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1. Introduction

The Burgers type equations have been introduced for studying different models of
[1,3,4,10]. The difference-differential analogues of these equations have been prop
some models of economic development [5,6].

One of the most useful versions of the Burgers type equations is the following [4,1

∂f

∂t
+ ϕ(f )

∂f

∂x
= ε

∂2f

∂x2
, (1.1)

whereε > 0, (x, t) ∈ Ω ⊂ R
2.

One of the most interesting difference-differential analogues of Eq. (1.1) is the fo
ing [5,6]:

∂F

∂t
+ ϕ(F )

F (x, t) − F(x − ε, t)

ε
= 0, (1.2)

whereε > 0, (x, t) ∈ Ω ⊂ R
2.

The interesting and difficult problems, related with Eqs. (1.1), (1.2), are the follow

Problem I [4,12]. Find asymptotic(t → ∞) of the solutionf (x, t), x ∈ R, t � t0, of
Eq. (1.1) with initial condition:

α � f (x, t0) � β,

0∫
−∞

(
f (x, t0) − α

)
dx +

∞∫
0

(
β − f (x, t0)

)
dx < ∞. (1.3)

Problem II [6]. Find asymptotic(t → ∞) of the solutionF(n, t), n ∈ Z, t � t0, of
Eq. (1.2) withε = 1, and initial condition:

α � F(n, t0) � β,

0∑
−∞

(
F(n, t0) − α

)+
∞∑
0

(
β − F(n, t0)

)
< ∞. (1.4)

See [7,14] for a review of several recent results on these problems.
In this paper we present a complete solution of these problems for the special c

equations, satisfying the shock profile condition. The detailed study of this special c
highly important for solving these problems (see [6,7]).

Definition. Eq. (1.1) (correspondingly (1.2)) satisfies(α,β)-shock profile condition, if
there exist wave-train solutions of this equation of the formf = f̃ (x − Ct)

(correspondinglyF = F̃ (x − Ct)) such thatf̃ (x) → β, x → +∞, f̃ (x) → α, x → −∞
(correspondinglỹF(x) → β, x → +∞, F̃ (x) → α, x → −∞).
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the
From the results of [4,13], it follows that Eq. (1.1) with positiveϕ satisfies(0,1)-shock
profile condition iff:

1

u

u∫
0

ϕ(y)dy > C =
1∫

0

ϕ(y)dy, ∀u ∈ (0,1). (1.5)

From the results of [5,2] it follows that Eq. (1.2) with positiveϕ satisfies(0,1)-shock
profile condition iff:

1

u

u∫
0

dy

ϕ(y)
<

1

C
=

1∫
0

dy

ϕ(y)
, ∀u ∈ (0,1). (1.6)

Let furtherϕ be a positive piecewise twice continuously differential function on
interval[0,1].

Theorem 1. (i) Let Eq. (1.1) satisfy (0,1)-shock profile condition(1.5); ϕ′(0) �= 0 if
ϕ(0) = C; ϕ′(1) �= 0 if ϕ(1) = C. Let f (x, t) be a solution of(1.1) with initial condi-
tion (1.3), wheref̃ (x − Ct) is a wave-train solution of(1.1), (1.3), whereα = 0, β = 1.
Then there exist constantsγ0 andd0 such that

sup
x∈R

∣∣f (x, t) − f̃ (x − Ct + εγ0 ln t + d0)
∣∣→ 0, t → ∞, (1.7)

γ0 =


0, if ϕ(0) > C > ϕ(1),

1
ϕ′(1)

, if ϕ(0) > C = ϕ(1),

− 1
ϕ′(0)

, if ϕ(0) = C > ϕ(1),
1

ϕ′(1)
− 1

ϕ′(0)
, if ϕ(0) = C = ϕ(1).

(ii) Let Eq. (1.2) satisfy (0,1)-shock profile condition(1.6); ϕ′(0) �= 0 if ϕ(0) = C;
ϕ′(1) �= 0 if ϕ(1) = C. Let F(n, t) be a solution of(1.2) with initial condition (1.4),
where F̃ (x − Ct) is a wave-train solution of(1.2), (1.4), whereα = 0, β = 1; ε = 1.

Let �F(n, t0)
def= F(n, t0) − F(n − 1, t0) � 0. Then there exist constantsΓ0 andD0 such

that

sup
n∈Z

∣∣F(n, t) − F̃ (n − Ct + Γ0 ln t + D0)
∣∣→ 0, t → ∞, (1.8)

Γ0 =


0, if ϕ(0) > C > ϕ(1),

C
2ϕ′(1)

, if ϕ(0) > C = ϕ(1),

− C
2ϕ′(0)

, if ϕ(0) = C > ϕ(1),
C
2

( 1
ϕ′(1)

− 1
ϕ′(0)

)
, if ϕ(0) = C = ϕ(1).
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Remarks. (1) In the caseϕ(0) > C > ϕ(1) the statement (i) of Theorem 1 is the ma
result of [9] and the statement (ii) of Theorem 1 is the main result of [5].

(2) For the other cases whenϕ(0) = C or ϕ(1) = C or ϕ(0) = ϕ(1) = C in the previous
work [7] it was already obtained the existence of the shift-functionsγ (t) = O(ln t) and
Γ (t, {x}) = O(ln t) with the properties:

sup
x

∣∣f (x, t) − f̃
(
x − Ct + εγ (t)

)∣∣→ 0,

sup
x

∣∣F(x, t) − F̃
(
x − Ct + εΓ

(
t, {x/ε}))∣∣→ 0, t → ∞,

wheref,F are solutions of (1.1), (1.2) under conditions (1.3), (1.4),{x} is the fractional
part ofx ∈ R.

(3) It is interesting to compare the statements (i), (ii) of Theorem 1 with theL1-stability
results presented in the paper of D. Serre [14]. Results of [14] give in particula
following.

Let f (x, t) andF(n, t) be solutions of Eqs. (1.1) and (1.2) correspondingly with s
initial conditions that

∞∫
−∞

∣∣f (x,0) − f̃ (x)
∣∣dx < ∞,

∞∑
−∞

∣∣F(n,0) − F̃ (n)
∣∣< ∞,

wheref̃ (x − Ct) andF̃ (n − Ct) are wave-trains solutions of (1.1), (1.2). Then

∞∫
−∞

∣∣f (x, t) − f̃ (x − Ct + d0)
∣∣dx → 0,

∞∑
−∞

∣∣F(n, t) − F̃ (n − Ct + D0)
∣∣→ 0, t → ∞,

where constantsd0 andD0 are being calculated from equations:

∞∫
−∞

(
f (x,0) − f̃ (x + d0)

)
dx = 0 and

∞∑
−∞

F(n,0)∫
F̃ (n+D0)

dy

ϕ(y)
= 0.

The proof of Theorem 1 is based on the results of [7] and the following crucial a p
estimates of (local) solutions for (1.1) and (1.2).

Without loss of generality we will put further parameterε equal to 1. Otherwise, w
make substitution:t → t/ε, x → x/ε.
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Theorem 2.Let in(1.1), (1.2)parameterε = 1. LetC = ϕ(0) > 0, γ0 > |ϕ′(0)|, x̄ def= x−Ct√
Ct

,

Ωσ = {
(x, t): a1 < x̄ < a2 + σ

√
Ct
}
, 0< a1 < a2 < ∞, σ � 0.

(i) If functionf (x, t) defined in the domainΩ0 satisfies Eq.(1.1), and

∣∣f (x, t)
∣∣� γ√

Ct
, (x, t) ∈ Ω0, t � t0, (1.9)

then the following estimate holds:∣∣∣∣∂f∂x
(x, t)

∣∣∣∣� bγ

Ct
, (x, t) ∈ Ω0, t � t0, (1.10)

where

b = b0

C

(
γ γ0 + 1

δ

)(
1+ ln+

γ γ0 + 1/δ√
C

)
,

d = min(x̄ − a1, a2 − x̄, a2/2), δ = min(1, d), b0 is absolute constant.

(ii) If functionF(x, t) defined in the domainΩσ , σ > 0, satisfies Eq.(1.2), �F(x, t)
def=

F(x, t) − F(x − 1, t) � 0, t � t0, and

∣∣F(x, t)
∣∣� Γ · x̄√

Ct
, wherex̄ ∈ (a1, a2 + σ

√
Ct
)
, t � t0, (1.11)

then the following estimate holds:

0� �F(x, t) � BΓ · x̄
Ct

, wherex̄ ∈ (a1, a2 + σ0
√

Ct
)
, σ > σ0, t � t0 � a2

1,

B = B0

[ √
1+ σ√
σ − σ0

+ γ0Γ

C
+ 1

d
+ γ0Γ · a1

C

]
, d = x̄ − a1, (1.12)

B0 is absolute constant.
(ii) ′ If function F(x, t) defined in the domainΩ0, satisfies Eq.(1.2), ϕ′(0) � 0,

�F(x, t)
def= F(x, t) − F(x − 1, t) � 0, t � t0, and

∣∣F(x, t)
∣∣� Γ√

Ct
, (x, t) ∈ Ω0, t � t0, (1.11)′

then the following estimate holds:

0� �F(x, t) � BΓ
, (x, t) ∈ Ω0, t � t0, (1.12)′
Ct
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where

B = B0

[
a2 +

(
1

d
+ γ0Γ

C

)(
1+ ln(1+ a2)

)]
, d = min(x̄ − a1, a2 − x̄),

B0 is absolute constant.

Remarks. (1) Theorem 2(i) in the weak form (condition|f (x, t)| = O(1/
√

t ) for
x̄ ∈ [a1, a2] implies the estimate| ∂f

∂x
(x, t)| = O(1/t) for x̄ ∈ [ã1, ã2] ⊂ (a1, a2)) can be

deduced from the general theory of quasilinear parabolic equations developed in [1
Theorem 2(ii)′ in the weak form (condition 0� F(x, t) � O(1/

√
t ) for x̄ ∈ [a1, a2]

implies the estimate 0� �F(x, t) � O(1/t) for x̄ ∈ [ã1, ã2] ⊂ (a1, a2)) was formulated
in [7] (with the reference to the present paper) and was essentially used in [7].

(2) Theorem 2(ii) is used for the proof of Theorem 1(ii) of this paper. Theorem 2
needed for the proof of Theorem 1(i).

(3) Theorem 2 can be applied to the study of Problems I, II (see [7]), because th
essary conditions (1.9), (1.11) are satisfied due to [15,6].

(4) Theorem 2 can be applied also to the study of Problems I, II in other case
example, in the important caseα = β = 0, ϕ′(α) �= 0 the necessary conditions (1.9), (1.1
are valid globally:|f (x, t)| = O(1/

√
t ), |F(x, t)| = O(1/

√
t ), x ∈ R, t > 0 (see [8,11,6])

Theorem 1(ii) is proved in Section 2. The proof of Theorem 2(ii) and sketch o
proof of Theorem 2(ii)′ are given in Section 3. Theorems 1(i) and 2(i) will be proved in
another paper.

2. Asymptotics for solutions of Burgers type equations with shock profile conditions

The detailed proof of Theorem 1(ii) will be given below, only in the principal ca
α = 0, β = 1, ε = 1, ϕ(0) > C = ϕ(1), x = n ∈ Z. Other cases can be proved by ve
similar arguments.

Let F(n, t), n ∈ Z, t ∈ R+, be a solution of the equation:

dF(n, t)

dt
= ϕ

(
F(n, t)

)(
F(n − 1, t) − F(n, t)

)
, (2.1)

under initial conditions:F(n − 1, t0) � F(n, t0), n ∈ Z,

0∑
−∞

F(n, t0) +
∞∑
0

(
1− F(n, t0)

)
< ∞. (2.2)

By the shock profile condition there exists a wave-train solutionF̃ (n − Ct) for (2.1) with
overfall (0,1).

Let Φ(F) = ∫ 1 dy/ϕ(y). Let dA(t), A > 0, be such function that

F
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ment

nts for
mpar-

d

[Ct+A
√

t ]∑
k=−∞

(
Φ
(
F(k, t) − Φ

(
F̃
(
k − Ct + dA(t)

))+ (
Ct + A

√
t − [

Ct + A
√

t
]))

× (
Φ
(
F
([

Ct + A
√

t
]+ 1, t

))− Φ
(
F̃
([

Ct + A
√

t
]+ 1− Ct + dA(t)

)))= 0.

(2.3)

By Theorem 1 from [7] for anyA > 2
√

C, we have:

Γ−
t

< d ′
A(t)

def= d

dt
dA(t) � Γ+

t
, (2.4)

where 0< Γ− � Γ+ < ∞, t > t0 > 0, and

sup
n

∣∣F(n, t) − F̃
(
n − Ct + dA(t)

)∣∣→ 0, t → ∞. (2.5)

To prove Theorem 1(ii) we use statement (2.5) and the following crucial improve
of the statement (2.4).

Proposition 1. Let A > 2
√

C. Then the shift-function, defined by(2.3), has the following
asymptotic behavior:

dA(t) = 1

2

C

ϕ′(1)
ln t + const+ o(1), t → ∞. (2.6)

The proof of Proposition 1 is based on the appropriate comparison of stateme
Burgers type equations and on Theorem 2(ii) proved in Section 3. Besides known co
ison results [5,7] we need also the following new one.

Lemma 1.Let

ψ(z) = C

ϕ′(1)
exp

(
−z2

2

)( z/2∫
−∞

exp
(−2y2)dy

)−1

.

For any solutionF(n, t) of the Cauchy problem(2.1), (2.2)and for any0< δ0 < δ < 1 and
A > 2

√
C, there existt0 > 0, T > 0, such that

F(n, t − T ) > 1− 1√
t
ψ

(
n − Ct − 2

√
Ct − δ

√
Ct√

Ct

)
, (2.7)

if Ct + 2
√

Ct + (δ − δ0)
√

Ct < n < Ct + A
√

Ct , t > t0.

Remark. The functionu(ξ, t) = 1 − 1√
t
ψ(

ξ√
t
) is one of the most important (in flui

mechanics) solutions of the classical Burgers equation:∂u + u∂u = 1 ∂2u
2 (see [10]).
∂t ∂ξ 2 ∂ξ
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. (2.1)

l

se
For the proof of Lemma 1 we need additional lemmas about subsolutions for Eq
and about patching of these subsolutions.

The next lemma shows that the function 1− 1√
t
ψ(x−Ct√

Ct
), being a solution of classica

Burgers equation, is also the subsolution for Eq. (2.1) in the domains:{
(x, t): B <

x − Ct√
Ct

< A, t > t0

}
, t0 = t0(A,B).

This subsolution will be called asymptotic subsolution.

Lemma 2. For any B < A and increasing functionD(t) = O(
√

t ) there existst0 > 0
such that for t � t0 and x ∈ (Ct + B

√
Ct,Ct + A

√
Ct ) the function F̂ (x, t) =

1− 1√
t
ψ(

x−Ct−D(t)√
Ct

) satisfies inequality:

∂F̂

∂t
(x, t) � ϕ

(
F̂ (x, t)

)(
F̂ (x − 1, t) − F̂ (x, t)

)
. (2.8)

Remark. For the proof of Lemma 1 we will use Lemma 2 in the domain:{
(x, t): 2− δ <

x − Ct√
Ct

< A

}
for D(t) = (2+ δ0)

√
Ct, δ0 < δ < 1.

In other domains{(x, t): 1 < x−Ct√
Ct

� 2− δ} and{(x, t): x−Ct√
Ct

� 1} we will need other

subsolutions for (2.1): so called diffusion subsolutionF̂ (x, t) = ϕ(−1)( x−2
√

Ct
t

), and wave-
train subsolutioñFσ (x − Cσ t) with overfall [−σ,1], σ > 0 (see the properties of the
subsolutions in [5,6]).

Proof of Lemma 2. We will use the equality:

∂F̂ (x, t)

∂t
= 1

2t3/2
ψ̂

(
x − Ct

2
√

t

)
− 1√

t

dψ̂( x−Ct

2
√

t
)

dx̄
·
(

− x

4t3/2
− C

4
√

t

)
,

where

ψ̂(x̄) = C

ϕ′(1)
exp

(
− 2

C
x̄2
)( x̄∫

−∞
exp

(
− 2

C
y2
)

dy

)−1

, x̄ = x − Ct

2
√

t
.

Let us fixβ > 0. Then forx̄ = x−Ct

2
√

t
� −β andt → +∞, we have:

ϕ
(
F̂ (x, t)

)= C − ϕ′(1)√ ψ̂

(
x − Ct√

)
+ O

(
ψ2(−β)

)
,

t 2 t t
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F̂ (x − 1, t) − F̂ (x, t) = −∂F̂ (x, t)

∂x
+ 1

2

∂2F̂

∂x2
(x, t) + · · ·

= 2

(
1

2
√

t

)2 dψ̂( x−Ct

2
√

t
)

dx̄
−
(

1

2
√

t

)3 d2ψ̂( x−Ct

2
√

t
)

dx̄2
+ O

(
1/t2).

Hence, forx̄ � −β, we obtain:

∂F̂ (x, t)

∂t
− ϕ

(
F̂ (x, t)

)(
F̂ (x − 1, t) − F̂ (x, t)

)
= 1

2t3/2
ψ̂(x̄) + 1

t2

dψ̂(x̄)

dx̄

(
2Ct + 2x̄

√
t

4

)

−
(

C − ϕ′(1)√
t

ψ̂(x̄)

)(
1

2t

dψ̂(x̄)

dx̄
− 1

8t3/2

d2ψ̂(x̄)

dx̄2

)
+ O

(
1/t2)

= 1

2t3/2

(
ψ̂(x̄) + x̄

dψ̂(x̄)

dx̄
+ ϕ′(1)ψ̂(x̄)

dψ̂(x̄)

dx̄
+ C

4

d2ψ̂(x̄)

dx̄2

)
+ O

(
1/t2). (2.9)

By direct differentiation with respect tōx, we obtain:

d2ψ̂

dx̄2
+
(

4

C
x̄ + 2ϕ′(1)

C
ψ̂(x̄)

)
dψ̂(x̄)

dx̄
+ 4

C
ψ̂(x̄) = 0.

Hence,

ψ̂(x̄) + x̄
dψ̂

dx̄
+ ϕ′(1)ψ̂(x̄)

dψ̂(x̄)

dx̄
+ C

4

d2ψ̂(x̄)

dx̄2

= ψ̂(x̄) + x̄
dψ̂

dx̄
+ ϕ′(1)ψ̂(x̄)

dψ̂(x̄)

dx̄
− x̄

dψ̂

dx̄
− ϕ′(1)

2
ψ̂(x̄)

dψ̂(x̄)

dx̄
− ψ̂(x̄)

= ϕ′(1)

2
ψ̂(x̄)

dψ̂(x̄)

dx̄
.

Let us check the inequality:

dψ̂(x̄)

dx̄
< 0, ∀x̄ ∈ R. (2.10)

By direct differentiation, we have:

dψ̂(x̄)

dx̄
= − 4

C
x̄ψ̂(x̄) − ϕ′(1)

C
ψ̂2(x̄).

This implies the equality:
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dψ̂(x̄)

dx̄
= −ψ̂(x̄)

( x̄∫
−∞

exp

(
− 2

C
y2
)

dy

)−1

×
( x̄∫

−∞
exp

(
− 2

C
y2
)

dy + C exp(−2x̄2/C)

4x̄

)
4x̄

C
.

Hence, (2.8) is equivalent to the inequality:

4

C
x̄

x̄∫
−∞

exp

(
− 2

C
y2
)

dy + exp

(
− 2

C
x̄2
)

> 0.

For x̄ � 0 this inequality is obvious. For̄x < 0 this inequality follows from the relations:

lim
x̄→−∞

( x̄∫
−∞

exp

(
− 2

C
y2
)

dy + C exp(−2x̄2/C)

4x̄

)
= 0 and

d

dx̄

( x̄∫
−∞

exp

(
− 2

C
y2
)

dy + C exp(−2x̄2/C)

4x̄

)
= −C exp(−2x̄2/C)

4x̄2
< 0.

From (2.9), (2.10) it follows that there existsσ > 0 such that

sup

{
ψ̂(x̄)

dψ̂(x̄)

dx̄

∣∣∣−β � x̄ � α

}
< −σ.

Hence, forx ∈ [Ct − β
√

t,Ct + α
√

t ] we obtain the estimate:

∂F̂ (x, t)

∂t
− ϕ

(
F̂ (x, t)

)(
F̂ (x − 1, t) − F̂ (x, t)

)
� −ϕ′(1)

4t3/2
σ + O

(
1/t2).

It means that there existst0 > 0 such that fort � t0 andx ∈ [Ct − β
√

t,Ct + α
√

t ] the
inequality (2.8) is valid if

F̂ (x, t) = 1− 1√
t
ψ

(
x − Ct√

Ct

)
.

This inequality is also valid if

F̂ (x, t) = 1− 1√
t
ψ

(
x − Ct − D(t)√

Ct

)
for x ∈ [Ct + D(t) − β

√
t,Ct + D(t) + α

√
t
]

becauset 
→ D(t) is increasing function. �



G.M. Henkin et al. / J. Math. Pures Appl. 84 (2005) 717–752 727

ptotic
The next lemma gives conditions for patching diffusion subsolutions and asym
subsolutions.

Lemma 3. For any δ ∈ (0,1) and constantΓ > 0 there existst0 > 0 such that fort � t0
andn ∈ [Ct + (2− δ)

√
Ct − Γ,Ct + (2− δ)

√
Ct + Γ ] the following inequality is valid:

ϕ(−1)

(
n − 2

√
Ct

t

)
> 1− 1√

t
ψ

(
n − Ct − 2

√
Ct√

Ct

)
. (2.11)

Proof. We have equalities:

lim
x̄→−∞

1

x̄
exp

(−2x̄2)( x̄∫
−∞

exp
(−2y2)dy

)−1

= −4,

lim
x̄→−0

1

x̄
exp

(−2x̄2)( x̄∫
−∞

exp
(−2y2)dy

)−1

= −∞.

Hence, for anyε ∈ (0,1) there exists̄x∗(ε) < 0 such that

exp
(−2(x̄∗)2)( x̄∗∫

−∞
exp

(−2y2)dy

)−1

= −4x̄∗(ε)
1− ε

. (2.12)

Besides,x̄∗(ε) → 0 whenε → 1. Let us taken ∈ [Ct + (2 + 2x̄∗)
√

Ct − Γ,Ct + (2 +
2x̄∗)

√
Ct + Γ ]. Then n−Ct−2

√
Ct√

Ct
= 2x̄∗ + O(1/

√
t ).

We have now from one side,

1− ϕ(−1)

(
n − 2

√
Ct

t

)
= C

ϕ′(1)

(−2x̄∗)√
Ct

+ O(1/t);

from the other side, we obtain using (2.12):

1√
t
ψ

(
n − Ct − 2

√
Ct√

Ct

)
= 1√

t
ψ
(
2
(
x̄∗ + O

(
1/

√
t
)))

= C

ϕ′(1)
√

t
exp

(−2
(
x̄∗ + O

(
1/

√
t
))2)( x̄∗+O(1/

√
t )∫

−∞
exp

(−2y2)dy

)−1

= C

′ √
(−4x̄∗)

+ O(1/t).

ϕ (1) t 1− ε
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y

If 2√
C

< 4
1−ε

, then there existst0 > 0 such that

1− ϕ(−1)

(
n − 2

√
Ct

t

)
<

1√
t
ψ

(
n − Ct − 2

√
Ct√

Ct

)
.

Besides, if 1− ε small enough we have−2x̄∗ ∈ [0,1]. So, we can finish the proof b
puttingδ = −2x̄∗. �
Proof of Lemma 1. Let the functionϕ(F ) be extended for negative values ofF as a
smooth strictly decreasing function. Then there exists a wave-train solutionF̃σ (n − Cσ t)

for (2.1) with overfall(−σ,1), σ > 0. Putσ = σ(t) = exp(−t1/3). Proposition 1, Lem-
mas 5, 6 from [7] together with Lemmas 2, 3 above imply the following statement.

For anyδ ∈ (0,1), l > 1, A > 2
√

C there existt0 > 0 and increasing functionsγ1(t) =
O(t1/3), γ2(t) = 2

√
Clt + a(l):

F−(n, t) =


F̃σ (t)(n − Ct − γ1), n � Ct + √

Clt + a(l),

ϕ(−1)(
n−γ1−γ2

t
), Ct + √

Clt + a(l) < n < Ct + γ1 + γ2 − δ
√

Ct,

1− 1√
t
ψ(

n−Ct−γ1−γ2√
Ct

), Ct + γ1 + γ2 − δ
√

Ct � n < Ct + A
√

Ct,

1− δ, n � Ct + A
√

t,

(2.13)

is a subsolution for (2.1), ift � t0.
This statement and comparison principle from [6] imply that for any solutionF(n, t) of

the Cauchy problem (2.1), (2.2) there existsT > 0 such that

F(n, t) > F−(n, t + T ), (2.14)

if n ∈ Z, t � −T + t0.
Lemma 1 follows from (2.13) and (2.14).�

Proof of Proposition 1. Put κ(t) = {Ct + A
√

t }, 0 � κ(t) < 1, N(t) = [Ct + A
√

t ],
F = F(N(t), t), F1 = F(N(t) + 1, t), F̃ = F̃ (N(t) − Ct + dA(t)), F̃1 = F̃ (N(t) + 1 −
Ct + dA(t)). Proposition 3 from [7] implies the following asymptotic formula for:

d ′
A(t)

def= d

dt

(
dA(t)

)
,

d ′
A(t)

(
1+ O

(
1/

√
t
))= C(1− κ)(F1 − F) − C(1− κ)(F̃1 − F̃ )

+ A(1− F̃1)√ + 1
ϕ′(1)(1− F̃1)

2 −
(

A(1− F1)√ + 1
ϕ′(1)(1− F1)

2
)

. (2.15)

2 t 2 2 t 2



G.M. Henkin et al. / J. Math. Pures Appl. 84 (2005) 717–752 729

r

Let us estimate now all terms of (2.15). The assumption�F(n, t0) � 0 implies (by Theo-
rem 1 in [5]) that�F(n, t) � 0 ∀t � t0. From this and from inequality (2.7) it follows fo
n � N(t) + 1 andt � t0:

0� 1− F(n, t) � 1− F1 � 1− F
(
N(t) + 1, t + T

)
� 1√

t
ψ(A − δ0 − 2)

� C

ϕ′(1)
√

t
exp

(−(A − δ0 − 2)2/2
)( 0∫

−∞
exp

(−2y2)dy

)−1

� O

(
1√
t

exp
(−(A − δ0 − 2)2/2

))
. (2.16)

From (2.16) and from inequality (1.12) of Theorem 2(ii) fort � t0 � A2, n � N(t) we
obtain the crucial inequality:

F1 − F = O

(
A

t
exp

(−(A − δ0 − 2)2/2
))

. (2.17)

From [5, Theorems 2, 2′] and [6, Theorems 6.1, 6.2] it follows asymptotic formula:

F̃1 = 1− C

ϕ′(1)(A
√

t + dA(t))
+ O

(
1

(A
√

t + dA(t))2

)
.

This formula and estimatedA(t) � 0 (see (2.4)) gives inequalities:

0< 1− F̃1 � O

(
1

A
√

t

)
, F̃1 − F̃ = O

(
1

A2t

)
. (2.18)

Let us put estimates (2.16)–(2.18) into formula (2.15). We obtain:

d ′
A(t)

(
1+ O

(
1/

√
t
))= C(1− κ)(F1 − F) − C(1− κ)(F̃1 − F̃ )

+ C

2ϕ′(1)t
+ 1

2

C2

ϕ′(1)A2t
− (1− F1)

2

(
A√
t

+ ϕ′(1)(1− F1)

)
= (1− κ)O

(
A

t
exp

(−(A − δ0 − 2)2/2
))− (1− κ)O

(
1

A2t

)

+ C

2ϕ′(1)t
+ 1

2

C2

ϕ′(1)A2t
+ O

(
A

t
exp

(−(A − δ0 − 2)2/2
))

= C

′ + O

(
1
2

)
+ O

(
A

exp
(−(A − δ0 − 2)2/2

))
. (2.19)
2ϕ (1)t A t t
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e

ent

esen-
Estimate (2.9) implies asymptotic formula:

dA(t) = C

2ϕ′(1)
ln t + O

(
1/A2) ln t + const.

From result (2.5) it follows that for anyA1 > 2
√

C and A2 > 2
√

C we have
dA1(t) − dA2(t) → 0, t → ∞.

Hence,

dA(t) = C

2ϕ′(1)
ln t + const+ o(1). �

3. A priori estimates for local solutions of Burgers type equations

Without loss of generality we will put furtherC = 1 andε = 1. Otherwise we mak
substitutions:t → Ct/ε, x → x/ε for Eq. (1.2) andt → C2t/ε, x → Cx/ε for Eq. (1.1).
We will give here a complete proof of Theorem 2(ii) which is sufficient for all curr
applications and a sketch of the proof of Theorem 2(ii)′. Theorem 2(i) will be proved in a
separate paper.

The first step in the proof of Theorem 2(ii) is the Green–Poisson type repr
tation formula (for functionu in Ωσ ) associated with operatoru 
→ u′

t + �u, where

�u
def= u(x, t) − u(x − 1, t), u′

t = ∂u(x,t)
∂t

.
Let χ0 :R → R be a smooth cut-off function such that

0� χ0 � 1, χ0|(−∞,a1) ≡ 0, χ0|[ã1,+∞] ≡ 1, 0< a1 < ã1 < ∞,

|χ ′
0t | �

A0

δ
and |χ ′′

0t | �
A0

δ2
, (3.1)

whereδ = ã1 − a1. Putχ(x, t) = χ0(
x−t√

t
).

Proposition 2.Let functionu(x, t) be defined in the domain

Ωσ =
{
(x, t): a1 < x̄

def= x − t√
t

< a2 + σ
√

t

}
, σ > 0,

and ũ(x, t) = u(x, t) · χ(x, t). Let 0 < σ0 < σ andα ∈ (
1+σ0
1+σ

,1). Then functioñu can be
represented inΩσ0 by the following formula of the Green–Poisson type:

ũ(x, t) =
∞∫

−∞
G(x − ξ, t − αt)ũ(ξ,αt)dξ

+
t∫

dτ

∞∫
G(x − ξ, t − τ)(ũ′

τ + �ũ)(ξ, τ )dξ, (3.2)
αt −∞
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o, we

thod
s the
ristic
where

G(x, t) = 1

2π

∞∫
−∞

exp(−iξx)exp
([eiξ − 1]t)dξ.

Besides,

G(x, t) =
∞∑

n=−∞
Gn(t)δ(n − x), (3.3)

where 
Gn(t) = 0, if n < 0,

Gn(t) = tn

n!e
−t , if n � 0,

is Poisson-distribution.

This statement is certainly classical but we did not find the precise reference. S
will indicate the abridge proof.

The operator∂
∂t

+� can be considered as a parabolic operator of infinite order inx and
it can be represented by the following formula:

∂

∂t
+ � = ∂

∂t
+
(

1− exp

(
− ∂

∂x

))
.

We will apply further to the Cauchy problem for this operator the same Fourier me
as for parabolic operator of finite order and we will obtain (3.2). The formula (3.3) i
Fourier inversion formula for the classical Poisson distribution through its characte
function.

It is important to remark that the functioñu(ξ, τ ) is well defined for(ξ, τ ): ξ < τ +
a2

√
τ + στ , ũ(ξ, τ ) ≡ 0 for ξ � τ + a1

√
τ and functionξ 
→ G(x − ξ, t − τ) is equal to

zero forξ > x = t + x̄
√

t . So, the functionξ 
→ ũ(ξ, τ ) · G(x − ξ, t − τ) can be naturally
interpreted in the formula (3.2) as a function with compact support inR if the following
inequality is satisfied:

τ + a2
√

τ + στ � x = t + x̄
√

t for

x̄ ∈ (a1, a2 + σ0
√

t
)
, σ0 < σ andτ � αt � t0(σ,σ0).

In order to satisfy these inequalities we chooseα ∈ (0,1) such that fort > t0(σ,σ0) the
following inequality is valid:

αt + a2
√

αt + σαt > t + a2
√

t + σ0t,

i.e., we must takeα >
1+σ0 .
1+σ
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Corollary (Integral representation for�u(x, t)). Let functionu(x, t) satisfy(1.2) in Ωσ

with ϕ(0) = C = 1 andε = 1. Putϕ0 = ϕ − C. Then in assumption of Proposition2 for,

(x, t) ∈ Ω̃σ0 = {
(x, t) ∈ Ωσ0: x � t + ã1

√
t
}
,

σ0 < σ, t > t∗ = αt � t0, α ∈
(

1+ σ0

1+ σ
,1

)
,

we have the equality:

�u(x, t) = I0u + I1u + I2u + I3u + I4u, (3.4)

where

I0u(x, t) = −
t∫

t∗
dτ

∫
ξ̄>ã1

�xG(x − ξ, t − τ)ϕ0(u)�u(ξ, τ )dξ,

I1u(x, t) = −
t∫

t∗
dτ

∫
ξ̄∈[a1,ã1]

�xG(x − ξ, t − τ)ϕ0(u)�u(ξ, τ )χ(ξ, τ )dξ,

I2u(x, t) =
∫

ξ̄�a1

�xG(x − ξ, t − t∗)u(ξ, t∗)χ(ξ, t∗)dξ,

I3u(x, t) =
t∫

t∗
dτ

∫
ξ̄∈[a1,ã1]

�xG(x − ξ, t − τ)(uχ ′
τ + u�χ)(ξ, τ )dξ,

I4u(x, t) = −
t∫

t∗
dτ

∫
ξ̄∈[a1,ã1]

�xG(x − ξ, t − τ)�u(ξ, τ )�χ(ξ, τ )dξ.

Remark. We will use below several times the following simple relation: letu = u(x),

v = v(x), then�(u · v) = u · �v + v(x − 1)�u, where�u
def= u(x) − u(x − 1).

Proof of Corollary. We have relations:

ũ(ξ, τ ) = u(ξ, τ ) · χ(ξ, τ ),

ũ′
τ = (u · χ)′τ = u′

τ · χ + uχ ′
τ ,

�ũ = �(u · χ) = �u · χ(ξ − 1, t) + u · �χ = �u · χ + u(ξ − 1, t)�χ.

Using (1.2), we obtain:

(u′
τ + �u) · χ = −ϕ0(u)�uχ = −ϕ0(u)

(
�ũ − u(ξ − 1, t) · �χ

)
,
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y
unc-

r

es
(ũ′
τ + �ũ) = −ϕ0(u)�ũ + ϕ0(u) · u(ξ − 1, τ )�χ + u(χ ′

τ + �χ) − �u · �χ

= −ϕ0(u)�u · χ + u · (χ ′
τ + �χ) − �u · �χ.

Plugging these relations into (3.2) and using the equalityũ(ξ, τ ) = u(ξ, τ ) for ξ̄ > ã1
we obtain (3.4).

For the estimates of termsI1u, I2u, I3u, I4u in formula (3.4) we will use elementar
estimates for cut-off functionχ(x, t) and rather precise estimates for Green–Poisson f
tion G(x, t). �
Lemma 4.Letχ(x, t) be cut-off function defined by(3.1). Then the following estimates fo
derivatives ofχ are valid:

∣∣�χ(x, t)
∣∣� A0

δ
√

t
,

∣∣�2χ(x, t)
∣∣� A0

δ2t
,

∣∣(χ ′
t + �χ)(x, t)

∣∣� A0

t

(
1

δ2
+ ã1

2δ

)
,

where(x, t) ∈ Ωσ , δ = ã1 − a1.

Proof. We have:

χ ′(x, t) = −
(

1√
t

+ x − t

2t3/2

)
χ ′

0

(
x − t√

t

)
,

�χ(x, t) = 1√
t

x∫
x−1

χ ′
0

(
y − t√

t

)
dy,

(χ ′ + �χ)(x, t) = − 1√
t

x∫
x−1

(
χ ′

0

(
x − t√

t

)
− χ ′

0

(
y − t√

t

))
dy − χ ′

0

(
x − t√

t

)
x − t

2t3/2

= −1

t

x∫
x−1

x∫
y

χ ′′
0

(
z − t√

t

)
dzdy − χ ′

0

(
x − t√

t

)
x − t

2t3/2
.

From these relations and from estimates (3.1) forχ0 we obtain necessary estimat
for χ(x, t). �
Lemma 5 (Estimates for Green–Poisson distributionG(x, t)). Let

G(x, t) =
∞∑

n=0

Gn(t)δ(n − x)

be the Poisson distribution(3.3). The following estimates for{Gn(t)} are valid:
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(i) if p = n − t � 0, then

Gn(t) � 1√
2πn

e−p2/(2n);

(ii) if q = t − n > 0, q � t , then

Gn(t) � 1√
2πn

e−q2/(2t);

(iii) if n = t + a
√

t , then

Gn(t) = 1√
2πn

exp

(
− (n − t)2

2t

)(
1+ O

(
(n − t)3

t2

))
= 1√

2πt
exp

(
−a2

2

)(
1+ O

(
a + a3

√
t

))
.

Proof. By Stirling’s formula we have:

n! = √
2πn

(
n

e

)n(
1+ O

(
1

n

))
.

Then

Gn(t) = 1√
2πn

en ln t−n lnn+n−t

(
1− O

(
1

n

))
.

If p = n − t > 0, then

ln
t

n
= ln

(
1− p

n

)
= −p

n
− p2

2n2
− · · · .

If q = t − n > 0, then

ln
n

t
= ln

(
1− q

t

)
= −q

t
− q2

2t2
− · · · .

Hence,

Gn(t) = 1√
2πn

e−p2/(2n)

(
1− O

(
1

n

))
, if p = n − t > 0,

Gn(t) = 1√
2πn

e−q2/(2t)−(1/2−1/3)(q3/t2)−···
(

1− O

(
1

n

))
,

if q = t − n > 0, q < t.



G.M. Henkin et al. / J. Math. Pures Appl. 84 (2005) 717–752 735
These relations give (i)–(iii). �
Lemma 6 (Estimates for�G(x, t)). Let G(x, t) = ∑∞

n=0 Gn(t)δ(n − x) be the Poisson
distribution. We put:

�Gn(t) = Gn(t) − Gn−1(t),

�xG(x − ξ, t − τ) = G(x − ξ, t − τ) − G(x − 1− ξ, t − τ),

ξ̄ = ξ − τ√
τ

, x̄ = x − t√
t

.

Then the following estimates are valid:

(i)
�Gn(t) = Gn(t)

(t − n)

t
, and as a consequence,

�Gn(t) > 0, if n < t, �Gn(t) < 0, if n > t;

�2Gn(t) = Gn(t)

(
1− 2n

t
+ n(n − 1)

t2

)
, and as a consequence,

�2Gn(t) < 0, if n − t − 1

2
∈ (−√t + 1/4,+√t + 1/4

)
,

�2Gn(t) � 0, if n − t − 1

2
/∈ (−√t + 1/4,+√t + 1/4

);
(ii) ∀s � 0 andp � 0 we have inequalities:

−�Gp+s(s) � A1s
−3/2p exp

(
−p2

4s

)
, if p < s,

−�Gp+s(s) � A1p
−1/2e−p/4, if p > s;

(iii) ∀s � 0 andq ∈ (0, s), we have inequalities:

�Gs−q(s) � A1
q

s
√

s − q
exp

(
−q2

2s

)
;

(iv)
∞∑

n=−1

∣∣�Gn(t)
∣∣= min

{
2,

2√
2πt

(
1+ O

(
1√
t

))}
,

∞∑
n=−2

∣∣�2Gn(t)
∣∣= min

{
4,

4√
2πe

1

t

(
1+ O

(
1√
t

))}
;

(v) ∀x̄ > ã1 and t > τ > αt , we have inequality:
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I =
∫

ξ̄>ã1

∣∣�xG(x − ξ, t − τ)
∣∣(1+ ln+

1

ξ̄ − ã1

)
(1+ ξ̄ )dξ

� A1√
t − τ

(
1+√

(1− α)/α
)(

1+ ln+
1

x̄ − ã1

)(
1+ x̄/

√
α
)
,

whereA1 is absolute constant.

Remark. We will use further several times the differential and integral relations:

−�ξ

(
G(x − ξ − 1, t − τ)u(ξ)

)
= G(x − ξ, t − τ)�u(ξ) + �ξG(x − ξ − 1, t − τ) · u(ξ),

−�ξG(x − ξ − 1, t − τ) = �xG(x − ξ, t − τ);

if G(x − ξ − 1, t − τ) · u(ξ) has compact support with respect toξ , then

−
∫

ξ∈R

�ξ

(
G(x − ξ − 1, t − τ) · u(ξ)

)
dξ = 0, and hence

−
∫

ξ∈R

�xG(x − ξ, t − τ) · u(ξ)dξ =
∫

ξ∈R

G(x − ξ, t − τ)�u(ξ)dξ.

Proof of Lemma 6. (i) We have, from (3.3):

�Gn(t) =
(

tn

n! − tn−1

(n − 1)!
)

e−t = Gn(t)
(t − n)

t
,

�2Gn(t) =
(

tn

n! − 2
tn−1

(n − 1)! + tn−2

(n − 2)!
)

e−t = Gn(t)

(
1− 2n

t
+ n(n − 1)

t2

)
;

(ii) follows from (i) and Lemma 5(i);
(iii) follows from (i) and Lemma 5(ii);
(iv) putting in (i) p = n − t = a

√
t and using Lemma 5(iii), we obtain:

�Gn(t) = 1√
2πt

e−a2/2
(

− a√
t

)(
1− O

(
a3

√
t

))
, and

as a consequence�Gn(t) = 0 if a = 0.

So,

∞∑ ∣∣�Gn(t)
∣∣= (∑

�Gn(t) −
∑

�Gn(t)

)
.

n=−1 n�t n�t
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Then

∞∑
n=−1

∣∣�Gn(t)
∣∣= [

G[t](t) − G−∞(t)
]− [

G+∞(t) − G[t](t)
]

= 2G[t](t) = 2√
2πt

(
1+ O

(
1√
t

))
, t � t0.

For all t > t0, we have:

∞∑
n=−1

∣∣�Gn(t)
∣∣= min

{
2,

2√
2πt

(
1+ O

(
1√
t

))}
.

By similar arguments we have:

∞∑
n=−2

∣∣�2Gn(t)
∣∣= [t−√

t ]∑
−∞

�2Gn(t) −
[t+√

t ]∑
[t−√

t ]+1

�2Gn(t) +
∞∑

[t+√
t ]+1

�2Gn(t)

= 2�G[t−√
t ](t) + 2

∣∣�G[t+√
t ](t)

∣∣
= 4

t
√

2πe

(
1+ O

(
1√
t

))
, t � t0.

For all t > 0, we have:

∞∑
n=−2

∣∣�2Gn(t)
∣∣= min

{
4,

4

t
√

2πe

(
1+ O

(
1√
t

))}
.

(v) Putt − τ = s, x − ξ = y. We havep = y − s = x̄
√

t − ξ̄
√

τ . PutI = I+ + I−, where

I± =
∫

±�xG<0

∣∣�xG(x − ξ, t − τ)
∣∣(1+ ln+

1

(ξ̄ − ã1)

)
(1+ ξ̄ )dξ.

By part (i)�xG(x − ξ, t − τ) < 0 iff p = (x − ξ) − (t − τ) > 0.
Hence,I+ = I ′+ + I ′′+, where

I ′+ = −
∫

ξ̄>ã1: 0<p<s

�xG(x − ξ, t − τ)

(
1+ ln+

1

(ξ̄ − ã1)

)
(1+ ξ̄ )dξ,

I ′′+ = −
∫

ξ̄>ã1: p>s

�xG(x − ξ, t − τ)

(
1+ ln+

1

(ξ̄ − ã1)

)
(1+ ξ̄ )dξ.

Putp1 = x̄
√

t − ã1
√

τ . We haveã1 − ξ̄ = p−p1√ < 0 andp = p1 iff ξ̄ = ã1.

τ
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For I ′+, whenp ∈ (0, s), we use (ii) and obtain:

I ′+ � As−3/2

p1∫
0

e−p2/(4s)p

(
1+ ln+

√
τ

p1 − p

)(
1+ ã1 + p1 − p√

τ

)
dp

(puttingp = ρ
√

s )

� As−1/2

p1/
√

s∫
0

e−ρ2/4ρ

(
1+ ln+

√
τ/s

(p1/
√

s − ρ)

)(
1+ ã1 + p1√

τ
− ρ

)
dρ

(by Lemma A.1 of Appendix A)

� As−1/2
(

1+ ln+
√

τ

p1

)(
1+ ã1 + p1√

τ

)
� As−1/2

(
1+ ln+

1

x̄
√

t/τ − ã1

)(
1+ x̄

√
t/τ

)
� A1s

−1/2
(

1+ ln+
1

(x̄ − ã1)

)(
1+ x̄/

√
α
)
.

For I ′′+, whenp > s we use (ii), and obtain

I ′′+ � As−1/2

p1∫
0

e−p/4
(

1+ ln+
√

τ

p1 − p

)(
1+ ã1 + p1√

τ
− ρ

)
dp

� As−1/2
(

1+ ln+
√

τ

p1

)(
1+ x̄

√
t/τ

)
� A1s

−1/2
(

1+ ln+
1

(x̄ − ã1)

)(
1+ x̄/

√
α
)
.

Let us estimate now integralI−. Putq = (t −τ)−(x−ξ). By part (i)�xG(x−ξ, t −τ) > 0
iff q ∈ (0, s). We use now part (iii) and obtain:

I− � A

s

s∫
0

e−q2/(2s) q√
s − q

(
1+ ln+

√
τ

p1 + q

)(
1+ ã1 + p1 + q√

τ

)
dq

� A

s

(
1+ ln+

1

x̄ − ã1

)((
1+ x̄/

√
α
) s∫

0

e−q2/(2s)q√
s − q

dq + 1√
τ

s∫
0

e−q2/(2s)q2

√
s − q

dq

)
,

where
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s∫
0

e−q2/(2s)q√
s − q

dq �
s/2∫
0

e−q2/(2s)q√
s/2

dq +
s∫

s/2

e−s/8s√
s − q

dq

�
√

2s

s/8∫
0

e−y dy + 2se−s/8
√

s/2

= √
2s
(
1− e−s/2 + se−s/8)= O

(√
s
)
,

s∫
0

e−q2/(2s)q2

√
s − q

dq �
s/2∫
0

e−q2/(2s)q2

√
s/2

dq +
s∫

s/2

e−s/8s2

√
s − q

dq

� 2s

s/8∫
0

√
ye−y dy + 2s2e−s/8

√
s/2 = O(s).

Hence,

I− � A2√
s

(
1+ ln+

1

x̄ − ã1

)(
1+√

(1− α)/α
)(

1+ x̄/
√

α
)
.

Lemma 6 is proved. �
Now we are ready to estimate termsI2u andI3u of formula (3.4).

Lemma 7. Let functionF = u satisfy the conditions of Theorem2(ii) and �u is repre-
sented inΩσ by formula(3.4), α � sup{1/2,

1+σ0
1+σ

}, σ0 < σ . Then termsI2u and I3u of
formula(3.4)admit the following estimates:

∣∣I2u(x, t)
∣∣� A2

Γ · x̄√
(1− α)t

, (3.5)

∣∣I3u(x, t)
∣∣� A0

Γ · ã1

t3/2

(
1

δ2
+ ã1

2δ

)
K+,

whereK+ =
t∫

αt

dτ

∫
ξ̄∈[a1,ã1]

∣∣�xG(x − ξ, t − τ)
∣∣dξ, (3.6)

A2 is absolute constant,̄x ∈ (ã1, a2 + σ0
√

t ), t > t0(σ0, σ ).

Remark. I2u is the only term in representation (3.4), where 1− α is in the denominator.
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Proof. The definitions ofI2u andI3u, condition (1.11) and Lemma 4 imply estimates:

∣∣I2u(x, t)
∣∣� Γ

∫
ξ̄>a1

∣∣�xG(x − ξ, t − αt)
∣∣ ξ̄ dξ√

αt
, (3.7)

whereξ̄ = ξ−αt√
αt

,

∣∣I3u(x, t)
∣∣� Γ A0

(
1

δ2
+ ã1

2δ

) t∫
αt

dτ

∫
ξ̄∈(a1,ã1)

|�xG(x − ξ, t − τ)|
τ

ξ̄ dξ√
τ

, (3.8)

whereξ̄ = ξ−τ√
τ

.
Using Lemmas 6(i), 5(i), 6(iv) (see also (3.14)), we obtain further from (3.7):

∣∣I2u(x, t)
∣∣� Γ√

αt

[ ∫
ξ̄<x̄

√
t/(αt)

�ξG(x − ξ, t − αt)ξ̄ dξ

−
∫

ξ̄>x̄
√

t/(αt)

�ξG(x − ξ, t − αt)ξ̄ dξ

]

� Γ√
αt

[
−

∫
ξ̄<x̄/

√
α

G · �ξ ξ̄ dξ +
∫

ξ̄>x̄/
√

α

G · �ξ ξ̄ dξ + Gξ̄ |x̄/
√

α
a1

− Gξ̄ |x̄/
√

α+(1−α)
√

t/
√

α

x̄/
√

α

]

� Γ√
αt

[ ∫
ξ̄>x̄/

√
α

1√
αt

G(x − ξ, t − αt)dξ + 2G(t − αt, t − αt)
x̄√
α

]

� Γ√
αt

(
1√
αt

+ 2√
2π(t − αt)

(
x̄√
α

))
� A2Γ√

(1− α)α

1

t

(
x̄√
α

)
, if t � t0.

From (3.8) we deduce:

∣∣I3u(x, t)
∣∣� Γ A0

t3/2

(
1

δ2
+ ã1

2δ

)
ã1

t∫
αt

dτ

∫
¯

∣∣�xG(x − ξ, t − τ)
∣∣dξ.
ξ∈(a1,ã1)
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We have proved (3.5), (3.6).�
We will estimate now the termsI1u andI4u of (3.4).

Lemma 8. Let functionu satisfy the conditions of Theorem2(ii) and�u be represented
in Ωσ by formula (3.4). Then termsI1u and I4u of formula (3.4) admit the following
( preliminary) estimates for̄x � ã1 and t � t0:

|I1u| � 4γ0Γ
2 · ã2

1

αt
(K− + K1), (3.9)

|I4u| � 2A0Γ · ã1

δαt
(K− + K1), (3.10)

where

K− =
t∫

αt

∣∣�xG(x − ξ, t − τ)
∣∣
ξ̄=a−, ξ̄<ã1

dτ,

K1 =
t∫

αt

∣∣�xG(x − ξ, t − τ)
∣∣
ξ̄=ã1

dτ,

a− = x̄
√

t/τ − 1

2
√

τ
−√

(t − τ)/τ + 1/(4τ).

Proof. If t0 is large enough andτ � t0 we have, using (1.11) inequalities:

∣∣u(ξ, τ )
∣∣� Γ · ξ̄√

τ
,

∣∣ϕ0(u)
∣∣� 2γ0|u|, ∣∣�ξχ(ξ, τ )

∣∣� A0

δ
√

τ
.

From these relations and from definitions ofI1u, I4u it follows (using also that̄ξ � ã1 �
x̄):

|I1u| � 2γ0Γ · ã1√
αt

I5u and |I4u| � A0

δ
√

αt
I5u, (3.11)

where

I5u =
t∫

αt

dτ

∫
ξ̄∈[a1,ã1]

∣∣�xG(x − ξ, t − τ)
∣∣ · ∣∣�ξu(ξ, τ )

∣∣dξ. (3.12)

The assumption of Theorem 2(ii) implies that

�ξu(ξ, τ ) � 0 ∀τ � τ0. (3.13)
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By Lemma 6 we have also inequalities:

�xG(x − ξ, t − τ) < 0 iff ξ̄ < x̄
√

t/τ ,

�xG(x − ξ, t − τ) > 0 iff ξ̄ > x̄
√

t/τ .
(3.14)

From (3.12)–(3.14), we deduce:

I5u = −
t∫

αt

dτ

∫
ξ̄∈[a1,ã1]

�xG�ξudξ

= −
t∫

αt

dτ

( ∫
ξ̄∈[a1,ã1]

�2
xG · udξ + �xG · u|ξ̄=ã1

− �xG · u|ξ̄=a1

)
.

Using inequality|u(ξ, τ )| � Γ ·ξ̄√
τ

, we obtain:

|I5u| � Γ · ã1√
αt

t∫
αt

dτ

[ ∫
ξ̄∈[a1,ã1]

|�2
xG|dξ + |�xG|ξ̄=a1

+ |�xG|ξ̄=ã1

]
. (3.15)

From Lemma 6, we have:

�2
xG(x − ξ, t − τ) < 0, iff ξ̄ ∈ (a−, a+),

wherea± = x̄
√

t/τ − 1

2
√

τ
±√

(t − τ)/τ + 1/(4τ). (3.16)

If t0 is large enough and̃a1 > a1
√

α + √
1− α we have inequality:a− > a1.

Put ξ̄− = inf{ã1, a−}.
From (3.14)–(3.16), we deduce:

|I5u| � Γ · ã1√
αt

t∫
αt

dτ

[ ∫
ξ̄∈[a1,ξ̄−]

�2
xGdξ −

∫
ξ̄∈[ξ̄−,ã1]

�2
xGdξ − �xG|ξ̄=a1

− �xG|ξ̄=ã1

]

� Γ · ã1√
αt

t∫
αt

dτ [�xG|ξ̄=a1
− �xG|ξ̄=ξ̄− + �xG|ξ̄=ã1

− �xG|ξ̄=ξ̄− − �xG|ξ̄=a1
− �xG|ξ̄=ã1

]

� Γ · ã1√
αt

(−2�xG|ξ̄=ξ̄−) � 2Γ · ã1√
αt

(K− + K1).

The last estimate together with estimates (3.12) imply (3.9), (3.10).�
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ll,
The following lemma gives more precise estimates for termsI1u, I3u, I4u.

Lemma 9. In conditions and notations of Lemmas7, 8 we have estimates:

|I3u| � A2
A0Γ · ã1

t

(√
1− α

δ2
+ 1

δ
+ ã1

δ
√

t

)
, (3.17)

|I1u| � A2
γ0Γ

2 · ã2
1

t

(
1+ ln+

√
1− α

x̄ − ã1

)
, (3.18)

|I4u| � A2
A0Γ · ã1

δt

(
1+ ln+

√
1− α

x̄ − ã1

)
, (3.19)

whereA2 is absolute constant,α is sufficiently close to1.

Proof. In order to prove (3.17)–(3.19), it is sufficient to prove estimates:

K− � A

(
1+ ln+

√
1− α

x̄ − ã1

)
, (3.20)

K1 � A, (3.21)

K+ � A
√

t inf

{√
1− α,

1

ã1
+ 1√

t

}
, (3.22)

whereK+, K−, K1 are integrals from (3.6), (3.9), (3.10).
Let us prove firstly (3.21). Putε = x̄ − ã1, indicating that it can be arbitrary sma

y = x − ξ , s = t − τ . We have:

p = y − s = x̄
√

t − ã1
√

τ

= ε
√

t + ã1(
√

t − √
t − s) = ε

√
t + ã1s

2θ
√

t
> 0,

whereθ(s) =
√

t + √
t − s

2
√

t
,

1+ √
α

2
� θ < 1.

Since 0� s � (1− α)t , we have:

K1 =
t∫

αt

|�G|ξ̄=ã1
dτ = −

(1−α)t∫
0

�G(p + s, s)ds = K10 + K11,

where

K10 = −
∫

�G(p + s, s)ds, K11 = −
∫

�G(p + s, s)ds.
s<p s>p
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Note thats < p iff s < ε
√

t(1 − ã1
2θ

√
t
)−1 and ã1

2θ
√

t
< 1. Hence, inequalitys < p implies

s < 2ε
√

t , if t > t0 and inequalitys > p impliess > ε
√

t , if t > t0.
Using Lemma 6(ii), we obtain:

K10 �
2ε

√
t∫

0

1√
s

e−s/4 ds �
∞∫

0

1√
s

e−s/4 ds � A2,

K11 � A

(1−α)t∫
ε
√

t

s−3/2pe−p2/(4s) ds

(
puttings = η · t andp = √

t

(
ε + ã1η

2θ

))

� A

1−α∫
ε/

√
t

η−3/2
(

ε + ã1η

2θ

)
exp

(
−
(

ε + ã1η

2θ

)2

/(4η)

)
dη

� A

( 1∫
0

ã1

2θ
√

η
exp

(
− ã2

1η

16

)
dη +

1∫
0

εη−3/2e−ε2/(4η) dη

)

(puttingη = rã−2
1 or η = ρε2 respectively)

� A

(
1

2θ

∞∫
0

r−1/2e−r/16dr +
∞∫

0

ρ−3/2e−1/(4ρ) dρ

)
� A2.

Inequality (3.21) is proved.
Let us prove now (3.20). Let us find interval of variables in which ξ̄− = a− < ã1, i.e.,

a− = x̄
√

t/τ − 1

2
√

τ
−√

(t − τ)/τ + 1/(4τ) < ã1, i.e.,

x̄
√

t/τ −√
(t − τ)/τ < ā1, whereā1 = ã1

(
1+ O

(
1√
τ

))
.

Putη = t−τ
t

= s
t
. We obtain:

x̄ − √
η < ā1

√
1− η, i.e.,

x̄2 − 2x̄
√

η + η < ā2
1(1− η), i.e.,(√

η − x̄

1+ ā2

)2

<
ā2

1(1+ ā2
1 − x̄2)

(1+ ā2)2
, i.e.,
1



G.M. Henkin et al. / J. Math. Pures Appl. 84 (2005) 717–752 745
√
η1 <

√
η <

√
η2, where

√
η1 = x̄

1+ ā2
1

−
ā1

√
1+ ā2

1 − x̄2

1+ ā2
1

; √
η2 = x̄

1+ ā2
1

+
ā1

√
1+ ā2

1 − x̄2

1+ ā2
1

.

The interval is not empty if̄x �
√

1+ ā2
1. In addition we have:

x̄ − ā1

√
1+ ā2

1 − x̄2 � x̄ − ā1

(
1+ ā2

1 − x̄2

2

)
= (x̄ − ā1)

(
1+ ā1(x̄ + ā1)

2

)
� (x̄ − ā1)

(
1+ ā2

1

)
.

Hence
√

η1 > x̄ − ā1. The conditionξ̄− = a− implies that

y = (x − ξ) = (t − τ) + √
t − τ + O(1) = s + √

s + O(1).

From Lemmas 5, 6, we deduce:

−�G|ξ̄=a− �
√

e

s
√

2π

(
1+ O

(
1√
s

))
� A

s
.

Hence,

K− �
t∫

αt

|�xG|ξ̄=a− dτ �
(1−α)t∫
η1t

A

s
ds � A2 ln+

√
1− α

(x̄ − ã1)
, t � t0.

Let us prove (3.22). Using definition ofK+ and (3.14), we obtain:

K+ = −
t∫

αt

dτ

∫
ξ̄∈[a1,ã1]

�xG(x − ξ, t − τ)dξ �
t∫

αt

G(x − ξ, t − τ)|ξ̄=ã1
dτ.

Put (as in the proof of (3.21))ε = x̄ − ã1, y = x − ξ , s = t − τ , p = y − s.
We have:

t∫
αt

G|ξ̄=ã1
dτ =

∫
s<p

G(p + s, s)ds +
∫

s>p

G(p + s, s)ds.

Becauses < p impliess < 2ε
√

t , t � t0, and using Lemma 5(i), we obtain:
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uce
∫
s<p

G(p + s, s)ds �
2ε

√
t∫

0

1√
2π(p + s)

exp

(
− p2

2(p + s)

)
ds

�
2ε

√
t∫

0

1√
2πp

e−p/4 ds �
2ε

√
t∫

0

1√
2πs

e−s/4 ds � A2.

Becauses > p impliess ∈ (ε
√

t, (1− α)t) and using Lemma 5(i), we obtain:

∫
s>p

G(p + s, s)ds �
(1−α)t∫
ε
√

t

1√
2πs

exp

(
−p2

4s

)
ds

� 1√
2π

(1−α)t∫
0

s−1/2 exp

(
−p2

4s

)
ds.

Usingp = √
t(ε + ã1s

2θt
) and puttingρ = ã2

1
s
t
, we obtain further,

∫
s>p

G(p + s, s)ds �
√

t√
2πã1

ã2
1(1−α)∫
0

1√
ρ

e−ρ/16dρ

�
√

t

2π
inf

{
2
√

1− α,
1

ã1

∞∫
0

1√
ρ

e−ρ/16dρ

}
.

Hence,K+ � A
√

t inf{√1− α, 1√
t
+ 1

ã1
}.

Lemma 9 is proved. �
Proof of Theorem 2(ii). From formula (3.4) and estimates (3.5), (3.17)–(3.19) we ded
the following inequality under condition that̄x ∈ (ã1, a2 + σ0

√
t ), σ0 < σ , t � ã2

1 and

α >
1+σ0
1+σ

:

�u(x, t) � A3Γ · x̄
t

[
1√

1− α
+

√
1− α

δ2
+ 1

δ

+
(

γ0Γ · ã1 + 1

δ

)(
1+ ln+

√
1− α

x̄ − ã1

)]

+ γ0Γ · x̄
t∫

αt

dτ

∫
¯

∣∣�xG(x − ξ, t − τ)
∣∣ |�u(ξ, τ )|√

τ
dξ. (3.23)
ξ�ã1



G.M. Henkin et al. / J. Math. Pures Appl. 84 (2005) 717–752 747
Put:

v(t) = t · max
x̄∈(ã1,a2+σ0

√
t)

�u(x, t)

g(x̄)
,

where

g(x̄) = B1 + B2

(
1+ ln+

√
1− α

x̄ − ã1

)
,

B1 = x̄

(
1√

1− α
+

√
1− α

δ2
+ 1

δ

)
; B2 = x̄

(
γ0Γ · ã1 + 1

δ

)
.

Then we have�u(x, t) � v(t)·g(x̄)
t

. From this relation and from (3.23), we obtain:

v(t) � A3Γ + γ0Γ · t
g(x̄)

t∫
αt

v(τ )

τ3/2

∫
ξ̄>ã1

|�xG| · g(ξ̄ )dξ.

By Lemma 6(v), we have:∫
ξ̄>ã1

|�xG| · g(ξ̄ )dξ � A4g(x̄)√
t − τ

(
1+√

(1− α)/α
)(

1/
√

α
)
.

From the last two inequalities, puttingτ = ρt , we get:

v(t) � A3Γ + A4γ0Γ

1∫
α

v(ρt)dρ

ρ3/2
√

1− ρ

(
1+√

(1− α)/α
)(

1/
√

α
)
.

Chooseα1 so close to 1 thatα1 >
1+σ0
1+σ

and

(
1+√

(1− α1)/α1
)(

1/
√

α1
)
A4γ0Γ

1∫
α1

dρ

ρ3/2
√

1− ρ
< 1.

It means that 1√
1−α1

must be of order O(
√

1+σ√
σ−σ0

+ γ0Γ ).
Using Lemma A.2 of Appendix A we obtain:

�u � v(t) · g(x̄)

t
� A5Γ

t

(
B1 + B2

(
1+ ln+

√
1− α

x̄ − ã1

))
,

wherex̄ ∈ (ã1, a2 + σ0
√

t), t � t0 � ã2. Put now
√

1− α = min{δ,√1− α1 }.
1
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pe
Then we obtain:

�u � A5Γ · x̄
t

[
1√

1− α
+
(

γ0Γ · ã1 + 1

δ

)(
1+ ln+

√
1− α

x̄ − ã1

)]
.

Now let x̄ > a1 be fixed and takẽa1 = a1+x̄
2 , d = δ

2. We obtain:

�u � A6Γ · x̄
t

[ √
1+ σ√
σ − σ0

+ γ0Γ +
(

γ0Γ · a1 + 1

d

)]
.

Theorem 2(ii) is proved. �
Sketch of the proof of Theorem 2(ii)′. Step1. Let functionu satisfy Eq. (1.2) inΩ0
with ϕ(0) = C = 1 andε = 1. Putϕ0 = ϕ − C. We use again the Green–Poisson ty
representation formulas foru of type (3.2), (3.4), whereχ = χ0(x̄), x̄ = x−t√

t
, χ0 :R → R is

a smooth cut-off function such that 0� χ0 � 1,χ0|[ã1,ã2] ≡ 1,χ |(−∞,a1) ≡ 0,χ |(a2,∞) ≡ 0,
0 < a1 < ã1 < ã2 < a2, inequalities (3.1) are valid withδ = min{ã1 − a1, a2 − ã2}. We
obtain representation(x̄ ∈ [ã1, ã2], t > αt):

�u = I0u + I1u + I2u + I3u + I4u, (3.4)′

where

I0u = −
t∫

αt

dτ

∫
ξ̄∈(ã1,ã2)

�G · ϕ0(u) · �udξ,

I1u = −
t∫

αt

dτ

∫
ξ̄∈[a1,a2]\[ã1,ã2]

�G · ϕ0(u) · �uχ dξ,

I2u =
∫

ξ̄∈[a1,a2]
�G(x − ξ, t − αt)u(ξ,αt)χ(ξ,αt)dξ,

I3u =
t∫

αt

dτ

∫
ξ̄∈[a1,a2]\[ã1,ã2]

�G(uχ ′ + u�χ)dξ,

I4u = −
t∫

αt

dτ

∫
ξ̄∈[a1,a2]\[ã1,ã2]

�G · �u · �χ dξ.

Step2. Let u satisfy conditions of Theorem 2(ii)′ and �u be represented inΩ0 by
formula (3.4)′, α > 1/2. Using Lemmas 4–6, we obtain Lemmas 7′ and 9′:
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-
e

tain

eight
Lemma 7′. For x̄ ∈ [a1, a2] and t � t0 the following estimates are valid:

∣∣I2u(x, t)
∣∣� A2Γ√

(1− α)t
, (3.5)′

∣∣I3u(x, t)
∣∣� A2Γ

t

(
1

δ2
+ ã2

2δ

)√
1− α. (3.6)′

Lemma 9′. For x̄ ∈ [ã1, ã2] and t � t0 the following estimates are valid:

∣∣I1u(x, t)
∣∣� A2

γ0Γ
2

t

(
1+ ln+

√
1− α

x̄ − ã1
+ ln+

√
1− α

ã2 − x̄

)
, (3.18)′

∣∣I4u(x, t)
∣∣� A2

A0Γ

δt

(
1+ ln+

√
1− α

x̄ − ã1
+ ln+

√
1− α

ã2 − x̄

)
. (3.19)′

Step3. From formula (3.4)′ and estimates (3.5)′, (3.6)′, (3.18)′, (3.19)′ we deduce the
following inequality (̄x ∈ [ã1, ã2]):

�u � A3Γ

t

[
1√

1− α
+

√
1− α

δ2
+ ã2

√
1− α

2δ

+
(

γ0Γ + 1

δ

)(
1+ ln+

√
1− α

x̄ − ã1
+ ln+

√
1− α

ã2 − x̄

)]

−
t∫

αt

dτ

∫
ξ̄∈(ã1,ã2)

�Gϕ0(u)�udξ. (3.23)′

By assumption of Theorem 2(ii)′ we have�ξu(ξ, τ ) � 0. If in assumptions of Theo
rem 2(ii)′ we have additional positivity conditionsϕ′(0) � 0 andu � 0 then we can replac
the integral term in (3.23)′ by the following bigger one:

−γ0Γ

t∫
αt

dτ√
τ

∫
ξ̄ : �G<0

�xG · �udξ.

Following further the proof of Theorem 2(ii) and applying again Lemma 6(v), we ob
the statement of Theorem 2(ii)′ with constantB = B0(a2 + 1

d
+ γ0Γ

C
). �

Without additional positivity conditions the statement of Theorem 2(ii)′ is also valid
but for the proof of it more hard version of Lemma 6(v) is needed where the w
(1+ ln+ 1 ) is replaced by(1+ ln+ 1 ).
ξ̄−ã1 ã2−ξ̄
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Lemma 6(v)′. Let 0< x̄ < ã2. Then∫
ξ̄<ã2

∣∣�G(x − ξ, t − τ)
∣∣(1+ ln+

1

ã2 − ξ̄

)
dξ �

A′
1√

t − τ

(
1+ ln+ ã2 + ln+

1

ã2 − x̄

)
.

Appendix A. Integral inequalities

Lemma A.1.Let 0� ψ(x) = O( 1
x
), x � 0, and

∫∞
0 ψ(x)dx < ∞. Then

a∫
0

ψ(x) ln+
b

a − x
dx � Aψ

(
1+ ln+

b

a

)
.

Proof. Let a < b. Then

a∫
0

ψ(x) ln+
b

a − x
dx =

a/2∫
0

ψ(x) ln+
b

a − x
dx +

a∫
a/2

ψ(x) ln+
b

a − x
dx

� ln+
2b

a

∞∫
0

ψ(x)dx + max
x>a/2

ψ(x)

a∫
0

ln+
b

a − x
dx

= Aψ

(
1

2
ln+

2b

a
+ ln+

b

a
+ 1

)
� Aψ

(
ln+

b

a
+ 1

)
.

Let a > b. Then

a∫
0

ψ(x) ln+
b

a − x
dx =

a∫
a−b

ψ(x) ln+
b

a − x
dx

=
a−b/2∫
a−b

ψ(x) ln+
b

a − x
dx +

a∫
a−b/2

ψ(x) ln+
b

a − x
dx

� ln+ 2

∞∫
0

ψ(x)dx + max
x>a/2

ψ(x)

b/2∫
0

ln+
b

x
dx � Aψ. �

Lemma A.2.Let v(t) be a continuous function satisfying the inequality:

v(t) � A +
1∫
h(ρ)v(ρt)dρ, t � t0,
α
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-

where

0<

1∫
α

h(ρ)dρ < 1, h � 0, α ∈ (0,1).

Then∃m > 0, M > 0 such thatv(t) � A1 + Mt−m, t � t0, where

A1 = A

(
1−

1∫
α

h(ρ)dρ

)−1

.

Proof. FindA1 ∈ R such thatv1(t) = A1 satisfies the equation:

v1(t) = A +
1∫

α

h(ρ)v1(ρt)dρ.

We get:

A1 = A

(
1−

1∫
α

h(ρ)dρ

)−1

.

Let us findm > 0 such thatv0(t) = 1/tm satisfies the equation:

v0(t) =
1∫

α

h(ρ)v0(ρt)dρ.

This holds iff
∫ 1
α

h(ρ)
ρm dρ = 1. SinceI (m) = ∫ 1

α
h(ρ)
ρm dρ is a continuous function ofm,

I (m) → +∞ asm → +∞, I (0) < 1, then there existsm such thatI (m) = 1.
ChooseM large enough such that

V (t) = v(t) − v1(t) − Mv0(t) < 0,

for t0 < t � t0/α = t1. We claim thatV (t) < 0 ∀t � t0.
Indeed, lett∗ = sup{t � t0: V (t) < 0}. By the choice ofM and continuity ofV we have

t∗ > t1.
If t∗ is finite, then

V (t∗) �
1∫

α

h(ρ)V (ρt∗)dρ < 0.

SinceV is continuous,V < 0 holds in a neighborhood oft∗, but this contradicts the defin
ition of t∗. �
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