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It is well known that Hurwitz’s theorem is easily proved from Rouché’s
theorem. We show that conversely, Rouché’s theorem is readily proved from
Hurwitz’ theorem. Since Hurwitz’ theorem is easily proved from the formula
giving the number of roots of an analytic function, our result thus gives also a
simple proof of Rouché’s theorem.

We recall that Hurwitz’ theorem runs as follows. If a sequence (f,(2))new
of functions f,(2) continuous on a compact set F and analytic in the interior of F, is
uniformly convergent on F, and if the function f(z) = lim,, f,(2) vanishes nowhere
on the boundary B of F, then, beginning from a certain value of n, all the functions
Jo(2) have in the interior of F the same number of roots (counting each root as many
times as its multiplicity indicates) as the function f(2).

Based on the above, we prove:

TreorREM (Rouché). If g(z) and f(z) are functions continuous on a compact set F
and analytic in the interior of F, and if | g(2)| << | f(2)| on the boundary B of F,
then the function g(z) + f(2) has in the interior of F the same number of roots
(counting each root as many times as its multiplicity indicates) as the function f(2).

Proof. Let us consider the sequence (f; ,(2))ne,, of functions f, ,.(z), where
Jon() = f(2) + 8(2) - (n/(1 + n)).

Since | g(2)| < | f(2)| on B, we see that lim, f; .(2) = g(2) + f(2) vanishes
nowhere on B. Moreover, in view of the remaining hypotheses of the theorem,
the conclusion of Hurwitz’ theorem applies and hence, for some n, > 0 it is
the case that the function f(2) given by

Fo(z) = f(2) -+ &(2) - (mol(1 + o)) (M

has in the interior of F the same number of roots as the function g(z) + f(2).
Clearly, fy(2) vanishes nowhere on B.

Next, let us consider the sequence (f; ,,(2))ye. of functions £ (), where
Jrn(z) = f(2) 4 8(2) * (m/(1 + 70)) (n](1 + m)).
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Again, we see that lim,, f; ,(2) = f4(2) vanishes nowhere on B, and again, in
view of the hypotheses of the theorem, the conclusion of Hurwitz’ theorem
applies. Hence, for some n, > 0 we see that the function f,(2) given by

fi(z) = f(2) + 8(2) - (mof(1 + o)) (m/(1 -+ my)) @

has in the interior of F the same number of roots as the function fy(2) and there-
fore as well as the function g(2) + f(2). Clearly, f,(2) vanishes nowhere on B.

Continuing in the above manner, we obtain a sequence of functions fy(z}),
(=), fo(2),..., each having in the interior of F the same number of roots as the
function g(z) 4 f(2). Also, it is clear that these functions form a sequence
(fa(2))new of functions f,(z) continuous on the compact set F and analytic in the
interior of F.

Based on (1) and (2), we consider the infinite product

(1 —n:no) (1 —T—lnl) (1 :—2712) (1 _T_knk) (&)

of positive real numbers. Since the partial products of (3) form a strictly decreas-
ing sequence of positive real numbers, we see that the infinite product (3)
converges, say, to 7,, where

o = lim (1 :—Ono) (1 j—lnl) (l —n:nz) (1 :knk) with Osr <1

Hence, the sequence (f(2))nee converges uniformly on F, say to the function
f.(2), where

Jul®) =f(2) + &(2) " 10 - (4)

Moreover, since 0 <{ 7,, << 1 and since | g(2)| < | f(2)| on the boundary B of F,
we see that f,(2) vanishes nowhere on B. But then f,(z) has in the interior of F
the same number of roots as g(z) + f(2). This follows from Hurwitz’ theorem
and the fact that (as stated above) in the interior of F, for every # € w the function
fx(%) has the same number of roots as the function g(z) + f(2).

Now, if in (4) it is the case that r,, = 0 then f,(2) = f(2) and, in view of the
above considerations, the proof of the theorem is complete. If, however, r,, # 0,
then we continue the process and we obtain

Jorn =f(2) + &(2) -7, - (mf(1 + my))
analogous to f,(2), as given in (2); and we obtain
Joro =F(2) + 8(2) * 70 * Turr
analogous to f,,(2), as given in (4). Moreover,

0 < rw : ra;+w < Ve«
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Since there is no nondenumerable strictly decreasing (or increasing) sequence
of real numbers indexed by ordinal numbers (or indexed by any well-ordered
set, because otherwise there would be nondenumerably many rational numbers)
we see that the above process must terminate at a denumerable limit ordinal A,
with 7, == 0. But then f, = f(2) and the proof of the theorem is complete, just
as in the case of r, = 0 mentioned above.
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