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33C45 Hahn polynomials for a degree higher than N.

giggz We also present analogous results for dual Hahn, Krawtchouk, and Racah polynomials
and give the limit relations among them for all n € N,. Furthermore, in order to get

Keywords: these results for the Krawtchouk polynomials we will obtain a more general property of

Classical orthogonal polynomials orthogonality for Meixner polynomials.
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operators

Non-standard orthogonality

1. Introduction

In the last decade some of the classical orthogonal polynomials with non-classical parameters have been provided with
certain non-standard orthogonality. For instance, K. H. Kwon and L. L. Littlejohn, in [9], established the orthogonality of the

generalized Laguerre polynomials {L,(fk)}nzo, k > 1, with respect to the Sobolev inner product:
80
g0 %
(.8)=(O.F©.... Vopa| ~. |+ / F9 g™ (e dx,
: 0
()

with A being a symmetric k x k real matrix. In [10], the same authors showed that the Jacobi polynomials {P,ﬁ_l’_l)},,zo, are
orthogonal with respect to the inner product

1
(f, &)1 = dif (1)g(1) + dof (=g (1) +/ f'(0g' (x)dx,
-1

where d; and d, are real numbers.
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Later, in [13], T.E. Pérez and M.A. Pifiar gave a unified approach to the orthogonality of the generalized Laguerre
polynomials {Lﬁ,"‘) (%) }n>0, for any real value of the parameter «, by proving their orthogonality with respect to a non-diagonal
Sobolev inner product, whereas in [14] they have shown how to use this orthogonality to obtain different properties of the
generalized Laguerre polynomials.

M. Alfaro, M.L. Rezola, T.E. Pérez and M.A. Pifiar have studied in [2] sequences of polynomials which are orthogonal with
respect to a Sobolev bilinear form defined by

g/(c‘)
(N) 7 (N—1) £© (N) (N)
£S = (f(c)ﬂf (C)""vf (C))A : +<u7f g >7 (])

(N—.l) (C)

where u is a quasidefinite linear functional, ¢ € R, N is a positive integer, and A is a symmetric N x N real matrix such that
each of its principal submatrices is regular.

In particular, they deduced that Jacobi polynomials {P~¥'#},.,, where N + 8 is not a negative integer, are orthogonal
with respect to the bilinear form given in (1), for u the Jacobi functional corresponding to the weight function p @V (x) =
(1+x*Nandc = 1.

The remaining cases for the Jacobi polynomials, i.e. both parameters, o and 8, negative integers, were considered in [3]
where they proved that such sequences satisfy a Sobolev orthogonality.

M. Alvarez de Morales, T.E. Pérez and M.A. Pifiar in [7] have studied the sequence of the monic Gegenbauer polynomials
{Cr(fNH/ 2)}n20v where N is a positive integer. They have shown that this sequence is orthogonal with respect to a Sobolev
inner product of the form

1
(f,8) = FD)IF(—1))AG)|G(—1)" + / FENV g™ x) (1 — x*)Vdx,
-1
where

FMIF(=1) = FQ, f'), ... f NP, f(=1), f (=), ..., fND(=1)),

A =Q~'D(Q 1T, Q is a non-singular matrix whose entries are the consecutive derivatives of the Gegenbauer polynomials
evaluated at the points 1 and —1, and D is an arbitrary diagonal positive definite matrix.

M. Alvarez de Morales, T.E. Pérez, M.A. Pifiar and A. Ronveaux in [8] have studied the sequence of the monic Meixner
polynomials {M,ﬁy’“ )},,Zo, for0 < u < 1and y € R. They have shown that this sequence is orthogonal with respect to the
inner product

o0
(.7 =3 F®APGH "M (%), x €0,00),

x=0

where K is a non-negative integer, F(x) = (f(x), Af(x), ..., AXf(x)), A and V are, respectively, the finite forward and
backward difference operators defined by

Af) =fx+1) =f(x), V@) =f—-fx-1),

p+K.1) denotes the weight function associated with the monic classical Meixner polynomials {M{" ™""},., and A® is a
positive definite (K 4+ 1) x (K 4+ 1) matrix, with K > max{0, —y + 1}. Usually, when the inner product is defined by using
the difference operator instead the differential operator, the orthogonality is said to be of A-Sobolev type.

These examples suggest that the classical orthogonal polynomials with non-classical parameters can be provided with
a Sobolev or a A-Sobolev orthogonality. Furthermore, as was pointed out in [15], a Sobolev-Askey tableau should be
established.

In this paper we study discrete classical orthogonal polynomials which exist only up to a certain degree. This happens
for the Krawtchouk, Hahn, dual Hahn and Racah polynomials which satisfy a discrete orthogonality with a finite number
of masses. These families exhibit this finite character in several ways since there is a negative integer as a denominator
parameter in the hypergeometric representation. Also in the three-term recurrence relation

XPn = Pnt1 + Bubn + YubPno1, n=0,1,2,...

there exists M such that yy = 0. But there are other ways to characterize the discrete classical orthogonal polynomials
which, apparently, do not say anything about whether the sequence of polynomials is finite or infinite (see, for example, [1]).

We show that these polynomials can be considered for degrees higher than M, in fact for all degrees, and the main
properties still hold except the orthogonality. However, using difference properties of the polynomials, we find a A-Sobolev
orthogonality of the form

(f.8)s = (uo, fg) + (w, (AMF)(aYg)),
with respect to which the polynomials are characterized, where uy and uy are certain classical functionals.
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Also we obtain a factorization for these polynomials of the form
Pn =DPmGn-m, N=MM4+1,M+2,...,

where py vanishes in the M masses of the orthogonality measure associated with the linear functional ug, and g,_y is a
classical orthogonal polynomial that is at the same level in the Askey tableau as p;,.

The structure of the paper is as follows. The case of Hahn polynomials is studied in Section 2 in detail. In Sections 3-5, we
get analogous results for the Racah, dual Hahn and Krawtchouk polynomials, which satisfy a discrete orthogonality with a
finite number of masses, applying analogous reasoning that we have considered for Hahn polynomials. Finally in Section 6
we show that the known limit relations involving the above families hold for any n € Ny. The Appendix is devoted to proving
more general orthogonal relations for Meixner polynomials which are used in Section 5.

2. Hahn polynomials

The monic classical Hahn polynomials hﬁ”’g (x;N),n=0,1,...,N,N € Ny, canbe defined by their explicit representation
in terms of the hypergeometric function (see e.g. [12, p. 33]):
—N,a+1 - -
hefoo Ny = @t et Bl X ) o N, 2)
(@+p+n+1n —N.a+1
where (a),, denotes the Pochhammer symbol
(@) =1, (@, =a@a+1)---(a+n—-1, n=1,2,3,...
and (ai, az, ..., a))n == (a1)n(@2)n - - - (aj)n. These polynomials satisfy the following property of orthogonality:
N
Zhﬁ’ﬂ(X; NREP (x; N)p*P(x; Ny =0, 0<m<n<N, 3)
x=0
where
o FrG+N+1—-—x)I'(¢+1+x)
p*P(x; N) = :

IrA+x)r(N+1—x)
Whena, 8 > —1ora, B < —N this is a positive definite orthogonality. However, it is possible to consider general complex
parameters « and 8 and (3) remains by using analytic continuation.
Furthermore, Atakishiyev and Suslov [6] considered Hahn polynomials for general complex parameters «, 8 and N and
nowadays they are known as continuous Hahn polynomials [5]. The monic ones are

1).

—n,n+a+b+c+d—1,a+ix
pn(x;a,b,c,d>=Dn3Fz( At et

where
_ i"(a+c,a+d),
T (n+a+b+c+d—1),

and since the parameter a causes only a translation, Hahn and continuous Hahn polynomials are related in the following
way

n

pa(x; a, b, ¢, d) = i"hiT 0T (—a — ix; —a — ),
h&P (x; N) = (=i)"pa(ix; 0, B + N + 1, =N, o + 1). (4)

Continuous Hahn polynomials satisfy a non-Hermitian orthogonality
/pn(x; a,b,c,d)x"w(x;a,b,c,d)dx=0, 0<m<n, (5)
c

where

w;a,b,c,d) =T'(a+ix)(b+ix)"(c —ix)["(d — ix), (6)
and C is a contour on C from —oo to co which separates the increasing poles

(a+ k)i, b+ ki, k=0,1,2,...,
from the decreasing ones

(—c — K, (=d — k)i, k=0,1,2,...,
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which can be done when these two sets of poles are disjoint, i.e.
—a—c,—a—d, —b—c,—b—d¢dN,.

443

The continuous Hahn polynomials also satisfy, among others, a second order linear difference equation, a Rodrigues formula,

the TTRR which will be useful later
Xpp(X) = Pay1(X) + (By + @)ipy (%) + Gipr_1(%),

with
_ nn+b+c—1)(n+b+d—1) _(n+a+b+c+d—1)(n+a—|—c)(n+a—|—d)
"T @n+a+b+c+d—2)2n+a+b+c+d—1) (@n+a+b+c+d—1)Rn+a+b+c+d
c _ Mntbtc—Dmt+btd-—Drtatbtct+d—2)
L =

2n+a+b+c+d—-1)2n+a+b+c+d-2)
m+a+c—1n+a+d-—1)

“@nta+btctd—2)@n+atbtctd—3)

and they have several generating functions.
Let us focus our attention on (2), it can be rewritten as

(a+ 1)y, . (—n,a+B+n+1, =% (=N + K)n_y
@+ Btnt Dy i @+ 1.1,

hiP (x; N) =

)

which is valid for every n and, in this way, it can be used to define Hahn polynomials for any n € N.
These new polynomials satisfy the following result:

Theorem 1. Let N be a non-negative integer, then the Hahn polynomials hff"8 (x; N) for n > 0 satisfy the following properties:

(i)
PNy =0, B N) =1,
XhP (6, N) = P (x N) + Boh%P (% N) + vl P (s N), n=0,1,2,...

where
@+ DN@+B)+n@N —a+p)a+B+n+1)
Pn = (@ +B+2n)(a+B+2n+2) ’
y _nN+1-m@+p+ne+nB+na+p+N+n+1)

(a+B+2n—1ND(a+B+2n(x+B+2n+1)
(ii) For any integer k,0 < k < n,
(ii.1) AREP (x; N) = (n — k + 1) N = k),
(ii.2) VRSP (x; N) = (n — k+ 1) R x — ks N — k).
(iii) Second order linear difference equation:
X(B+N+1—x)VALP (x; N) + ((@ + N
—(a + B +2) x) ARP(x; N) + 2,h%F (x; N) = 0,
withh, =n(n+aoa+ B+ 1).
(vi) Rodrigues formula:
(="

\vid a-+n,p+n x: N —n)),
[CEY ETEES (p ( )

heP (x; N) p™F (x; N) =

with
FrG+N+1—x)I'(x+1+x)
I'A+x)'(N+1—x)

p*P(x; N) =
(v) Generating function:

i": (@a+B+n+1),
— (B+1,0+1,1),

validforx e Cand —a — 1, - — 1 ¢ N.

—X
hiP (6 Nyt = | Fy (a +1

—N +x
_t>1F1 (ﬂ+]

().

(9)

(15)
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Fig. 1. Zeros of h}3' (x; 5) (left) and h},” (x; 5) (right).

Remark 2. Apparently, the conditions —«, —f8, —a — 8 & N are necessary in (i)-(iv), but this problem disappears by using
a suitable normalization, for instance, if there is a polynomial dependence on the parameters.

The proof is straightforward using the well-known properties of continuous Hahn polynomials (see [12]) and the limit
relation

B P (e N) = im (=D)" py(ix: 0, B + N+ + 1, =N — e, + 1),

easily obtained from (4). Note that for small ¢ the weight function associated with the continuous Hahn polynomials,
w; 0, +N+¢e+1,—N — ¢, 8 + 1), satisfies the poles separation condition.

Now we center our attention on the behavior of the zeros. Fig. 1 shows the standard configuration of the zeros of Hahn
polynomials for degree greater than N + 1. In fact, they have N 4+ 1 zeroson0, 1, ..., N, and the othern — N — 1 zeros are
located on unknown curves of the complex plane. In the special case @ = 8 € R™ this curve is the line {ti + N/2 : t € R}.

The following result is straightforward taking into account (8) and that if n > N + 1, then (=N + k),_x = 0, for
k=0,...,N.

Proposition 3. Let N be a non-negative integer. For everyn > N + 1,

REP(x; N) = (x — N)yga (=) M ' ppn_i(i N+ 1L, B+ N+ 1,1, 0 + 1)

N N N N N
=X =Ny (=D"" v ((x— S )T+ B+ 1+ 1+ oo+ 14+ ).
2 2 2 2 2

Remark 4. Note that, as was expected from (3), hﬁ’fl (x; N) = (x—N)n41 which vanisheson0, 1, ..., N and is independent
of @ and B — this fact is non-trivial from the other ways to characterize these polynomials (see e.g. [4]). On the other hand,
in the case « = f the continuous Hahn polynomial in the right-hand side is a linear transformation of a real polynomial.

Now we establish the main result.

Theorem 5. Let N be a non-negative integer and «, B € C such that

—a,—B&{1,2,....,N,N+2,...}, (17)
and

—o—B&{1,2,....2N+1,2N+3,...}. (18)

Then the family of monic Hahn polynomials hﬁ"’g (x; N) for n > 0is a MOPS with respect to the following A-Sobolev inner product:

N
(.25 =Y _fg®p™ (x N) + / (AN @)(AM g @) (z; N)dz,
C

x=0
where
Fr+N+1—-x)I'(a+x+1)
TN+1—x)I'(x+1)
PNy = (=) F(B+N+1-2)FA+2)T(@+N+2+72),

p*P(x; N) =

)

and C is a complex contour from —oci to ooi which separates the poles of the functions I'(—z)I'(B + N + 1 — z) and
I'(142z)I' (@ + N + 2 + z). Furthermore, this A-Sobolev inner product characterizes the polynomials h‘,f‘ﬁ(x; N) foralln € Ny.
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Remark 6. Note that the conditions (17) and (18) are equivalent to the existence of a unique n such that y,, = 0, and

therefore n = N + 1. Furthermore, (17) is equivalent to h‘ﬁ,"ﬂ(x; N) is uniquely determined by (3) for n < N together with
the poles separation condition of w®# (z; N) given in the above theorem.

Proof. If0 <m < n < N + 1, since ANT1x™ = 0,
N
(hP o N), X5 = ) heoP (6 N)X™p™ (x; N) = 0.
x=0
Ifn > N+ 1and m < N, by Proposition 3,

N
(P e N), X™)s = Y~ P (6 N)x" o (x; N) = 0,
x=0

andif N + 1 < m < n, then

(P (6 N), X™)s = / (AN (z; N)) (AN 12" 0™ (z; N)dz
C

- /panfl(Zi; 0,B+N+1,1,a+N+2)qn n_1@0(z; N)dz =0,
c

where g,;,_n_1 is a polynomial of degreem — N — 1.
Now we show that the inner product characterizes the polynomials. If n < N then, due to (17), we get

N
(he P N), x5 = ) heP (xi N)X" o (x; N) 3 0,

x=0

and if n > N 4+ 1 we obtain

(hg'ﬂ(x; N), x")s = /(ANth,ﬂ(z; N))(ANJrlzn)a)a’ﬁ(z; N)dz
C

_ f Prn1 (@0, BN +1, 1,4+ N + 2w (2™ (2 N)dz £ 0,
C

since ¢,_n_1 is a polynomial of degree n — N — 1 and the coefficient Cy, given in (7), is different from zero for a = 0,
b=B+N+1lc=1landd=ao+N+2,fork=1,2,.... O

3. Racah polynomials

We can apply an analogous process for the Racah polynomials

—-n,n+oa+ +1,_X,X+ +8+]
Rn(x(x);a,ﬂ,y,S)zrmFs( aa+1ﬁ,3+5+1 yll ‘1>

in which

a+1,8+6+1,y+1),
T (itat Bt
and A(x) = x(x + y + & + 1), by using the Wilson polynomials [12, p. 28]

n )

-nn+a+b+c+d—1,a+ix,a —ix

2. =
Wn(x,a,b,c,d)_wn4F3( a+b a+c a+d

1).

in which
_(=D"a+b,a+c,a+dy,
"7 m+a+b+c+d—1),

In fact,
Rn()\(x), as ﬂs )/’ 8)

§+1\? s+1 s—1 —y+5+1 y—8+1
=(—1)“Wn<(ix+iy+2+ ) ;y+2+ , —y+2 B+ V+2 Tl 2+ )
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whereo +1=—-NorBf+8+ 1= —Nory + 1= —N, with N anon-negative integer, and
Wo(x*;a,b,c,d) = (=1)"Ry(A(—a—ix);a+b—1,c+d—1,a+d—1,a—d),

where A(t) = t(t + 2a).
On the other hand taking, for instance, @ + 1 = —N we get the following factorization for n > N:

Ri(A(); &, B, ¥,8) = Ryp1(A(x); =N — 1, B, ¥, &) (= )" N1

A +5+ 1))\ +84+3 —y—86+1 —y4+8+1 y—8+1
XWn_N_1<(1<X+y2>> ,N+y s v aﬂ+ v 7y )

2 2 2 2

In this case, the Racah polynomials satisfy the following A-Sobolev orthogonality:
A N+1 A N+1
(D, @)s = (P, @)a + <<AA> D, (Ak) Q> )
c

a@+1,B+6+1L,y+1,y+5+1,(y+6+3)/2)
(—a+y+38+1,-B+y+1,(y+5+1/2,8+1,1),

P, q)c = /p(zz)q(zz)v (zi +i4+ 1M> v (— (Zi +i+ 1M>> dz,
c

with

N
(p.qha =Y _p(x)q(®)
x=0

2 2
where

V) = vz abc.d) = F@+il b+l e+l d+iz)

I'(2z)
being
gl YEIEN Sy sSoN Sy SNy SN
2 2 2 2
and C is the imaginary axis deformed so as to separate the increasing sequences of poles
k,-1—y—-86§—-N+k,B—y+k —-5+k k=0,1,2,...
from the decreasing sequences
-y —-6—-N-2—-k,-1—-k,-f—6—-N—-2—k,—y—N—-2—-k, k=0,1,2,....
Of course, we need to assume that these two sets of poles are disjoint, i.e.,
2a,a+b,a+c,...,c+d,2d €{0,—-1,-2,...}.
On the other hand, in this case, i.e. « + 1 = —N, we get the following generating functions (see [12, p. 29]) which are

valid for all x € C:

o0

(x+1,y 4+ 1, ) N —X,—Xx+B—vy x+a+1,x+y+1
;mm(m),a,ﬂ,y,w =2F( Tphsaa  |f):F wst1  |t)
3

> —X,—X— 20
See e.g.[17] or [11] to get more information about algebraic properties and applications for Wilson polynomials.

y +1

Z(oe—l—l,ﬁ—i—S—i—l)n

Ry(A(); a, B, y,0)t" =, F
—(a—B—y+ Dan! (). B.y.0) 21( a+p—y+1

) C+a+Lx+ﬁ+5+1
t),F

4. Dual Hahn polynomials

We can apply an analogous process for the dual Hahn polynomials

(20)

-n,—Xx,X+y+5+1
Re(A(x): ¥, 8,N) = (y + 1, =N), 5 F5 ( oL 1 N ’1)

with A(x) = x(x + y + 8 + 1), by using the continuous dual Hahn polynomials [12, p. 31]
—n,a+ix,a —ix 1)

Sn(xz;a’b’c)=(—1)n(a+b,a+c)n3F2< a+b,a+c
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In fact,

) ’

S+ 1 S+1 —5+1 S+ 1
Rn(m);y,a,w)=<—1)“sn<<m+ly+ + ) Yoty 2+ N—’”+2+ )

2 2 B
and
Sn(x*;a,b,¢) = (—D)"R, (M(—a—ix);a+b—1,a—b,—a—c),

where A(t) = t(t + 2a).
We get the following factorization forn > N:

Ra(A(x); ¥, 8,N) = Ry41(A(x); ¥, 8, N) (—D)" 7!

S+ 1 §+2 —y—-56+1 —5+1
><5n_N_1<<x1+1y+2+> ,N+y+2jL 4 5 Lk 4 2+ )

Dual Hahn polynomials polynomials satisfy the following A-Sobolev orthogonality:
A \NH A \NH
(p.q)s = (p.qa+ <<M> p, (M) q> ;
C

@x+y +8+ 1Dy +1,-N)
(D*x+y +8+ Dy +1, 1),

with

N
(P, a)a =) p()q(0)
x=0

P, q)c = /p(zz)q(zz)w(z; v, 8, N)dz,
C

where
) §+N
U)(Z;a,ﬂ,N):U<Zl+ +l%s%37N>V(—Zi—i %77/3871\1)5

being

I'a+iz)'(b+iz)I(c +iz)
v(z;a,b,c) = I (zi) )

and

§+N —6+N §+N
a=1+%, b=1+%, Cz_%,

and C is the imaginary axis deformed so as to separate the increasing sequences of poles
k, —y—-86—-N—-1+k, —5+k, k=0,1,2,...,

from the decreasing sequences
-y—6—-N-2—-k, —1—-k, —y-—-N-2-k, k=0,1,2,....

Of course, we need to assume that these two sets of poles are disjoint, i.e.,

2a,a+b,a+c,...,2c £{0,—1,-2,...}.

On the other hand we get the following generating functions (see [12, p. 36]) which are valid for all x € C:

x —X,—X—3§ (—=N)n
(1— oV 2F1<"Hf‘l ‘t)zz RO v 8 N

n=0
00 —N),
(1—f)sz1< ”_g‘““) Z )R<A(x>yaN)r"
=0

447
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5. Krawtchouk polynomials
Similarly, properties for the Krawtchouk polynomials

1
p

withp € C,p # 0, 1, can be obtained via Meixner polynomials

Cn(ﬂ)n F <—n, —X
c—nn2 '\ B

Ka(x; p, N) = (=N)up" , Fy <—in

Mn(X; ﬂv C) =

1

1—7), B>00<c<l.
c

In fact,

Kqy(x; p, N) = M, <><; —N, L),
p—1

Ma(x: B.0) = K, (x; B — 1) ,

setting 8 = —Nandc =p/(p — 1).
We have the following factorization for the Krawtchouk polynomials forn > N:

Kq(x; p, N) = Kn1(X; p, N)Mp—n—1(x =N = ;N +2,p/(p — 1)).
Furthermore, these polynomials satisfy the following A-Sobolev orthogonality:
(r,q)s = (r,q)a+ (A"'r, ANq)

¢’

with
N X N—x
_ p'(1-p)
(r,q)a = ;r(""’(")mH DFN =51 (22)
(r.q)c = / r@q@ () +2) (L> dz, (23)
c 1-p

where C is the imaginary axis deformed so as to separate the increasing from the decreasing sequence of poles of the weight
function, in fact in this case we can consider the curve C = {—1/2 +ti: t € R}.

Remark 7. Note that the property of orthogonality for the Krawtchouk polynomials (22) is valid for all p € C, withp # 0, 1
by using an analytic continuation for the standard weight function associated with the Krawtchouk polynomials.
On the other hand, we get the following generating function (see [12, p. 47]) which is valid for all x € C:

1_p * —X - N . n
<1—T ) a+oV =Z<n>l<n(x,p,N)t-

n=0

6. Limit relations between hypergeometric orthogonal polynomials

In this section, we study the limit relations involving the orthogonal polynomials, considered in this paper, associated
with some families of polynomials of the Askey scheme of hypergeometric orthogonal polynomials [12].
Let us now consider such limits for any n € Ny:

(1) Racah — Hahn. If we take y +1 = —N and § — oo in the definition (19) of the Racah polynomials, we obtain the Hahn
polynomials defined by (2). Hence

Jim Ry (A0 @, B, =N = 1,8) = h%F (x; N).
—00
The Hahn polynomials can also be obtained from the Racah polynomials by taking § = — — N — 1 in the definition
(19) and letting y — oo:

lim R,(A(x); &, B, ¥, —B —N — 1) = h%F (x; N).

y—>00
Another way to do thisistotakea +1= —Nand 8 — B + y + N + 1 in the definition (19) of the Racah polynomials
and then take the limit § — oo. In that case we obtain the Hahn polynomials given by (2) in the following way:

Jim Ry(A(x): =N = 1.8 +y +N+1..6) = h? A (x; N).

— 00
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(2) Racah — Dual Hahn. If we take « + 1 = —N and let 8 — oo in the definition (19) of the Racah polynomials, then we
obtain the dual Hahn polynomials defined by (20). Hence

Jim Ry((0: =N = 1. .. 8) = Ru(Ax): 7. 8. N).
—00

Ifwe take § = —6 — N — 1and ¢ — oo in (19), then we also obtain the dual Hahn polynomials:
lim R,(A(x); ¢, —6 — N —1,y,8) = Ry(A(X); y, 5, N).
oa—>00
Finally, if we take y +1 = —N and § — o 4+ 8 + N + 1 in the definition (19) of the Racah polynomials and take the
limit 8 — oo we find the dual Hahn polynomials given by (20) in the following way:
ﬂlim RiOAx);a,B8,—N —1,a+8+N+1) =R,(A(X); @, 5, N).
—00
(3) Hahn — Krawtchouk. If we take « = (1 — p)t and B8 = pt in the definition (2) of the Hahn polynomials and let t — oo
we obtain the Krawtchouk polynomials defined by (21):
lim h{'"P0P (x; N) = K, (x; p, N).
t—o00
(4) Dual Hahn — Krawtchouk. In the same way we find the Krawtchouk polynomials from the dual Hahn polynomials by
setting y = pt, § = (1 — p)t in (20) and letting t — oo:
Jim Ry (A(x); pt, (1 = p)t, N) = Kn(x; p, N).
—00

Remark 8. The proof of each one of these limits is straightforward once one reduces the hypergeometric representation of
each family as we did for the Hahn polynomials (see (8)) which is valid for all n € Ny.
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Appendix. Orthogonality relations for Meixner polynomials with general parameter
In this appendix we will show that Meixner polynomials, {M,(x; B, ¢)}n>0, withc < 0 and B € C, can be provided with

a property of orthogonality which can be obtained through a process limit from the continuous Hahn polynomials.
From the TTRR of the continuous Hahn polynomials it is straightforward to obtain the following relation

. t . t . t
Dn+1 <1X§ 0, _E, t, ,8> = (X — By)pn (1X§ 0, _E: t, ,3> — CaDn—1 <1X; 0, _Ey t, ﬁ) ) (A1)

where t € RT, and
n(n—§+t—l)(n—£+,3—1) (n—%—}—t—l—ﬂ—l)(ﬂ—i—t)(ﬂ-}—ﬂ)

Bn: - )
Gn—Lt+t+p-2)2n—Lt+t+p-1) (n—L4c+B-1)(2n—L+t+p)

c =t (- -+ t+B-2)(n+t—Dn+L—1)

! n—t+t4+p-1)(2n—L+c+p-22n—L+c+8-3

Since

lim B = et h

t>oo " 1—c

lim —C :w

[t|— o0 g (C—1)2 ’

coincide with the coefficients of the TTRR for the monic Meixner polynomials, with initial conditions p_; = O and py = 1,
one deduces

|l‘im (=1)"pu(ix; 0, —t/c, t, B) = Mp(x; B,¢), n=0,1,2,..., (A.2)
t|—o0

by using induction in (A.1).
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Proposition 9. Forany 8,c € C,c ¢ [0, oo0) and —B & N, the following property of orthogonality for the Meixner polynomials
fulfills:

/Mn(z; c,B)z"Ir'(—2)F(B+2)(—¢c)*dz=0, 0<m<nn=0,1,2,... (A.3)
c

where C is a complex contour from —ooi to coi separating the increasing poles {0, 1, 2, ...} from the decreasing poles {— 8, — 8 —

1,-B8—-2,...).

Proof. We prove the result for c < 0, thus the general case is obtained by analytic continuation.

Let us assume that g is such that the contour C = {—1/2 4 yi : y € R} separates the poles of I" (8 + z) from the poles
of I'(—z),i.e, RB > 1/2, and let us take the normalized weight for the continuous Hahn polynomials (see (6))
w(iz; 0, —t/c, t, B) _ '(—t/c—2z) I't+2)

retore TP TRy o [T

Wi (z) =

Notice that
Jim Wi(z) = I'(=2)'(B +2)(=¢)" = W(2),

pointwise in C by using the Stirling formula

I'(z) = x/ﬂzz‘%e_z(l +0(1)), z— oo, |arg(@)| <.
It is known that
IFx+ip| < I, Vx,yeR,
hence
W@ = I'(=2) I'(B+2)]. (A4)

Using once again induction on (A.1) and due to the exponential behavior of the right-hand side of (A.4) at the endpoints of
C, one obtains that

pa(iz; 0, —t/c, t, BYW,(2)

is dominated by an integrable function on C. Thus, from the dominated convergence theorem
tlim /(—i)”“pn(iz; 0, —t/c, t, B)z"W,(z)dz = an(z; B,0)z"W(2)dz.
- Jc c
On the other side since C also separates the poles of I"(—t/c — z) from the poles of I (t + z), we get

/(—i)”“p,,_H(iz; 0, —t/c, t, B)z"W(z) = 0.
c

Thus (A.3) holds for RB > 1/2.

The general case is straightforward by using that if C is a contour separating the poles and C; = {A + yi : y € R}, where
A € (0,1), 2 # RB, which does not separate the poles, then the integral through C and C; differs on a finite number of
residues. [

The case ¢ > 0 cannot be considered by an integral of the form (A.3) since it diverges. However, when |c| < 1, (A.3) is
rewritten on the form (see [ 16, Section 5.6] for details)

Y Malx; ¢, BX" M =0,
=0 X!

which is also valid for ¢ € (0, 1) and coincides with the very well-known orthogonal relations for Meixner polynomials.
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