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Abstract

We define and study twisted support varieties for modules over an Artin algebra, where the twist is induced by an automorphism
of the algebra. Under a certain finite generation hypothesis we show that the twisted variety of a module satisfies Dade’s Lemma
and is one dimensional precisely when the module is periodic with respect to the twisting automorphism. As a special case we
obtain results on D Tr-periodic modules over Frobenius algebras.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we define and study a new type of cohomological support varieties, called twisted support varieties,
for modules over Artin algebras, varieties sharing many of the properties of those defined for Artin algebras in [12]
and [27]. In those papers the underlying geometric object used to define support varieties was the Hochschild
cohomology ring of an algebra, whereas our geometric object is a “twisted” Hochschild cohomology ring, the twist
being induced by an automorphism of the algebra.

By introducing a finite generation hypothesis similar to the one used in [7] we are able to relate the dimension
of the twisted variety of a module to the polynomial growth of the lengths of the modules in its minimal projective
resolution. In particular Dade’s Lemma holds, that is, the twisted variety of a module is trivial if and only if the module
has finite projective dimension. This property is highly desirable in any cohomological variety theory. Moreover,
the modules whose twisted varieties are one dimensional are precisely those which are periodic with respect to the
twisting automorphism, a concept defined in Section 4. As a special case we obtain results on D Tr-periodic modules
over Frobenius algebras.

Both when studying the twisted Hochschild cohomology ring and twisted support varieties we illustrate the theory
with examples taken from the well known representation theory of the four dimensional Frobenius algebra
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where k is a field and g € k is not a root of unity. Indeed, detecting the D Tr-periodic modules over this algebra by
means of support varieties was the motivation for this paper in the first place.

2. Preliminaries

Throughout we let k be a commutative Artin ring and A an indecomposable Artin k-projective k-algebra with
Jacobson radical . Unless otherwise specified all modules considered are finitely generated left modules. We denote
by mod A the category of all finitely generated left A-modules, and we fix a nonzero module M € mod A with
minimal projective resolution

d. d d
P: o> Py P =5 Py M — 0.

Let F: mod A — mod A be an exact k-functor. It follows from a theorem of Watts (see [23, Corollary 3.34]) that
there exists a bimodule Q having the property that F is naturally equivalent to the functor Q ® 4 —, and that Q may
be chosen to be F(A). Since Q is in mod A it has finite k-length and is therefore finitely generated also as a right
module, and this implies that Q is projective as a right module (it is flat). Suppose Q is projective also as a left module
(but not necessarily as a bimodule). Then if P is a projective A-module the functor Hom 4 (F (P), —), being naturally
isomorphic to Hom, (P, Hom 4 (Q, —)), is exact, hence F (P) is projective.

For such a functor F and a positive integer ¢ € N, define a homogeneous product in the graded k-module

Ext'} (F*(M), M) = €D Ext'} (F"(M), M)
n=0

as follows; if n and 6 are two homogeneous elements in Ext’/]k (F*(M), M), then

0o £ no FIN/ @),

TP

where “o” denotes the Yoneda product. In other words, if n and 8 are given as exact sequences
n0—->M-—> A, 41— — Ay~ F'"(M)—> 0
0:0—-> M — B;y_1— ---— By — F"(M) — 0,

then 16 is given as the exact sequence obtained from the Yoneda product of the sequence n with the sequence
F"(©): 0 > F*(M) > F"(Byp—1) = -+ — F"(Bg) - F"™" (M) — 0.

Furthermore, for a A-module N, define a homogeneous right scalar action on Ext’/i‘(F *(M), N) from
Ext'{ (F*(M), M) as follows; if u € Ext'{ (F*(M), N) and n € Ext';(F*(M), M) are homogeneous elements, then

def
un = o FIM/ ().
Lemma 2.1. Extending the homogeneous product and scalar product defined above to all graded elements makes
Extt/T(F* (M), M) into a graded k-algebra and EXt’/’l"(F*(M), N) into a graded right Extt/’l"(F*(M), M)-module.

Proof. The product in Ext’/]k (F*(M), M) is associative, and the right distributive law holds; if 01,6, and n are
homogeneous elements such that 6] and 6, are of the same degree ¢n, then

01 +62)n = (01 +62) 0 F"(1) =010 F"(n) + 620 F"(17) = 011 + 021.

Now suppose the degree of 7 is tm. We can represent 9; as a map

f.
QRF"(M)) > M,

and since the functor F"" preserves direct limits (in particular pushouts) and projective resolutions (though it may not
preserve minimal resolutions), we see that the map

F™(fs,)
——

F" (2 (F"(M))) F"(M)
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represents F™(6;). As F™ is additive we have F™(fs, + fo,) = F"(fo,) + F"(fs,) as elements of
Hom  (F™ (' (F"(M))), F™(M)), and this implies that F” (01 + 62) = F™(61) + F™(62). Therefore the left
distributive law also holds for the homogeneous product;

n61+62) = no (F" (61 +62) = no (F"(61) + F"(62))
=no F"(01) +no F"(62) = noi + noa.

Extending this homogeneous product in the natural way we see that Ext’;f(F *(M), M) becomes a graded k-algebra,
and similar arguments show that Ext’j‘(F *(M), N) is a graded right Ext’/i‘(F *(M), M)-module. O

Example. Suppose k is a field and A is self-injective, and consider a bimodule B in the stable category mod A€ of
finitely generated A°-modules modulo projectives. The Auslander—Reiten translation 74 = D Tr is a self-equivalence
on mod A°, and we can endow the graded k-vector space

o
A(B, T4¢) = Hom (B, B) ® @HomAe(rjle(B), B)
i=1
with a product as follows; for two homogeneous elements f € A(B, Tpe),, and g € A(B, T4e), we define fg to
be the composition f o ‘L';l”e (g) € A(B, T4¢)m+n- In this way A(B, t4c) becomes a graded k-algebra. Now for any
self-injective Artin algebra I" the functors r} and lefj\/ i are isomorphic by [3, Proposition IV.3.7], where N is the
Nakayama functor DHom (—, I"). Therefore the orbit algebra A(B, t4¢) of the bimodule B has the form

o
Hom (B, B) @ €5 Hom 4 (23, (N B), B),

i=1

giving an isomorphism

o0
A(B, T4¢) ~ @Ext’ﬁ{ew"& B)
i=0
of graded k-algebras.

The algebra A(A, t4e) is called the Auslander—Reiten orbit algebra of A, and these algebras have been extensively
studied by Z. Pogorzaly. In [18] it was shown that they are invariant under stable equivalences of Morita type between
symmetric algebras; if I" and A are finite dimensional symmetric K -algebras (where K is a field) stably equivalent of
Morita type, then A(I", tpe) and A(A, T c) are isomorphic K -algebras. This was generalized in [19] to arbitrary finite
dimensional self-injective algebras. In [21] the Auslander—Reiten orbit algebras of a class of finite dimensional basic
connected self-injective Nakayama K -algebras were computed. Namely, it was shown that if I" is such an algebra
of tpre-period 1, then A(I', tpe) =~ K[x]if I' is a radical square zero algebra, and if not then there exists a natural
number ¢ such that A(I", Tpe) >~ K[x, y]/(y"). In [20] T-periodicity was investigated using similar techniques as was
used in [25] to study syzygy-periodicity.

3. Twisted Hochschild cohomology

The underlying geometric object used in [12] and [27] to define support varieties was the Hochschild cohomology
ring HH* (4, A) = Ext’. (4, 4) = @ZOZO Ext'j. (4, A) of A (where A° is the enveloping algebra A ®; A°P of A). For
an Artin k-algebra I" and any pair of A-I"-bimodules X and Y the tensor map

—®4X: Exth.(4, 4) — Extjl®k rop(X, X)

is a homomorphism of graded k-algebras, making Ext’ @ [P (X, Y) aleft and right Ext’j. (4, A)-module via the maps
—®2Y and — ®/ X, respectively (followed by Yoneda product). Now since A is projective as a k-module, it follows
from [28, Proposition 3] that for any two A-A bimodules B and B’ which are both projective as right A-modules, and
for any homogeneous elements n € Ext"/‘le(B, B)and 6 € Ext”/‘1 &y [P (X, Y), the Yoneda relation

N®4Y)o(B®460) = (—D"(B' ®,40)0 (@4 X) ©)
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holds (see also [27, Theorem 1.1]). By specializing to the case I' = Aand B = B’ = X = Y = A we see that the
Hochschild cohomology ring HH*(A, A) of A is graded commutative, whereas the case I’ = kand B = B’ = A
shows that for any pair of A-modules X and Y the left and right scalar actions from HH*(4, A) on Ext’ (X, Y) are
related graded commutatively.

Denote the commutative even subalgebra -, Ext?/l”e (4, A) of HH*(A, A) by H®'. The support variety of the
A-module M is the subset

V(M) & {m € MaxSpec H®' | Annpev Ext’y (M, M) € m}

of the maximal ideal spectrum of H®'. As shown in [12] and [27], the theory of support varieties is rich and in
many ways similar to the theory of cohomological varieties for groups, especially under the hypothesis that H®" is
Noetherian and that Ext*) (X, Y) is a finitely generated H®"-module for all A-modules X and Y.

In order to obtain a partly similar theory of twisted support varieties, the underlying geometric object we use
is a “twisted” version of the Hochschild cohomology ring. Let I" be any ring and let p,¢: I’ — I’ be two ring
automorphisms. If X is a left I’-module and B is a I'-I'-bimodule, denote by ,X and B, the left module and
bimodule whose scalar actions are defined by y -x = ¢(y)x and y1 - b - y2» = ¢ (y1)bp(y2) fory, y1, 2 € I', x € X,
b € B. The functor assigning to each I-module X the twisted module ,X is exact and isomorphic to the functor
o1 ® —, and it preserves projective modules and minimal resolutions when the latter makes sense.

Fix a k-algebra automorphism

viAd— A
and a positive integer ¢ € N, and consider the graded k-module
oo
HHH< (w* A] ) A) - Extt;fe (w* A] ) A) == EXttXe (1//)1/1] ) A)
n=0

By the above and Lemma 2.1 the pairing

Ext'fe (ym A1, 4) x Bxtfe (4n A1, A) — EXtt/fTJrn)(wm*"Al’ A
(7]’ 9) > 1) oym 6

defines a multiplication under which HH' *(w*/l 1, A) becomes a graded k-algebra, i.e. if n and 6 are homogeneous
elements given as exact sequences

n:O—>/1—>Etm_1—>-~-—>E0—>1//m/11—>0
0:0>A—> Ty —> - —> Ty — W’Al — 0,
then their product 16 is given as the Yoneda product of the sequence 1 with the sequence

¢n193 0— 1/,m/11 - wm(Ttn—l)l — e > wm(TO)l - 1/,m+n/11 — 0.

Before giving an example, recall that a finite dimensional algebra I' over a field K is Frobenius if I" and D(I'r)
are isomorphic as left I"-modules, where D denotes the usual K-dual Homg (—, K). For such an algebra I', let
@i: pI' = D(I'r) be an isomorphism. Let y € I" be any element, and consider the linear functional ¢;(1)-y € D(I'),
i.e. the K-linear map I' — K defined by y +— ¢;(1)(yy). Since ¢y is surjective there is an element x € I" having
the property that ¢;(x) = ¢;(1) - y, giving x - ¢;(1) = ¢;(1) - y since ¢; is a map of left I'-modules. It is not difficult
to show that the map y + x defines a K-algebra automorphism on I', and its inverse v is called the Nakayama
automorphism of I' (with respect to ¢;). Thus vy is defined by ¢;(1)(yx) = ¢;(1)(vp(x)y) for all y € I'. This
automorphism is unique up to an inner automorphism; if ¢;: I" — D(I'r) is another isomorphism of left modules
yielding a Nakayama automorphism v/F, then there exists an invertible element z € I" such that vy = zv/Fz_l. Note

that ¢; is an isomorphism between the bimodules 1Fv_1 and D(I"), and since v;l . I — Fv—l is an isomorphism
r r
of bimodules we see that ,, It >~ D(I').

As D(I'r) is an injective left I'-module, we see that a Frobenius algebra is always left self-injective, but
in fact the definition is left-right symmetric. For if ¢;: I' — D(I'r) is an isomorphism of left I'-modules,
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we can dualize and get an isomorphism D(¢;): D>(I'r) — D( 1) of right modules, and composing with the
natural isomorphism ['p =~ DX(I'r) we get an isomorphism ¢, : I'r — D(I") of right I'-modules. Moreover,
we can view this last map as an isomorphism @;: o, I'P — D(F;E’,p) of left I"°P-modules, thereby giving an
isomorphism ¢ ® ¢, : I' @k I'°° — D(I'r) ®x D(I'%,) of I'-I'-bimodules. As D(I'r) ® D(I'%,) is isomorphic
to D(I' ®k I'°P) as a I'-I"-bimodule, we see that the enveloping algebra I'® = I' ® ¢ I'°P of I" is also Frobenius.

Example. Suppose £ is a field and A is Frobenius. Recall from the example in Section 2 that for a bimodule B in the
stable category mod A° the orbit algebra

o0
A(B. 74¢) = Home(B, B) & €P) Hom 4 (7)1 (B). B)

i=1

is isomorphic to the algebra
s . .
PEx. W' B, B),
i=0

where A is the Nakayama functor DHom s (—, A®). This functor maps the projective cover of a simple A°-module
to its injective envelope, and is therefore isomorphic as a functor to D(A%) ® 4e —. As A is a Frobenius algebra, so is
A¢, and we know that D (A®) is isomorphic to , . A% as a A°-A°-bimodule, giving an isomorphism

o0
A(B, Tpe) ~ @Extﬁie(%& B)
i=0

of graded k-algebras.

Next we address the question of commutativity in HH"* (o Ay, A). For two homogeneous elements

n:0—>A— E g —>~-—>E0—>1//m/11 -0

0:0>A—> Ty 1 — - — T0—>¢n/11 -0
the Yoneda relation (1) gives the equality

no(ynAi®46) = (D" 0 (@4 yn A1),

in which the left hand side is the product n6 (we can identify 1//”‘/11 ® 4 60 with Il/,,,G). However, the extension on
the right hand side is in general not the product 67; it is the Yoneda product of 6 with n,,-», and although we have

bimodule isomorphisms ; A g = 1//,,/1 1 and WA Ay we cannot in general identify 1y,—» with yn7 unless

w—n - wmﬁ-n
n = 0. In fact, the following example shows that the algebra HH’ *(1//*/11 , /) in general is not graded commutative.

Example. Suppose £ is an algebraically closed field not of characteristic 2, and for any natural numbers m and n,
withn > 2, let Q,, , be the quiver

1 2
ai ay  Opq1 o of a3 o, a2 af agt gy a
1. . . . 1

LR A T S A T L e
in which the leftmost vertex is the same as the rightmost vertex. Denote by a,, , the ideal in the path algebra
kQmn generated by the paths of length n + 1, the sums of the parallel paths of length n, and the paths
{ﬂllaf, oz} B, ,BiHai,, ai“ﬂ,ﬁ}?”;f. Finally, denote the finite dimensional algebra k Q. »/0m n bY A n. It was shown
in [22,24] that the algebras {A,, ,}1<m.2<n represent the distinct stable equivalence classes of Mobius algebras.
Moreover, in [1,17] it was shown that these algebras also represent the distinct derived equivalent classes of Mdbius
algebras.
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Let A be an algebra of the above type. By [13, Theorem 3.5] there is an automorphism Ai) A such that
Qﬁe (A) ~ e Ay, where p = 2n — 1. Thus the initial part of the minimal bimodule resolution of A has the form

0— w—l’ll - Qp1—> = Qy—> A0,
and twisting this exact sequence with ¥ we obtain the initial part

0> A= ,(Qp-D1— = 4, (Qo)1 > 41 =0
of the minimal bimodule resolution of v Aj. The latter exact sequence corresponds to an element p in HH” *(1//* A1, A),
and if this algebra is graded commutative then the relation u? = (—1)” ’ w? implies 4% = 0 (since p is odd). However,

since Qif ( 11/2/11) = A, we may represent the element u> € Exti{i ( WzAl’ A) by the identity map Qif ( WzAl) BN A,

and so if 42 = 0 then the identity on A factors through a projective bimodule. Then A itself is projective as a bimodule,
and therefore semisimple as an algebra. This is obviously impossible, hence the algebra HH”*(w*/ll, A) cannot be
graded commutative.

The above example shows that the twisted Hochschild cohomology ring in general is not graded commutative.
In light of this example and the Yoneda relation (1), all we can say about commutativity in HH’ *(W*Al’ A) is that

a homogeneous degree zero element commutes with everything, which is not unexpected since HH’( IpOAl’ A) =

Ext(/)1e (A, A) = Z(A) (the center of A). The next result gives a criterion under which commutativity relations hold, but
first recall the following from [11, pp. 174-175]: for each n > 0 let Q,, denote the n-fold tensor product of A over k
(with Q¢ = k), and define

B"=Qn2=A®---Q A.
[ ———
n+2 copies of A
We give B" a A°-module structure by defining
AMAOR @At DN =M ® -+ - @ Ayt N,

and as A°-modules we then have an isomorphism B" =~ A°Q®; Q,. Note that B" is A®-projective since the
functor Hom 4¢ (A° ®; Q,, —) is naturally isomorphic to Homg (Q,,, —) by adjointness. Now for each n > 1, define
d: B" — B" by

n
MR @Ayl Z(_l)l)h0®"'®)\i)\i+l Q@ Ayl
i=0
The sequence
IB%:~~—>B3i>Bzi>Bli>Boi>/l—>O,

where u is the “multiplication map”, is an exact A°-projective resolution called the standard resolution (or Bar-
resolution) of A.

Proposition 3.1. Ler n € HH’*(WAl, A) be a homogeneous element of degree tm represented by the map
f: meim — A. If for somen > 1

LW @ @Y " m) @D =Y " f(h0 @ - @ My @ 1)

Jorallp®@ - @ Ay @ 1in ym B{™, then ny— = gl and consequently n = (—1)!"M?19y for every homogeneous
element 9 € HH™ (W*Al’ A) such that tn divides |0|. In particular, if

HY' 0@ @y ) @D =y (0@ - @ Am ® 1)
forallrig® -+ @ him ® Lin ym B{™, then n belongs to the graded center of HHI*(w*Al, A).
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Proof. Suppose the given condition on f;; holds for n. When viewing 1,—» as a tm-fold extension of yn A by gmtn Ay,

we use the bimodule isomorphisms =" : 1[/,,H,,/l] — W"A - and ¥": A — W‘Al’ A lifting of the former

lpfn
along 1//,,H,lIB%l is given by the maps

(I//_n)®i+2: wnH»nBi - llijfhfn

M ®ritt > Y "(h) ® - @Y " (hig1)

fori > 0, giving the commutative diagram

oyt B Lo Bl —— 0
(y—m®m+2 iw")@f’"“ v
<o > ymBY", _ 4 w"le,I’iZl A ym Ay —=0
I
1 Ay
"
yn A1

with exact rows. Therefore the extension 7y,-» is represented by the map composite map
wn ° f]] o (w—n)®tm+2: 1//m+nB{m N wnAl’

under which the image of an element Lo ® - - - ® Apyp41 € ymen Bim is easily seen to be f;;(Ao ® - - - ® Aymy1) because
of the assumption on f;.
This shows that we may identify the extensions #,,-» and yn 1, and by induction we see that 1,,—jn = yin'l for all

j > 1. Consequently, if 6 € HH’*(WAl, A) is a homogeneous element such that tn divides |6, say |0| = tnj, then
the Yoneda relation gives

no = (_1)|7I||9\9 0 Nyin = (_l)lﬂll('?lg e (_l)lﬂllelgn. O

For reasons to be explained in the next section, we make the following definition motivated by the above
proposition.

Definition 3.2. A commutative graded subalgebra H € HH' *(1//*/11, A) is strongly commutative if Ny-1 =y for all
homogeneous elements n € H.

We end this section with an example of a Frobenius algebra for which the twisted Hochschild cohomology ring
with respect to the Nakayama automorphism and ¢ = 2 is strongly commutative.

Example. Let k be a field not of characteristic 2 and ¢ € k a nonzero element which is not a root of unity, and denote
by A the k-algebra

A =kix,y)/(x*, xy + qyx, y?).
Denote by D the usual k-dual Homy (—, k), and consider the map ¢: , A — D(A,) of left A-modules defined by

o(1)(a + Bx + yy + 8yx) £ 5.

It is easy to show that this is an injective map and hence also an isomorphism since dimy A = dimg D(A), and
therefore A is a Frobenius algebra by definition. Straightforward calculations show that x - ¢(1) = ¢(1) - (—q_lx)
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and y - ¢(1) = ¢(1) - (—gy), hence since x and y generate A over k we see that the Nakayama automorphism v (with
respect to ¢) is the degree preserving map defined by

X —q_lx, y = —qy.

In [8] the Hochschild cohomology of this 4-dimensional graded Koszul algebra was studied, and for every degree
preserving k-algebra automorphism v : A — A the cohomology groups HH*(A, | Ay) = Ext’.(4, Ay) were
computed. In particular, from [8, 3.4(iv)] we get

1 forn even

: 2n _
dimy Extye (4,  Avn) = {0 for n odd

when n > 0, whereas Ext%(/l, 1A,0) = Z(A) is two dimensional (the elements 1 and yx form a basis for the center
of A). Moreover, it is not difficult to see that Exti”e (A, | Ayn) is isomorphic to Ext% (,n A1, A). Therefore the algebra

HH4*(v2*/1], A = @;’;O Ext‘}fe (UZnAl, A) is two dimensional in degree zero and one dimensional in the positive
degrees.
We now recall the construction of the minimal bimodule projective resolution of A from [9]. Define the elements

=1 fo=x fl=v
" =0=fy, foreach n>0,
and for each n > 2 define elements { f/"}7_; € A ® - - - ® A inductively by
- N—————

n copies
f=fey+d i ex
Denote by F” the A®-projective module P;_, A ®x f/ x A, and by fln the element 1® f"®1 € F" (and f(? =1®1).

The set {fi”}l'.’ o generates F"" as a A°-module. Now define amap é: F" — F" by

e I:xf-in—l + (_l)nqifin—lx] n I:qn—iyfin_—ll + (_l)nfin_—lly:l '
It is shown in [9] that
F,8): - — Frrt 2o pn O et

is a minimal A®-projective resolution of A.
For each m > 1 consider the A®-linear map

. 4,
84m : U2mF1m — A

~Am 1 fori =2m
i "’{o for i # 2m.

F4m+1

4m+-1
Fl 2m

. . . = 8
The only generators in ,, which can possibly map to f;f’f under the map ,, F 14’”“ — om F]4’" are

and f;::’rll, and so it follows from the equalities

8am 0 (™) = gam (X o — g o)
= gum([q™"x] - fom — fom - [q*"x])
=0
and
am 0 S(FAmEY) = g (@®"y i — )
= gam(y - ol — o y)
=0
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that g4/, belongs to the kernel of the map §*: Hom e ( ,,, F° 14’”, A) — Home( 5, F 14’"“, A). Moreover, there cannot

exist a A°-linear map ,,, F’ 14”’_1 — A making the diagram

4m 4m—1

-

commute, since § is a map of graded degree 1, whereas the degree of g4, is 0. This shows that g4, represents a
generator for the one dimensional space Ext‘}l”e’ Com Ay, A). Note that if we multiply this map with yx, then there does
exist a map making the above diagram commute, hence whenever we multiply any homogeneous element of positive
degree in HH4*(UZ*A1, A) with the element yx € HHO(VO/h, A) we get zero.

For each 0 < i < 4 define A®-linear maps ga;, F14m+i -2 Fli by

" 20m)

g fim 9 fori =2m
o f ~ 00 otherwise

" fy fori =2m
Gam1 fi4m+1 7 fori =2m +1

0 otherwise

‘14m f02 fori = 2m
Gamaz: F2 s Climflz forz: —om+ 1

15 fori =2m +2

0 otherwise

q4mfl3 fori =2m +1
Gamsa: s L2 B3 fori = om 42

0 otherwise
N s

Then for each 1 < i < 4 the diagram

i $ i—
1,2<m+1>F14m—H —> 20m+D) F14m+’ !

J{§4m+[ l§4m+i—]

pFl s LR

— . . s 284m
commutes, hence the maps g4m4; for 0 < i < 4 provide a lifting of |2+ F14m .

,2/1 along the projective
bimodule resolution J2m pnlFyof L2m+1) A1. Moreover, the composition g40g4,44 equals the map g*” g4,n4. Therefore,
if we denote by 6 the extension in Ext‘}16 (2 Ay, A) corresponding to the map g4, we see that for each m > 2 the element
6™ is the (nonzero) extension in Ext" (,2n /A1, A) corresponding to the map g*+2tedm=Dg,

As a result, we see that we have an isomorphism
HHY (5, Ay, A) = k[x] xi k

of graded k-algebras, with x of degree 4, and in particular HH** (vz*Al’ A) is commutative. Moreover, it is easily
shown that we may identify the extensions 6,-> and ,6, and so HH* (,,z*/ll’ A) is actually strongly commutative.
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4. Twisted support varieties

In order to obtain a theory of twisted support varieties, the underlying geometric object we shall use is the
twisted Hochschild cohomology ring HHI*(W/h, A = Ext’/’l“e (w*/h, A) studied in the previous section (where

A L A is an automorphism and ¢ € N). Similarly as for HH’ *('P*Al’ A), the graded k-module Extt/’f(wM M) =
EB;Z(;O Ext’/’l’ (WM ,M) is a k-algebra, and for each A-module N the graded k-module Extt/’lk (WM ,N) =
P, —, Ext'} (ynM, N) becomes a graded right Ext' (,,. M, M)-module by defining

def
tw=go ym M
for¢ e Ext’/’ln (1//’"M ,N)and u € Extt/q’ (WM , M). Moreover, the tensor map

—QAM: HH’*(w*/ll, A) — Extt/’f(wM, M)

n>n®AM
is a homomorphism of graded k-algebras, thus making Ext’/’{(w*M , N) a graded right HHI*(WAL A)-module.
Similarly Ext’j‘ (w* M, N) becomes a graded left HH"* (W* Ay, A) via the homomorphism

—®2N: HH™ (<41, ) — Ext’{(;,«N, N)
n>n®aN

of algebras.
We now make the following assumption:

Assumption. Given the automorphism /A BN A and the integer ¢ € N, the graded subalgebra H = .2, H'™™ of
HHt*(I/j*/ll, A) is strongly commutative with H? = HHO(A, A) = Z(A).

Why do we restrict ourselves to strongly commutative algebras instead of “ordinary” commutative algebras?
The answer is that we want the bifunction Ext’;f(w*—, —), which maps the pair (M, N) of A-modules to the H-
module Ext’/’l“ (W*M , N), to preserve maps. Namely, consider two homogeneous elements ¢ € Ext’/’l”(wM , N) and
ne Ext’/’fe(w,,/ll, A). By definition ¢ - 7 is the extension ¢ o ym M1 M)=2¢o (w" ®4 M), and if ym 1l = Ty—m We
get ymn @2 M=ny-n@ 1M =nQ4 ym M. Hence in this case we may identify the right scalar product ¢ - n with
(A®p)o (N®4 ym M), and then by the Yoneda relation (}) from the previous section we get

tn=A®415) 0 @4 ymM) =D @4N)o (yudi ®40).

However, the extension (n ® 4 N) o (]//,,/11 ® ¢) is precisely the left scalar product n - ¢, and so if H is strongly
commutative we see that

Con= (_1)\§||77\,7 e
for all homogeneous elements n € H and ¢ € Ext";l|< (WM , N).

The fact that the left and right scalar multiplications basically coincide is what makes Ext’/ik (y»—> —) preserve maps.
To see this, let f: M — M’ be a A-homomorphism. This map induces a homomorphism f : Extt/i‘ (w M',N) —
Extt;lk (WM , N) of graded groups, under which the image of a homogeneous element

9:0—>N—>X,,,—>-~—>X1—>WM’—>O

is the extension 6 f given by the commutative diagram

of: 0 N X X Y wnM 0
L)
0:0 N Xin X, X yn M’ 0
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in which the module Y is a pullback. For a homogeneous element n € H'™ we then get

f©@-m =DM F i -0)
= DM A @4 N 0 yud)
= (D" @4 N)oyn (0f)
= =DMy @)
= f© -,

showing f is a homomorphism of H-modules. Similarly Ext’;f(w* —, —) preserves maps in the second argument.

Remark. It should also be noted that in many cases considering only strongly commutative algebras is not a severe
restriction. For example, let H be a commutative Noetherian graded subalgebra of HH’ *(1//* Ay, A), as will be the case
in most of the results in this section. Then by [7, Proposition 2.1] there exists an integer w and a homogeneous element
n € H of positive degree, say |n| = tn, such that the multiplication map

Hl‘i i) Ht(i+n)
is injective for i > w. Now for any homogeneous element & € H'™ the product 6 - n is by definition the
extension 6 o gl = ORs4)0 (wm A1 ® 4 1), which by the Yoneda relation (}) from Section 3 equals the extension

(=DM AR 4 n) o (@ ®a W’Al) = (—1)"7"9'7; o 8y—». However, the extension 7 o 6,—» corresponds to the product
e yen 6y in H, and so since H is commutative we get

N 0=0-n=D"y. 0,

Now if |§] > tw then & = (—1)I"I?l w—nQW’” due to the injectivity of the multiplication map induced by n, and
twisting both sides in this equality by " from the left we get gt = (—1)"’”9|9w_n.

The algebra H, being Noetherian, is generated over H° by a finite set of homogeneous elements, say {xo, . .., x,}.
Suppose now that k contains an infinite field. Then from the proof of [7, Theorem 2.5] we see that we may choose
the element 1 above such that || = lem{|xo], ..., |x,|} In particular, if all the generators xo, . .., x, are of the same
degree, i.e. |x;| = t, then the subalgebra H® @ @7, H'' of H is strongly commutative.

Having made all the necessary assumptions, we are now ready to define twisted support varieties. For two A-
modules X and Y, denote by A% (X, Y) the ideal Anny Ext’/i‘(w*X ,Y), i.e. the annihilator in H of Ext’;l"(WX JY).
This ideal is graded since Ext’;l" (W*X ,Y) is a graded H-module. As for ordinary support varieties, the defining ideal

for the twisted support variety of M is AZ(M , A/¢).

Definition 4.1. The twisted support variety Vlfl (M) of M (with respect to the automorphism 1, the integer ¢ and the
ring H) is the subset

V(M) & (m e MaxSpec H | A% (M, A/r) € m)

of the maximal ideal spectrum of H.
Note that since M and therefore also Ext’/’l" (W*M , /1/¢) is nonzero, the degree zero part of AZ(M , A/v) must be

contained in the radical rad H® of the local ring H® = Z(A) (if not then AZ (M, A/¢) contains the identity in H).
Hence the twisted variety V}@ (M) always contains the unique graded maximal ideal

my=radH'®H ®H* @ ---

of H, and we shall say the variety is trivial if it does not contain any other element.
The following proposition lists some elementary and more or less expected properties of twisted varieties.
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Proposition 4.2. (i) The ideal AV (M, M) is also a defining ideal for the twisted variety of M, i.e.
VY (M) = {m € MaxSpec H | A%, (M, M) < m}.

Gi) If Ext’/’f (WM, M) = 0 for n > 0, then VZ (M) is trivial. In particular, the twisted variety of M is trivial
whenever the projective or injective dimension of M is finite.
(iii) Given nonzero A-modules M’ and M" and an exact sequence

0>M —>M-—> M -0,
the relation
vV (M) < Vi M)y u vy M
holds. Moreover, if 0 A_ (M') # 0, then the relation
Vi (M") © V(M) UV (2 (, M)
holds, and if M" = Qt_l (M) for some module M"", then the relation
VM) < Vi u vy, (M)
holds.
(iv) If M' and M" are nonzero A-modules such that M = M’ & M”, then VZ (M) = V}/; (MHuU VZ (M.

Proof. For a A-module N, denote by vV (M, N) the variety whose defining ideal is AV (M, N). To prove (i), we
must show that V}pi (M, A/ t) and VY, (M, M) are equal, and we start by provmg by induction on the length of N that
V}/;(M N) is contained in vV gM, /l/t) For any 51mple A-module S the ideal AY (M, A/v) is contained in AH(M, S)

since § is a summand of A/t, hence VH M, S) C VH (M, A/v). If the length of N is greater than 2, take any simple
submodule § C N and consider the exact sequence

0—-S—> N-—>N/S—0.
This sequence induces the exact sequence
ExtA(w*M S) — Ext’f ACGM,N) — Ext’s ACG=M,N/S)
of H-modules, from which the inclusion
AY(M, S) - AV (M, N/S) € AV (M, N)

follows. This implies that V¥, (M, N) € V¥ (M, S)UVY, (M, N/S), and since both V¥, (M, S) and V¥, (M, N/S) are
contained in Vw (M, A/t) by induction, we get VW (M,N) C Vll/ (M, A/v). In particular VW (M, M) is contained
in VZ(M A/¢). The reverse inclusion V%(M Afr) C vV (M, M) follows from the inclusion %(M, M) C
A}/;(M , A/v) of ideals in H, thus proving (i).

Now suppose Ext’/’f (]//,ZM ,M) = 0forn > 0,let m C H be a maximal ideal containing Aﬁ (M, A/t), and let
x € HT =@, H™ be a homogeneous element. As the scalar action from H on Ext’ *(W*M A/v) factors through

Ext’*( «M, M), some power of x must lie in AV (M, A/v). Therefore x must be an element of m, implying m is a
graded ideal. But my is the only graded max1mal ideal of H. This proves (ii).
Next suppose we are given an exact sequence as in (iii). The sequence induces the exact sequence

Ext’ (W*MN A/r) — Ext'f A (M, A/r) — Ext'} (WM/ Afv)
of H-modules, giving the inclusion
A%(M’ AJv) - AV qM", Afv) c AV y (M, Ajv)

of ideals of H. The relation V(M) € V¥, (M) U VY,(M") now follows.
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The original exact sequence also induces the two exact sequences

0 — Hom/(M", A/t) — Hom (M, A/t)
Ext'} ™ 1(WM A/v) — Ext'} (1//"MN A/v) — Ext'} (ynM, Af7)

tn—1

for n > 1, in which we may identify Ext M’', A/v) with Extt(" 1)( Qﬁf] (WM ", A/t). Consequently the

(‘//n wn—l

inclusion

AL (M, Afe) - AL (27 (M), Afv) © AL (M7, Af)

holds whenever 27! (M") # 0, giving Vi (M") € V(M) U VY (27!
Finally, the short exact sequence induces the exact sequence

Ext'f (yn M, Aft) — Ext] (,uM', AJt) — Ext} T (,aM", Afv)

(, M)

forn > 0. If M = Q7 Y(M") for some module M, then we may identify Ext”"H
Extt/inﬂ)( M), A/¢), and the inclusion

(ynM", Afv) with
1pn+l (w—l

AV (M, A - AH(w M AR S AV (M, A

holds. This gives vV p(M) ka (M) U vV (w . M""), and the proof of (iii) is complete.

To prove (iv), note that by (iii) the inclusion vV (M) C VV’ MHu Vw (M") holds, whereas the inclusions
AV (M, Ay € AV (M, AJv) and AV, (M, AJv) € AV (M, Afv) give V‘” (M) < VY(M) and VI(M") <
V‘ﬁ,(M). O

As a corollary, we obtain a result whose analogue in the theory of support varieties says that varieties are invariant

under the syzygy operator.

Corollary 4.3. If 2'(M) is nonzero, then V(M) = V' (2',(,, M)).

G
Proof. The exact sequence

0— Q/ll(M)—>P0—>M—>O
gives Vi (M) € Vi, (Po) UV (271(, 2}, (M))), and since VY, (Po) is trivial we get V(M) C V¥ (£2!(, M)). On
the other hand, the exact sequence

0— 2y(,M) - , Py — le_l(ll,M) — 0

gives Vﬁ(ﬂj1
vim). O

(,M)) S V(P U Vﬁ(w,l(wM)), and since VY, (, Pr_1) is trivial we get Vy, (2, M)) C

We illustrate this last result with an example.

Example. Suppose k is a field and A is a Frobenius algebra, let v = v 4 be the Nakayama automorphism of A, and
take t = 2. We saw in the example following Lemma 2.1 that the Auslander—Reiten translation 7 = D Tr is isomorphic
to (2/21]\/ , where A\ is the Nakayama functor DHom 4(—, A). Moreover, in the example prior to Proposition 3.1 we
saw that the latter is isomorphic to ,4; ® 4 —. Therefore, from the corollary above we get

Vi (M) = Vi (23 (,M)) = Vi (23,41 ® 4 M) = Vi (t (M)
whenever 9/21 (M) is nonzero.

A fundamental feature within the theory of support varieties for modules over both group algebras of finite groups
and complete intersections is the finite generation of Ext* (X, Y) (where X and Y are modules over the ring in question)
as a module over the commutative Noetherian graded ring of cohomological operators (see [6,10] for the group ring
case and [4,5] for the complete intersection case). In order to obtain a similar theory for self-injective algebras in [12],
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it was necessary to assume that the same finite generation hypothesis held, since there exist self-injective algebras for
which it does not hold.

We now introduce a finite generation hypothesis similar to that used in [7], where instead of assuming finite
generation of Ext*(X, Y) for all modules X and Y, a local variant focusing on a single module was used.

Assumption (Fg(M, H, {, t)). Given the automorphism A Y, A and the integer t € N, there exists a strongly
commutative Noetherian graded subalgebra H = @, H'" of HH’*(]//*A 1, A) such that HY = HH (A, A) = Z(A),

and with the property that Ext’/i‘ (y=M, A/v) is a finitely generated H-module.
As mentioned in the remark prior to Definition 4.1, considering only strongly commutative algebras instead of
“ordinary” commutative algebras is not a severe restriction. In fact, the following result shows that if Fg(M, H, i, t)

holds for a commutative Noetherian graded algebra H which is not necessarily strongly commutative, then there exist
a positive integer s and a strongly commutative Noetherian subalgebra H' C H for which Fg(M, H’', ¢*, ts) holds.

Proposition 4.4. Ler A L A be an automorphism and t € N an integer, and suppose there exists a commutative
Noetherian graded subalgebra H = @;’;0 H™ of HH[*(W/Il, A) such that H* = HH%(A, A) = Z(A), and with the
property that Exttﬁk (WM , A/¢) is a finitely generated H-module. Then there exist a positive integer s and a strongly
commutative Noetherian graded subalgebra H' of H for which Fg(M, H', yr*, ts) holds

Proof. From the remark prior to Definition 4.1 we see that there exist two positive integers n and w such that

w,,@ = 9¢—,1 for every homogeneous element & € H with || > rw. Let ny,...,n- € H be homogeneous
elements of positive degrees generating H as an algebra over H°, and denote the integer wn by s. Then the subalgebra
H =H O[n{, ..., my] of H is strongly commutative with respect to the automorphism ¥*, and Ext(fl‘v)* ((W)*M , A/v)

is a finitely generated H'-module. [
We now show that introducing the above finite generation hypothesis enables us to compute the dimension of the

twisted variety of a module. Recall first that if X = @, , X,, is a graded k-module of finite type (that is, the k-length
of X, is finite for all n), then the rate of growth of X, denoted y (X), is defined as

y(X) Clginf{c € NU{0} | 3a € R such that £, (X,) < an°~! for n > 0}.

For a A-module Y with minimal projective resolution - -- — Q| — Q¢ — Y — 0, we define the m-complexity of Y
(where m > 1 is a number) as the rate of growth of @Zo:() Omn, and denote it by cx™ Y. Note that the 1-complexity
of a module coincides with the usual notion of complexity, and that the identity

cxY =y (Ext)}*(Y, A/v))

always holds (the latter can be seen by adopting the arguments given in [7, Section 3]).
The following result allows us to compute the dimension of Vg (M) in terms of the ¢-complexity of M provided
Fg(M, H, ¥, t) is satisfied. In particular Dade’s Lemma holds.

Proposition 4.5. If Fg(M, H, ¥, t) holds, then dim V}pi (M) = cx! M. In particular VZ (M) is trivial if and only if
M has finite projective dimension.

Proof. Adopting the arguments used to prove [6, Proposition 5.7.2] and [12, Proposition 2.1] gives dim V% M) =

y (Ext’f (y=M, A/v)). For any A-module Y and any k-automorphism A N A there is an isomorphism Y =~ pY of
k-modules, and so if - - - — Q1 — Q¢ — Y — 0is a minimal projective resolution we see that the m-complexity of
Y equals the rate of growth of 9,7, o (Qmn). In particular the equalities

o0

cxX'M=y (@ o (Pm)> = y(Ext’/T(,/,*M, A/v))

n=0
hold, where

d d d
P: o> P -5 P -5 P —>M—0
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is the minimal projective resolution of M. [

Note that whenever Fg(M, H, v, t) is satisfied the dimension of VZ(M ), and therefore also the ¢#-complexity of
M, must be finite; since H is commutative graded Noetherian it is generated as an algebra over H” by a finite set
{xo, ..., x,} of homogeneous elements of positive degrees, giving y(Ext’/i‘(WM , A/t)) < r (see the discussion prior
to [7, Proposition 3.1]). It then follows from the proof of the above proposition that cx’ M < r.

The next result gives a sufficient and necessary condition for the variety to be one dimensional. Recall that a A-
module Y is periodic if there exists a positive integer p such that ¥ =~ .Qﬁ (Y), whereas it is eventually periodic if

QZ(Y) is periodic for some i > 0. For a k-automorphism A i) A we define Y to be ¢-periodic if there exists a
positive integer p such that ¥ ~ QZ ( oY ), and eventually ¢-periodic if QZ(Y ) is ¢-periodic for some i > 0.

Proposition 4.6. If Fg(M, H, , t) holds, then dim V‘fl (M) = 1 ifand only if M is eventually ' -periodic for some
i > 1. Moreover, when this occurs there is a positive integer w such that Qﬁ{ (M) ~ QZ(] +w) (1//“’ M) for some j > 0.

Proof. If M is eventually v/ -periodic, then the sequence

L (Po), Lk (P1), Lk (P2), ...
must be bounded, that is, the 1-complexity of M is 1. But then the sequence

Li(Po), Lk (Pr), L (Pay), - ..

is also bounded, that is, the #-complexity of M is also 1, and consequently dim V% M) = 1.
Conversely, suppose the latter of the above sequences is bounded. By [7, Proposition 2.1] there exists a
homogeneous element n € H of positive degree, say |n| = tw, such that the multiplication map

Extf (M, A/v) =5 Bxt( T (M, A )

is injective for i > 0. Represent the element n® 4 M € Extf/i‘ (y=M, M) by amap f: lew(ww M) — M. Then for
each i > 0 there is amap f;: 1W(P,wﬂ-) — P; making the diagram

drw diy
g (Pru2) =5y (Prug1) = g (Pry) —— Q40 (yu M) —— 0

lfz lfl lfo lfn
dy dy dy

Py P Py M 0

with exact rows commute. If 6 € Ext’/’lk (W*M , A/t) is a homogeneous element, say |0| = tn, and represented by a
t(w+n)

map fp: yn (Ptp) — AJv, then 6n € Ext, ( WH,lM , A/v) is represented by the composite map
Y ftn f
Ywtn (Pt(w+11)) — 1//"(Pm) —9> /1/1?

For any i > 0 the complex W}P’ is a minimal projective resolution of M, and therefore Ext’/‘i( WM Ay =

v
Hom 4 ( i (Py;), A/r). Moreover, the multiplication map

Ext{(,: M, A/v) s Ext g M A/

is just the map

(i f1i)
Hom /(i (Pri), A/v) ——— Homy (yitw (Pritw)), A/7)
g+ goyi fii,

and since the exact sequence

i fi
v
yi+w (Priiqw)) —> yi(Pi) = yi(Coker fi;) — 0
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shows that the kernel of the multiplication map is isomorphic to Hom 4 ( i (Coker f;;), A/v), we see that Coker f;; =0

for i > 0. Consequently, for each i > O there exists a surjective map le(wJ’i)( yuM) = .lei (M) and therefore also a
sequence

S i : ‘
_y 951( w+l)(w3w M) — ‘Qil( IU+I)(1//2wM) . Q;l(w-i_l)(wwM) _y lel (M)
of surjections. However, by assumption the sequence

L (Po), Lk (Pr), Li(Pay), . ..

t((g+Dw+i) t(qw+i)
7 (

, M) must be isomorphic to {2, (wqw M) for large g and i. By setting

llf(q+l)u.
J = qw + i and twisting with the automorphism ¥ ~7%, we see that QX (M) ~ Qil(ﬁw)(wwM) for j > 0. O

is bounded, and therefore 2

As a particular case of the proposition we obtain the following result on D Tr-periodicity over a Frobenius algebra.

Proposition 4.7. Suppose k is a field and A is a Frobenius algebra, and let A s Abea Nakayama automorphism. If
M does not have a nonzero projective summand and Fg(M, H, v", 2n) holds for some n > 1, then dim V”H M) =1
if and only if M ~ (M) for some p > 1.

Proof. By the_previous proposition the variety VY, (M) is one dimensional if and only if there is a positive integer w
such that !231"’ (M) ~ !231"(] +w)(v,”,,M ) for some j > 0. Taking cosyzygies we see that the latter happens precisely
when M ~ 0/21”“’ (,nw M), that is, when M >~ " (M). O

We illustrate this last result with an example.

Example. Let k be an algebraically closed field of odd characteristic and ¢ € k a nonzero element which is not a root
of unity, and denote by A the k-algebra

A =k(x, )/, xy + gyx, y).
We saw in the example following Proposition 3.1 that the Nakayama automorphism v of A is defined by
X = —q_lx, y = —qy,

and that HH** (,2: 41, A) is isomorphic to the fibre product k[6] x i k with 6 of degree 4. In particular HH4*(V2* Ay, A)
is strongly commutative, and we denote this ring by H.

For elements o, B € k, denote by My gy the A-module A(ax 4+ By) (see [26] for a counterexample, using the
module M 1), to a question raised by Auslander, a question for which a counterexample was first given in [14]).
Consider the module M = M(; g) for B # 0, and for each i > 0 let P; = A. The sequence

(x+q3 By (ta? . _
P: ... — P (x+4°By) Py (x+4°By) P (x+gBy) Py (x+By) M0

is a minimal projective resolution of M, hence since ,,IP is a minimal projective resolution of , M for any n > 1 we
see that Ext%f (,nM, k) = Hom 4 (,» 4, k) is one dimensional. We shall prove that Fg(M, H, v, 2) holds.
Recall from the example following Proposition 3.1 the minimal bimodule projective resolution

(F,8): - — Frl 2y pn O pnmtl

of A, where the set { fi" }7_, generates F"* as a A°-module and the differential §: F" — F n—1is given by
fin e [xfin—l + (_aniﬁn—lx] n [qnfiyﬁ_ri—ll + (_l)nfl_n:lly] _

The element § € H* represented by the map

g4: v2F14 — A

=4 1 fori=2
i '_’{0 fori #2



PA. Bergh / Journal of Pure and Applied Algebra 212 (2008) 753-773 769

generates H as an algebra over H®. The resolution F ® 4 M is also a projective resolution of M, and defining A-linear
maps

hy: P, —> F"Qa M
1»—><Zq

gives a commutative diagram

)®(x+ﬂy)

P, (x+q*By) P (x+qPBy) Py (x+By) M 0

s®1 i®1

= F2 M —F'@ M —F'yM—M—0

with exact rows. Consequently, the element # ® 4 M € Ext? 1(2M, M) is represented by the composite map

- 1)oh
For 2(Py) (84®1)ohy A i M~M

1 = @B +BY.

Now for each i > O define f; : 2(Piy4) = ,2(P;) by | > g%+3B2. We then obtain a commutative diagram

(x+q"By) -(x+4°By) (x+4° BY)

w2 (P7) w2 (Po) 2 (Ps) ——> 2 (Py) — -

J/ 3 \L f2 \L h J/ fo&
. 3, . 24, . ! . )
Ps (x+q”By) Py (x+g~By) P, (x+4gBy) P (x+By ",

with exact rows, hence if u € Extﬁ"(v,,M, k) = Homg(,.(P2), k) is an element represented by a map

fﬂ : n(P2n) — k we see that the element - 0 € Ext%nﬂ)( (112

0

M, k) is represented by the composite map

v (fan) fu
vt 2) (P2(n+2)) L o (Py) s k.

Moreover, this composition is nonzero whenever j is nonzero, since fa, is just multiplication with ¢*"*3p2.
Therefore, since Ext%l" (,n M, k) is one dimensional for each n > 1, the H-module Extil*(v*M , k) is finitely generated;
it is generated as an H-module by any k-basis in Ext(}l(VOM , k) = Hom (M, k) together with any nonzero elements
p1 € Bxth(,M, k) and pi3 € Ext}y(, M, k).

The above shows that Fg(M (1 gy, H, v, 2) holds for 8 # 0, and since the 2-complexity of M(;, g) is obviously 1
we see from Proposition 4.5 that the variety V" 1 (M(1,p)) is one dimensional. From Proposition 4.7 we conclude that
M,g) >~ ¥ (M(1,p)) for some w > 1. Indeed, in [15] it is shown that M(; g) is isomorphic to T (M1 g)).

Recall that each nonprojective indecomposable A-module is annihilated by yx, and is therefore a module over the
algebra A/(yx) (see [25, Section 4]). The latter is stably equivalent to the Kronecker algebra, an equivalence under
which the representation

corresponds to the module My, g). Denoting My, gy by M w.p)’ it follows from the well known representation theory
of the Kronecker algebra (see, for example, [3,2]) that the indecomposable t-periodic A-modules are divided into
distinct countable classes {M(a,ﬁ)}z=1’ one for each pair (a, B) € {(0, D}U{(1, B)}gek, such that for each i > 1 there
exists a short exact sequence

i—1 i+1 i
0= Mig g =~ Mgy ® Mig ) — M, 5) = 0,
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where M (0 B = 0. Now each such exact sequence induces an exact sequence

Ext% (,« MY, k) — Ext% (M1 k) @ Ex (o MY k) — Ext (.M, k)

of H-modules, and so since H is Noetherian and Extﬁ*(V*M (1.5)’ k) is a finitely generated H-module whenever  is
nonzero, an induction argument shows that Ext%l* («M 21 ) k) is a finitely generated H-module for any i > 1 and
B # 0. We conclude that Fg(M(1 )’ H, v, ?2) holds for all the modules {Mé'1 ﬁ)}?il when f is nonzero.

However, there are two more classes of indecomposable t-periodic A-modules, namely {M f] 0)};?20 and
(M! . 1)} . Do these modules satisfy the finite generation hypothesis? The answer is no, and to see this, consider
the module M0y = Ax. Letting P, = A for each i > 0 we see that the sequence

= P3.—X>P2.—x>P] l)Pol)M(l’o) — 0
is a minimal projective resolution of M(j ¢, and defining A-linear maps

hy: P, — F" (] M(I,O)

1~ fél ®x
gives a commutative diagram
P x Py T~ M, 0
| o
o —=F'®1 Mqo —— F’®4 M, M0 0

with exact rows. Since the map 4 does not “hit” the generator f2 ®x € F*@, Mg, 0), we see that the element
O0RQA1M € Ext% /1( M, M) is represented by the zero map. This shows that Extz*( MY a 0)) cannot be a finitely
generated H - module and a similar argument shows that the same is true for the module Mo, 1.

Note also that the finite generation condition cannot hold for any nonzero indecomposable nonprojective A-module
which is not t-periodic; if X is such a module and Ext%l*(v*X , k) is finitely generated over H, then the rate of
growth of Extﬁ*(V*X , k) is not more than that of H. However, the latter equals the Krull dimension of H, thus
y(Exti* (,+X,k)) < y(H) = 1. Since X is nonprojective we conclude that the rate of growth of Ext%l* (,«X, k) is 1,
and so by Proposition 4.5 the variety VY, (X) is one dimensional. But then Proposition 4.7 implies X is 7-periodic, a
contradiction.

Returning to the general theory, we now impose the finite generation hypothesis on both M and Q/ll(M ). The
following result shows that, in this situation, if the variety of M is nontrivial (that is, when M does not have finite
projective dimension) then there exists a homogeneous element in H “cutting down” the variety by one dimension.
Recall first that if n € HH’*(w*/ll, A) is a homogeneous element, say n € Ext’A”i (w,,, Ay, A), then it can be represented

by a A°-linear map f,: 02! (ym A1) — A. This map yields a commutative diagram

00— ‘QAC(W"AI) me(})tm 1) _— ,le l(wm/ll) —(

| |

0 A K, Qe ym A —=0

with exact rows, in which we have denoted by P’ the ith module in the minimal projective bimodule resolution of A.
Note that up to isomorphism the module K, is independent of the map f;, chosen to represent 7.

Proposition 4.8. If both ¥g(M, H, ¥, t) and Fg(Q/ll(M), H, ¥, t) hold and M does not have finite projective
dimension, then there exists a homogeneous element n € H of positive degree such that dim V'ﬁ](.Q/lle (Kp) @A M) =
dim VY (M) — 1.
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Proof. By assumption the H-modules Ext'} (yM, A/v) and Ext’f (= Q/ll(M ), A/¢) are finitely generated, hence by
slightly generalizing the proof of [7, Proposition 2.1] we see that there exists a homogeneous element n € H of
positive degree, say n € H'™ C ExttA’ﬁ (W’" Ay, A), such that the multiplication maps

Ext(,: M, A/r) - Bx t'('+'")(wi+mM, AJv)
Extf (i 24 (M), A/0) = Bxt{ (i, QU (M), A/0)
are both k-monomorphisms for i >> 0. Consider the short exact sequence
0> A= Ky— 207 () >0
obtained from 7. As 2/~ 1(I/f,,, Ay) is right A-projective, the sequence splits when considered as a sequence of right
A-modules, and consequently the sequence
0> M- K,®1M — Qj{’e’_l(wm/ll)@)AM -0
is exact. For each i > 0 the latter sequence induces a long exact sequence

Ext (41 (Ky ®4 M), A/t) — Extlj(,iM. A/5)

Ext'\ " (yisn M, AJt) — ExtT (i (Ky @4 M), Afr) —
ExtEH (M, A/) 2 Exd{ 0 ML A

in which we have replaced Ext’ (W (nim-1 (df’" A1) ® 1 M), A/r) with Extilﬂm*1 ( M, A/v), due to the fact that

i Q0 A ® ) is a (tm — Dithsyzygy of ...,
is then the Yoneda product with the extension (—1)/ yi (n ® 4 M), in particular we see that d;; is scalar multiplication

with (—1)7.
Now consider the connecting homomorphism 9;;+1. Applying the Yoneda relation () from Section 3 to n and the
short exact sequence

9:0—)(2/11(M)—>P0—>M—>0

l/fz'er
M. By [16, Theorem II1.9.1] the connecting homomorphism 9

gives the relation

(M ®4 2y (M)) o (yn A1 ®460) = (=1)""(A®46) 0 (n@4 M),
which we may twist by ¥/ to obtain the relation

y (@A 2y(M)) o 8 = (=D 60 (n®s M).

This gives a commutative diagram

(9
Ext’{ (,: 2} (M), A/7) L Extyt1(,i M, A/v)

\L_(_l)t(i+m)+ln la,iﬂ

. t+m9 .
Ext'\" " (ien Q4 (M), A/0) T Ext'\ " (i M, A1)

in which the horizontal maps are isomorphisms, hence the connecting homomorphism 9;;+1 is also basically just
scalar multiplication with 7, as was the case with 9d;;. Consequently they are both injective for i >> 0, giving a short
exact sequence

M, AJ) =5 ML A = (K @4 M), Af7) — 0 (i)

(1/11 (lpl
for large i (in which we have used the short hand notion A(—, —) for Extil(—, —)). Note that we may identify

Extt/’ﬁ]( (K, ®4 M), A/v) with Ext’} ( J(24.(Ky) ®4 M), AJv); since K, is right A-projective the projective
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bimodule cover

0— 2)e(K)) - 0 — K, — 0
of K, splits as a sequence of right A-modules, and therefore stays exact when tensored with M. In addition, the
A-module Q ® 4 M is projective, hence

ExCiH (i (Ky ®4 M), AJv) = Bxtlf (i (2 (Ky) ©4 M), A/).

(wi (]//1
Consider now the H-module Ext’/’{(w*(!?/]le(l( 1) ®a M), A/v), and let w be an integer such that the sequence { is
exact for i > w. Then the submodule @;’iw Ext’/’i(w (QIQ(KU) ®q M), A/v) is finitely generated over H, being a
factor module of the submodule ;2 Ext%”m) ( pi+m M, A/v) of the finitely generated H-module Extﬁ‘(wM , AJv).

But then the H-module Ext’/’l“(w*(ﬂ}le(l(,,) ®4 M), A/r) must be finitely generated itself, since each graded part
Extt/'{ ( i (Q}le(K 1) ®a M), A/v) is finitely generated over H 0. Also, from [7, Proposition 3.1] we get

o0 o
y (EB Xt} (, (2} (Ky) @1 M), A/r)) =y (EB Ext{ (M, A/x:)) ~1,
i=w

i=w

oo ti

and since for any A-module X the rate of growth of Ext'} (=X, A/v) equals that of ;2 Ext'y (; X, 4/t) we get

(wi
y (Ext’/;"(,,,*((z}le(K,,) Q4 M), A/t)) =y (Ext’/’f(wM, A/t)) —1

Therefore the equality cx’ (Q/lle(Kn) QUM ) = cx' M — 1 holds, and so from Proposition 4.5 we conclude that

dim VY (2L (K, ®4 M) = dim V(M) — 1. O

Finally we turn to the setting in which Fg(X, H, v, r) holds for all A-modules X, and derive two corollaries from
Proposition 4.8. Observe first that if Fg(A/v, H, ¥, t) holds, then Fg(S, H, v, t) holds for every simple A-module S,
and so by induction on the length of a module we see that Fg(X, H, v, t) holds for every A-module X; namely, if
£(X) > 2, choose a submodule ¥ C X such that £(Y) = £(X) — 1. The exact sequence

0-Y—>X—->X/Y—0
induces the exact sequence
Ext’/’f(v/*(X/Y), Ajt) — Exttjf(w*X, A/r) — Ext’/’f(v/*Y, A/v)
of H-modules, and since the end terms are finite over H, so is the middle term.

Corollary 4.9. If Fg(A/x, H,{,t) holds and dim VZ(M) = d > 0, then there exist homogeneous elements
N, ..., Nd—1 € H of positive degrees such that the module

“Q/lle(Kﬂdfl) Qn- @4 “Q/lle(Km) QaM
is eventually ' -periodic for some i > 1.

Proof. This is a direct consequence of Propositions 4.6 and 4.8. [

Corollary 4.10. Suppose k is a field and A is a Frobenius algebra, and let A s Abea Nakayama automorphism.
If ¥g(A/x, H,v",2n) holds for some n > 1 and dim V(M) = d > 0, then there exist homogeneous elements
N, ..., Nd—1 € H of positive degrees such that every nonzero nonprojective indecomposable summand of

‘Q/lle(Kndfl) Xn--®A “Q/lle(Kﬂl) QM
is T-periodic.

Proof. This is a direct consequence of Propositions 4.7 and 4.8. [
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