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Abstract

We give a fairly direct proof of an identity involving powers of sums of binomial coefficients
established recently by Neil J. Calkin, and present some associated formulae.

1. Introduction

In a recent communication, Neil J. Calkin defines
ko /n
w5()
— J
j=0

and shows in a somewhat indirect manner that
3 3 3n—1 n—2. {21
Ay+ - -+ 4, =n+2)2 —3x2""“n w )
Let us write
Spy=Af +---+4E.

I shall prove, as directly as I can, that

1 /(2
Sy =(n+2)2""", Sy =(n+2)2""' - 3" ( n”),

- _ 2n
Sy =(n+2)2>"1 -3 x2" 2n< L)
! This research was carried out while the author was on leave from UNSW and visiting Universite Louis-

Pasteur, Strasbourg, France.
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Furthermore, 1 shall show that, for p > 0,

Sop = (’;) 2"S)p-1 — (é’) 2"Sypa =+ (=1)P7! (i) 2078,

+(=1)"Pp,

S2p+1 = (f) 2"852p — (5) 2 Sypt + = (=P (i) 2018,y
+(=1)P2""'p,,
where

P,=AAP |+ + 47 (AF.

2. Evaluation of S, 53, 53

First,
Si = Ao+ + Ay = (Ao +Ano1) + - + (Ane1 + A0)] + 4y
= 32"+ + 2]+ 2 = (2" 4 27
=(n+2)2" L

Next we evaluate P;:
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j<k
The term (k — j) is the number of occurrences of the term (7)(;) in the sum above
Therefore

r=r s (0=

r=1 k—j=r
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The inner sum, Y, . (;') (1), is the coefficient of " in (147" )*(142)" = t~"(1+£)™",

which is (nz_fr). The case » = 0 is well-known. Hence

S () () ()

r=

Now,
Sy=A3+ -+ A2
=Ao(2" — A1)+ + An1 (2" — Ao) + A2
=2"(Ao+ -+ + A1) — (Ao Ay + - - + An_140) + 4}
=2"(Ao + -+ An) — (dodn—1 + - - - + An—140)

=2"S - P =2"[(n+2)2""'] - ln <2")

2 n
1 2n
_ 2n—1 _ =
=(n+2)2 2n(n>,

and
Si=A3+-+ 4
=HA@+4_ )+ + (A + )]+ 4,
= 1(Ao + An1 N A§ — Ao An—1 + A5_y) + -
+(An—1 + AN Ay — An1Ao + A + 4,
= 1[2"(4] — Ao Ap_y + A2 )+
+2MA2_ | — A Ao + AD] + 43

=Mt + A2 ) =27 N (Ao Ay 4 A do) + A

= 2"+ + A2) = 2 Ao Auy + -+ Aumido)

1 1 (2
=2"5, -2""'P =2" [(n +2)27 = o (2"” —2"ion ( ")

n n

2
—(n4+2)2 1 3 x 22y ( n").
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3. The general formulae

Suppose p > 0. Then
Py :A(I)JArlt’—l +- +A;ID—1A5

=AP(Q2" — Ao)P + -+ AL (2" — An )P AP — 4,)P

=47 <2pn_ (f)2(1’_‘)"A0+—~-+(—1)1’ (2)146’) +..
el (1) ma—acor (2))

—2PnS, — (f) 2Pmrg i (=1 (§> Saps

SO |

S2p= (f) 2nS2p—1 - (;) 22nS2p~2 + = +(_1)p—1 (ﬁ) 2anP

+(=1)7P,.
Also,
Ssz :A(2)p+1 + ... +Aﬁp+l

=%[(A§p+l +Ai1—7T1)+"'+(Ai1—’+11 +A3P+1)]+Aﬁp+l

= 3[(do + An 1 JAG" oo+ (1)PAGAT o+ AT )
Hnr + AAL ) = 4+ (1AL AT+ -+ A7)
+A5P+1

=347 — + - (—1)PAEAD AP )
FAZP — o (= 1)PAP AR 4 4 A2PY] 4 42T

= 32245+ A+ AP 2 A Ay e+ AP )+
HDPT2AAET AT Al A

H=1)P(AfAD_ + -+ A7 AP + 42!
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ny 42
=2 (Aop+"'+Aﬁp)

_2”(A(2)P—1(2n —AO) + e 2]7 1(2” _An 1)+A2p 1(2n An))
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A2 = Ay )P+ AT = )7
+H=1)P2""'P,

2MAS 4 -+ AP)
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p-1 (p—Dn 4p+1
(p~1>2 4

+(-1)P2""1p,

s () () () (1)
(ORI

_ -1 _
H(=1)p! (z_ 1)2P"Sp+1 +(-1)P2"'p,

(R (8 ()
+H=1)P! (ﬁ) 27"S i1 + (= 1)P2" 1B,
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