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Let f(k) be the least positive integer n such that the complete graph with n 
vertices has a decomposition into k factors of diameter two.& is well known 
that f(2) = 5, f(3) = 12 or 13, and 4k - 1 <f(k) < 7k for every integer 
k > 4. In the present paper it is proved that 6k - 52 <f(k) ( 6k for every 
integer k > 2. (For k < 370 also a better lower estimate of f(k) is given.) 

1. DEFINITIONS AND AUXILIARY RESULTS 

By a factor of a graph G we mean a subgraph of G containing all the 
vertices of G. Two or more factors of G are called disjoint if every edge of 
G belongs to at most one of them. A system of factors of G, such that every 
edge of G belongs to exactly one of them, is called a decomposition of G. 
The symbol K, denotes the complete graph with n vertices. 

In [I, Theorem l] and [5] it has been proved that for every integer 
k 3 2 there exists a positive integer n such that K, has a dt%omposition 
into k factors of diameter two (or, equivalently, K,, contains k disjoint 
factors of diameter two). The least such n will be denoted byf(k). 

The significance of the functionfis apparent from the following lemma: 

LEMMA 1. Given integers n > 1 and k 3 2, a decomposition of K, 
into k factors of diameter two exists ifand only ifn 2 f(k). 

Proof. The part “only if” follows immediately from the definition of 
f(k). The part “if” is a special case of Theorem 1 in [2]. Q.E.D. 

What has been known aboutfis concentrated in the following lemma: 

LEMMA 2. f (2) = 5, f (3) = 12 or 13, and for every integer k 3 4 we 
have 4k - 1 < f(k) < 7k. 

Proof. The values of f (2) and f (3) are taken from [2, Theorems 5 
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and 71. The lower estimate of J(k) for k ;:: 4 has been proved in 
[I, Theorem I], the upper estimate in [5]. Q.E.D. 

LEMMA 3. Let n be a positire integer and let E and x be real numbers 
such that 

O<.E<2 (1) 
and 

Let G be a graph with n vertices in which every vertex of degree less than 
6 - E is adjacent to at least three vertices of degrees > x. Then the sum of 
the degrees of the vertices of G is at least (6 - E)n. 

Remark. Especially from the assumptions of Lemma 3 it follows that 
G contains no vertices of degree 0, 1, or 2. 

Proof. Denote by a the number of the vertices of G of degree less than 
6 - E. Denote by b the number of the vertices of G of degree > x. (As 
x 3 6 > 6 - E, these two sets of vertices are disjoint.) Finally, denote by 
c the number of the remaining vertices of G, i.e., c = n - a - b. Let D 
be the sum of the degrees of the vertices of G. Distinguish two cases: 

(i) Let 
6-eb a ;.z - . E 

Then D 3 3a + 3a + (6 - E) c = 6a + (6 - l ) c 3 (6 - e)(a + b + c) = 
(6 - c) n. 

(ii) Let 

Then 

a<*b. E 

c3 _ c> a < t3 - ‘jt6 - ‘) b < b(x - 6 + c); 
E 

hence D > 3a + xb + (6 - E) c > (6 - e)(a + b + c) = (6 - c) n. QED. 

2. MAIN RESULTS AND PROBLEMS 

THEOREM 1. For every integer k > 20 we have 

f(k) 3 
6k2- Ilk+7 

kt7 . (3) 
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Proof. Let n be a positive integer such that there exists a clecomposition 
of K, into k 3 20 factors with diameter two. Put 

54 k-2 
E=m, .X=-. 

3 

It is easy to check that conditions (1) and (2) of Lemma 3 are fulfilled. 
Let F be a factor of the decomposition and let z; be a vertex of degree 
d < 6 - E in F. We shall prove that u is in F adjacent to at least three 
vertices of degree > x. If d 3 1, denote the vertices adjacent in F to u by 
u1 , 4 ,..., ud . As the diameter of F is 2, all the other vertices of F are 
adjacent to at least one of the vertices u1 , u2 ,.... ud . Evidently, d < 6. 
Distinguish six cases: 

(i) d = 0. Then either F is disconnected or n = 1. Therefore Fcannot 
have diameter two. 

(ii) d = 1. The diameter of F is 2 only if the degree of u1 in F is n - 1. 
But then u1 has degree zero in all the other factors, which is impossible by 
6). 

(iii) d = 2. As every vertex different from U, u1 and u2 is adjacent to u1 
or u2 in F, the complement of F contains at most one path of length < 2 
from u1 to u2 , namely, the path consisting of the vertices U, and u2 and the 
edge joining them. Therefore k < 2, in contradiction to the assumption 
k 3 20. 

(iv) d = 3. Assume that the degree of some of the vertices u1 , u2 , u1 , 
say uB , is less than x in F. Then the number of factors in which the vertices 
u1 and up are connected by a path of length d 2, is less than 

2+x=2+3., k-2 <k 

a contradiction. 
(v) d = 4. Suppose that in F the vertex n is not adjacent to three 

vertices of degree 3 x. Then there exist two vertices adjacent to u in F, 
say ua and u4 , whose degrees are less than X. Hence the number of factors 
with u1 and u2 connected by a path of length < 2, is less than 

a contradiction again. 
(vi) d = 5. Assume that v is in F not adjacent to three vertices of 

degree 3 x. Then there are three vertices adjacent to u in F, for example 
u3 , u4 , and u5 , of degree less than x. In this case the number of the factors 
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in which vertices u1 and u2 can be connected by a path of length z.--. :! is 
less than 

a contradiction. 

In all six cases we arrived at a contradiction; therefore u is in F adjacent 
to at least three vertices of degree > X. 

According to Lemma 3 the sum of the degrees of the vertices of any 
factor F is at least (6 - e) n. Hence the sum of the degrees of the vertices 
of K, is n(n - 1) > (6 - E) nk so that 

T2-- 1>(6--)k=(6-+)k=6k$$. 

It follows that 

n>1+6k$+6k2;;;+7. Q.E.D. 

THEOREM 2. For every integer k > 2 we have 

6k - 52 <f(k) < 6k. (4) 

Proof. For k 3 20 according to Theorem 1 we get 

f(k) Z 6k2--1k+7 =6k-53+ 
k+7 +& > 6k - 53. 

Sincef(k) is an integer, we have 

f(k) > 6k - 52. 

Lemma 2 yields 

and 
f(k) > 4k - 1 >, 6k - 52 for 3 d k < 19 

f(k) = 5 Z -40 = 6k - 52 for k = 2. 

Therefore to prove (4) it remains only for every integer k 2 2 to 
decompose Kek into k factors of diameter two. We use the method of IS]. 

First define sets A, , A, ,..., A, , BI , B2 ,..., BB thus: 

A, = B, = (1, 3,4}, A, = Bl = {2,3,4}, A, = B4 = (3, 5, 6), 

A4 = B, = (4, 5,6), A, = B, = (5, 1,2}, A, = B5 = (6, 1,2). 
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(In what follows symbols i,j, S, t always denote integers.) 
The vertices of KBIc will be denoted by aiSs , where 1 -< i < k, 1 ,< s < 6. 

We decompose Kek into factors Fi(i = 1, 2,..., k) as follows,: Factor Fj is 
formed by the edges ai,Sac,t , where 1 < s -=c t -5 6, by the edges ai,saj,t , 
where 1 < s < 6, i <,j ,< k, t 6 A, , and by the edges a,,sai,t : where 
1 .< s < 6, 1 <,j < i, t E B,s. 

It is easy to see that we have a decomposition of Ksk into k factors of 
diameter two (cf. [5]). Q.E.D. 

COROLLARY. 

lim f(k) = 6. 
k-m k 

Pro05 This is obvious from Theorem 2. Q.E.D. 

Thus Problem 2 from [l] is solved. However, the following problem 
remains open. 

PROBLEM 1. Find lim,,, (6k - f(k)). 

From Theorem 2 it follows that, if this limit exists, then it is equal to 
one of the numbers 0, 1, 2, 3 ,..., 52. 

For “small” k the lower estimates of f(k) given in Theorems 1 and 2 are 
very bad. In this case it is better to use the following results: 

THEOREM 3. Let k be an integer. Then we have: 

1. If k > 8, thenf(k) > 4k + 1. 
II. If k > 31, thenf(k) 3 5k + 1. 

Proof. I. By Lemma 1, it is sufficient to prove that, for n = 4k, a 
decomposition of K, into k > 8 factors of diameter two does not exist. 
Assume that such a decomposition exists. By the method used in the 
proof of Theorem 1 it can be checked that every factor of this decomposi- 
tion fulfils the suppositions of Lemma 3 for E = 2 and x = 6, so that it 
has the sum of the degrees of the vertices at least 4n. Therefore the sum 
of the degrees of the vertices of K, is 

It follows that 

n(n - 1) 3 4nk. 

n - 1 > 4k, 

a contradiction to the assumption n = 4k. 
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II. Suppose that, for n = Sk, there is a decomposition of K, into 
k > 31 factors of diameter two. Every factor of this decomposition fulfils 
the suppositions of Lemma 3 for 6 = 1, x r= 15; hence its sum of the 
degrees of the vertices is at least 5n. Consequently, the sum of the degrees 
of the vertices of K, is 

n(n - 1) 2 5nk, 

that is, n - 1 > 5k, which is contrary to the assumption n = 5k. Q.E.D. 

Our present knowledge concerning the values off is summarized in the 
next corollary. 

COROLLARY. f(2) = 5,f(3) = 12 or 13, and 

6k >f(k) 2 

4k-1 ij 4<k<7, 
4k+1 if 8 < k < 30, 
5k -+ 1 if 31 < k < 47, 
6k - 46 if 48 < k < 55, 
6k - 47 if 56 < k < 68, 
6k _ 48 if 69 < k < 87, 
6k - 49 if 88 <k < 118, 
6k _ 50 if 119 <k < 181, 
6k - 51 if 182 <k ,< 370, 
6k --- 52 if 371 < k. 

Proof. The values of f(2), f(3) and the lower estimate for 4 < k < 7 
follow from Lemma 2. The upper estimate for k > 4 follows from 
Theorem 2; the lower estimate for 8 < k < 47 follows from Theorem 3, 
for k >, 371 from Theorem 2, and for 48 < k < 370 from Theorem 1 if 
(3) is written in the form 

f(k) > 6k - 53 + a. Q.E.D. 

If we compare this corollary with Lemma 2, we see that the upper 
estimate off(k) has been improved for every integer k > 4, and the lower 
one for every integer k > 8. 

PROBLEM 2. Improve the estimates of f(k) for “small” k (say, for 
3 < k < 30). 

At last we note that an essentially different situation arises with regard 
to factors of K, which have a diameter larger than two. For instance, a 
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decomposition of K, into k 3 2 factors of diameter 3 exists if and only 
if n 3 2k [2, Corollary 1 to Theorem 41. Some further related results are 
given in [2], [3], [4], and [6]. 

REFERENCES 

1. J. B~sAK, P. ERD~S, AND A. ROSA, Decompositions of complete graphs into factors 
with diameter two, Mat. casopis Sloven. Akad. Vied 21 (1971), 14-28. 

2. J. B~sAK, A. ROSA, AM) S. ZNAM, On decompositions of complete graphs into 
factors with given diameters, “Theory of Graphs” (P. Erdiis and G. Katona, eds.) 
(Proc. Colloq. Tihany, Z966), Academic Press, New York, and Akademiai Kiado, 
Budapest, 1968, 37-56. 

3. D. PALUMB~NY, On a certain type of decompositions of complete graphs into factors 
with equal diameters, Mat. casopis Sloven. Akad. Vied 22 (1972), 235-242. 

4. D. PALUMB~NY, On decompositions of complete graphs into factors with equal 
diameters, Boll. 01. Mat. Ital. 7 (1973), 420-428. 

5. N. SAUER, On the factorisation of the complete graph into factors of diameter 2, 
J. Combinatorial Theory 9 (1970), 423426. 

6. N. SAUER AND J. SCHAER, On the factorization of the complete graph, J. Combina- 
torial Theory Sect. B 14 (1973), 1-6. 


