in (2.8) is closable
in C([O, n]d) and, if we denote by N its closure, A — N is an isomorphism from Y onto X,
for any A > 0, and estimate (4.1) holds, with Dy Dj, replaced by Ni. Now, by applying again
Lemma 3.4 in its Banach space valued version, we obtain estimate (4.1) for D,% and then we
obtain the general case Dy Dy, from Lemma C.2. O
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By using interpolation (see [12, Theorem 3.2.1]), as an immediate consequence of the previ-
ous lemma we have

Corollary 4.2. Under the same conditions of Lemma 4.1, for any 6 € (0,2 + §) there exists
K=K@,m,M,y, ') > 0 such that forany . > 1 and v € X

[0 = N)""], < KA jus. (4.4)
5. The variable coefficient case

In order to prove our result in the case of non-constant coefficients, we use the method of
approximate resolvents (cf. for example [1] and [12]). This procedure is rather heavy and we will
proceed in several steps.

First we introduce a partition of unity for the hypercube [0, 7]¢. Namely, for any n € N fixed,
we construct a family of functions {@y}uer, , C ce([o, n]d), where [, 4 is a suitable set of
indices, such that for any y € [0, n]d

0<PIM <L Y (@ry) =1

a€ly g4

What is important is that functions @}, satisfy the following bounds for the sup-norm and for the
Holder seminorm

|op], <1, [@4]; <ks(@dn®, o €lyq,
for some constant k3(d) independent of n and «. In this way, for each n € N we can introduce an
equivalent norm on C 8 ([0, n]d) taking into account of the estimate above,

-8

n
|U|6,n = |vlo + %[U]S-

Once we have such a partition of unity, for each n € N and « € 1,, 4 we introduce the oper-
ator Ny ,, where we have substituted the coefficients py and yy appearing in each operator Ny
with the constants ix (yo) and yx(y«), for some points y, € supp(®}). Now, operators N, , have
constant coefficients and all results proved in Section 4 for the commutative case can be applied
to such operators.

Next, for any A > 0 and n € N we introduce the operator

Sp(h) = Z o (A= Nyn) lod?,

a€lyq
We show that S, (1) belongs to £(C?([0, 7]%), cf\#([o, 71%)) and

A =N)Sp(A) =1+ Cr(2),
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for a suitable operator C,,(1). In Lemma 5.4 we show that there exists some ng € N and 19 > 0
such that

1
iC”O()‘)v|3,n0 < §|v|8,n0, A 2= Ao,

sothat I + C,,(1) € Iso(C? ([0, n]d)). We will show that this implies that A — N is an isomor-
phism from c}\#([o, 719) into C4([0, 719), for any A > Ag and hence for all A > 0.

5.1. A partition of unity

Let Yy € C°°([0, ]) be a function satisfying

o<y <1, rel0,n],
v ()>0,te©,n), Yv®O0)=yP@)=0, k>1.

For any n > 3, we set h,, := /n and define

1, 0<1t < hy,
Yi@) =¥ —n@ —hy), hy<t<2hy,
0, t>2h,,

Up_1 (@) =y —1),
Y (41 = 3hy), 0<1t<2h,,

V3 (0= Y1t = ha), 2hy, <1< 3hy,
0. t>3hy,

Y (6) = W) (t +2hy —khy), 2<k<n—1.

It is immediate to check that
n—1
dYyrn =1, tef0.7. (5.2)
k=1

Now, for any d,n € N we set
I q:= {a:(al,...,ad), ai=1,...,n—1}

and for any « € I,, ;4 we define

d
onr. v =[[veon. y=0G1.....ya) €0, 7]
=1

Clearly,

SUPP @ = SUPP Ygy, X -+ X SUPP Yy -

Moreover the following lower bound is satisfied.
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Lemma 5.1. For any n,d € N it holds

1 d
inf > [ern]P 2 (Z) . (5.3)

d
y€[0,7] a€lya

Proof. We proceed by induction on the dimension d. If d = 1 we have

n—1

Sl =Y v o]

ael, | k=1
Note that
Yi =1 yel0 hyl, Vo1 =1, yelr —hy ],
so that
S letm =1z }L, y €10, hy1U [T — hy, 7).
aely, |
Moreover
Ve + ¥ =1, ye[khp, (k+Dhy], k=1,...,n—2,
so that
max{yy (), ¥ ()} = % y € [khp, (k + Dhy],
and

Z[(ﬂ”(y)]2><l>2=l y € [, (n = Dhy]
« ~\2 4’ " nl

acly |

Now, for any d > 2 we have

n—1 d
SNl =>" 3 ool []vson)
a€lyq k=1 el 4-1 =2

n—1

LA I (e e

k=1 Bl a1

1

> 3 [ehon. .0

Belna—1
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Then, if we assume that
> [ehGa ] = (Z) :
Belna-1
we have
d—1 d
2 1 1 1 d
Z[‘Pﬁ()’)] 2(1) Z:<é_1> , yelo,x]%,
aecly 4
and we can conclude that (5.3) holds. O

Next, for any n € N and « € I,, 4 we define

1

—2
@y (») :=< > [§03(y)]2> on(y). yelo,x]

acly 4

As ¢ € C*°[0, ] and (5.3) holds, we have that @} € C*°(]0, 71%). Moreover 0 < Dr(y) <1,
for any y € [0, n]d,

3 (@)’ =1, yelo.x),

acly 4

and for any n € N and « € I, 4 it holds
supp @}y = supp gl = [(a1 — Dhy, (a1 + Dhp] % -+ X [(g = Dha, (@q + Dhy].

Our aim here is giving an estimate for the C® semi-norm of functions @) Foreachn € N and
k=1,...,n—1, we have

i<t [l =hn'.
for some k1 > 0. Hence, by using (2.1) we have
d d
[vals = [ Wﬁ,} < lvi)s <dkan’. (5.4)
=1 3 =

=1

Lemma 5.2. There exists some ko = ka(d) > 0 such that for any o € I, 4 and vy € C([O, 719)

Z (ngot Z d)sva
0 0

aely 4 ael, 4

< ko(d) max |¢2va < ka(d) max |¢O’fva|0.
OlEIn’d ae[n,d

0’
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Moreover, if vy € C%([0, 719), we have

[ > wZvaL Skz(d)argzﬁl[wgva]a, [ > <1>ZvaL<kz(d)argz§d[¢3va]5.

a€ly 4 a€lyq

Proof. It follows from the smallness of the supports of the functions ¢ that for each cell of the
form

i
H[—ﬂi, ~(Bi + 1)}, Bi=0,1,....n—1,
n n

i=1

the sums inside the (semi)norms can be reduced to at most 3¢ terms. Therefore k»(d) can be
taken equal 3¢. O

As a consequence of the previous lemma, we have an estimate both for the sup-norm and for
the Holder seminorm of @7.

Corollary 5.3. There exists k3 = k3(d) > 0 such that foranyn e Nand o € I, 4
[Palo <l [24]; <ks@n’. (5.5)

Proof. The bound on the sup-norm has been already seen. In general, if v € C 5([0, rr]d), with
v(y) =2 vo > 0, for any y € [0, n]d we have

/vl < 107 vls,  Wols <[1/vlolvls.
Hence, thanks to (5.3), (2.1) and (5.4) we have

e[ ) ] <ot () ]

acly 4 acly 4

<2l +[1/ ¥ <<pz>2\2[ > | <20 T ]

acly q acly 4 acly 4

According to (2.1) and to Lemma 5.2 this implies

(@8], < [et]; +ka@32” max [(¢)°]; < [2]; + 2ka@32” max |1

aclyq
so that, thanks to (5.4)
[®2], < dKy(d)kin’.

If we set k3(d) := dk1k(d), we obtain the thesis. O
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In view of (5.5) we introduce an equivalent norm on C%(10, 71%). For any v € cl(o, n]d) we
set

-6

[v]s,n = Iv]o + — P (d) [v]s. (5.6)

Clearly we have
|Uw|8,n < |v|6,n|w|5,na

so that, thanks to (5.5), forany n e Nand @ € I, 4 and for any v € cé(1o0, n]d)

[ Pavls, <[4l (100 + [W]snsuppz) < 2(1vlo + V15 suppz)s (5.7)
where
B n? wp | PO @)
n,su .
wP k (d) y,z€supp @7 ly —zI®
y#z

5.2. Proof of Theorem 2.2

Our aim here is proving that the operator A — N is an isomorphism from C 2+‘S([O 71¢) into
cé(o, JT]d), for any A > 0.
To this purpose, for any n > 3 and @ € I, 4 we introduce the operator

d
Na,n = ZNI{,
k=1

where in each operator Ny the functions p; and y; are replaced by the constants g (y,) and
vk (Ya), for some points y, € supp @7 . For these operators Lemma 4.1 holds.
Now, for any A > 0 and n € N we introduce the operator

$p(0) =Y ®ho(h—Nyn) ' o®],

ae,n,d

where the @) ’s have to be interpreted as the multiplication operators by @/ . Observe that for any

a € I, o, the operator @} maps C 3([0, 719) into itself and Cjz\}L‘S (0, 714 ) into itself as a bounded

operator, so that
Sn(d) € £(C?([0, 71%), C31° (10, 719)), A >0.
Moreover,

A=N)S, M) =1+4+C, (1), (5.8)
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where

CoM)i= Y [®2N]JA = Now) ' 0®h+ Y o (Nyw — N)(A = Nou) ™' 0 @,

a€ly 4 acly 4
and for any v € c}v”([o, 714)
[@L. N]Jv=®}(Nv) — N(DJv).
If we show that there exist some ng € N and Ao > 1 such that for any v € C 510, rr]d)
|Cap (R, < %wm,m,, 2= ho, (5.9)

where | - |5, is the equivalent norm introduced in (5.6), then it follows that I + C,,(X) €
Isom(C?([0, 7]1%)) and from (5.8)

A= N)Su O (I + Coy) ™' =1, in C*([0, 719).

By the minimum principle, the operator (A — N) is injective, and then S,,(A)(1 + Cy, o))~ Lis
the inverse of (A — N), sothat (A — N) € Isom(Cjz\;“s([O, 719, C4([o, n]d)), for any A > Ag.
On the other hand, if 0 < A < A9 we have that the equation Av = Nv + f is equivalent to

v=(0 =N (o =MV + (o= N)T'f.
Then, as the operator K := (A9 — N)~!( o — A) is compact in X and, by the minimum principle,

Ker(I — K) = {0}, we obtain that A — N € Isom(C/* ([0, 7]1%), C*([0, 719)), for all A > 0.
Hence, in order to conclude the proof of Theorem 2.2 we have to prove that (5.9) holds.

Lemma 5.4. For any n > 3 let us define

Ch(M) := Z [®2, N]O. = New) L o @2 + Z @ 0 (Ngy — N)(h — Ngp) "L o @1

aely 4 a€lyq

Then, there exists no € N and Ly > 1 such that for any A > Lg

1
|Co ) 31150 (5.10)

|5 no

Proof. If we apply Lemma 3.4 in its Banach space-valued version, to the functions D,%v, with
ve Cy ([0, 1Y), C4([0, 1) and k= 1,.... d, we obtain

|(sin i) ' D, < [(sin o) ' Dev ]y < ka[ D] (5.11)

We recall here that any function v € C2+6([0 n]d), C‘S([O, n]d) is the restriction to [0, n]d
of a function v € C219 (Rd) Actually, if v € C2+5([0, 1%, Ca([O, n]d), due to the boundary
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conditions we can extend it by evenness and then by 27 periodicity to the whole space R?.
Hence for any 0 < s <r < 3 and w € C" ([0, w]¢) the following interpolation inequality holds

[wly < N[wly Jwly ™",

for some constant N = N (d, r) (for a proof see [12, Theorem 3.2.1]).
Now, let us estimate the norm of

> Do Ny —N)(— Now) ™" 0 DL

aely 4

Forany v € X, if we set w := (A — Na,n)’lqﬁgv, thanks to Lemma 5.2 and to (5.7)

> DU(Naw — NYh = Now) ' @

acly 4

< ka(d) max [ D) (Now — Nw|,
D‘EIn,d >

§,n

< 2ko(d) max (|(Nan = Nywly + [Noun = Nw]; , suppay )

Now, foranyn e Nand « € 1, 4,

[(Na,n - N)w]é,n,supp‘pg
d
< Z[(uk - Mk(ya))DI%w]é,n,supp%’
k=1
d
+ Z 2bi (v — vie(ye) ) (sin yi) ~ 1Dku’]5,n,snpp¢é§
k=1
d
< Z([Diw]s,n sup [ (») — e | + IDﬁw|o[uk]a,n>
— yesupp &
d
+2 Z([(sin yi) ! Dkw]s,n

k=1

x sup () = ve(a)|lblo + }(Sinyk)_]Dkw\o[bk)/k]a,n).
y€Esupp 9

According to (4.4) and (5.5),if A > 1

-4

[Dlzw]a,n = [Dl%()“ - Nav”)_l¢gv]6,n < k (d) (

‘¢nv|0 [Pav]5)

n
<K
k3(d)

(14 &3(@d)Ivlo + [v]s) < K@) (|vlo + [v]s.n)

(5.12)

(5.13)
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and according to (5.11)

[Gsinyo) ™' Drw]y , = [Giny) ™' Deh = Now) ™' @0]

-8
n - n
ki [DRG = Na) ™ @50], Skat@)([vlo + []5.)-

Now, if we choose ng € N large enough such that

d d
K@) sup |m®) — m(a)| +2ka(@) D sup  |ye(y) — )| Ibxlo
k=1 YESupp P k—1 YEsupp P
1
< ,
32ka(d)

we get for any n > ng

[(No‘v” - N)w]ﬁ,n,suppég
1 d
< 3% (d)| vls,n + Z |Dkw|0[uk]s o+ | (sinyr)~ Dkw|0[bk7/k 5.1

Next, due to (5.7), (4.4) and (5.11)
’D;%w}o[,uk]a,n + ’(Sin)’k)_lew’()[kak](S,n
< ([)sn + [ vidsn) (1 + ka) | Dfw]y < k(14 ka) | DE[(A — Ny o) ' D00] |
< Kk, (1+k4)k‘m|q§”v|3 (1 + kiks(d)n®) K ky (1+k4)/\_m|q)”v|8n
< 2(1 + knka(d)n®) Kk (1 + ka) 2™ 755 [ .

Now, if we choose n = ng and A; > 1 such that

2(1+ ks (@d)nd) K ko (1 + ka)A ™24 <
(1+ kik3 (d)ng) K kng (1 4 ka)2 ™2+ k@)

for any A > A1, we have

1
[(Neeng — N)w](;’no’supp@so < mh}h&no-

(5.14)
Next, we have to estimate |(Ng,,, — N)w]|o. Thanks to (5.11), we have
|(Nang — N)w |y < [Naagwlo + [Nwlo < M[(h = Npo) ™' ®pv],

and, as above, from (4.4) for some constant &y,

_0
|(Na,n0 - N)w|0 < MKkno)V 2+8 |U|6,no~
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Thus, due to (5.13) and (5.14) we can choose Ay > A1 such that for any A > Aj

_ 1
D e Nang = )= Nan) ™' @g00| < 10l np- (5.15)

ael,,ovd 8,10

Now, in order to conclude the proof of the lemma, we have to estimate

D [P50, N](h = Nony) ' 030

aelno.d

Notice that, as @] € C}\#([o, rr]d) and the coefficients u; and y, are in C‘s([O, n]d), by us-
ing (5.11) we easily obtain

> [@80. N = Nany) ™' @200| < King | (k= Negng) ™' @200 5.
S

CIEI,,O‘d

and by proceeding as before, we can find Ao > A> such that for any A > Ao

_ 1
> [@2 NG = Nawg) ' 20| < Slvls g

aEIno.d

8

Together with (5.15), this implies (5.10). O
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Appendix A

Let B be a Banach space and fix a < b. For any u € C([a, b]) and h € B, we denote by u Q h
the mapping in C([a, b]; B) defined by

[u @hl(t) =u(t)h, te€la,bl].

Moreover, we denote by C([a, b]) ® B the subspace of C([a, b]; B) given by finite linear com-
binations of element ¥ ® h. By using a Banach-valued version of Bernstein polynomials, it is
immediate to check that C([a, b]) ® B is dense in C([a, b]; B). The proof of the following
lemma can be found in [10, Example 6, pp. 224-225]. We thank B. de Pagter for showing us this
reference.

Lemma A.1. Let B be a Banach space. For any N € L(C([a, b])) there exists a unique N €
L(C([a, b]; B)) such that

Npu®h)=Nu®h, ueC(a,bl), heB. (A1)
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Moreover, it holds
INBll£ica.p; ) = IN I £icqa,p)- (A2)
Now, for any u € C([a, b]) and v € C(]a, b1¢~1) and for any k=1,...,d we define
[u ®k VI(x) 1= () V(X1 + oy Xkm1, Xkt 1 -5 Xa), X € [a, b)Y, (A.3)
and we denote by C([a, b]) ® C([a, b]d_l) the subspace of C([a, b]d) given by finite linear
combinations of elements u ®; v. Clearly, C([a, b]) ® C([a, b]d_l) is a dense subspace of
C(la. b]9).
Next, for any k = 1,...,d, f € C(la,b]?), t € [a,b] and (x1, ..., Xk—1, Xkl ..., Xq) €
[a, b]?~! we define
[ f@O]Cens o Xkt Xkt o0 Xa) 2= (oo Xk 10 B Xeg 1 - 2 Xd). (A4)
With this definition,
Je:C(la, 1) — C(la, b); C(la, b17))
is a surjective isometry. Then, for any N € L(C([a, b])) and k=1, ..., d we define

Ek(N) = JkilNc([a’b]dfl)Jk,

where the operator N, 5j¢-1y s defined in Lemma A.1, by taking B = C([a, b1%~1). According
to Lemma A.1, it is immediate to check that Ex(N) € £(C([a, b]?) and

|ExN | £(c ity = IV 2 tabny- (A.5)
Moreover, for any u € C([a, b]) and v € C([a, b4
Er(N)[u ®r vl = Nu ®j v.
Theorem A.2. Let A: D(A) C C([a, b]) — C([a, b]) be a densely defined and m-dissipative op-
erator generating an analytic semigroup e'2. Then, for any k =1, ..., d there exists a unique

densely defined and m-dissipative operator Ex(A): D(Ex(A)) C C([a, bl?) — C([a, b]?) gen-
erating an analytic semigroup ¢'ExA)  such that

e Er(A) — Ek(e’A), t>0.
Moreover,
D(Ek(A)) 2 D(A) @ C(la, b1 1),
D(A) ®i C([a, b]4™") is a core for Ex(A), and

Ex(A)(u®cv) = Au @ v, ue D(A), veC(a,bl'™"). (A.6)
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Proof. For any A > 0 we set
JA) =R, A)=x—Aa)""

Due to the assumptions on A, we have that the range of J(A) is dense in C([a, b]) and
[ @ zcqasm <1 2>0.

With the notations introduced above, for any A > 0 we define the operator Er(J(L)) €
L(C([a, b]?)). Due to (A.5) we have

”)‘Ek(‘]()‘))”ﬁ(C([a,h]d)) <L 2>0.
We first show that { Ex (J (1))}, ~0 is a pseudo-resolvent, that is
Ex(J (M) = Ex(J () = (= NE(J W) Ex(J (), 311> 0. (A7)

As C([a, b)) ® C([a, b]4™1) is dense in C([a,b]?) and Ex(J (X)) is a bounded operator on
C([a, b)) for any A > 0, it is sufficient to prove (A.7) only on C([a, b]) ®k C([a, b1?=1). For
any u € C([a,b]) and v € C([a, b]*~"), we have

Ex(J V) @k v) — Ex(J () (u @ v) = [J(Wu] @k v — [ (wu] @k v
=[JMu — J(wu] & v=[(n— 1T W)J (Wu] v
= (u — M Ex(J W) Ex(J (W) (u ®y v),

and the same is true for finite linear combinations of elements of the type u ® v.

Next, we show that the range of E;(J())) is dense in C ([a, b]?). To this purpose, as
C([a, b]) Rk C([a,b]d_l) is dense in C([a,b]d), it is sufficient to prove that the range
of Ex(J(1)) is dense in C([a, b]) Qk C([a, b]*™ ). Let u € C([a, b]) and v € C([a, b]?~1). As
the range of J()) is dense in C([a, b]), there exists a sequence {u,}, C C([a, b]) such that
J(Mu, — u, sothat Ex(J (L)) (u, Qrv) =J(MNu, Qv —> u Qp v.

Hence, since the family {Ex(J(1))}x>0 is a pseudo-resolvent and the range of the oper-
ator Ex(J (X)) is dense in C([a,b]d), in view of [17, Theorem 9.4] we can conclude that
{Er(J(A))}a>0 is the resolvent of a unique densely defined closed m-dissipative linear opera-
tor Ex(A), which generates a Cp-contraction semigroup e Ec(A)

We remark that

D(Ex(A)) = Range E(J (1)) D [Range J (V)] ® C([a, b1*") = D(A) & C([a, b1" ).

Moreover

Ex(J)) (M — Ex(A) (@ ®k v) = u @ v=[J M)A — Ayu] @ v
= Ex(J W) [(M = Ay @ v],

so that, as Ex(J(})) is injective, we have
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Ex(A)(u @k v) = Au Qv — (A — Ex(A))(u & v)
=AU Qv — [(AI—A)u] Rk v=Au Qi v.
Next, we show that D(A) ®; C([a, b]"") is a core for E;(A). Let g € D(Ex(A)) and let f
C(la, b]d) such that g = Ex(J (X)) f. As C([a, b]) @k C([a, b1%=1y is dense in C([a, b]d), there
exists {f,} € C([a, b]) @k C(la, b]d_l) such that

o= f Ex(J) fu = Ex(JW) f.

We have
i .
fo=_up kv,
j=1
so that
n ' ‘
gn = Ex(J ) fu = _[JO)un] ® vy € D(A) & C([a. b)),
j=1
and

gn— E(JW)f=g (A—Ex(A)gn=fu—> f=0—Ag.

In order to conclude the proof we have to show that the semigroup e'£+(4) is analytic. We
show that there exists some constant M > 0 such that for any f € C([a, b1%)

|t ER(A)e KA f] Ly SMIfleqasy, >0, (A.8)
By the exponential formula we have
R A (4 @ v) = nlingo(l —t/nEx(A) " (@ v) = nan;O(t/nEk(J(t/n)))"(u Qk v)
and then, by iteration, we obtain

EN (@ v) = Tim [(t/nd (t/n))"u] @k v =" u @ v. (A.9)
n—oo

As ¢4 is analytic, for any 7 > 0 the operator Ae’4 is bounded on C([a, b]) and there exists
M > 0 such that

A
|Ae |£(C([a’b])) <M/t, t>0.
Hence, if we show that

Ex(A)e' B = £ (Ae'?), 1> 0, (A.10)
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we can conclude that (A.8) holds. For any u € C([a, b]) and v € C(]a, b14-1), due to (A.9) we
have

Er(Ae)(u @ v) = [Aeu] @k v = Ex(A) (" u @1 v) = Ex(A)e' ™ (u @ v)

and by linearity we have that (A.10) holds on C([a, b]) ®; C([a, p1A—h. By density we can
conclude that (A.10) is true on C([a, b]¢). O

Appendix B
Let E be a real Banach space endowed with the norm | - | g and let {Sk(t)}f:1 be a family of d

commuting Cp-contraction analytic semigroups on E with corresponding generators {Ak}le.
We assume that there exists M > 0 such that forany k =1,...,d

sup? || xSk ()] ) < M.
t>0

In what follows we shall denote by S(¢), t > 0, the product of the semigroups Sk, that is

d
S@) =[], t>o0.

k=1

It is well known that S(¢), r > 0, is also an analytic Co-contraction semigroup and its generator,
which will be denoted by A, is the closure in E of the operator Zzzl Ay defined on

d d
D(ZAk> = ﬂ D(Ap).
k=1 k=1
Proceeding as in [9], for any 8 € (0, 1) and p € [1, oo] we set
Da®, p) = (E, D(A), .

where (E, D(A))g, p is the real interpolation space between E and D(A) of exponents 6 and p.
We recall that in the case p = oo

llpyo,p) = ulg + sup?~! }AS(l)M|E =:|ulg +[ulp,e,p)-
t>0

The proof of the following lemma is due to Alessandra Lunardi [15], whom we thank.

Lemma B.1. Under the above assumptions, for any 6 € (0, 1) and p € [1, 00]

d
Da@, p) = (E m D(Ak)> . (B.1)
k=1

6,p
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Proof. Recall that

d d
(E, N D(Ak)> =) Da. 0. p).
k=1

0,p k=1

Since we have

d
D(A) > (] D(Ap),
k=1

due to Grisvard [11] we have

d d
D4®, p) = (E.D(A)), , > ()(E. D(AW), , =] Da,(©. p),
k=1 k=1

so that one inclusion in (B.1) is proved.
The proof of the opposite inclusion is more delicate. We give it in the case d = 2. The general
case d > 2 follows by similar arguments. As in [9, p. 325] we set

Da,(1.p):= (E.D(4})), -

From [9, Lemma 3.9] we have
D(A) C Dy, (1,00) N Dy, (1,00) C Dy, (1, p) N Da, (1, p),
forany 6 € (0, 1) and p €[1, 0], so that fork =1,2
D4(8,00) C (E, Day(1,00)), -
Hence, due to the Reiteration Theorem (see [14, Theorem 1.2.15]) for k = 1, 2 we obtain
D4(6,00) C (E, D(AR))y oo
By using again [11] this yields

Da(0,00) C (E,D(A1)), . N(E,D(A2), ., = (E. D(A)) N D(Ay)) ]

0,00 6,00 6,00°

In what follows we shall denote by X the space D4 (8, 00), equipped with the corresponding
norm

d
lulx :=|ulg + [ulx :==ulg + Z[M]DAk(é),oo)- (B.2)
k=1

Note that, in view of Lemma B.1

d
X =(")Da,6.00). (B.3)
k=1
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Furthermore we shall denote by Y the space

Y =
k

{u € D(Ak): Aku € Dy, (6,00)}, (B.4)

d
=1

equipped with the norm

d
luly = lulx + Y _ | Aulx.
k=1
Note that due to Lemma B.1
d
Y (DAY CDA)CXCE,

k=1

with continuous embeddings and, if we endow D(A) with the graph norm, for any A > 0 we have
A—A:D(A)— E,

is an isomorphism.
Now we can state the following abstract Schauder theorem.

Theorem B.2. Let {Sk (t)}f:1 be a family of d commuting Co-contraction analytic semigroups
on a Banach space E with corresponding generators {Ak}zzl. Assume that there exists M > 0
such that forany k=1, ...,d

supt || AxSk ()] ) < M. (B.5)
t>0

Then, for any ) > O the operator . — A:Y — X is an isomorphism, for X and Y defined respec-
tively in (B.3) and (B.4). Moreover, forany k=1, ...,d

[Ak(h = A7 ]y < KIfx, (B.6)
where

-1
do.

® 0

K == M2c(©)(3 + d) / i
14+o0

0

Remark B.3. The importance of the theorem above concerning the equation

d d
=Y Aw+f. ue( DA, (B.7)

k=1 k=1

is twofold. First, it provides a specific subspace X C E of data f for which Eq. (B.7) is solvable
in a strict sense.
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Secondly, the theorem above provides the important a priori estimate (B.6) which will be used
in an essential way in the proof of the main result. We emphasize that we have a precise control
of the constant K in terms of the dimension d, of the Holder exponent € and of the constant M
which we have introduced in (B.5).

Proof of Theorem B.2. A proof of this result, in a more general formulation, was given by
Grisvard in [11], by using complex methods. Here we give a proof of this special case by using a
real method which is due to Da Prato (unpublished lecture notes) and, for the sake of simplicity,
we only consider the case p = co.

For any f € E, we define

o0 d
ui= /e—“ ]_[ S(s) f ds.
0 k=1

In order to prove our result, it is sufficient to show that the following conditions are satisfied:

(1) if f € Dy, (0, 00), forsome 0 € (0,1) and k=1, ...,d, then u € D(Ay) and

d
Agu € () Da; (0, 00); (B.8)
j=1
(2) if f € X, then
d
hu=>" A+ f (B.9)
j=1

and Ayu e X, forany k=1,...,d;

. A . . d
(3) if f =0, then u = 0 is the only solution to (B.9) in the space ﬂj=1 D(A});
(4) if f € X, then (B.6) holds.

Let f € Dy, (0,00), forsome § € (0,1) and k=1, ...,d. Foreach n > 1 we define

o0 d

Uy = / e 1_[ Sn(s) fds.

1n h=1

We have u,, € D(Ay) and

o0 d
Agty = / e ASK () [ Su(s) fds.

1/n o



318 S. Cerrai, P. Clément / J. Differential Equations 242 (2007) 287-321

If we show that

o0 d
/e*“ ArSk(s) ] Sn()f| ds < oo, (B.10)
0 h=1 E

h#k

we have that

o0
d
lim Agu, :/e*“Aksk(s) [ Sns)fads.
n— 00
0 h=1
h#k

and then, as u, converges to u, by the closedness of Ax we conclude that u € D(Ay) and

o0 d
Agu :/e—“AkSk(s) []Sns)fds.
0

h=1
hk

The semigroups Sy, () are all commuting and are contractions, then, thanks to (B.5), we have

/ e Aksk(s>]"[sh(s)f ds < / 1"[Sh<s) | Ak Si(s) f |z ds
0 it 0 z £

oo
< M/ff_msé)_1 ds| f 1D, .00 =M O | 1Dy, 0.00)-
0

This implies (B.10). Moreover, we have
|Agule < MT ©)2~° | f D4, 6,00)- (B.11)

Next, we show that (B.8) holds. In fact we prove something more. Namely, we show that there
exists M = M (6) > 0 such that

sup t'7|A;S; () Ak, <4MPc(0), j=1,....d, (B.12)
te(0,1]
where
o0
(9) / 00—1 J
C = o.
l1+o
0

Assume first that j # k. By using again (B.5), for any ¢ € (0, 1] we have
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o0 d
t1_9|Aij(t)Aku|Egtl_Q/e_’\s AjSi(t+5) ]_[ Sp()AxSk(s) f| ds
0 h=1 E
h#k, j
T 1
2.1-60 —As -1
<M<t /6 P ds|f1Da, 6.00)
0
r
2.1-6 0—1
<Mt /ms d5|f|DAk(9,oo)-
0

Now, it is immediate to check that

o0 1 o0 0—1
tl_ef sg_lds=/ g do < o0,
t+s 1+o
0 0

so that (B.12) follows. Now, assume j = k. In this case we have

ds
E

e d
/ e AL [ ] Su(o)f
0 h=1
[

70| ASk(®) Au| p <t

d

e |Sk(t/2) [T Sh(s)AeSi((r +5)/2) AxSi(s/2) f| ds
E

]7
<!t

h=1
hek
o

1
2.1-6 —As 0—1
<4aM?t /e e ds| 1Dy, 6.00)
0

and then we can conclude as above. This means that

d
;fggtl_g |AjSj () Aru|; < M*B+d)cO)] 1Dy, 0.00)- (B.13)
Therefore, collecting all terms, from (B.11) and (B.13) we have
|Arulx < (MT (027" +M*GB+d)c(©)) 1Dy, 0.00)- (B.14)
Next, assume f € X. We have

d o0 d d
> A :/e—“ > AT Sns)fds
k=1

0 k=1 h=1
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:fe— d_(]_[ h(s)f)ds
J 2

o0 d
—f- f di[e—“ I Sh(s)fi| ds = —f + hu,
0

h=1

“

and this proves (B.9).

Next, let us prove uniqueness. The operators Ay, ..., Ay are dissipative and densely defined,
hence strongly dissipative, in the sense of [18]. It follows that the operator A + - - - + A, defined
on Uzzl D(Ay) is also dissipative. This implies that if u satisfies (B.9), then

1
lulg < X|f|E,

which implies uniqueness.
Finally, (B.6) follows from (B.14) and the previous points. O

Appendix C

With the notations of Appendix A, for any k =1, ...,d we denote by J; the mapping from
C([a, b]?) into C([a, b]; C([a, b]?~")) defined by

[Jeu(®)] (X1, ooy Xkt X1 - - Xa)-
We have the following characterization of the space C®([a, b]?). The proof is straightforward.

Lemma C.1. Forany a < b and § € (0, 1)

d
3(la, b)? m {ueC(la,bl?): Jeu e C(la,bl; C([a, b177"))},
k=1
and

d
luls ~ ulo + Y _[Jeuls.

k=1

Next we give a characterization of Cﬁs([a, b]d), the space of C 2“"S([a, b]d )-functions, en-
dowed with Neumann boundary conditions.

Lemma C.2. Forany a < b and § € (0, 1)

{u e C*(la,bl): Druy, _, = Dru, _, =0}

d
= ({u e C(la.bl): Jeue C**([a.b): C(la.b1*™")). (Jw)'(@) = (Jxu) (b) =0},
k=1
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and

d
lulags ~ ulo+ Y _[DFJrul,
k=1

Proof. If u € C([a, b]?) is such that Jyu € C**¥([a, b]; C([a, b]*~ ")), forany k=1, ...,d, and
(Jxu) (@) = (Jru)' (b) = 0, due to the conditions on the derivative of Jyu we can extend it by
evenness and then by 2(b — a) periodicity to the whole space R?. Then, as proved for example
in [12, Theorem 3.4.1], forany h,l=1,...,d

d
[Dlzl”]a S Z|Dl%” 5
k=1

and this implies that u € C?9([a, b]¢). DO
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