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It is well known that Hurwitz’s theorem is easily proved from Rouche’s 
theorem. We show that conversely, RouchPs theorem is readily proved from 
Hurwitz’ theorem. Since Hurwitz’ theorem is easily proved from the formula 
giving the number of roots of an analytic function, our result thus gives also a 
simple proof of Rouchk’s theorem. 

We recall that Hurwitz’ theorem runs as follows. If a sequence (f%(~))~.~ 
of functions f&z) continuous on a compact set F and analytic in the interior of F, is 
uniformly convergent on F, and if the function f (z) = lim, f%(a) vanishes nowhere 
on the boundary B of F, then, beginning from a certain value of n, all the functions 
f&z) have in the interior of F the same number of roots (counting each root as many 
times as its multiplicity indicates) as the function f (z). 

Based on the above, we prove: 

THEOREM (Rouche). Ifg(z)andf( ) f z are unctions continuous on a compact set F 
and analytic in the interior of F, and if / g(x)1 < 1 f (,x)1 on the boundary B of F, 
then the function g(z) + f (z) has in the interior of F the same number of roots 
(counting each root as many times us its multiphkity indicates) as the function f (x). 

Proof. Let us consider the sequence (fo,n(z))laEw of functions f&z), where 

fo.&) = f (4 + g(z) . (n/U + n)). 

Since 1 g(z)1 < I f(z)1 on B, we see that lim,f&(r) = g(z) + f (z) vanishes 
nowhere on B. Moreover, in view of the remaining hypotheses of the theorem, 
the conclusion of Hurwitz’ theorem applies and hence, for some n, > 0 it is 
the case that the function fO(z) given by 

f&4 = f (4 + g(4 - (no/U + no)) (1) 

has in the interior of F the same number of roots as the function g(z) + f (z). 
Clearly, fo(z) vanishes nowhere on B. 

Next, let us consider the sequence (fi,,&z)),E, of functions fi,Jz), where 

f&4 = f (4 + g(z) * (no/U + no)) (n/(1 + n)). 

1 This work was partly supported by Iowa State University SHRI. 
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Again, we see that limafi,n(z) =fO( z vanishes nowhere on B, and again, in ) 
view of the hypotheses of the theorem, the conclusion of Hurwitz’ theorem 
applies. Hence, for some n, > 0 we see that the function f&r) given by 

fl(4 =fW + A4 - hJ/u + %)) h/U + 4) (2) 

has in the interior of F the same number of roots as the functionf,(x) and there- 
fore as well as the function g(z) + f(z). Clearly, fi(z) vanishes nowhere on B. 

Continuing in the above manner, we obtain a sequence of functions f-,(z), 

fiW9 f&9,-, each having in the interior of F the same number of roots as the 
function g(z) +f(z). Al so, it is clear that these functions form a sequence 

(fnW?Ew of functions fn(z) continuous on the compact set F and analytic in the 
interior of F. 

Based on (1) and (2), we consider the infinite product 

of positive real numbers. Since the partial products of (3) form a strictly decreas- 
ing sequence of positive real numbers, we see that the infinite product (3) 
converges, say, to Y, , where 

~~=lirn(~)(~)~~)...(~)... with O<r,<l. 

Hence, the sequence (fa(x))n.w converges uniformly on F, say to the function 

fw(4 where 
foJ(4 = f (4 + A4 . ylu * (4) 

Moreover, since 0 < Y, < 1 and since 1 g(z)1 < / f (z)j on the boundary B of F, 
we see that fu(z) vanishes nowhere on B. But then fm(z) has in the interior of F 
the same number of roots as g(z) + f(x). This follows from Hurwitz’ theorem 
and the fact that (as stated above) in the interior ofF, for every n E w the function 
fm(z) has the same number of roots as the function g(z) + f (2). 

Now, if in (4) it is the case that r,,, = 0 then fJx> = f (x) and, in view of the 
above considerations, the proof of the theorem is complete. If, however, r, # 0, 
then we continue the process and we obtain 

fwi-l = f (4 + &) . ru . (%/(l + 4) 

analogous to fi(z), as given in (2); and we obtain 

f w+w =fb> + g(4 * f,oJ . rcu+o, 

analogous to fw(z), as given in (4). Moreover, 

0 C r, . r,,,, < 7, . 
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Since there is no nondenumerable strictly decreasing (or increasing) sequence 
of real numbers indexed by ordinal numbers (or indexed by any well-ordered 
set, because otherwise there would be nondenumerably many rational numbers) 
we see that the above process must terminate at a denumerable limit ordinal A, 
with rA = 0. But thenf, =f(z) and th e p roof of the theorem is complete, just 
as in the case of r, = 0 mentioned above. 
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