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We give an explicit p-adic expansion of �np
j=1, ( j, p)=1 j&r as a power series in n.

The coefficients are values of p-adic L-functions. � 1998 Academic Press

Several authors (see [2, pp. 95�103]) have studied the sums

:
np

j=1
( j, p)=1

1
j r

modulo powers of the prime p, especially in the cases where r=1 or n=1.
In the present paper, we give explicit p-adic expansions of these sums as
power series in n. This result was inspired by a recent paper of D. Boyd
[1], who gave such an expansion in the case r=1. An examination of
his proof shows that the coefficients of the expansion are values of p-adic
L-functions. In the following, we give another proof of Boyd's result and
show that there is such an expansion for each integer r. This yields several
classical congruences.

Let p be a prime and let Lp(s, /) be the p-adic L-function attached to a
character / (we give relevant facts about p-adic L-functions below). Let |
be the Teichmu� ller character. Our main result is the following.

Theorem 1. Let p be an odd prime and let n�1 and r be integers.

(a) If r�1, then

:
np

j=1
( j, p)=1

1
j r=& :

�

k=1 \
&r
k + Lp(r+k, |1&k&r)( pn)k
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and

:
2n

j=1
( j, 2)=1

1
j r=& :

�

k=1
\&r

k + L2(r+k, 1)(2n)k.

(b) If r�0, then

:
np

j=1
( j, p)=1

j r=
1

r+1 \1&
1
p+ ( pn)r+1& :

�

k=1
k{r+1

\ r
k+ Lp(&r+k, |1&k+r)( pn)k

and

:
2n

j=1
( j, 2)=1

j r=
1

r+1 \1&
1
2+ (2n)r+1& :

�

k=1
k{r+1

\ r
k+ L2(&r+k, 1)(2n)k.

Remarks. (1) The case r=1 in the first formula is easily shown to be
equivalent to Boyd's result.

(2) The sums in (b) are finite (k�r) and are simply variations of the
classical formula for sums of powers in terms of Bernoulli polynomials. The
omitted term for k=r+1 is

\ r
r+1+ Lp(1, |0)( pn)r+1=0 } �,

since the p-adic zeta function has a pole at 1. If we interpret this term to
be

lim
s � r \

s
r+1+ Lp(s+1&r, |0)( pn)r+1=

&1
r+1 \1&

1
p+ ( pn)r+1,

then the second equation is the same as the first. This of course is not
surprising since the various expressions are p-adically continuous (except
for poles) in r if r is restricted to a fixed residue class mod p&1.

(3) The value of the p-adic L-function Lp(s, |t) at the negative
integer 1&m equals (1&|t&m( p) pm&1) L(1&m, |t&m), where the last
factor is the classical Dirichlet L-function for the character |t&m (under a
suitable embedding of | into C). The terms in the sums all correspond to
the case where t&m=0 (though sometimes with 1&m>0), which means
the character | ``disappears'' and we are working with p-adic analogues of
values of the Riemann `-function.
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(4) The above is the p-adic analogue of the easily proved identity

:
�

j=1
\ 1

j r&
1

( j+x)r+=& :
�

k=1
\&r

k + `(r+k) xk,

which holds for r�1. If we could choose x to be a positive integer, we
would get a partial sum on the left; but the right side does not converge
for |x|�1. There is an analogue of the second equation in Theorem 1 for
non-negative integers x, but it is again simply the expression for sums
of powers in terms of Bernoulli polynomials. We also can remove the
multiples of p from the sum and obtain

:
�

j=1
( j, p)=1

\ 1
j r&

1
( j+x)r+=& :

�

k=1
\&r

k + (1& p&(r+k)) `(r+k) xk.

As pointed out above, the values of the p-adic L-functions in the theorem
are analogues of the numbers (1& p&(r+k)) `(r+k).

The theorem contains several classical results. As examples, we give the
following three results of Glaisher ([4, 5]; see also [7]). The first part of
Corollary 1 with r=1 implies Wolstenholme's theorem [6]. All of these
Corollaries result from looking at the first non-zero term in Theorem 1
(k=2 if r is odd, k=1 if r is even). The special case in Corollary 3
corresponds to the leading term being a p-adic L-function with a pole. The
other case where the leading term has a pole yields the trivial result that
� p&1

j=1 1�j p&1#&1 (mod p).
Of course, using more terms in Theorem 1 yields stronger congruences.

It is possible to use part (b) of Theorem 1 to obtain congruences for sums
of positive powers, though these are easily (and equivalently) obtained
using Bernoulli polynomials.

Corollary 1. Let r�1 be odd and suppose p�r+4. Then

:
p&1

j=1

1
j r#&

r(r+1)
2(r+2)

Bp&r&2 p2 (mod p3).

Corollary 2. Let r�2 be even and suppose p�r+3. Then

:
p&1

j=1

1
j r#

r
r+1

Bp&r&1 p (mod p2).
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Corollary 3.

:
p&1

j=1

1
j p&2#&p (mod p2).

We can also give information on when a higher power of p divides these
sums.

Corollary 4. If r is odd, 1�r� p&6, and Lp(s, |&1&r) has a zero ;
with ;#r+2 (mod p), then

:
p&1

j=1

1
j r#0 (mod p4).

If r is even, 2�r� p&5, and Lp(s, |&r) has a zero ; with ;#r+1
(mod p), then

:
p&1

j=1

1
j r#0 (mod p3).

The converse of Corollary 4 is not necessarily true. It is possible, though
probably rare, that these higher congruences hold without the existence of
a zero. This problem can be interpreted in terms of the coefficients of the
corresponding Iwasawa power series (see the remark after the proof of
Corollary 4).

In Theorem 2 below, we treat sums over arithmetic progressions, from
which it is also possible to obtain results such as Theorem 1 and the above
corollaries for sums of the form

:
nF

j=1
( j, p)=1

/( j) j\r,

where / is a Dirichlet character and F is any multiple of p and the
conductor of /. In particular, the following holds:

If /{1 and r # Z, then

:
nF

j=1
( j, p)=1

/( j)
j r =& :

�

k=1
k{ &r+1

\&r
k + (nF )k Lp(r+k, /|1&r&k).
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1. p-ADIC L-FUNCTIONS

Before giving the proofs, we need a few facts about p-adic L-functions.
Define the Bernoulli numbers by the series

t
et&1

= :
�

n=0

Bn
tn

n !
.

Let | be the p-adic-valued Teichmu� ller character, so |(a)#a (mod p) and
|(a) p=|(a) when p�3. If p |% a, let (a)=a�|(a). Finally, if x # Zp (=the
p-adic integers), let ( x

k)=(x)(x&1) } } } (x&k+1)�k !. When p is odd, or
when p=2 and |t=1, the p-adic L-function for the character |t (this is
the only case we need) satisfies

Lp(s, |t)=
1

s&1
1
p

:
p&1

a=1

|(a)t (a) 1&s :
�

j=0
\1&s

j + (Bj) \p
a+

j

for s # Zp . This is a p-adic analytic function (except possibly at s=1) and
has the following properties:

(1) Lp(1&k, |t)=&(1& pk&1) Bk�k when 1�k#t (mod p&1)

(2) Lp(s, |t) is identically 0 when t is odd

(3) Lp(s, |t) # Zp for all s # Zp when t�0 (mod p&1)

(4) If t�0 (mod p&1), then Lp(s1 , |t)#Lp(s2 , |t) (mod p) for all
s1 , s2 # Zp

(5) Lp(s, 1) has a simple pole at s=1 with residue 1&1�p.

The proofs of (1)�(5) may be found in [8, Chap. 5]. The formula for
Lp(s, |t) is also proved there, except for the case of p=2, where usually the
sum is for a=1, 3 and an extra factor of 2 is introduced in order to obtain
an expression that is analytic for all s # C2 with |s|�23�2. However, if we
restrict to s # Z2 , the above formula is a uniformly convergent sum of
continuous functions on Z2 and takes on the correct values at negative
integers (by the proof in [8]; the problem with general s is that the binomial
coefficients can have negative 2-adic valuation when s lies in an extension
of Z2). Therefore the formula must give the desired function L2(s, 1). The
case with p=2 and t=1, where the function is identically 0, clearly cannot
be given by this formula since we would obtain the same function as when
t=0.

Let F be a positive integer and let 0<a<F. Define the partial zeta
function (for Re(s)>1) by

H(s, a, F )= :
�

n=0

1
(a+nF)s .
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It is known that H(s, a, F ) can be analytically continued to the whole
complex plane, except for a simple pole at s=1 with residue 1�F, and

H(1&k, a, F )=&
F k&1

k
Bk \a

F+
for positive integers k, where Bk(X ) is the k th Bernoulli polynomial.

When F is a multiple of p and (a, p)=1, there is a p-adic analogue
defined by

Hp(s, a, F )=
1

s&1
1
F

(a) 1&s :
�

j=0
\1&s

j + (Bj) \F
a +

j

for s # Zp . It satisfies

Hp(1&k, a, F )=|&k(a) H(1&k, a, F )

for all positive integers k, and it has a simple pole at s=1 with residue 1�F.
This is proved in [8, Theorem 5.9], except in the case p=2, where it is
required that 4 | F. This extra condition is not needed if we restrict to
s # Zp , as discussed above. Note that

Lp(s, |t)= :
p&1

a=1

|t(a) Hp(s, a, F ),

except in the case where p=2 and |t=|.
We shall actually prove the following result. Taking F= p and summing

over 1�a� p&1 yields Theorem 1.

Theorem 2. Let F be a multiple of p and let (a, p)=1. If r�1 then

:
n&1

l=0

1
(lF+a)r=& :

�

k=1
\&r

k + |(a)1&r&k Hp(r+k, a, F )(Fn)k.

If r�0 then

:
n&1

l=0

(lF+a)r

=
1

r+1
1
F

(Fn)r+1& :
�

k=1
k{r+1

\ r
k+ |(a)1+r&k Hp(&r+k, a, F )(Fn)k.
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2. THE PROOFS

Proof of Theorem 2. We need the following identity on binomial
coefficients:

1
r+k&1 \

&r
k +\1&r&k

j +=
&1

k+ j \
&r

k+ j&1+\
k+ j

j + .

This holds for all integers r, j, k with j, k�0, j+k>0, and r{1&k.
We also need the classical fact that, for positive integers s and n,

:
n&1

l=0

ls&1=
1
s

:
s&1

j=0
\ s

j+ (Bj) ns& j.

Let r�1. Then

:
�

k=1
\&r

k + |(a)1&r&k Hp(r+k, a, F )(Fn)k

= :
�

k=1

:
�

j=0
\&r

k + 1
F(r+k&1)

a1&r&k \1&r&k
j + Bj \F

a +
j

(Fn)k

=& :
�

k=1

:
�

j=0

1
F \

&r
k+ j&1+\

k+ j
j + 1

k+ j
Bjnk \F

a +
j+k

a1&r

=& :
�

s=1

:
s&1

j=0

1
F \

&r
s&1+\

s
j+

1
s

Bjns& j \F
a +

s

a1&r

=& :
�

s=1

a&r \F
a +

s&1

\ &r
s&1+ :

n&1

l=0

ls&1

=& :
n&1

l=0

a&r :
�

s=1
\ &r

s&1+\
Fl

a +
s&1

=& :
n&1

l=0

1
(Fl+a)r .

The proof of the second equation is similar: Allow r�0 in the above and
omit the terms with k=&r+1, or equivalently the terms with j=r+s&1
and s�1&r. The expression �n&1

l=0 ls&1 must be changed to

:
n&1

l=0

ls&1&
1
s

Br+s&1n1&r \ s
r+s&1+

when s�1&r to account for the omitted terms. Since ( &r
s&1)=0 for s�

2&r, we only have to make this correction for the term corresponding to
s=1&r. An easy calculation yields the result. K
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The corollaries result from looking at the first nonzero term in the sum
in Theorem 1. To do this, we first need to treat the higher terms.

Lemma. Assume p�5, p�r, and k�3. If either r{ p&3 or k{3, then
Lp(r+k, |1&k&r) pk#0 (mod p3). In the case r= p&3 and k=3, we have
Lp( p, 1) p3#p2 (mod p3).

Proof. If 1&k&r�0 (mod p&1) then vp(Lp(r+k, |1&k&r))�0, so
we may restrict to the case 1&k&r#0 (mod p&1). For j�1 we may
write

1
s&1 \

1&s
j +=

&1
j \ &s

j&1+ ,

so the contribution to the denominator from this factor is bounded by j.
Since the von Staudt�Clausen theorem implies that at most p1 divides the
denominator of the Bernoulli numbers, we obtain

Lp(s, 1)#
1

s&1
1
p

:
p&1

a=1

(a)1&s (mod Zp).

Therefore, since (a) #1 (mod p),

vp(Lp(s, 1))=&vp(s&1)&1.

Since (with logp denoting the usual archimedean logarithm to the base p)

vp(r+k&1)+1<logp(k+ p)+1<k&2

for k�5, we only need to consider k=3 and k=4.
For k=3, if r+k&1#0 (mod p&1), then r= p&3, so we are in the

exceptional case in the statement of the lemma. We have Lp( p, 1)#
(1�( p&1))(( p&1)�p)#(1�p) (mod Zp), which yields the result in this case.
When k=4, we have r= p&4 and vp(Lp( p, 1) p4)=&1+4=3. K

Proof of Corollary 1. Since r is odd, the summand for k=1 vanishes in
Theorem 1. From the lemma we obtain

:
p&1

j=1

1
j r#&

r(r+1)
2

Lp(r+2, |&1&r) p2

#&
r(r+1)

2
Lp(r+2& p+1, |&1&r) p2

#
r(r+1)

2
(1& p p&r&3)

Bp&r&2

p&r&2
p2

#&
r(r+1)
2(r+2)

Bp&r&2 p2 (mod p3). K
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Proofs of Corollaries 2 and 3. Similar to the proof of Corollary 1. For
Corollary 3, we need the special case of the above lemma. K

Proof of Corollary 4. We consider the case of odd r. The case of
even r is similar. The terms for k=1 and k=3 vanish identically. Since
r{ p&4, the argument in the proof of the lemma shows that the terms
with k�4 are #0 (mod p4). Therefore

:
p&1

j=1

1
j r#&\&r

2 + Lp(r+2, |&1&r) p2 (mod p4).

It follows easily from [8, Theorem 5.12] that if s1 #s2 (mod p) then
Lp(s1 , |&1&r)#Lp(s1 , |&1&r) (mod p2) (the congruence also follows from
the expression of the p-adic L-function in terms of its Iwasawa power
series). Therefore

Lp(r+2, |&1&r)#Lp(;, |&1&r)=0 (mod p2),

which yields the result. K

Remark. Let f (T, |&1&r)=a0+a1 T+ } } } # Zp[[T]] be the Iwasawa
power series, so Lp(s, |&1&r)=f ((1+ p)s&1, |&1&r). If p | a1 , we have
Lp(s1 , |&1&r)#Lp(s2 , |&1&r) (mod p2) for all s1 , s2 # Zp , so we only
need the existence of ;, rather than the congruence ;#r+2 (mod p), to
obtain Corollary 4. Of course, the existence of ; implies p | a0 . There are no
known examples with both p | a0 and p | a1 .

3. DIVISIBILITY BY p

Boyd's result was introduced to study the question of when a prime p
divides the partial sums of the harmonic series. Let

H r
n= :

n

j=1

1
j r

and let

S r
p=[n | p divides the numerator of H r

n].

Boyd gave a heuristic argument based on branching processes that indicated
that S 1

p should be finite for each p. For a set of primes of density 1�e, S 1
p

should consist of only the three numbers p, p2& p, and p2&1. However,
there should be p for which S 1

p is arbitrarily large. For example, he was
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able to show that S 1
11 has 638 elements. This required a lot of computation,

and the expansion of Theorem 1 as a power series in n was very useful.
When r�2, the situation is somewhat different. We give a crude

probability argument that indicates what should be expected. From
Theorem 1, we have (if p�r+3)

H r
pn&

1
pr H r

n #0 (mod p).

Also, it is easy to see that, for 0�k� p&1,

H r
pn+k #H r

pn+H r
k (mod p).

It follows that, for 0�k� p&1,

H r
pn+k#0 (mod p) � H r

n#0 (mod pr) and H r
pn #&H r

k (mod p)

(see [1], [3]).
For simplicity, consider the case r=3. We regard H 3

k for 0�k� p&2 as
random mod p3, and also H 3

p&1 �p2 as random mod p (cf. Corollary 1).
These heuristic assumptions are of course unproved, but it seems reasonable
to expect that they are approximately true. For the numbers H 3

a with
1�a� p&1, the standard heuristic argument (see the corresponding
argument for Bernoulli numbers in [8, p. 63]) would say that with prob-
ability e&1�j ! the number of a with H 3

a #0 (mod p) should be j+1 (the
``+1'' occurring because we know that H 3

p&1 #0 (mod p)); but this
ignores the fact that H 3

a #H 3
p&1&a (mod p). If we regard this as being the

only relation that is not random, then we get 2 j+1 with probability
e&1�2(1�2) j�j ! (the contribution of the midpoint a=( p&1)�2 is negligible).

Now consider a number a+bp with 0�a, b� p&1, b{0. We have
H 3

a+bp #0 (mod p) if and only if H 3
b #0 (mod p3) and H 3

bp #&H 3
a

(mod p). When 1�b� p&2, this happens with probability 1�p4. Since we
have (slightly less than) p2 such numbers a+bp, the probability that at
least one of them yields an example of H 3

a+bp #0 (mod p) is approximately
1&(1&1�p4) p2

t1�p2. Since �p 1�p2<�, we expect only finitely many p
to contribute examples. For b= p&1, we have H 3

p&1 #0 (mod p3) with
probability 1�p. When this happens, we look at the congruence H 3

( p&1)p#
&H 3

a (mod p). This congruence is satisfied for 2k values of a with probability
e&1�2(1�2)k�k ! (recall that H 3

p&1&a #H 3
a ; we ignore a=( p&1)�2). Since

�p 1�p=�, we expect infinitely many p to yield examples, though such p
should be rare. In fact, Corollary 1 says that these p must satisfy Bp&5 #0
(mod p). In summary, we expect a thin set of p for which there exists some
a� p&1 with H 3

a+( p&1)p #0 (mod p), and otherwise, except for finitely

59p-ADIC L-FUNCTIONS



File: DISTIL 219511 . By:CV . Date:18:02:98 . Time:08:14 LOP8M. V8.B. Page 01:01
Codes: 3911 Signs: 2376 . Length: 45 pic 0 pts, 190 mm

many exceptional p, the only cases with H 3
n #0 (mod p) should have

n� p&1. A slight extension of this argument shows that we do not expect
S 3

p to contain any n>p2, except possibly for finitely many exceptional p.
However, the contributions of the numbers a+ p( p&1) indicates that S 3

p

can contain arbitrarily large sets of integers between p and p2.
For r�4, a similar argument shows that we should not expect S r

p to
contain any n>p. For r=2, we do not expect S 2

p to contain any n>p2, but
there should be a thin set of p where S 2

p contains at least one n with
p<n<p2.

Of course, the above arguments are rather imprecise. For example,
they do not take into account various relations among the numbers H r

k .
However, such relations should have a minimal effect on the heuristics.

For r=3, and 7� p<200, there are 27 values of p for which S 3
p=[ p&1].

For 11 values of p, S 3
p has 3 elements. For 4 primes p, S 3

p has 5 elements,
and S 3

37 has 7 elements.
The prime p=37 is an interesting example. A calculation shows that

H 3
k #0 (mod 37) for k=4, 13, 23, 32, 36, and H 3

k �0 (mod 373) for k=4,
13, 23, 32. We have B37&5 #0 (mod 37), so H 3

36 #0 (mod 373). A calcula-
tion yields H 3

36 �373#28 (mod 37). For k=8 and k=28, we have H 3
k #9

(mod 37), so H 3
36 V 37+k #0 (mod 37) for these two values of k. Neither of

these two values of H is divisible by 373, so we cannot continue further.
Therefore 37 divides H 3

k for precisely the values k=4, 13, 23, 32, 36, 1340,
1360.
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