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Abstract

We consider the automaticity of subsemigroups of free products of semigroups, proving that subsemi-
groups of free products, with all generators having length greater than one in the free product, are automatic.
As a corollary, we show that if S is a free product of semigroups that are either finite or free, then any fi-
nitely generated subsemigroup of S is automatic. In particular, any finitely generated subsemigroup of a
free product of finite or monogenic semigroups is automatic.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The notion of automatic group has recently been extended to semigroups and the basic prop-
erties of this new class of semigroups have been established in [3]. The notion of automatic
semigroup does not correspond to a nice geometric property as in the case of groups where be-
ing automatic is the same as having the fellow traveler property (see [1,2]). Nevertheless it is a
natural class of semigroups where we have some interesting computational properties, for ex-
ample, the word problem is solvable in quadratic time (see [3]), and several results concerning
automaticity of semigroups have been established (see, for example, [4,7-10]).
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We are interested in the following general question:
When is a subsemigroup of an automatic semigroup automatic as well?

A general result concerning this problem was established in [9], where the authors have proved
the following:

Proposition 1.1. Let S be a semigroup and let T be a subsemigroup of S such that S\T is finite.
Then S is automatic if and only if T is automatic.

A description of the subsemigroups of the bicyclic monoid, the well-known semigroup defined
by the presentation (b, ¢ | bc = 1), was obtained in [5] and, using this description, the question
above was answered (in [6]) for the bicyclic monoid and its subsemigroups:

Proposition 1.2. All finitely generated subsemigroups of the bicyclic monoid are automatic.

The question was also solved (in [3]) for free semigroups and their subsemigroups where the
following was shown:

Proposition 1.3. If F is a free semigroup and S is a finitely generated subsemigroup of F, then
S is automatic.

In this paper we extend this last result by considering subsemigroups of free products of semi-
groups. We show that some subsemigroups of free products of arbitrary semigroups, including
in particular finitely generated subsemigroups of free semigroups, are automatic.

We start by introducing the definitions we require. Given a finite set A, which we call an
alphabet, we denote by AT the free semigroup generated by A consisting of finite sequences
of elements of A, which we call words, under the concatenation, and by A* the free monoid
generated by A consisting of A1 together with the empty word €. Let S be a semigroup and
¥ :A — S a mapping. We say that A is a finite generating set for S with respect to  if the
unique extension of ¥ to a semigroup homomorphism ¥ : A* — § is surjective. For u,v € A
we write # = v to mean that # and v are equal as words and # = v to mean that # and v represent
the same element in the semigroup, i.e. that uy» = vir. We say that a subset L of AT, usually
called a language, is regular if there is a finite state automaton accepting L. To be able to deal
with automata that accept pairs of words and to define automatic semigroups we need to define
the set A(2,$) = ((AU{$}) x (AU{SH)\{($, $)} where $ is a symbol not in A (called the padding
symbol) and the function §4 : A* x A* — A(2,$)* defined by

€ if 0 =m =n,
(a1,b1) ... (am, bm) if0<m=n,
(a1,b1) ... (am, b)) (S, bs1) ... ($,by) IfO<m <n,
(a1, by1)...(an, by)(ayy1,9%) ... (an,$) ifm>n=0.

(ai...am,b1...by)é4 =

Let S be a semigroup and A a finite generating set for S with respect to ¥ : AT — S. The pair
(A, L) is an automatic structure for S (with respect to V) if
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e L is aregular subset of AT and Ly = S,
o L_={(a,8): a,B €L, a=p}54isregularin A(2,$)", and
o L,={(a,B): a,B €L, aa=B}54isregularin A(2,$)" foreacha € A.

We say that a semigroup is automatic if it has an automatic structure.
Given an alphabet A and a set K C AT we define

Pref(K) = {w € A*: ww’ € K for some w’ € A*},
Suff(K) = {w € A*: w'w € K for some w’ € A*},

Subw(K) = {w € A*: wiww; € K for some wy, wy € A*}

to be the sets of prefixes, suffixes and subwords of words in K, respectively.

If Sq,..., S, are semigroups with presentations (A{ | R1), ..., (A, | R,) then their free prod-
uct, S = Sy x---%S,, s the semigroup defined by the presentation (A1 U---UA, | RiU---UR,;).
Any element s € S can be identified with a sequence

S1...8m (m>1)
of elements of | J;_, Sk such that,
Si€SKk = Siy1¢Sk (=1,....m—1;k=1,...,n);

such a sequence we call a reduced sequence (of elements of | J;_, Sk). Given two elements
S=S1...5m,8 =5] s}, € S, their product ss” is the following: if the elements s,,, s{ do not
belong to a common factor S; then the product ss’ is the concatenation of sequences and in this
case we say simply that the product ss’ is the concatenation; otherwise we have s, s| € S for
some k and the product ss” is the reduced sequence s ... S, 15,55 . - .s;, where s, = 5,5} in Sk.

2. Main result
Our main result is the following:

Theorem 2.1. Let S be a free product of finitely many semigroups. Let H be a subsemigroup of
S generated by a finite set X such that no element of X belongs to a nonfree factor of S. Then H
is automatic.

This result has the following equivalent formulation:
Theorem 2.2. Let S be a free product of finitely many semigroups
S=81%-- xS, xTx---xTp,

where Ty, ..., T, are free semigroups on finite sets Y1, ..., Yy, respectively. Let H = (t1, ..., 1)
be a subsemigroup of S where

Hy ooyt €S\(S1U---US,).

Then H is an automatic semigroup.
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Proof. Let us denote 7; by S,4; fori =1,...,m,andlet Y =Y U.--UY,,. Each generator t;

such that#; ¢ T U - - - U T, can be written as a reduced sequence of elements of UZ’:]" Sk:

1 = 81812+ -Si,p(i)>
with p(i) > 2. Foreach k € {1, ...,n} we define
Ay = {kal,...,kark}
to be an alphabet in bijection with the following finite subset of Si:

1

Fe=J({sijeSe j=1....p0O}) Ulsipirsjn € S injell,.... 11},
i=1

and let fi: Ax — Fj be that bijection (we assume that the alphabets are disjoint). The elements
in Fy are all those from Sy that may appear in a reduced sequence corresponding to an element
from H (here it is essential that no generator belongs to Sy ). They are finitely many and each one
corresponds now to a letter from Ay.

We define the alphabet

A=A U.---UA,UY
and the language L € AT by
L={yi...y: yi€e AjU---UA, VY] U.--UY,,
VieAi=yi¢A;j(=1,... . k— 1;j=1,...,n)}.
The bijections f; induce a homomorphism
fAT >SS

and we will now show that any element in H has a unique representative in L. Given an element
h € H it can be written as a product of the generators #1, ..., #;. Hence, when we write & as a

reduced sequence of elements of U’;:l" Sj:h=uy...u,, each element u; is either some sy
or a product si ,()Si,1 or belongs to a free semigroup 7. It follows from the definition of the

alphabets Ay, ..., A, and from the definition of L that there is a unique word w € L such that
wf =h.
Let yy,...,y; be the unique words in L such that y;f =¢, i =1,...,]. Let X =

{x1,...,x;, 1} be a new alphabet and p be the homomorphism defined by
p:(XU{$})+—> A% xi vy 1,8 e
We define the partial function

AA*—> LUle); er>e,

w > w € L if there is w € L such that w =w in S,
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X" S (X"p)\(e} / H

A f
V ~

(X'p)Ne/

Fig. 1. Diagram with p, f and A.

which maps each word in A™ to the corresponding unique “reduced word” in L if such word ex-
ists. The domain of this partial function is not A* because there may, for example, exista, b € A
for some k, such that (af)(bf) ¢ Fj and in this case there is no word w € L such that w = ab
in S. Nevertheless, since we have

XTo\e) ={va, .- Va: keN; a1, ..., €{1,...,1}},

the partial function A is defined on X p, and more generally, it is easy to see that it is also defined
on

Subw((X+p U )(Tp)+)

We observe that the set XTp\{e} CLCA%isin bijection with H since, given an arbitrary
h e H we have h =1, ...ty if and only if & = (x4, ...Xq)pf, and we have already seen that
there is a unique word in L representing h. Therefore, we can identify the subsemigroup H with
the set X+ p\{e} which is a semigroup, defining the product of two words wi, w2 € X p\{e},
representing two elements sy, sp € H, to be the word wyw; € X+t p\{e}, which represents the
element s1s» € H. This semigroup is generated by the words y1, ..., ;. We observe that this
product may be simply the concatenation or not, depending on the words wy, w», but if it is not
the concatenation, it means that the last letter in w; multiplies by the first letter from w; and
we have |wiwz| = |wjwa| — 1, where |w| denotes the length of w as a word in the generators.
Fig. 1 illustrates the use of our functions by showing a diagram with the relevant subsets of their
domains and ranges.
Let us consider the language K € X defined by

K = {xal 1\)’011 |—1X()[21}’(0:1,052))(0[3 o 1r(o¢,,2,a,71)xat 1’(%—1,0&):

t>1, 0 e{l,... 0} i=1,...1}

where
. lyil =1 if [yvil =lyivil,
r@, j)= e
lyil =2 it lyiyjl=lyvivil — 1.
We observe that |w| = |wp| for any word w € K. We can easily define a finite deterministic

automaton that recognizes the language K and so K is a regular language.
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We denote by H'! the monoid obtained by adjoining an identity 15 to H and we identify this
monoid with the monoid X+ p, obtained from the semigroup X T p\{e} defined above, by adding
the identity €. Hence, we consider X as a generating set for X+p with respect to the unique
extension of the function <p X —> Xtp 0; X —> xp to an homomorphism ¢: XT — X X+p p=H!.
We will show that (X, K') is an automatic structure for H', where K'! is the regular language
KuUu{l}cXx™.

We have

KL=kl =k_U{1,1)],

Kl =K, U{(l,w)éx: we K, wp=y}.
The sets {(1, 1)} and {(1,w)d4: w € K, wp = y;} are finite, since wp = y; implies |w| = |y;l,
and so we just have to prove that K— and Ky, , for each i, are regular languages.
Denoting by * 'a,b, . . generic elements in A;, for wy, wy € A* we write w; > wy if one of
the following situations occur:
(wl € Pref(w;) and w; € A* Y) or
(w2 € Pref(w;) and wy € A*Y)  or
(wi=w g and wy = w 'bw’)  for some i or
(w1 = wlaw’ and w, = wib) for some i.

For w >« wy we define

(e, w) (w2 =wiw, wy € A*Y),

(w, €) (w; = wow, wy € A*Y),
Rem(wi,w2) =1 ,; ; ; c

(a,'bw’) (wy=w'a,wry=w'bw’,i €{l,...,k}),

(aw',’b) (w;=wlaw',wa=wh,ic{l,...,k}).

Intuitively, for two words w;, wy € L we have w; o< w; if one of the words is almost a prefix
of the other, in the sense that it may be possible to multiply the shorter word by a word from L
in order to obtain the longer word. The function Rem (which stands for remainder) gives us the
remainders of the two words: the two suffixes not belonging to the common prefix.

The following result tells us that there is a finite set where we can store the remainders, if we
are dealing with words from our languages.

Claim 1. There is a finite set W C A* such that (wy, wy)dxy € K= U (Ule K,,) implies that, for
allt e N, we have wi(t)p < w3 (t)p and Rem(w1(t)p, wa(t)p) e W x W.

Proof. We take
N=max{lyl:i=1,...,1}
and we will prove that the result holds with

W ={w € Suff(X*p): lw| <N +1}.
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Let wi, w2 € K and ¢ < |wy|, [wz|. By the definition of K, we can write < |w;(t)p| <t +
N (j =1,2) and so we have

[[wi@ o] = [w2@pl| < N.
If (w1, w2)dx € K= then wip = wzp and therefore
wi(t)p > wa(t)p.

Let Rem(wi()p, wa(t)p) = (91, n2) where 11,12 € A*. Since wi, wp, € K € X* we have
wi()p, w2 (t)p € XTpand so wy(t)p, wa(t)p € X+ p. Therefore, by definition of Rem, 1y, 1> €
Suff(X+p). Since ||w;(t)p| — |wa(?)p|| < N, again by definition of Rem, we have |n], [n2| <
N + 1 and we conclude that (1, m2) e W x W.

Suppose now that (w1, w2)84 € K,,. Then we have (w1p)y; = w2p and so

wi(t)p < wa(t)p

for any ¢ € N. Since we have |wip| = |wi| and |w2p| = |wz| we have either |w2| = |wi]| + ||
or |wz| = |wi|+ |yi| — 1 according to whether wipy; = m or not. For t < |w;| we have as
above t < |w;(t)p| <1+ N (j=1,2) and so [[wi(t)p| — [wa(H)pll < N. For |wi| <1 < |wy]
we have

lwi@)p| = wip| =lwil, < wa@)p| < |wil+ |yl < lwi|+N

and so ||lwa(t)p| — w1 (H)p|| < N. Again w(t)p, wa(t)p € X+p, since wy, w, € K € X*, and
we have Rem(w;(¢)p, wa(t)p) e W x W. 0O

From now on we assume that a set W satisfying the conditions of Claim 1 is fixed and we
will use this set to construct automata that allow us to prove the regularity of our languages. We
will prove that there is an automaton M such that K_ = L(M) N (K x K)Sx and automata M;
such that Ky, = L(M;) N (K x K)d8x. Let

M=(Q,B.(e,e),u,T)
where O = W x W is the set of states, B = (X U {$}) x (X U {$}) is the alphabet, (¢, €) is the

initial state, T = {(a,a): a € A1 U---U A, U {e}} is the set of terminal states and the transition
W is the partial function from Q x B to Q defined by

(@ ) =2, Rem(a(p). B(yp))  if a(xp) =< B(yp) and
Rem(a(xp), B(yp)) € W x W

for (o, B) € Q and (x, y) € B.Fori €{l,...,1} we define

M; =(Q.B.(c.€), . T)
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where the set of terminal states T} is defined as follows. If y; = a y/ for some word y/ € AT then
we define

Ti = {(’b,7cy}): bla =Jcin S;} U ("0, *by;): k# j}U{(e, v}
If y; € Y A* then we define
T ={(‘a.*ay;) } U {(. )}

Forwi=x1...xp, w2 =y1...yn, Withxy, ..., Xy, y1, ..., yn € XU{$},and (a, B), (&/, B) €
W x W we write

(. ) 2 (@ B)

and we say that there is a path in the automaton from (e, 8) to (¢/, 8’) labeled by (wy, wy), if
there are (o, fo) = (&, B), (@1, B1),-.., (@, Bu) = (@',p) € W x W such that
(xi,i) .
(@i-1, 1) = (@, Bi), i =1,....n.
The following result, relates a path in the automata with the remainders of the pair of words
labeling the path.

Claim 2. For any wi, wa € (X U {$D)T, with lw1| = |w2|, we have

(@, p) 25 (61,6 = Rem(a(wip). B(w2p)) = (61.62). M
Proof. We will prove this claim by induction on m = |w{| = |w;|. For m = 1 the implication

follows from the definition of . Suppose the claim holds for words of length m and let wy, w»

be words of length m + 1 with (&, ) Mu (61, 62). Then we can write w; = w;x and
wy = why where w) and w), are words of length m. We have (a, 8) M)# (n1,12) and

71, 12) gﬁ)—)u (61, 62) for some words 711, 72 € W. By the induction hypothesis and by defin-

ition of v we have (171, 72) = Rem(a(w]p), B(w}p)) and (61,62) = Rem(n1 (xp), n2(yp)). We
can then write

a(w)p)=w"n, ni(xp) = w6y,

B(wyp) = w"n, m2(yp) = w'é,,

for some words w’, w” € A*.
We will now show that

w’w'f; = w'w'o.

The equation holds trivially for 6; = €. If w’ # € the equation holds as well, since w6 € L. We
will now consider the case where ) # € and w’ = €. If w” € A*Y U {€} then the equation clearly
holds. Otherwise we have w” = w””'a for some i, we must have 1 # € by the definition of Rem

and, since w”n; € L, we have either n; € YA* or n; = /bn} with i # j. Since 1 (xp) = 6; we
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have 8 e YA* or 0; € Aj A* with i # j as well and, in either case, w6, = u791 yielding again
w”w’'0; = w”w’6r. A similar argument shows that w”w’6, = w”w’6s.
Therefore we have

a(wip) = a(w}p) (xp) = o (w}p) (xp)

= (w”m)(x,o) =w'n(xp)=w"wo =w’"w'o

and

B(w2p) = B(w)p)(yp) = B(who)(yp)

= (W"m)(yp) = w'n(yp) = w'w'ty = w'w'o,.
Hence Rem(« (w1 p), B(w2p)) = (01, 62) which concludes the proof of the claim. O

We will now use the two claims to prove that

_=L(M)N (K x K)dy,
Ky, =LM)NK x K)8xy (i=1,....0),

by showing each of the four inclusions separately.

To prove that K— € L(M) let (wy, w2)dx € K— arbitrary. We have wip = wzp, |w(| =
|wip| =|w2p| = |wy| and we can write wy = y;...yrand wp =z ...z With yi, ..., ¥, 21 ...,
zx € X. Using the two claims and by definition of ;= we can construct a unique path labeled by
(w1, wa),

(€. €) (1,21) p (’717’7/1) (32,22) B (’72777/2) (33,23) s (Vk>2k) B (ﬁkﬁ?//()7

with all n;, n; € W. By Claim 2 we must have (1, 1) = Rem(w1p, w2p). Since wip = wp,
by definition of Rem we have (7, n,’{) =(a,a) withae A U---U A, U {e}, which means that
(wy, w2)da € LIM).

To prove that L(M) N (K x K)§x € K- let wy, wy be arbitrary words in K such that
(wy, w2)dx € L(M). We can write wy = y;...y; and wy =z1...2, Where y1,..., 4,215,
Zr € X. So there is a path

(€, €) (V1-+-Yks21-+-2k) (@, a)

in M where k =max{q,r}, yy+1 == =2z41=--=z=%$anda € Ay U---UA, U{e}.
By Claim 2 and since $p = €, we have (a, a) = Rem(wy p, wzp) which implies that w; = w; as
elements of H and so (w, wy)dxy € K—.

To prove that Ky, € L(M;) let (w1, w2)84 € Ky, be arbitrary. We have (w;p)y; = wsp and
we write w1 =y1... Y, w2 =21...2 With y1, ..., ¥, z1,..., 2 € X. We note that r = |wy| =
|[wap| = |(w1p)yi| > |wip| = |wy| = ¢. Using the previous claims and by definition of u we can
construct a unique path in M; labeled by (w;$ %, wy),
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(€. €) (y1,21) " (771’ 77/1) (2,22) " (712’ 77/2) N

($,Zr)

" s,
i), w (1) E ZHI‘)’M (et M) = =+ ==>u (07, m7),

with all n;, n/j € W. By Claim 2, (n,, n,.) = Rem(wip, w2p). If y; € Y A* then, we might have
wp € A*Y and so (1,,n.) = (€, ;) € T;, or wip = wka and then (n,,n.) = (a,*ay;) € T; as
well. Otherwise we have y; = /ayi’ and, since (w1 p)y; = W, p, there are three possibilities: we
have either wip = w'/b and w2p = w'/cy/ with /bla = Jc in S}, and so Rem(wip, w2p) =
(-/b,/cyi/) eT;; or wip=whrb (k# j) and wop = w’by; and then Rem(i1p, W2p) =
(kb,kbyi) € T;; or wip € A*Y and then Rem(wip, w2p) = (€, ;) € T;. In any case (1, 17.) =
Rem(wip, wyp) € T; and so (wy, wp)dx € L(M;).

To prove that L(M;) N (K x K)dx € Ky, let wy, wp € K arbitrary such that (wy, wz)éx €

L(M;). We can write w; = y; ...y, and wp =23 ...z, where y1,..., ¥4, 21,..., 2 € X. There
is a path
(V1-+-Yks21-+-2k) /
(€,6) ———> (1, 17)

in M; where k =max{q,r}, yg41 =" =Yk =241 =---=2x =$and (, ') € T;. By Claim 2
we have (17, ') = Rem(wyp, wzp). If y; = /ayi’ then, by definition of T;, we have either (, n’) =
(b, Jcy!) with Jbia = Jc in S}, or (n,7') = (*b,*by;) with k # j, or (n,7) = (€, ;). In the
first case we have wip = w/b and Wrp = chyi/ for some word w € A* and so we can write
(w1p)yi = wiblay! = wicy] = wrp which means that wix; = w> in H. In the second case we
have wip = w'b and W2p = w*by; for some word w € A* and so we can write (w1p)y; =
wkby; = s p and again wix; = w, in H. In the third case we have wip € A*Y and so w;p =
w1 py; = (w1 p)y; which implies wy = wyx; in H. If we have y; € Y A* then, by definition of T;,
we have either Rem(wyp, w;p) = (*a, kayi) or Rem(wyp, wzp) = (€, ;). In the first case we
have w1p = wfa and w;p = w¥ay; which implies that (w;p)y; = wkay; = w*ay;, = w2p and
therefore wix; = wy in H. In the second case we have w1 p € A*Y and wap = wipy; = (W1 p)Y;
which implies again wy = wix; in H. So in any case (w1, w2)dx € Ky, and the inclusion is
proved.

To conclude the proof of the theorem we observe that, since K— = L(M) N (K x K)&4 and
Ky, =LM;)N(K x K)b4, K= and K, are regular languages and so H'! is automatic which
implies, by Theorem 1.1, that H is automatic. O

3. Corollaries and problems

We have the following consequence of our result, which concerns free products of free and
finite semigroups:

Corollary 3.1. If S is a free product of semigroups that are either finite or free then any finitely
generated subsemigroup of S is automatic.

Proof. Let S =Sy *---xS,*T*---%T, where S1, ..., S, are finite semigroups and 71, ..., T,
are free semigroups. Let H be an (infinite) subsemigroup of S. Suppose that H is generated by
A ={t1,...,11} € S and, without loss of generality, that AN S} = {t1, ..., %} (0 <k <[). Since
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the semigroup U = (11, ..., ) is a subsemigroup of S; it is finite. Let H' be the semigroup
generated by the finite set

A ={U' U UU' U U
‘We observe that
AN(SU---US)2A' NS U---USy), A'NS =0,

and H\H' = U is finite. If A’ contains elements from S, we can remove them the same way
obtaining a semigroup H” generated by a set A” that does not contain elements from S U S, and
such that H\ H” is finite. Repeating this process for every S; that contains generators we will
obtain a semigroup V generated by a set B such that BN (S U---US,;) =0 and H\V is finite.
Since V is in the conditions of the previous theorem it is automatic. Since H\V is finite we can
use Proposition 1.1 and conclude the H is automatic. O

Corollary 3.2. Any finitely generated subsemigroup of a free product of finite semigroups is
automatic.

Proof. This is a particular case of the previous corollary, worth stating separately. O

We say that a semigroup is monogenic if it is generated by a single element and we have the
following result:

Corollary 3.3. Any finitely generated subsemigroup of a free product of monogenic semigroups
is automatic.

Proof. A monogenic semigroup is either free or finite and so we can use Corollary 3.1. O

Defining a semigroup to be strongly automatic if all its finitely generated subsemigroups are
automatic we may ask the following question:

Question 3.1. Is the free product of strongly automatic semigroups strongly automatic in gen-
eral?

The answer to the same question for groups is “yes” because we can use the Kurosh Subgroup
Theorem: If H is a subgroup of G * G then H is isomorphic to F x H; % Hy where F is a free
group, Hj is isomorphic to a subgroup of G and H» is isomorphic to a subgroup of G,. For
semigroups it is still an open question.

By Proposition 1.2 the bicyclic monoid is strongly automatic and so we may also consider the
following question:

Question 3.2. Does Theorem 2.1 still hold if we allow generators to belong to factors isomorphic
to the bicyclic monoid?
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