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Abstract

Explicit Runge—Kutta—Chebyshev methods have proved to be efficient for reaction—diffusion problems of
moderate stiffness. In this paper, we extend such an efficiency to convection-dominated-reaction—diffusion
problems by giving a formulation of these methods in a semi-Lagrangian framework, using C°-finite elements
of degree m > 2 as the space discretization method. We also study the convergence in the L?>-norm of the
methods proposed in this paper.

(© 2003 Elsevier Science B.V. All rights reserved.

MSC: 65L0; 65M12; 65M25; 65M60

1. Introduction

In this paper, we introduce a numerical method to compute an approximate solution to convection—
reaction—diffusion problems in which convection dominates the other terms of the equations. The
method we propose consists of using a consistent space approximation method, which is C-finite
element method in this paper (although one can also use finite differences or spectral methods),
combined with a semi-Lagrangian formulation of a second order explicit Runge—Kutta—Chebyshev
(hereafter RKC) scheme. A conventional (or Eulerian) formulation of RKC schemes in the context
of the integration of parabolic problems has been developed and analyzed in a number of papers
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such as [6,13,14]. Thus, using the method of lines approach, a parabolic problem is converted into
a system of ordinary differential equations

dUu

U(0) = U,

in RM say, by means of a space discretization method. If (i) the eigenvalues of the Jacobian matrix
G'(t,U) = 0G/0U lie in a narrow strip along the negative real axis in the complex plane and (ii)
G'(t,U) is close to normal, then RKC schemes can be an interesting choice to integrate this ODE
system for a number of reasons such as: (a) they possess an extended stability interval, which can
be enlarged as much as needed by adding more stages to the schemes, (b) they can be of second
order and (c) they are explicit. The latter property is very attractive from a computational viewpoint.
However, in convection dominated problems properties (i) and (ii) of the Jacobian matrix G'(z,U)
deteriorate, so that RKC schemes do not work well in these problems. Nevertheless, if one uses an
operator splitting approach one can still apply RKC schemes for the parabolic step of such an ap-
proach. In this spirit, we propose the semi-Lagrangian formulation of the RKC schemes to overcome
the difficulties brought about by the strong convection terms. In a way that we will see below, this
formulation can be considered as a splitting method that is applied along the characteristics of the
total derivative operator D/Dt := 0/0t + a - V, where a(x,t) is a flow velocity. The model equations
are the following:

%:V-(KVu)—i—f(u), (x,)eQx(0,T], QeR?, d=1,2 or 3,
u(x,0) =up(x), xeQ,
ou
Ka—:O, (x,t)€ 09 x (0,71, (1)
n

where Q2 is a bounded domain with boundary 02 and # is the unit outward normal to 0€Q. In these
equations, K denotes a prescribed positive diffusion coefficient, which in a general case may be a
second order tensor that might depend on (x,#) and u, but for the sake of simplicity we take it
as constant in this paper. f(u) is the reaction term. There are many environmental, chemical and
fluid dynamics problems modelled by this equation, in which the convective term a - Vu is the
dominant one, whereas K <1 and f is a moderately stiff reaction term. In such cases, numerical
methods that combine schemes based on the methods of characteristics, such as semi-Lagrangian and
Characteristic-Galerkin methods, to deal with the convective term, and conventional implicit schemes,
such as Crank—Nicolson and backward Euler, to manage the diffusive and reaction terms have proved
to be accurate and efficient schemes. See for instance [1,7,9]. However, the implicitness of both
diffusion and nonlinear reaction terms yields, every time step, a non linear system of equations,
which requires the use of costly iterative methods to compute its numerical solution. So that, the
idea of the numerical methods proposed in this paper is motivated by the excellent results obtained
by the application of explicit RKC schemes to find the approximate solution of reaction—diffusion
problems of moderate stiffness, and the fact that the numerical schemes, which integrate the term
Du/Dt backward in time along the characteristics, reduce the procedure to find the numerical solution
of (1) to the numerical integration of a reaction—diffusion problem. As for the characteristics based
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methods, we propose semi-Lagrangian ones for the reason that they offer computational advantages
as compared with Characteristic-Galerkin methods and are as accurate as the latter.

The layout of the paper is the following. In Section 2 we introduce some well known results and
useful definitions which are needed in the development of the paper. Sections 3 and 4 are devoted
to the formulation of the finite element semi-Lagrangian RKC methods. The numerical analysis,
some numerical experiments illustrating the performance of such methods and the conclusions are
presented in Sections 5, 6 and 7, respectively. For the sake of completeness, and for those readers
who may be interested in knowing the technical details of the proof of convergence in Section 5,
we end the paper with two appendices which contain such material.

2. Preliminaries

We recast our model problem (1) in a weak form. To do so, we consider the real Sobolev spaces
wm™P(Q), m and p integers, 0 < m < oo, 0 < p < oo, with norm || - ||, , and semi-norm |- |,, ,. We
denote by C™"(Q) the class of functions on Q that can be extended to be m-times differentiable in
RY. CI(Q) is the set of m-times differentiable functions having compact support in Q. The closure
with respect to the norm || - ||, , of the space Cg°(£2) is denoted by W;""(Q). For p =2, W™?(Q)
(resp. Wy""(Q)) coincides with the real Hilbert space H™(Q) (resp. H{'(2)) with norm || - ||,, and
semi-norm |- |,,. The dual space of W;"”(Q) (resp. Hj'(22)) is denoted by W ~"-9(Q) (resp. H "(Q))
with 1/p + 1/g = 1. For m =0, H™(Q) is the Hilbert space L?>(Q) whose inner product and norm
are denoted by (-,-) and || - ||, respectively. The dual space of L?(Q) is itself. We require spaces
that incorporate time dependency. Let X be any of the spaces introduced above and [0, 7] a time
interval, if u(x, ) represents a function defined on Q x [0, 7] the following norms are used:

T 1/p
llro.raey = ( / ||u(r>||ﬁz> L 1<p<oo
0

lull=o.r:x) = Ogtsszupllu(t)Hx-

The space L?(0,T;X) is the set of u such that the above norm is finite

We need the following assumptions:

Al. The function f is C*(a,b;R) for some interval (a,b) in R.

A2. For any (x,1)€ Q x [0, T],a(x,t) € L>(0,T; W->°(Q)) and a-n =0 on the solid boundaries
of Q.

Hypothesis A2 guarantees for all time the existence and uniqueness of the trajectories of the points
of 2, the computation of which is an important ingredient of the semi-Lagrangian methods.

If u, f and a are sufficiently smooth, then u satisfies the weak form of (1)

<gb;,v) + (KVu,Vv)=(f(u),v), YWweH'(Q), 0<t<T,

u(t)eHY(Q), 0<t<T,
u(x,0) =up(x), xel. 2)
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Next, given hy, 0 < hg < 1, let h be a space discretization parameter such that 0 < & < hg. To
compute the numerical solution of (2) we generate a quasi-uniform partition D, in Q of elements
T; that satisfy the following conditions.

_ (i) Let NE be the number of elements of D, and let J = {1,2,...,NE} be an index set, then

Q:“UjeJ Tj.
(i1) For j,led,j # 1,

P;, a mesh point, or
I'NT;=< I';; acommon side, or
) empty set.

(iii) There exists a positive constant u such that for all j€J, d;/h; > pu, where d; is the diameter
of the circle inscribed in 7; and h;j(h; < h) is the largest side of 7;. Associated with the partition
D, there exists a family of finite dimensional subspaces S, (further details on these spaces are given
below) with the following approximation property.

Given integers s, m and r such that 0 <s <r <m+ 1, if S, C H'(Q) then Yu € W"?(Q) there
exists a constant K > 0 such that

ng/ llu —valls, p < KK "*lul,, with 2 < p <oo.
h

Un
Given V;, C S;, we define some discrete operators which are needed below.
The orthogonal projection Py:H~'(Q) — V,

(Pov,p) =(v,0), Yo eV
The polynomial interpolant of degree m I,: C%(Q) — S,

Lau(x)=u(x;), 1<i<M,

where {x;} is the set of mesh points in the partition Dj,.
The linear continuous operator 4: H'(Q — H~'(Q)) defined as

(Au,w) = (KVu,Vw), YwecH'(Q),
where (-,-) denotes the duality pairing. 4 is also a symmetric positive definite operator on V =
HY(Q)/R.

The discrete operator 4, :V;, — V;

(A},U, (0): <AU, (10>’ vq)e Vh~

The Ritz projection operator R: V — V,
(KVRv, V)= (Av,p), VeV,

The discrete operator f,: V — V
(/) @) = (f(v),0), VoV

It is easy to see that
AhR:P()A and fh :P()f.

In our error analysis we shall need standard estimates of # = u — Ru which are encapsulated in
the following lemma [12]:
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Lemma 1. If u belongs to L*°(0,T; H'(Q)), then there exist constants C, and C, independent of
h such that for 1 <r<m-+1

||’7HL°°(0,T;L2) + h||’7HL°°(O,T;H1) < Clhr||“HL°°(0,T;H'")

and
| — PO”HL‘”(O,T;LZ) + hlu — PO”HLOO(O,T;H‘) < CzhrHuHLw(QT;H’)-

We also assume that there exists a positive bounded C(u) independent of 4 such that the following
estimate holds:

£ () = f(Ru)||co.7:12) < CH||ua| o (0,787 3)

3. The finite element semi-Lagrangian RKC methods

To formulate the numerical methods we divide the interval [0,7] into N subintervals [¢,,%,.1]
such that [0,7] = Uiv:_ol [t:,t.1]. For the sake of simplicity, we take subintervals of equal length
k, although this is not essential for the method to work well. Next, we define the family of finite
element subspaces V). To this end, we consider an element of reference 7 c RY such that for each
element 7; of the partition D, we can define a one-to-one mapping F; : T — T;. Let R,(T) be the
set of polynomials p() of degree < m defined on 7', then for each T; we define the set

Ru(T)) = {P(x),x € Ty p(x) = p(F; ' (x))}.

Note that in the conventional literature of finite elements, Iém(f’ ) is Pm(f’ ) if the elements of D,
are d-simplexes, whereas R,(T) is Q,(T) if the elements of D, are d-quadrilaterals. Defining the
subspace S; as

Sy = {vw € W"(Q): vy|r, € Ru(T)) VT, € Dy},
we have that
_ o.}
0Q

Hereafter, we say that Sj, is a high order subspace if m = 2, whereas if m =1, we say that S, is
a low order subspace denoted by L. So that, unless otherwise stated, we shall assume that S, is a
high order subspace.

Furthermore, we also need the finite dimensional spaces Z, where the flow velocity is approxi-
mated,

0
V, = {Uh GShI Kvﬂ
n

Zy = {zn € Sy X Sp: zy - nlag, = 0},

where 0€Q, denotes the set of solid boundaries of Q.
Let M be the number of mesh points of the partition Dj, then any element of V), is expressed as

M
o= Vigi(x),

J=1
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where V; = v;(x;),x; being the jth mesh point, and {¢;} is the set of global nodal basis functions
of Vj characterized by the property ¢;(x;) = 6;. Similarly for the elements of Z,. However, the
elements of L, are expressed as

ML
Iy = ZLklpk;
=1

where ML is the number of mesh points in the partition D) corresponding to the space L;, such
points being the vertices of the elements 7; of Dy, so that ML < M. {y} is the set of global nodal
basis functions of L, characterized also by the property .Y;(x;) = 4, with x; being the kth mesh
point corresponding to the space Lj.

Anticipating things that we need below, it is convenient to introduce at this point the element
nodal basis functions associated with the elements 7; of the partition D;. Let {x{ ,...,x{\,H} be the

set of nodes of the element 7; associated with the high order subspace S, - {¢!}N denotes the set
of element nodal basis functions of high order defined on 7}, which satisfy for all i, ¢! € R,,(T;) and
@l (x},)=0;,. Likewise, {y/ }NL denotes the set of element nodal basis functions of low order defined
on T}, such that y/(x!)=4;, with {¥|,...,%; } being the set of vertices of T, associated with L;.

Note that the sets {@!}N and {y/}N are the restrictions on the element 7 of the sets of global

nodal basis functions {¢;}}L, and {y};";, respectively. Hereafter, unless otherwise stated, we use
the notations b"(x) = b(x, t,,) and b! = b(x;,t,), with bj(x) and b}, denoting their corresponding
space discretization, respectively.

The numerical solution to (2) is the map u;:(0,7] — V} such that for t =¢,,n=1,2,... .

M
up = U';. )
j=1

To compute such a solution we consider for each subinterval [¢,,¢,,1] the map i, : [ty t,1] — Vi
defined by

up(x,t)=

Uj(0)pj(x), 1€ [tntap1], (5)

”Mi

where

U (1) = up(Xn(xj, tar13 1), 1), (6)
and Xj(x;,7,11;1) is the trajectory of a point that departing from Xh';. = Xp(xj, 0415 1,) at time ¢, will
arrive at the mesh point x; at time #,,,. So that, for all n,

0% = (X0, @
and for ¢ € (t,,2,.1]

dii
((I;th’ V) + (A, V)= (fr(ay), V) for all Ve,

M
@, V)= > UtV |- (8)
j=1
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Few remarks are now in order. First, dii;/d¢ denotes >, (dU,/dt)¢;, with

dU, U

o= OO b 0.0) - V(K i . 0).
Second, (8) represents an initial value problem for i, € V. To make this point clear, we write (8)
as an ODE system for the components {U,(¢)}. By virtue of definitions of the discrete operators

given above, it follows that (8) becomes

M [ddltj] =S[U1+M[F(U)], ty <1<ty
[U"] known as initial condition at £, 9)

where M and S are sparse symmetric matrices the elements of which are given by

m;; = i ‘dx, l.,':1,2,...,M
j bip; J
Q

and

Sij = —/QKV(bi -Ve¢;dx, i,j=12,...,M,
respectively.

7 5 5 = AT

[iﬂ = {d§f‘=d52,---,dgtM , [01=101,0,,...,04]
and

[F(D)] = [FI(U), Fy(0),...,Fu(O)]"
with

F(UO)= f(iay), i=12,...,M.

M is known as the mass matrix in finite element literature. It is a positive definite matrix with
a low condition number, which is practically independent of %, so that it is very easy to invert it
even by the diagonal preconditioned conjugate gradient. S is known as the stiffness matrix in the
finite element literature. The condition number of S is O(C/h*), where C is a bounded constant; this
means that for small 4, S may have a high condition number that makes difficult invert it. It is at
this point where the explicit RKC methods play a useful role, because these methods do not need
invert the matrix S.

The third remark is concerned with the initial condition of (9). Note that the initial values [U”]
are the values of uj(x) at the feet {X]}} of the characteristics that go through the mesh points {x;} at
time #,,;. In the methods we propose in this paper, these values are obtained at the semi-Lagrangian
step, whereas the solution of (9) is approximated via the RKC methods. So that, the application
of the semi-Lagrangian RKC methods in each [f,,%,.1] can be viewed as a splitting method of
two steps. In the first step, termed the transport step, the semi-Lagrangian method is applied to
obtain the trajectories of the mesh points and the initial condition for the second step, known as
reaction—diffusion step, in which RKC methods are used.
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3.1. The transport step: the quasi-monotone semi-Lagrangian method

Let ay(x,t) € Z, be the approximate flow velocity at time ¢. The application of the semi-Lagrangian
method in each [¢,,7,,1] is performed as follows.

(1) For each mesh point compute the corresponding departure points and identify the elements
where such points are located. That is, for 1 < j < M, compute the points {X,:’]} and identify the
elements {7;} where such points are located. Each Xj; 1s the foot at time 7, of the trajectory traced
by the point that will arrive at the mesh point x; at time #,;;. So that, X,Z. = Xu(x, tyt151)|i—, Where
Xn(xj, 4415 ¢) satisfies

dX(x), tai13 1)
ds
Xh(xi’tl1+l;tn+1):x/' (10)

= ah(Xh(Xj,fn+1;t),l), th <l < lyy,

By virtue of A2 and given that a,(x,t) € Z,, (10) has a unique solution. An efficient algorithm to
compute the points {X,{’/} with order O(k?) in unstructured meshes, is described in [1]. The same
algorithm identifies the element 7; where each point X}' is located.

(2) Assuming that for all j the pairs (X;;,7;) and the mesh point values {U]'} are known, we
compute the values {U;"} as

NH

U™ = up(Xi) = Ul oi(Xi). (11)
k=1

Note that U™ is obtained by local interpolation in the elements 7; that contain the departure
points X;". One could stop the transport step at this point and obtain a transport solution that we
term conventional semi-Lagrangian transport step solution, which is expressed as

M
ur =3 U, (12)
j=1

But it is known that when polynomial interpolation is performed with polynomials of degree higher
than one, the result may exhibit an oscillatory behavior. This kind of behavior of the solution obtained
at the transport step is not admissible in reaction—diffusion problems where the exact solution admits
a compact invariant region. So that, in order to get a nonoscillatory semi-Lagrange approximation
we add a limiting procedure proposed in [4] and analyzed in [3], which is now described.

Limiting procedure

(3) Given the element 7; that contains X, define

Ut =Max(UL, ..., Uly),
U™ =Min(U7,...,Uly),

where {U],...,U{;} is the set of values that the numerical solution takes at the vertices of the
element 7; at time ¢,.
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(4) Compute
ut it Ut > U,
U= U™ ifU"<U",
U™ otherwise.

(5) Define the function i}(x) €S, as
M
) =Y Uj(x). (13)
j=1

This completes the transport step. We shall denote /,(x) as the nonoscillatory semi-Lagrangian
transport step solution

For the numerical analysis of the transport step, we shall recall a result of [3] which establishes
that the mesh point values {U"} can be expressed as

05 = Upy + Bj(U" = U, (14
where
NL
U= Ul (Xn) (15)
k=1

is an approximation to u(X;’) in the low order subspace Lj. (Recall that the low order subspace L,
is the subspace S, for m =1). The limiting coefficients 7, 0 < B} < 1, are defined as

( Q+

Fi = Min<1,Q> if P<0 (16)
P
\ 1 otherwise,
where
P == l]]*fl - Ul}:lj,
Q+ = U+ - U]’j/a
Q’:U’—U}fj. (17)

At this point it is convenient to write (14) in terms of the interpolant operators /; :CY(Q) — L,
and 1,,: C%(Q) — S,,m = 2, as

0" = Lu(X[) + Biady (X0 — LX), (14a)

where [u;(X)') and 1,u;(X;') denote the values of /ju), and I,u), respectively, at the point X;'.
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4. The reaction—diffusion step: the RKC schemes

In this step we compute the solution of (8) at each [¢,,7,,1] by means of a s-stage RKC scheme
using as initial condition ). Thus, following the description of the RKC schemes given in [13,14],
we formulate the reaction—diffusion step as follows. Let s be the number of the stages of the RKC,
then set

-n
Yho = uh s

Y1 = Yo + fukgno,

Ynj = Wi Ynj—1 + Vi Ynj—2 + (1- Wi — Vj)yho
+ fikgnj—1 + Vikgno, 2 <j<s, (18)

uZ-H = Vhs>
where gn; = gn(ynj» tn +cjk)=—Apynj + fu(yn;). From a computational point of view, it is convenient
to write (18) in terms of the mesh point values of y,; € Vj. Thus, we have

Yo=U",

Y1 = Yo + kG,

Yi= Y1 +v;i¥jo + (1 =y =v)Yo + kG 1 + J;kGo, 2 <) <s,

Ut =y, (18a)

where the RM vector valued functions Y; and G; have as entries their values at the mesh points.
We now explain the meaning of the symbols that appear in (18). For 0 <m <s—1,

Gn=G(Yy,ty + cnk) =BY, + F(Yy), (18b)

with the matrix B =M™!S. Next, for 1 < j <, the coefficients ¢, 0=co <---<cy= 1,11,
and j; are calculated in a recursive form using Chebyshev polynomials of the first kind of degree ;.
To calculate these coefficients the following criteria are taken into consideration. (i) Let Py(z) be
a function, which is defined below, called the genuine stability function of the corresponding RKC
method, and let fi(s) be its real stability boundary defined as fi(s) = max{—z: z < 0,|Py(z)| < 1},
the coeflicients fi;, u;,v;, and j; are calculated in such a way as to make B(s) be as large as possible
to obtain good stability properties for parabolic problems. (ii) The application of the method with an
arbitrary number of stages should not damage the convergence properties, that is, the accumulation
of local errors does not grow without bound.

5. Analysis

We study in this section the stability and convergence properties of the finite element semi-
Lagrangian RKC methods that we have just described.
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5.1. Convergence of trajectories Xy(x,t,11;t)

To establish the stability and convergence properties of the methods, we need calculate error
estimates for the points {X}f’j}, because the accuracy of the calculation of such points has a significant
influence upon the overall accuracy of the method. In the analysis that follows we assume that
the points {X,:’]} are calculated by one-step methods, because this is the kind of method we have
implemented in our algorithm; although one can use multi-step methods if wished. So that, for any
x € D, we set, using Henrici’s notation for the approximate solution of (10) obtained by one-step
methods,

X/:l(x) =X - k@ah(ln+lax;k)p

where @, (t,+1,x;k) is the incremental function. We assume that the following properties hold:

T1. There exist a real constant 1 > ky > 0 such that @,,: [0, 7] x Dj x(0,ky) — R is a continuous
function that only depends on aj.

T2. For any ¢ in [0, 7] and x in Dy, @,,(¢,x; k) — ap(x,t) as k — 0.

T3. For any ¢ in [0,7T], x and y in D, and k in (0,%), there exists a positive constant C such
that

‘(pah(t’)ak) - (pah(tay;k)‘ < C‘x - y’!

where | - | denotes a norm in RY.

T4. There exists k*, with 0 < k* < kg, such that for £ in (0,£*) and % in (0,%y) the method is
absolutely stable.

T5. The method is of order p, p integer larger than 1.

The meaning of the latter property is the following. Let

It
X, 13 ) = % — / an(Xn(5, trs 1 00,1 di (19)
ty

be the exact solution of (10) for any x in Dj. Assuming that a,(x,¢) is sufficiently smooth in time,
we have that for all £ in (0,£*), & in (0,4¢) and ¢, in (0, T]

IXn(x, tr 1) — X7(x)| = O(kPT). (20)

Note that properties T1-T4 ensure the convergence of X'(x) to Xu(X, 415 1,).
Given k in (0,k*), we define the error committed in the calculation of X}'(x) in each subinterval

[t:,ti1] as
& =X (X, byr13 1n) — X (x), (21

where X (x,1,,1;t) satisfies the initial value problem

dX(x,t,41;t -
(di:-‘rl) :a(X(xatn—H;t),t), L, <t< Intls xeQ

X(x, tn+l;tn+l) =X, (22)
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By noticing that Xj(x,?,.1;¢) represents a space approximation to X(x,Z,.1;¢), we can further
decompose the error &" as

& =X (X, tay 15 t0) — Xn(X, g1 t)
+ XX b1 1) — X' (x) = €] + & (23)

In this decomposition of the error, the component & denotes the local truncation error in time
of the one-step method used to calculate X;'(x). As pointed out above, such an error depends on
the order of the method. As for ¢, this component is originated by the approximation of the exact
flow velocity a(x,t) by an(x,t). To estimate &/ we note that by virtue of (14) and (17), and setting
s = t,+1 to simplify the notation, we have that

k
le]| < / lan(Xn(x, 858 — 1),8 — 1) — a(X(x,8;5 — 1),s — 7)| dt.
0
From here it follows that

k
le]] < / lan(Xpu(x, 555 — 1),8 — 1) — a(Xp(x, 858 — 1), s — 7)| dt
0

k
—|—/ [Va(X,)| |ei(x,7)| dx,
0

where X, = zX(x,s;8 — 1) + (1 — 2)Xj(x,s;5 — 1) with 0 <z < 1. By virtue of A2 and Gronwall
inequality it follows that

k
le]| < ,ekL/ lan(Xn(x, 558 — 1), — 1) — a(Xpu(x, 558 — T),5 — 7)| d7,
0
where L = |Va|p~(,1.0). To estimate the L*>-norm we have by definition that

k 2
llet]]> < esz/Q </0 lan(Xn(x, 855 — 1),5 — 7) — a(Xu(x, 558 — 1), — 1) dr) dx

and recalling the inequality

b b 1/2
/vdxéx/]b—a](/ ]v[zdx> ,

it follows that

€}l (0.7:22) < kClla — anl|=(0.7.22), (24)
where C =expk*L. We collect these results in the following lemma:
Lemma 2. Assume that for each [t,,t,11] the points X;'(x) are calculated by one-step methods such
that the assumptions T1-T5 and A2 hold. Then

X Ce, tngrs tn) — X5 Ol oo, 702y < Cklla — anl| oo, 7302y + O(k” ™). (25)
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Remark. The above estimate shows that if one takes 4 = O(k), a is sufficiently regular and the
degree m of the finite element space Z, is at least equal to p — 1, p being the order of the method
used to solve (10), then ||ef|| (0, 7.2y = O(||€5 || 1o (0, 722))- In the rest of the paper we shall assume
that this holds, unless otherwise stated.

Two auxiliary results concerning properties of the mappings x — X (x,s,¢) and x — Xj(x,s,¢) are
stated next.

Lemma 3 (Bermejo [2]). Assuming that A2 holds and |s — t| is sufficiently small, the mapping
x — X(x,s;t) is a quasi-isometric homeomorphism of Q into itself with Jacobian determinant
J(x,s5t) in L°°(0,T;L%°(Q)). Moreover,

L7 =yl < |1 X Gess0) = X (s 0l < Lllx =y,

where L= |s — t||Va|=.1.0) and || - || denotes the Euclidean norm in RY.

Lemma 4 (Siili [11]). Assuming that T1-T5 hold, the mapping x — X, (x,t,.1;t) is a quasi-isometric
homeomorphism of Q into itself with an a.e nonzero Jacobian determinant.

Another interesting result related with the homeomorphisms of the previous lemmata is
[8, Theorem 1.1.9] which, restricted to our problem, is stated in the following lemma:

Lemma 5. As in Lemmata 3 and 4, let x — X(x,s;t) be a quasi-isometric homeomorphism of
class C"~ YN (Q),r = 1. Let fcW"P(Q*) and g = f(X(x,s;t)). Then, g(x)€ W"P(Q) and there
exist positive constants K, and K, such that

Killfllr.por < lgllr.p.0 < Kol £l p.co-
5.2. Stability

Our next concern is to prove that semi-Lagrangian-RKC methods are stable in the L?>-norm. In
[3, Theorem 3] the stability of the transport step for the pure advection equation in the L°°-norm
is proved; so that, we expect this property be also inherited in the L?>-norm. To see this is so,
we consider the application of the quasi-monotone semi-Lagrangian scheme to the pure advection
equation

Du

=0 in Qx(0,T]
Dt

u(x,0) =up(x) in Q,

so that, following the notation for the transport step introduced above, the solution at time ¢, is then

expressed as uZ“ =", If we introduce the quasi-monotone transport step operator TS(k, ") : V), — S

defined as
uj ™ =TS(k, B )uj,

where " = (f7,..., ) is the vector of limiting coefficients for u}.
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It follows that
uy " =TS(k, By = TS(k, ") o TS(k, f"~") o ... 0 TS(k, B Juop-

Recalling the definition of stability of a difference scheme, we say that the transport step is stable
(in [0,71]) in the norm || - || if for any /4 and k satisfying 0 < & < k* and 0 < h < hy, there exists a
positive constant C independent of k and h such that || TS(k, ") o ... o TS(k, % )uo|| < C for all n,
assuming that the method used to compute the points X" is stable. We have the following result:

Lemma 6. Assume that T1-TS hold, then for all t,,
@3]l < [l (26)

Proof. We prove the inequality (26) by contradiction. First, we recall that [3, Theorem 3] proves
the stability of the quasi-monotone transport step in the L°°-norm, i.e. for all ¢,

n

| zoe 2y < Clluonl|zo=()-

Next, we use the inverse estimate ([5])
[oall < Cilloallz=(@).  Yvn € Vi,

where C) is a positive constant that does not depend on 4, to show that the stability in the L°°-norm
implies

+1H

[l || < CiClluon]| (-

Hence, uZH (and therefore, ) is also uniformly bounded for all 7, in the L?-norm and, therefore,
the transport step is also stable in the L?-norm. Knowing this, we proceed to prove (26). Let us
assume that (26) is not true, or in other terms, for all 7, there exists a constant K > 1 independent
of k and A such that |[u]™|| = K|} = K>||u}~"|| = K"*!||ugs||. Using the above inverse estimate
together with the following one [5]:

[valle(@) < Crh™P|lwall,  Yon € Vi,
where the positive constant C; does not depends on #, yields
" 22y = CK™ uon]| = CK™* A Juon | 1=(0)-
The latter inequality implies that [|u}"'||z=(0) becomes unbounded. So that, K < 1 and this ends

the proof of Lemma 6. [J

Next, we proceed to study the L?-norm stability for the reaction-diffusion step on a linearized
version of (8) as is customary in numerical analysis of IVP. Thus, for all n and ¢ € (¢,,¢,.1] we
consider the equation

diiy, -
—— + Apity — =0,
T win — fn

()=, =), (27)
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Before going into the details of the stability analysis of (27), we recall some properties of the
operator A4, : V;, — V,, which are needed below. First, 4, is a self-adjoint positive definite operator on
Vi, with spectrum {4; € R: A1 > A;, for j=1,2,...,M}. The spectral radius of 4, p(4;)=max;{4;},
satisfies the inequality p(4,) < Ch~2, where C is a positive constant independent of /4. Let {W,}j”=l C
V, be the corresponding orthonormal eigenfunctions of 4, since they form a basis of ¥}, then for
any v, €V,

M
Uy = Z (Uh, W])W]. (28)
=1
We need the r-power 4) of 4;, r being a positive integer, which is defined as
M
Aoy =Y X (on, W)W (28a)

=1

Next, we calculate the stability function of scheme (18) when it is applied to approximate the
solution of (27) in ¥}, with f, = 0. Following the arguments of [14], for integers j =0,1,2,...,s,
we define the operators Pj;(—kdy):Vy — Vj recursively as

Puo(—kAp)on = Ivp = vy, (29)
where [, : V;, — V), is the identity operator,
Py (—kAp)on = vy — fakApon, (29a)

for2<j<s
Phj(_kAh)vh =(1- nj— Vj)l)h — ?jkAhUh

+(wily — fikAy) o Ppj—1(—kAp)vp + viPpj—o(—kAy ). (29b)

Hence, it is easy to see that P,;(—kA4y) is a polynomial in —k4,, so that by virtue of (28a) we
have that

M
Pyi(—kdp)on =Y Pii(z1)(0n W)W, (29¢)
=1
where the notation z; = —k/A; has been used. The coefficients u;,v;,9; and fi; are calculated (for
details, see [10,13,14] and references therein) in such a way that the stability boundary of P (z)
is as large as possible, and therefore, for all /,z; < fi(s) := max{—z : z < 0 and max|P(z)| < 1}.
In [14], the value of f(s) recommended for second order RKC is fi(s) = %(s2 - 1)1 - 12—58), where
&=2/13 is a small damping coefficient to enhance stability. Hence

[1Pas(—kn)on| < max [Pyo(z0)] [|oal} < [loall- (30)

The operators P;j(—kA,) are termed stability functions of the RKC methods.
We are now in a position to study the internal stability of the finite element semi-Lagrangian
RKC methods. In this respect, we shall follow again the approach of [14]. For j =0,1,2,...,s, let
M M
Ynj = Z Yigi and 1y = Z riiQi
i=1

i=1
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be the j-stage solution of the RKC schemes and a perturbation function introduced at stage j (e.g.
round off errors) respectively. In what follows we write with an upper wavy symbol the perturbed
variables, unless otherwise established. So that, the perturbed RKC scheme for (27), with f, =0,

reads

Il
L

n
ho

<

h0

m = Fno + fikgno + 7an

<

Vij = WiVnj—1 +viVnj—2+ (0 — 1y —v) Vo + fLikgnj—1 + Jikgno +ruj,  2<j <5,

o+l s —
w,” =yp, n=0,1,...,

where g~h_,» = —Ahj/hj.
For 0 <j <s, let

&"=dy—ul; d;=3y—yy withdy=¢é"=i},— i} and d,=¢é""",
be the errors introduced by the perturbations. Since both the unperturbed and the perturbed schemes
are linear, it follows that

do=2¢",

di=do — fukAydo + rp

di=wdj—1 +vid;j—o+ (1 — p; —v)do — fikApd;—1 — 7jkApdo + 1y, 2 <j<s,

gtl=d, n=0,1,....

Noticing that the expressions for all d; are linear, then one obtains by substitution

J
d; = Pij(—kAE" + > Oup(—kdp)re  for 1 <j <s,
k=1
where the operators Qs (—kAy): Vy, — V), are polynomials in —kA; of degree j— k. These operators
determine the propagation of the perturbation over the stages j, because of this, they are called
internal stability functions. We bound é"*! in the L?>-norm. Thus, for j =

s
sn+1 Sn
1"l < max. [Py(z)] fle”]l +;||thk(—k/1h)ll 7]

In [14, Section 3] the following bound for the operator norm is proved

> N Onsi(—kAWI| < (s = k + 1)(1 + Cz),

k=1
where C is a constant of moderate size and ¢ > 0 is a small damping parameter used in the RKC
schemes. By substituting this bound and taking into account (30) and (26) it follows that

&7 < 2"l + Jsts + 1)C max |-
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This proves the internal stability of the finite element semi-Lagrangian RKC methods as long as
p(—kA4,) < B(s), because the accumulation of the perturbation errors (e.g. round off errors) does not
depend on the spectrum of the operator —kA4;,. We state this property in the following lemma:

Lemma 7. Assume that T1-T5 and p(—kA4,) < B(s) hold. Then, the finite element semi-Lagrangian
RKC methods possess internal stability in the L*-norm.

5.3. Convergence

We study in this section the /ocal convergence of the methods presented in this paper. We define
the error at time ¢, as

' =u"—u =W Ru")+ R —u})=n"+0", (31)

where Ru” is the Ritz projection of the exact solution u into V}, which is defined in Section 2, "
is the approximation error, which is bounded in Lemma 1, and 0" is the evolutionary error. Our
analysis, therefore, is mainly concerned with the estimation of 0”. To do so we shall use the specific
properties of the transport step collected in Lemmata 2—5. Thus, we have that for all ¢ € [#,,,.] the
map x — X(x,t,41;¢) is a quasi-isometric homeomorphism of Q into Q*(¢), so that we can set

u(x,t) := u(X (X, ty151), 1) (32)

and introduce the ephemeral Ritz projection and L?-projection operators, respectively, as follows.
For t €[t,,t,11), let such operators be

M M
Ru*(x,t) = wy(x,t) = Z Wit)p;j(x) and Pou*(x,t) = cp(x,t) = Z Ci(t)p;(x), (33)
J J

such that for all @ €V},

(K91, ¥0) = K0, T9) = ( £ G.00.0) - (PEELE0D ) ) sy

and

(cn @) = (U™, @) = (WX (x, 1413 0), 1), @). (34)
Note that by virtue of the definitions of 4, Py and Egs. (33a) and (34) it follows that

iy =Py ( f (#0CCtrin - PUECERED ) )

Hence, for ¢ =t,,1,w)"' = Ru""! and ¢]*' = Pou"*! for all n. So that, by virtue of Lemma 1 and
Lemma 5 we have the following results whose proofs are elementary and therefore omitted.

(35)

Lemma 8. Assume that uc L>(0,T; H"'(Q)), then for any t € [t,,t,1) there exist constants C,
and Cy such that

= wall + Al —wally < CoE"Hull s

[ = cull < Coh" [l s (36)
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To proceed further with the estimate of 6"*! is convenient to obtain an expression for each
wp(x, t,4-c;k) that fits the RKC formula (18). To do so, we first introduce some notation that will help
to simplify the writing of future formulas. Thus, for j=0,1,...,s, we set wy; = wy(x, 1, +c;k), u;" =
u*(x, t, + cjk) = u(X(x,t,115t, + cjk), t, + cjk) and following the expressions of (18):

n
Wpo = Wha

wp1 = wpo + fikbyo,

Wpj = Wopi—1 + Viopi—a + (1 — pj — v;)wno

+ fikbyi—1 + §ikbro, 2 <j<s, (37)
n+1

Wh = whsa

where, by using (35), is a simple matter to see that the terms ji;kb;; are as follows:

- . - « Du*
fikbpy = — [i1kApmpo + (0p1 — wpo) + fl1kPy <f(” ) — )

Dt ’ (38)

t=ty

and for 2 <j <s

fikbpj—1 + Pikbno = — fijkApwpj—1 — JikApwpo + (@n; — piopi—1 — viopi—o — (1 — p; — v;)wpo)

D *
+ APy <f(u*) - )

kP (f(u*) D ”*>

D 39)

1=tutcj—1k 1=ty

Next, by subtracting (18) from (37), setting a; = w;; — y;; and taking into account that for
v, €V Pyvy, = vy, we obtain (see Appendix A for details)

s s—1
0" = (Pus(2) + Nis(hs2))00 + Y Onat(2)rn + > Shyp(ks2)rap = (By + By + B) (40)
=1 p=1

where the following items must be noticed:
(a) the notation z = —kA;, has been used;
(b) for 0 < j <, the operator Ny;(k,z): V), — V} can be recast as a polynomial in k of degree j

whose expression is &V, j(k,z):Z{n:l n,(z)k™, and such that there exists a positive and bounded
C(u,uy) satisfying

[Nyj(k,2)|| SKC, 1<j<s; (41)

(¢) for 2<j<s and 1< p<j— 1, the operator Sj;,(k,z):V, — V) can also be written as
Spip(k,z) =301 s,,(z)k™, a polynomial in k of degree j — p, such that there exists another
C(u,uy), positive and bounded, satisfying

ISk 2)l| <KC, 1<) <s: (42)
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(d) for 2<j<sand 1 <!/<, the operator Qj;: V;, — V} is also a polynomial in z which is a
bounded as (see [14])

101Dl < (j — 1+ 1)1 4 £C), (43)

here C is a positive constant of moderate size and ¢ > 0 is the damping coeflicient of the
expression of f5(s). We recall that a recommended value of ¢ for second order RKC methods is
2

13
(e) for 1 <j <, the terms ry; are given as

rhy=Ap +Aja+Ajs + Ajs (44)
with
Az = fukPo( f(ug) — fiu(wno)) Arg = Po((wp — uy) — (wno — ug))

D *
. ) (44a)
t=t,
and for 2 < j <s

Dt
Ay = Po(fUk(f (ui_y) — f(onj—1)) + Tik(f (ug) — f(@n))),

Ays = Po(uy — ug) Aig= —Py <ﬁ1k

2
Ajy =Py (Z Or(wnj—1 — ;) — (1 — wj — v; )(@no — MS)) ,

=0

Ajs :Po(”}k - Hj”;—l - Vj”;—z — (1= = vpup),

) , (44b)

the coeflicients ¢, in the formula for 4,4 take the following values: dp=1,6; =—p; and 6, =—v;.

Du*

Du* N
Dt

Ay = —Py <ﬂjk -

ik
Dt L

t=ty+cj_1k

We are now in a position to state the local convergence result.

Theorem 9. Assume that the grid is sufficiently fine to solve the local extrema and that the
following hypotheses hold.

(1) k=O0(h); with ke (0,k*), 0 <k* <ky <1 and he (0,ho), ho < 1,
(2) TI-TS,

(3) p(—kAn) < B(s),
(4) ue L0, T; H™ ' (Q) N Wm+1-°0(QY), D*u/Dei? € L=(0, T; L*) and D3u/De> € L*(0, T; L?).
Then, there exists positive constants Cy, Cy and Cs such that

max |ju(ty) — uhl| < Coh" ™ |ullp=(o,r i1y + C3e5" (A1 + 42)
0<t,<T
where

1 m ik n
A= %(h “'max, maxj(’ﬁj - ﬁjth)H“”Lw(o,T;Wm+hoo)

+ {lla — anll=0.7.12) + OKP) } ull zoo 0.7 o)
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and
D
Dt3

D
D¢?

k

= + K

N
L>(0,T;L2)

Ay =

12200, T3L2) '
Proof. We estimate the terms B;, B, and B; of (40) in the L?>-norm.

5.3.1. Estimate of B
By virtue of the bounds ||Pys(z)|| < 1 and (41) it follows, after using the triangle inequality, that

[(Phs(2) + Nas(ks 2))to || < (1 + Ciko)[ano]- (45)
So that, it remains to bound ||o||. To do so, we recall that
o = Wpo — Yo = Wy — il = (wj —Wj) + (W — i) = (wj — wj) + 07,

where wj, and 0" are obtained from Ru” and 0", respectively, by the procedure described in the
transport step. On the other hand, for convergence we need the following hypothesis. For every j
and n, f} < ﬁj(l + Ck), where C is a constant independent of £ and 4, and ,8;-' denotes the limiting
coefficient for 0”. Then, by virtue of the stability of the transport step (Lemma 6) we have that

10" < (1 + ck)[[0"].
Hence,

[[eto]| < [lwh — Wil 4+ (1 + Ch)[|6"]. (46)
From Appendix B it follows that

lwy = Wil < CL(" + max; B — BE1A)|[u” ||ns1,00]

+k{lla — anl|zoe g i1: 12y + OKL )} utl oo (15001 )- (47)

So that, from (45)—(47) it follows that

|(Pis(2) + Nas(ks2))eto]| < (14 C1)||07 || + Co(1 4+ CLO[(A™' + max; |B; — B71A) ||t || 1,00

+k{lla - ah”Lx(t”,t,,H: »yt O(kp)}””HLm(tn,tm;H‘)]' (48)
Notice that C; = C;(u,u;), i = 1,2, are bounded. (see Appendix B for details)

5.3.2. Estimates of B, and Bj
To estimate both B, and B; we evaluate first the terms 7;;. Thus, from (44a) and (44b) it follows
that for 1 < j <5

6
il < > ljmll
m=3

Hence, we need estimate each of the 4, terms.
Estimate of Aj3:
From (44a) and (44b),

Ajz = Po(fLik(f(u;_1) — f(wni—1)) + Fik(f(u5) — f(@no)))-
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Since P, is a bounded operator and the coeflicients /i; and J; are also bounded, then there is a
constant C > 0 such that for all j

[4j3]l < Ch(IIf 1) — f om0l + [[f (ug) — f(mo)l])
and by virtue of (3) it follows that
l4j3[1 < CCaeh™ M|t e 115001 (49)

Estimate of Aj4:
From (44a) and (44b),

2
Ajs = Py (Z Or(wpj—1 —uj_y) — (1 — p; — v )(wn — MS)) :
=0

Using the same arguments as in the estimate of 4,3 yields
1
[4)4]l < CR™* (O Lo 1101 - (50)

Estimate of Ajs + Aje:
From (44a) and (44b)

Ajs + Ajo = Po(u; — wui_y — vyu;_y — (1 = p; — v;)ug)

. Du*
t=t,

Dt
By performing a Taylor series expansion of u}, u;_;,u; and Du* /Dt|,—,, about the point #,+c;_ik,
and collecting terms of the same power in &k, we get

Du*
S5k 2
I Dt

t=ty+cj_1k

Du* D*u*
A]S +A]6: p]ij +p2/k2ﬁ
4 t=tn+0j—lk t t=t,+ci_1k
/ =IlpTCj—1
tnt1 D3u*
2
toy | | e (51)

where pi;, ps; and pj3; correspond to the coefficients 0y;, 0,; and 03; respectively, in [14, Section
4]. The expressions of these coefficients are

Py =¢j — Wicj—1 —vjca — [ — 7, =0.
Notice that for any jth coefficients p;; are identically zero due to the relationships among the
coefficients of the RKC schemes,

1 2 2 2 ~
P2 = 5(¢; — wicj_y —viciy) — flicj—1, 1<

<
The coeflicients p,;, they are identically zero for j > 4, but
P2 = 501’ P2 = —Eﬂzcla P23 = D) V3Cy.

In general, the coefficients ps3; are bounded for the family of second and first order RKC schemes.

S.



48 R. Bermejo, M. El AmranilJournal of Computational and Applied Mathematics 154 (2003) 2761
Next, recalling the expressions of B, and Bj, see (40), we can set
N N A
1Bl < S 10wt + 3 1014wl + 3 10msi(2)(Aus + Aus)I- (52)
=1 =1 =1

The first two terms on the right hand side of (52) are bounded by (49), (50) and the fact that
for any 1, ||Onst|| is bounded by (43). So that

Z 1Ot (|| 1413 + Z 105t 4]l < €L+ 3R utl| oo 1, 4y, 11 (53)

To bound the remaining term in (52), we consider (51) and follow the argument of [14] to get

. K Diu
> N1Qui@)dis +Ai)]| < € 5 || T3 + Ok |55 : (54)
=1 S t Loo(tn,trHrl;Lz) ¢ Lz(tn,trH»l;Lz)
Thus, collecting these estimates we have that
[Ba]| < C(1 + C3(u)k)
k D?u Du
X R | oo sy ta + k2 (55)
[ ; DE ||y 0,22) DO || o)

Similarly, applying the same arguments and considering the bound (42) for the operators Sy, we
obtain that

1B < kCa(u)(1 4 Cs(u)k)

Dy D

Dt2 Dt3 Lz(tn:tr1+l;L2)

From (40), (54), (55) and the fact that ||u||,+1 < C||u||ms1,00 holds for all 7, it follows that

k
+ k2

Lo (tnstnt1 L2 )

(56)

[hmH ||u||L°°(t s HMHL) +

10" < (1 4+ Ci)||0"]| + C [(W"! + max, max; |§; — BIIR)|[ull oo, apmetoe)

+k{|la — ap|| (0, 7:12) + OKP ) }H|ua| oo 0, 7.1
k2 || Du D’u
th Loo(tnatrH»l;Lz) Dt3 Lz(tnstn+l;L2)

where C = 2(1 + (k/2))max{Cy(u)(1 + Ci1(u)k), C(1 + Cs(u)k), Cq(u)(1 + Cs(u)k)}. Hence, by
virtue of Gronwall inequality we have that

+ k2

>

1 ~
107 ] < @t |0°] + Ceirt o (A" 4 max, max; [B7 — B Al 0.7

Hlla — anl| (o, 7: 12y + OGP H|ul| 0.7 11
i D
D¢

D?u

e + k2

Lo°(0,T;L2)

(57)

12(0,T3L2 )]
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We end the proof of the theorem by applying the triangle inequality to (31) and using the estimates
of Lemma 1 and (57). O

Few remarks are now in order. First, the estimate of Theorem 9 is local because exp(C;T) becomes
unbounded as 7 — oo, making meaningless the estimate (57). However, if f were f = f(x,t), then
Theorem 9 would be valid for all 7 because the constant multiplying the error in (57) would not
grow exponentially with 7. Second, Theorem 9 does not show the classical second order in time
estimate, for 4 and s fixed, because of the term k/s*||D*u/Dt?(| (. r.12); however, it is pointed out
in [14] that if 0’u/0¢> = 0 on the boundary one can recover for the second order RKC scheme the
estimate O(k?), at least for linear parabolic problems. Although such considerations may not be valid
for the semi-Lagrangian-RKC schemes, we note that one can take s sufficiently large in order to get
k/s* = O(k?); in fact, this is what happens in practical computations.

6. Numerical examples

The first example is the problem
Du

E:KAM in QX(O:T]a

u(xa Vs O) = Ul(x7 O)UZ(yao) in Q>

u(x, y,0)log = vi(x, va(y, 1), (x,y) € 0L,
where 2 =(0,1) x (0,1),
0.le 4+ 05¢ 8 e €
Ui(é: t) = —A —B —_C
et +eP+e
with é=x fori=1 and é=y for i=2, 4=0.05/K((—0.5+4.95¢), B=0.25/K((—0.5+0.75¢), C=
0.50/K (& — 0.375). The velocity a(x, y,t) = (v1(x,t),v2(y,t)) and the analytical solution is

b

u(x, y,t) = v1(x, 1)va(y,1).

The partition D, is composed of 25 x 25 squares which are divided into two quadratic triangles,
this means that & ~ 0.05. The time step £ = 0.01 will be kept constant all the time, so that we
determine the number of stages s to satisfy the linear stability criterium of the reaction—diffusion
step

2 2
p(—kAp) < B(s) = g(Sz -1 (1 I ) . E=73

by the formula (see [14])

p(—kAp)

1
+ 0.653

s =1 + integer part of . (58)

We must remark that this number of stages is necessary for stability, however Theorem 9 guar-
antees an error estimate of second order in time if the ratio k/s® = k2. So that, if (58) gives a value
for s that is insufficient for k/s® = k?, then we increase the number of stages s to satisfy the order
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Table 1
The discrete Ly-norm for the problem of fronts for the viscosity v =5 x 107*. Number between brackets refers to CPU
time (in s) for the (CRKC) and (RKC) schemes

Time step k Schemes t=02 t=03 t=04 t=05 t=0.6

(CRKC) 0.082(3.11) 0.100(4.36) 0.0948(5.65) 0.089(6.9) 0.103(8.17)
k =0.01 (RKC) 0.173(3.12) 0.198(4.7) 0.187(5.8) 0.176(7.1) 0.221(8.61)
Table 2

The discrete Ly-norm for the problem of fronts for the viscosity v = 1072, Number between brackets refers to CPU time
(in s) for the (CRKC) and (RKC) schemes

Time step &k Schemes t=02 t=03 t=04 t=05 t=0.6
(CRKC) 0.032(3.13) 0.0356(4.41) 0.0385(5.7) 0.0414(6.98) 0.0446(8.27)
k=0.01 (RKC) 0.041(3.62) 0.048(4.95) 0.0491(6.2) 0.053(7.8) 0.071(8.8)

condition. In this example, the matrix —M~!S of the discrete operator 4, is constant and an upper
bound for p(—kAj) is estimated once and for all by using Gerschgorin theorem in the code of [10].
The departure points {X; h’;} are computed with the algorithm of [1]. In Table 1 we show the L?>-norm
errors for two different diffusion coefficients, K; = 1072 and K, = 5.0 x 10~*, for the conventional
Runge—Kutta—Chebyshev (RKC) and semi-Lagrangian Runge—Kutta—Chebyshev (CRKC) schemes at
different time instants with the number of stages s = 5. For both diffusion coefficients the number
of stages s for stability according to (58) is s = 3, but to obtain an error estimate of second order
in time k/s® = k2, so that, with k =0.01 s > Vv100; thus s =5 will be a good number of stages to
achieve both stability and second order in time error. Numbers inside the parentheses mean the CPU
time in seconds. From the values of this table we conclude that semi-Lagrangian RKC schemes are
able to produce more accurate solutions than conventional RKC schemes in convection dominated
problems at the same computational cost. Fig. 1 illustrates the behavior of the numerical solutions
as compared with the exact solution when K =5.0 x 10~%. The semi-Lagrangian RKC schemes pro-
posed in this paper resolve very well the regions of strong spatial variation that the solution exhibits
as time progresses, while the conventional RKC produces large wiggles in a neighborhood of such
regions, which contribute to increase the error. As a remark concerning the numerical examples, we
must say that we use part the code of [10] for the calculations of conventional RKC methods and
the reaction—diffusion step of the semi-Lagrangian RKC methods (Table 2).
The second example is the Brusselator model with convection

D
2 KAu+t fi(wv) in Q% (0,T),

Dt
D
Flt) =KAv+ fo(u,v) in Q x (0,T],
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gy

T
l'r'umm.m, 1}":“ \\\‘\

The numerical solution obtained by (RKC) at t = 0.2, ¢t = 0.3, ¢t = 0.4 and t = 0.6, respectively.

Fig. 1. Numerical results obtained by (CRKC) and (RKC) for the problem of fronts with v =75 x 107*,

u(x,y,0)=054+y, ov(x,y,0)=10+5x in Q,

%:@:0 inaQX(O,T),
on On

where Q =(0,1) x (0,1), f1(u,v)= 1.0+ 1?v —4.4u, fo(u,v)=73.4u — u*v, the velocity a(x, y,t) =
(—0y/dy, 0y/ox) with Y(x, y,t)=(1—e ") sin’mx sin’zy. Notice that a is divergence free and a-n=0
on 0Q. The parameter of the computations are # =0.01, £ = 0.05 (constant all the time) K = 0.002
and s =35, so that we have a time error of second order. Fig. 2 is a three-dimensional representation
of the semi-Lagrangian RKC solution of the component v at different time instants, whereas in
Fig. 3 we show a cross section of the results of Fig. 2 along the main diagonal of Q. In order
to compare the solution of the semi-Lagrangian RKC method, we have also calculated the solution
by the second order conventional RKC method. Fig. 4 shows a three-dimensional representation of
component v computed by conventional RKC method at the same time instants as Fig. 2. Fig. 5 is a
cross section of the results of Fig. 4. By simple visual inspection we observe that the conventional
RKC solution has the same qualitative behavior as the solution of semi-Lagrangian RKC method,
but for long time the latter is a little bit larger.
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Fig. 2. (CRKC): The numerical result in 3D for the problem of Brusselator for v at t=0, 1, 3, 7, 9, 11, 13, 15, 19, 23,
27, 31.

7. Conclusions

We have introduced and analyzed a numerical method to solve convection dominated convection—
reaction—diffusion problems, in which the complex eigenvalues of the Jacobian matrix of the reaction—
diffusion terms have small imaginary parts.

The features of such a method are: (i) a quasi-monotone, linearly unconditionally stable semi-
Lagrangian treatment of the convection terms in the framework of C-finite elements of degree greater
than 2, and (ii) the treatment of the reaction—diffusion terms by an s-stage Runge—Kutta—Chebyshev
method that possesses an extended real stability interval. Both features play complementary roles that
yield an efficient, accurate and stable method due to the following reasons. On one side, since the
stability region of RKC methods is a narrow strip along the negative real axis, these methods may
be a good choice to deal with those stiff problems, arising in the space discretization of parabolic
problems, in which the eigenvalues of the Jacobian matrix of the discrete differential operator have
small or zero imaginary parts; however, it is known that strong convection terms yield a Jacobian
matrix whose eigenvalues may have large imaginary parts, which are a source of conflict for RKC
methods. Our method circumvents such a difficulty by discretizing the material derivative via a
quasi-monotone semi-Lagrangian scheme, which uses high degree piecewise polynomial interpolation
to approximate the solution at the feet of the Characteristics of the convection (or transport) operator.
The output of the semi-Lagrangian scheme is next used as input in the application of RKC methods
to integrate the reaction—diffusion terms.

We have proved that the output of the semi-Lagrangian method is unconditionally stable in the
L*-norm and keeps the monotonicity properties of the analytical solution. We have made use of this
result to show that the interval of the L?-norm stability of the semi-Lagrangian RKC method is the
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Fig. 4. (RKC): The numerical result in 3D for the problem of Brusselator for v at t =0, 1, 3, 7, 9, 11, 13, 15, 19, 23,
27, 31.

same as the RKC method in absence of convection terms. After establishing the stability properties,
we have obtained an error estimate O(A""! 4+ b1 /At 4 A#?), assuming that the analytical solution
and the convection velocity are sufficiently smooth. We have run some difficult numerical examples
to ascertain the behavior of the semi-Lagrangian RKC method in comparison with the conventional
second order RKC method presented in [10,13,14].
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Appendix A

We show in this appendix the technical details to obtain Eq. (40). Thus, by subtracting (18) from
(37), setting o; = w;; — y4; and taking into account that for v, € V;,Pyv, = vj,, we obtain

0o = Whro — Yho (A.1)

oy = oo + (L (—kAp)og + fikBuooo) + fkPo(f (ug) — fi(wno)) + Po((wn — uy)

*

* * * . . Du
—(no — ug)) + Po(uy —uy) — Py (Mk Dy

) = An + -+ 4ie), (A2)

t=ty
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where By is a simplified notation for Bj(wyo, oo)olg, Which is now defined. Thus, for j=0,1,...,s,
given wy; and o; in Vj, w,; # o; we define the operator Bj(wp;,a;): Vy — Vj as

1
B (wpj, 0 )vp = </ fh’(cu;,j - socj)ds) vy (A.3)
0

for all v, € Vj. Hereafter, we shall denote by the simplified notation Bj; the operator Bj(wp;, ;).
Notice that the term fikBpootg + fitkPo( f(ug) — fa(wno)) in (A.2) is obtained from f[i1k(Pof(ugy) —
fr(vno)), which comes from substraction (37)—(18), as follows. Set

fkPo( f (ug) — fi(yio)) = fakPo((f (ug) — filwno)) + (fi(wno) — fi(ymo))),
and then for j =0,1,...,s, use the property
Su(on) = fu(yn) = (/01 Silwn, — SOCj)dS> (@nj = yuy)-
The same idea is applied in the formulas of «; when j > 1. Therefore, for 2 < j <=
o = (o1 + v + (1 — p; — v;)o)
+ (i (—kAp)o—1 + 7, (=kAp)oo + fikBpj 101 + 7;kBroxo )
+ Po(fik(f(uj_y) — f@n—1)) + 7k (f(ug) — f(wno)))

2
+ Py (Z Sr(nj—r —uj_y) — (1 =y — v;)(wpo — Mé))
1=0

+ Po(u; — sy — vius_y — (1 — i — v;)ug)
Du* Du*
_p, <,;/k -k = U1+ -+ Ay, (A4)
' Dt t=ty+cj_1k ‘ Dt t=ty
where dp =1, 6; = —u; and 0, = —v;. To proceed further in our analysis we denote by 7,; the term
th :Aj3 +Aj4 —|—Aj5 +Aj6 fOI‘ 1 <j<S, (AS)

and work on Egs. (A.2)—(A.4) to derive the expressions

0o = Wpo — Vho»

ar = Pi(z)og + kil Brooo + 741

hj j—1
o = Puj(2)ato + Nij(ko2)ato + Y Onir(@ )i + Y Swip(ks 2y for 2 <j <s, (A.6)
=1 p=1

n+l __
0" = qy,

where (a) the notation z = —kA; has been used,
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(b) for 0 < j <s:
(1) the operators N,;(k,z): V), — V) are defined by
Nyo(k,z) =0,
N (k,z) = ki1 By,

Nyj(k,z) =kfi;Bpj—1 © Ppj—1(z) + k7;Bno
+ (j + f42) © Nyj—1(k, 2) + v;Nyj—2(k, 2)
+kiijByj—1 0 Npj—i(k,z) for 2 <j<s; (A.7)
(2) the operators Qy(z):V, — V), are given (see [13]) by the relations:
Oni(z) =1,  On10(z) = Wis1 + flraz - for all [,
and
Onji(2) = (W + 1jz) © Onj11(2) + v;Onj2u(z)  for [ +2 <7 <55 (A.8)
(3) finally, the operators Sy;(k,z): V; — V) are defined by
Si1(k,z) = kiiBy. For 1 =1 8, =0, and for [ > 1 Spy41:(k,z) = k1B,

Snjt(k,z) = (u; + i;z) o Spj—11(k, z) + v;Spj—21(k, z)
+kiiBrj—1 0 (Onj—11(z) + Spj—1(k,z)) for [+2 < j <. (A9)

Notice that from (A.7) and (A.8) one can obtain, by substitution and rearrangement of terms,
polynomial expressions for the operators Nj;(k,z) and Sy(k,z) such as Ny(k,z) = > | nu(z)k™

’ m=1
and S, ﬂ(k,z):z}’[:ll sm(z)k™. From these expressions and taking into account (A.2) and the internal
stability condition ||P;(z)|| < 1, it follows that ||N,;(k,z)| and ||S;(k z)|| are bounded as shown in
(41) and (42), respectively.

Appendix B. Estimate of the term wj — W}

To estimate (w) —w}) we shall express it as a combination of terms that we know how to estimate
them. Thus, we set

wp —wp)=u™" — L™ — (W™ —wp) + (L™ — Ly ™)
b (i ™" — ") + (@ — W), (B.1)
where u*" is defined in (32), u ™ = u *(x,t,) = u(X,(x, t,11; 1), 2,) and

M
ay = U (B.2)
i=1
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with (see (14a))
U = (1= BN (X)) + BT (X).

Here, L1u"(X};) and I,u"(X};) denote the values of /ju" €L, and I,u" €S, respectively, at the
points Xj,(x;,t,11; ;). It is easy to estimate the first term on the right hand side of (B.1) by approx-
imation theory and Lemma 5. Thus,

™ = L™ | < CH™ ul"| . (B3)
Likewise, by Lemma 8 it follows that the second term is bounded as
™ = Wil < CH . (B4)
As for the third term, (/,u™ — I,,u ™), we have that
|Chtt™ = Bt ™| < Clla™ — ]
because /,, is a bounded operator. To estimate ||u*" — i *"||, we notice that
W (x) — i) = uX 6 tyrs ) t) — WX bt 1a)s 1)
= (X (X ta15 tn) — Xn(X, ty15 1) - /Oleu(Xg"(X))dc,
where X/'(x) = Xj'(x) + (X (x, 415 1,) — Xj'(x)), 0 < { < 1. Hence, by applying Lemma 2 yields
|(Lntt™" — Lt ™)|| < Ck{lla — anl| oot 1,,1: 12y + OCKP YV}l Lo 1, 00101 (B.5)

= xn

The argument to bound the term /,,i ™ — u}" is more involved because although /,,i " and )"
are both in §;, their nodal values are not computed by the same procedure. In fact, the set of nodal
values of 1, *" is the set {u(X}.)}, whereas the nodal values of i}" are calculated by interpolation
plus the limiting procedure. So that, to account for the limiting procedure in our analysis we follow
the argument of [3, Section 3.2]. Thus, for all » we define &} € S}, as

Wy =Lyt ™" — iy = Ly(a ™ —iy"), (B.6)
such that the nodal values of i} can be expressed by virtue of (14a) as

U7 = (1 = B)"(XG) — hu(Xip)) + B (" (X)) — Luu(XG)). (B.7)
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Hence,
I} < Clly]|=(@) < C max |U}|
= Cm?x\(l = O (X)) — hu(Xy) + B7 (" (X)) — Lnu(X)|
< Cmax|(1 — B0 — L)+ € max () — g, (B3)

We have to bound the two terms of the last inequality of (B.8). To do so, we shall apply (16),
(17) and, depending upon the values that P = I,u(X};) — Lju(X};) takes, distinguish the following
cases: (a) P=0, (b) P> 0 and (c) P < 0. Case (a) is the easiest one to deal with, for f? =1 and
therefore

@3] < €max [(u"(Xyi) = Lt (X)) < Cllu" = Lt || 1=(q).

But, by approximation theory, |[u" — Lu"||1=q) < Ch"||u(ty)||m+ 1,00, SO that

511 < CH™ [ |1, 00- (B.9)
Next, let us consider case (b). Now, [ is equal either to 1 or to Q" /P < 1, where Q" =u* —
Lu"(X)) = 0, with ut =Max(uf,...,uly), (u],...,u}y) being the values of u"(x) at the vertices of

the element 7; that contains the point X;. If 7 =1 for all i, then ||&7}| is bounded as in (B.9).
However, if for some i ! = O*/P, then assuming that u"(X}) — [ju(X]!) # 0, it follows that

Lyw"(X)) —ut
1 — B (X)) — Lu(X))) = ’
( ﬁz )(l/l( hz) lu( hl)) Imu”(X}Z)—Ilu” X}Z)

(u" (X)) — Lu(X))

B Lya"(X)\) —u*
L (X)) — w (X)) (X) — L (X))

hence

LX) —ut

(Lntt" (X)) — u" (X))

(w'(X;;) — hu(Xp))

< C(u")max |Lu"(X)}) — u™|, (B.10)

max |(1 — B (Xj7) — u(X;;))| = max

Notice that P = I,,u"(X};) — Lju"(X};) is by hypothesis greater than zero, so that 1 + (1,u"(X};) —
u"(X)/ (" (X)) — hu"(X])) =P # 0; in fact, for u(x,t) € W"1°(Q),m > 1, this term is equal to
1 — O(h"~1), so that, defining
La" (X)) — uw'(X))| !
u"(Xp) — L (X))
we have that for u sufficiently smooth C(u") is approximately equal to 1 for all time and, in general,
0 < C(u") < co. The term max;|l,u"(X};) —u"| in (B.10) is bounded by considering the definition
of u™ from which it follows that if the grid is sufficiently fine to resolve local extrema, then

max | Lu"(Xp) — u" | < |[Latd" — u"|| 1) < CH" ™ i | 1,005 (B.11)
1

=1-0(K"™,

Cu")=min |l +
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where the latter inequality is obtained by approximation theory. In (B.8), it remains to bound the
term max;|(u"(X}.) — L,u(X]}))|. Again, by approximation theory

max | (u" (X3;) — Lutt(XG)| < [Htd" — ||y < CR™ |y, (B.12)
Hence, collecting estimates (B.10)—(B.12) it follows that when P > 0
3|1 < CR™ "y 1,005 (B.13)

where C may depend on " as we have commented above.

The analysis for case (c) uses basically the same arguments as the analysis for case (b) yielding
the same estimate for ||} ||, therefore, it will be omitted. Summarizing, we have the for all n there
exists C(u),0 < C(u) < oo, such that

it *" — @3] < CH™ "1y 1.00- (B.14)

Next, we turn our attention to estimate the term ||i;” — w/}||. To do so, we set &;" — W}, in terms
of the transport step operator as

ity" — Wy =TS(k, B " — TS(k, " )wy,

_ (Ts(k, By — TS(k, ﬁ”)u”) + (TS(k, B")u" — TS(k, B)w}) .

The ith component of the first term on the right side is expressed as

(TS(k, By — TS(k, B )u")_ - (Bj.’ - ﬁ;’) (LX) — Lu"(X]1)).
If for all i, 57 = f7, then this term is identically zero. So that, we assume that there are subscripts
i for which ﬁ? # pr. Now, since 0<f! <1, then

( (TS(At, B — TS(A B )u"> <

Bi — B | Lt (Xp) — L' (X)) -

But
[t (X)) — T (X)) | = [Ltd" (X)) — " (X)) |+ " (X)) — D" (X)),
so by approximation theory it follows that
max; | L (X)) — L") | SC " (XGy) — L (G |0y < CH U 41,005
Hence, TS(k, ﬁn)u" — TS(k, p")u" is bounded as
ITS(k, " = TSk pyu" || < max; | B = B | CH? | " [ - (B.15)

To bound TS(k, f")u" — TS(k, f")w/, we use the same hypothesis as for 0 together with the
stability property of the transport step (Lemma 6) and then apply Lemma 1. The result that follows
is

" — Wil < Clmax; | B — B | A2ad" lmvo0 + B |t i) (B.16)

Hence, using the estimates (B.3)—(B.5) and (B.14)—(B.16) together with the triangle inequality in
(B.1) it follows (47).
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