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Abstract

We obtain precise large time asymptotics for the Cauchy problem for Burgers type equations satis-
fying shock profile condition. The proofs are based on the exact a priori estimates for (local) solutions
of these equations and the result of [G.M. Henkin, A.A. Shananin, Asymptotic behavior of solutions
of the Cauchy problem for Burgers type equations, J. Math. Pures Appl. 83 (2004) 1457-1500].
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Résumeé

Nous déterminons des asymptotiques précises, en grand temps, des solutions du probleme de Cau-
chy pour des équations du type Burgers, solutions admettant des profils de chocs. Les démonstrations
utilisent des résultats de [G.M. Henkin, A.A. Shananin, Asymptotic behavior of solutions of the
Cauchy problem for Burgers type equations, J. Math. Pures Appl. 83 (2004) 1457-1500] et des esti-
mations a priori précises des solutions de ces équations.
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1. Introduction

The Burgers type equations have been introduced for studying different models of fluids
[1,3,4,10]. The difference-differential analogues of these equations have been proposed in
some models of economic development [5,6].

One of the most useful versions of the Burgers type equations is the following [4,12,14]:

0
Lol =e a—ﬁ (L1)

wheree > 0, (x, 1) € £2 C R2.
One of the most interesting difference-differential analogues of Eq. (1.1) is the follow-
ing [5,6]:

%—F(/)(F)F(x’t)_:(x_& D_o (1.2)

wheree > 0, (x,1) € 2 C R2.
The interesting and difficult problems, related with Egs. (1.1), (1.2), are the following:

Problem 1 [4,12]. Find asymptotic(r — oo) of the solutionf(x, ), x € R, t > 1o, of
Eq. (1.1) with initial condition:

0 =)
a<f(xst0)<131 /(f(x’to)_a dx+/ ,3 f(x to) dx<oo (13)
0

—00

Problem Il [6]. Find asymptotic(t — oo) of the solutionF(n,t), n € Z, t > tg, of
Eqg. (1.2) withe = 1, and initial condition:

0 00
a<F(nto)<B. Y (Fn,to) —a)+ Y (B~ F(n 1)) < oc. (1.4)
—00 0

See [7,14] for a review of several recent results on these problems.

In this paper we present a complete solution of these problems for the special case of
equations, satisfying the shock profile condition. The detailed study of this special case is
highly important for solving these problems (see [6,7]).

Definition. Eq. (1.1) (correspondingly (1.2)) satisfiés, 8)-shock profile condition, if
there exist wave-train solutions of this equation of the form= f(x — Cr)
(correspondinglyF = F(x — C1)) such thatf (x) — B, x — 400, f(x) > &, x — —00
(correspondinglyF (x) — B, x — 400, F (x) = a, x — —00).



G.M. Henkin et al. / J. Math. Pures Appl. 84 (2005) 717-752 719

From the results of [4,13], it follows that Eq. (1.1) with positiyesatisfieq0, 1)-shock
profile condition iff:

u 1

1
;/cp(y)dy> C=/<p(y)dy, Vu € (0, 1). (1.5)
0 0

From the results of [5,2] it follows that Eq. (1.2) with positigesatisfies(0, 1)-shock
profile condition iff:

u

1
1 dy 1 /dy
S22 [ 2 vue©. 16
u!ww<c /o) ue®d (16)

Let furtherp be a positive piecewise twice continuously differential function on the
interval [0, 1].

Theorem 1. (i) Let Eqg.(1.1) satisfy (0, 1)-shock profile condition(1.5); ¢’(0) # O if
0(0)=C; ¢'(1) #0if ¢(1) =C. Let f(x,t) be a solution of(1.1) with initial condi-
tion (1.3), where f (x — Ct) is a wave-train solution of1.1), (1.3), wherea =0, 8 = 1.
Then there exist constants anddg such that

sup f(x, 1) — f(x — Ct +epInt +do)| - 0, t— oo, (1.7)
xeR
0, if (0) > C > ¢(),
Bkt if (0) > C = (D),
N L if 9(0) = C > p(D),

70— 7 90 =C=0p),

(i) Let Eq.(1.2) satisfy (0, 1)-shock profile conditior{1.6); ¢’(0) # 0 if ¢(0) = C;
¢'(1) #0if p(1) = C. Let F(n,t) be a solution of(1.2) with initial condition (1.4),
where F(x — Ct) is a wave-train solution 0f1.2), (1.4), wherea =0, 8 =1, ¢ = 1.
Let AF(n, tg) dZEfF(n, t0) — F(n — 1,19) > 0. Then there exist constaniy and Dg such
that

sudF(n,t)—F(n—Ct+Folnt+D0)|—>0, t — 00, (1.8)
nez
0, if 9(0) > C > (1),
%, if p(0) > C = (1),
fo=1-2%. if 9(0)=C > (1),
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Remarks. (1) In the casep(0) > C > ¢(1) the statement (i) of Theorem 1 is the main
result of [9] and the statement (ii) of Theorem 1 is the main result of [5].

(2) For the other cases wheti0) = C or ¢(1) = C or ¢(0) = ¢(1) = C in the previous
work [7] it was already obtained the existence of the shift-functipfy = O(In¢) and
I (¢, {x}) = O(Int) with the properties:

supf(x,t) — f(x — Ct+ey ()| — 0,
SURF(x,1) — F(x — Ct+ el (1, {x/e}))| = 0, - oo,
X
where f, F are solutions of (1.1), (1.2) under conditions (1.3), (1{4},is the fractional
part ofx € R.
(3) Itis interesting to compare the statements (i), (i) of Theorem 1 withLthstability

results presented in the paper of D. Serre [14]. Results of [14] give in particular the
following.

Let f(x,t) and F(n,t) be solutions of Egs. (1.1) and (1.2) correspondingly with such
initial conditions that

f |f(x.0) = f)|dx <oo, D |F(n.0)— F(n)| < oo,
where f(x — Cr) andF(n — Ct) are wave-trains solutions of (1.2), (1.2). Then
/ |f(x,t) = f(x — Ct +dg)|dx — 0,

o
Z‘F(n,t)—f(n—Ct+Do)|—>0, t — 00,

—00

where constantgy and Dg are being calculated from equations:

00 w F0.0)
/(f(x,O)—f(erdo))dx:O and Z / %:o_
- " Fn+Do)

The proof of Theorem 1 is based on the results of [7] and the following crucial a priori
estimates of (local) solutions for (1.1) and (1.2).

Without loss of generality we will put further parameteequal to 1. Otherwise, we
make substitutiorz — ¢ /e, x — x/¢.
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Theorem 2.Letin(1.1), (1.2)parameter = 1. LetC = ¢(0) > 0, yo > |¢'(0)|, X dze““—c’,

Jcr
25 :{(x,t): a1 <Xx <a2+ath}, O<ai<ap<oo, o >0.
(i) If function f (x, t) defined in the domairg satisfies Eq(1.1), and
Y
x, )| < —, ((x,t)e o, t >0, 1.9
| f(x,0) NG ) € 20 0 (1.9)
then the following estimate holds
d b
’—f(x,t) <X etz (1.10)
0x Ct

where

bo 1 yyo+1/6
b=— 14+ Ing —F———,
C(WO+5>< e

d =min(x —ay, a2 — x,az/2), 8 = min(1, d), bg is absolute constant.

(i) If function F(x, t) defined in the domaif,, o > 0, satisfies Eq(1.2), AF(x,t) =

F(x,t) —F(x—1,1t)>0,t >y, and

def

I -x
F(x,1)| < ——, wherex € (a1,a2 +0~Ct), t > 1o, 1.11
o] < 2 (@1.02-+0VC) 1)

then the following estimate holds

BI' - x _
O0<AF(x, ) < ,  Wherex € (al,a2+aoth), o > oy, t}to>a%,

Vito yl" 1 yl-a

4/O’—O‘o+ C +d+ C

Bg is absolute constant.

B=Bo[

], d=7%—a, (1.12)

(i)’ If function F(x,r) defined in the domaing, satisfies Eq.(1.2), ¢’(0) > 0,

AFG ) & P )= Fx—1.1) >0, 1 > 1, and

|F(x,0)| <

3~

then the following estimate holds

, (x,1) e, t =19, (1.11Y

Br
0< AF(x5t) < 35 (x’t) € 907 t>t0’ (1'12)
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where

1 r
B = Bo[az + <E + M%)(lJr In(1+a2))], d=min(x —ay,a» — x),

Bg is absolute constant.

Remarks. (1) Theorem 2(i) in the weak form (conditionf(x, )| = O(1/+/t) for
X € [ai, a2] implies the estimat¢%(x,t)| = 0O(1/t) for x € [a, az] C (a1, a2)) can be
deduced from the general theory of quasilinear parabolic equations developed in [16].

Theorem 2(ii) in the weak form (condition & F(x,t) < O(1/+/t) for ¥ € [ay, as]
implies the estimate & AF(x,t) < O(1/t) for x € [a1, a2] C (a1, a2)) was formulated
in [7] (with the reference to the present paper) and was essentially used in [7].

(2) Theorem 2(ii) is used for the proof of Theorem 1(ii) of this paper. Theorem 2(i) is
needed for the proof of Theorem 1(i).

(3) Theorem 2 can be applied to the study of Problems I, Il (see [7]), because the nec-
essary conditions (1.9), (1.11) are satisfied due to [15,6].

(4) Theorem 2 can be applied also to the study of Problems I, Il in other cases. For
example, in the important case= 8 = 0, ¢’ («) # 0 the necessary conditions (1.9), (1.11)
are valid globally] f (x, 1)| = O(1/4/1), |F (x, )] = O(1//t), x € R, t > 0 (see [8,11,6]).

Theorem 1(ii) is proved in Section 2. The proof of Theorem 2(ii) and sketch of the
proof of Theorem 2(ii)are given in Section 3. Theorems 1(i) and 2(i) will be proved in the
another paper.

2. Asymptotics for solutions of Burgers type equations with shock profile conditions

The detailed proof of Theorem 1(ii) will be given below, only in the principal case:
a=0,8=1,e=1, ¢0) > C =¢(l), x =n € Z. Other cases can be proved by very
similar arguments.

Let F(n,t),n € Z, t € R, be a solution of the equation:

dF (n,
é’: D _ o(Fu.0)(F(n—1.1) — F(n.1)), 2.1)

under initial conditionsF(n — 1,19) < F(n,t9), n € Z,
0 oo
Y F(n.10)+ ) (1— F(n, 1)) < oc. (2.2)
—00 0

By the shock profile condition there exists a wave-train solufien — Ct) for (2.1) with
overfall (O, 1).
Letd(F) = f,} dy/e(y). Letds(t), A > 0, be such function that
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[Ct+A/T]
> (@(Flk.t) = @(F(k— Ct +da(®)) + (Ct + AVi — [Ct + AVT]))

k=—o00

x (@(F([Ct+ AVE]+1,1)) — @ (F([Ct + AVI] + 1~ Ct +da(1))) = 0.

(2.3)
By Theorem 1 from [7] for anyA > 2./C, we have:
r- ., defd Iy
— <d, () = —dat) < —, 2.4
" < A() dr A(t) P ( )
where O< I'_ < Iy <00, >1>0,and
sudF(n,t)—F(n—Ct+dA(t))| -0, — oo. (2.5)

To prove Theorem 1(ii) we use statement (2.5) and the following crucial improvement
of the statement (2.4).

Proposition 1.Let A > 2/C. Then the shift-function, defined (8.3), has the following
asymptotic behavior

1C
da(t) = EW Int 4+ const+ o(1), ¢ — oo. (2.6)

The proof of Proposition 1 is based on the appropriate comparison of statements for
Burgers type equations and on Theorem 2(ii) proved in Section 3. Besides known compar-
ison results [5,7] we need also the following new one.

Lemma 1.Let

z/2 _
V()= < exp<—f) /exp(—z 2)d l
ZE) 2)\ ). PR

For any solutionF'(n, t) of the Cauchy probler¢2.1), (2.2)and for any0 < §p < § < 1and
A > 2/C, there existy > 0, T > 0, such that

2.7)

1 —Ct —2+/Ct —86+/Ct

F(n,t—T)>1——1ﬂ<n ¢ ¢ ¢ )
«/; W Ct

if Ct +2/Ct + (8 —80)/Ct <n < Ct + AVCt, t > to.

Remark. The functionu(¢,r) =1 — %W(%) is one of the most important (in fluid

mechanics) solutions of the classical Burgers equa%éntr ug—g = %% (see [10)).
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For the proof of Lemma 1 we need additional lemmas about subsolutions for Eq. (2.1)
and about patching of these subsolutions.
The next lemma shows that the functioprlltIp("‘CCt’), being a solution of classical

Burgers equation, is also the subsolution for Eq. (2.1) in the domains:

—Ct
(x.1): B <> <A t>10b, 1to=10(A, B).
JCi

This subsolution will be called asymptotic subsolution.
Lemma 2. For any B < A and increasing functionD(¢) = O(/t) there existsg > 0

such that fort > 19 and x € (Ct + B/Ct,Ct + A/Ct) the function f(x,t) =

1— %w(L\/g)(”) satisfies inequality

%(x, N <e(Fe,0)(F(x —1,1) — F(x,1). (2.8)

Remark. For the proof of Lemma 1 we will use Lemma 2 in the domain:

-C
{(x,t): 2—-6< x\/C_t <A} for D(t) = (2+ 80)VCt, dp <6 < L.
t

In other domaing(x, r): 1 < "JQ 28} and{(x,n): 7 C’ < 1} we will need other

subsolutions for (2.1): so called diffusion subsolutfof:, 1) = ( 1)(@ ), and wave-
train subsolutionF, (x — C,¢t) with overfall [-o0,1], 0 > 0 (see the properties of these
subsolutions in [5,6]).

Proof of Lemma 2. We will use the equality:

0F(x,1) 1 A(x—Ct) 1 O C’)_( x C>

ar 232 21 ) i di 482 4yt

where

-1
- C _3_2 _E 2) __X—Ct
b= ol -20)( [ o -27)ar) " s-xse

Let us fix > 0. Then forx = XZ‘CI’ >

_ P (x=Ct V2(—pB)
p(F(x,1)=C : w( i )+o< . )

—p andr — 400, we have:
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aF(x,t) 193°F

Fx—-1,t)— F(x,t)=— ox EF( H+
x—C 2.7 (x—C
=2<i)2d‘/’( %f’) < >3d v (%5 ’)
2./t dx 2t dx2
Hence, forx > — g8, we obtain:
dF (x, ~ - -
;’; H_ o(Fx. 1)) (F(x — 1.1) — F(x, 1))
1 dy () [ 2Ct + 2%/1
=sl oz ()
9'(1) , Ly 1 dy® )
(e L) (57 1) o
1 d C 2y (x
=2t3/2(w(x)+x ‘Z() ¢ (VY (F) w() +2 d‘g(j)

By direct differentiation with respect to, we obtain:

Ry (4 20D .
dx%ﬁ+<—x+ "’()w()

Hence,

>d1//(x)

dyy dw(x> C oy (%)

1ﬂ(x)+xa+<p(1)1ﬂ( x) +7

d d
—w(x>+x£ + o' (WY (E) '“x)

! d
<p()w() 1ﬁ(x)

Let us check the inequality:

dy (%)
dix

<0,

By direct differentiation, we have:

dj(x) 4
dx

This implies the equality:

———xwm

d)EZ

Vx e R.

® (1)

CI//(X) =0.

¢'(D) -

2

Y (x)

—— ().

dlﬂ (X)

725

+0(1/%).

— ()

) +0(1/1?). (2.9)

(2.10)
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N X -1
dj (@ oo 2,
- W(x)(/eXp< k4 )dy>

X _ _2 _
(o2 conczioe

Hence, (2.8) is equivalent to the inequality:

X
g)_c / exp(—%yz) dy + exp(—§i2> > 0.

For x > 0 this inequality is obvious. For < 0 this inequality follows from the relations:

X 2 _ _2
_lim (/exp(——y2>dy+CGXp(—_2x/C)>=O and
X—>—00 C 4x

—0o0
i
d 2, Cexp(—2%%/C)\  Cexp(—2i?/C)
&( / exp(—Ey )dy+ yE =— 42 <0.
—0o0
From (2.9), (2.10) it follows that there exists> 0 such that
. dU(x
SUD{Iﬁ()E) v ‘ _B<i< a} S
dx
Hence, forx € [Ct — B+/t, Ct + a4/t ] We obtain the estimate:
aF ~ . . ‘(1
SO p(Fen) (P -1 - Fen) < -2 500 +0(1/2)

It means that there existg > 0 such that for > 1p andx € [Ct — B+/1, Ct + /7] the

inequality (2.8) is valid if
Fx,t)=1— iw(x_—Ct)
N AN T

This inequality is also valid if

f(x,t):l— 1 w(x—Ct—D(t)

Vi JCt

because — D(¢) is increasing function. O

) forx e [Ct+ D(t) — Bv/1,Ct + D(t) + a1 |
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The next lemma gives conditions for patching diffusion subsolutions and asymptotic
subsolutions.

Lemma 3. For anyé € (0, 1) and constant’” > 0 there existgg > 0 such that forr > 1o
andn € [Ct 4+ (2—8)/Ct — I', Ct + (2— 8§)/Ct + I'] the following inequality is valid

g0(—1)(71_7 VCt) - 1— iw(% VCt) (2.11)
t NG JVCt
Proof. We have equalities:
1 i -
im = exp(—Zfz)( / exp(—2y?) dy) =4,
X—>—00 X
-0
1 ; -
_Iimotexp(—222)< / exp(—2y?) dy) = —00.
x—>—-0X
—00
Hence, for any € (0, 1) there exists™*(¢) < 0 such that
x* -1 .
exp(—2()2*)2)( / exp(—2y?) dy> =-= ©) (2.12)
— &
—00

Besidesx*(¢) — 0 whene — 1. Let us taken € [Cr + 2+ 2x*)s/Ct — I',Ct + 2 +
2v)/Cr + I Then%ﬁ — 25" + O(1//1).
We have now from one side,

o (n—2JCt C (=2%%
1— (1)<n >= O(1/1):
¢ : o Jor oW

from the other side, we obtain using (2.12):

1o (n=Cr=2vCiy_ 1,
7;1/[<T>_\/I_w(2( +0(1/+/1)))

£ 4+0(1/V1)

= m exp(—2(%* + 0(1/+7))?) f exp(—2y°%) dy)

C —4x*
= W(E) +0U/8.
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If TZE < 1%, then there existg > 0 such that

1_¢(1)(n—f\/6> <%w(n—C%2@).

Besides, if 1- ¢ small enough we have-2x* € [0, 1]. So, we can finish the proof by
puttingd = —2x*. O

Proof of Lemma 1. Let the functionp(F) be extended for negative values Bfas a
smooth strictly decreasing function. Then there exists a wave-train solﬁ;i(m— Cst)
for (2.1) with overfall(—o, 1), ¢ > 0. Puto = o (1) = exp(—t/3). Proposition 1, Lem-
mas 5, 6 from [7] together with Lemmas 2, 3 above imply the following statement.

Foranys € (0,1),[ > 1, A > 2J/C there existo > 0 and increasing functiong (r) =
O@*3), ya(1) = 2/Clit + a(l):

Fo(y(n — Ct = y1). n < Ct+/Clt +a(l),
F~(n,t)= I, Ct+~/Clt +a(l) <n < Ct+y1+y2 = 8/Ct,
’ 1——¢(”C’%) Ct+y1+y2—8/Ct <n < Ct+ AVJCt,
1-3, n>Ct+ AV,

(2.13)

is a subsolution for (2.1), if > ro.
This statement and comparison principle from [6] imply that for any solukion ¢) of
the Cauchy problem (2.1), (2.2) there exigts- 0 such that

Fn,t)>F (n,t+7T), (2.14)

fneZ,t >—-T +1o.
Lemma 1 follows from (2.13) and (2.14).00

Proof of Proposition 1. Put«(7) = {Ct + Af} 0< k() <1, N@t)=[Ct+ AV,
F=F(N(@),t), Fi=F(N@) +1,1), F=F(N(t) — Ct +da(t)), L= F(N@t) + 1 —
Ct+da(1)). Proposition 3 from [7] implies the following asymptotic formula for:

def d

dy(t) = ar (dA(l))a

dy(0)(1+0(1/1)) = CA—K)(FL— F) = C(L—k)(FL - F)

All— Fy)

Al-Fy
+———+ 577

i ¢'(H(1— F1) —(

+ <p(1)(1 F1>). (2.15)
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Let us estimate now all terms of (2.15). The assumptidi(n, tp) > 0 implies (by Theo-
rem 1in [5]) thatA F(n,t) > 0Vt > 1. From this and from inequality (2.7) it follows for
n>N(@)+1andr > 1o

1

ﬁW(A —d0—2)

0<1-Fn,n)<1-FA<1-F(NO+1:+T)<

0 -1
C _ _ _ 2 9,2
g(p/(l)\/fexp( (A—8p—2) /2)([O exp(—2y )dy)
1
go(ﬁ exp(—(A — 8o — 2)?/ )). (2.16)

From (2.16) and from inequality (1.12) of Theorem 2(ii) fob 70 > A%, n > N(r) we
obtain the crucial inequality:

Fl—onG exp(—(A—80—2)2/2)>. (2.17)

From [5, Theorems 2,'Rand [6, Theorems 6.1, 6.2] it follows asymptotic formula:

~ C 1
F1=1-— +0 .
! ¢ (D(AVT +da () ((Aﬁ +da (r))?—’)

This formula and estimaig, (r) > 0 (see (2.4)) gives inequalities:

~ 1 ~ o~ 1
O0<1-F1<0Ol——), Fi—F=0|— ). 2.18
R e I

Let us put estimates (2.16)—(2.18) into formula (2.15). We obtain:

dy(1)(1+0(1/v1)) = CAL—k)(FL— F) = C(L—k)(F1 — F)
C 1 2 _(1—F1)(i

+ 2¢' (1)t + é (p’(l)Azt 2 \/lj +¢'(LH(A - Fl))
_ AN
_(1_K)O<t exp(—(A — 80— 2) /2)> (1 K)O<A2t>
C 1 C?

A 2
* 2¢/' (D)t *t3 o' (DA% + O(T exp(—(A — 80— 2) /2))

- Lot A oo (A — 50— )2
_2¢/(1)z+O<A2;) 0<texp( (A=80—2) /2)). (2.19)
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Estimate (2.9) implies asymptotic formula:

da(t) = /(1) Inz +O(1/A?)Int + const

From result (2.5) it follows that for anyA; > 2¢/C and A, > 2,/C we have
da,(t) —da,(t) — 0,t = oo.
Hence,

C
da(t) = 29 (D o) Int + const+ o(1). O

3. A priori estimates for local solutions of Burgers type equations

Without loss of generality we will put furthe€ = 1 ande = 1. Otherwise we make
substitutionsr — Ct/e, x — x /¢ for Eq. (1.2) and — C?t/¢, x — Cx /e for Eq. (1.1).
We will give here a complete proof of Theorem 2(ii) which is sufficient for all current
applications and a sketch of the proof of Theorem 2(iilheorem 2(i) will be proved in a
separate paper.

The first step in the proof of Theorem 2(ii) is the Green—Poisson type represen-
tation formula (for functionu in £2,) associated with operatar — u}, + Au, where

Au —u(x 0 —ulx—211),u,= 8“}; D,

Let xo:R — R be a smooth cut-off function such that

0<x0<1 xo0l(—o0,a) =0, x0ljag;.400) =1 O<a1<ay <oo,

Ao Y Ao
)

and |xq | < 52 (3.1)

|X0t|
wheres = a; —ajg. Puty (x,1) = XO(X—J;).

Proposition 2. Let functionu(x, t) be defined in the domain

—t
.ch{(x,t)i a1<)Ed:efx7 <a2—|—a«/;}, o >0,
t

andi(x,t) =u(x,t)- x(x,t). LetO<op <o anda € (e D Then function: can be
represented in2,, by the following formula of the Green Poisson type

l—‘rtfo

8]

i(x,t) = / G(x—&,t—at)uE,ar)ds

—00

t o0
—i—/dr / G(x —&.1— 1)@, + AiD) (€, ) dE, (3.2)
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where
G(x,1) = % / exp(—if;‘)c)exp([eis —1]r) dé.
Besides,
Gx.0)= Y Gu()s(n—x), (3.3)

where

Gn(t) =0, ifn <0,

G,(t) = ﬁe*’, if n >0,

n!

is Poisson-distribution.

This statement is certainly classical but we did not find the precise reference. So, we
will indicate the abridge proof.

The operaton;f—, —+ A can be considered as a parabolic operator of infinite ordeiaimd
it can be represented by the following formula:

8JrA—a~|—1 ex 90
ar ot M7ax))

We will apply further to the Cauchy problem for this operator the same Fourier method
as for parabolic operator of finite order and we will obtain (3.2). The formula (3.3) is the
Fourier inversion formula for the classical Poisson distribution through its characteristic
function.

It is important to remark that the functian&, 7) is well defined for(¢,t): & <7 +
ax\/T +ot, i€, 1) =0 for& <t + a14/T and functiort — G(x — &,1 — 1) is equal to
zero foré > x =t + x+/t. So, the functiorf — @i (¢, 1) - G(x — £, ¢t — T) can be naturally
interpreted in the formula (3.2) as a function with compact suppadk ifiithe following
inequality is satisfied:

THax/T+otr>x=1t+xt for

X € (al,az + Uo«/;), oo <o andt > at > tg(o, 0g).

In order to satisfy these inequalities we choase (0, 1) such that forr > #9(o, 0g) the
following inequality is valid:

at +axNot oot >t + azﬁ—l— oot,

1409

i.e., we must taker > Tro -
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Corollary (Integral representation foku(x, ¢)). Let functionu(x, ¢) satisfy(1.2)in £2,
with ¢(0) = C =1 ande = 1. Putgg = ¢ — C. Then in assumption of Propositi@for,

(1) € 2o ={(x,1) € 2og: x 21+ a1/},

1+o0
op<o, t>t"=at>1, o€ O,l,
1+o0

we have the equality
Au(x,t) = Iou + Itu + u + Izu + Iu, (3.4)

where

t
Iou(x,t):—fdr / AxG(x —&,t —T)po(u)Au(g, T) d&,

" Esa

t
TuGe, 1) = —fdr / AvG(x — £.1 — Dpolu) AuE, T)x (€, 7) .

= ~
¢ &elay,a1)

lu(x,1) = / AxG(x — &t — 1M u(E, t%)x (€, 17) dE,

£>a

t
Igu(x,t):fdr / AXG(x—E,t—r)(uxé+qu)($,r)d$,
t*E

éelag,aql

t
Tau(x,t) = —/d‘L’ / AGx —&,t—1)Au(€E, T)Ax (€, 7)dE.

™ Eelag,a)

Remark. We will use below several times the following simple relation: det u(x),
v=uv(x),thenA(u-v) =u- Av+v(x — 1)Au, whereAu d:Efu()c) —u(x —1).

Proof of Corollary. We have relations:
u,v)=u,7) x¢ 1),

iy =(u-x)y =uy- X +uxy,
Au=Au-x)=Au-xE—-Lt)+u-Ax=Au-x+ulE—-L1)Ayx.

Using (1.2), we obtain:

Wy + Au) - x = —pow)Auyx = —go(u)(Ad —u(€ —1,1) - Ax),
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(il + Ait) = —po(u) Al + po(u) - u(E — L, D) Ax +u(x, + Ax) — Au- Ay
=—po(u)Au-x +u-(x, +Ax)— Au-Ax.
Plugging these relations into (3.2) and using the equdlity t) = u(&, 7) for &€ > a1
we obtain (3.4).
For the estimates of termisu, Iou, I3u, I4u in formula (3.4) we will use elementary

estimates for cut-off function (x, ) and rather precise estimates for Green—Poisson func-
tionG(x,r). O

Lemma 4.Letx (x, t) be cut-off function defined i§8.1). Then the following estimates for
derivatives ofy are valid

A A
|Ax(x, )] < —% !A2X050!<5£,

5\/27 t
Ao/ 1 a1
! A ’t g —/\ o0 Aae 1
WA-mu>!t<#+%)
where(x, 1) € 24,8 =a1 — a1.

Proof. We have:

(Y1
Ax(x,t)=— — ) dy,
x—=1
O+ Ax)(x. 1) = 1 r S x—t [y —t d S x—t\x—t
X 01 == xo\ ~ 7 X0 Ji Y~ Xo NFEE
x=1
_lx]',,z—tdd S x—t\x—t
p Xo Vi 24y — Xo Ji )23z
x=1y

From these relations and from estimates (3.1) fgrwe obtain necessary estimates
for x(x,1). O

Lemma 5 (Estimates for Green—Poisson distributiGix, ¢)). Let

Gx.0)=) Gu(t)8(n—x)

n=0

be the Poisson distributiof8.3). The following estimates fdiG,,(z)} are valid
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() if p=n—1>0,then
1 2
Gu(t) < ——==e""/®,
" N 21n
(i) ifg=t—n=>0,qg<1t,then

ea?/@.

Gn(t) <
" 2nn

(iiiy if n=1+av/, then

2 _ 3
Gn(l) = /—217_”1 eXp<— (n 2tt) ><1+O<(n t2t) ))

a5 (e(5)

Proof. By Stirling’s formula we have:

O 0)

1 1
G,(t) = —e(zlnt—nlnn+n—t <1_0<_)>
© V2rn n
If p=n-—1t>0,then

Then

If g=t—n>0,then

Hence,

1 1
Gn(l)ZTe_pz/(%)<l—o<;)), pr:n—t>0,

an

1 1
G (t) = o 0?20~ (1/2-1/3@%/ D)~ (1 _ o(-)),

2nn n

ifg=t—n>0, qg<t.
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These relations give (i)—(iii). O

Lemma 6 (Estimates forAG(x,1)). Let G(x,t) = Y o2 G, (t)8(n — x) be the Poisson
distribution. We put

AG, (1) = Gn(t) - Gn—l(t)s
AGx—&t—1)=Gx—-&t—1)—-G(x—-1-&,t—1),

; E—1 _ x—t
= s X = .
VT Vi
Then the following estimates are valid
() AG,(t) =G,() G n), and as a consequence

1t
AG,(t) >0, ifn<t, AG,() <0, ifn>t;

2n nn-1)
AZGn(t)=G,,(t)<1—7+ 3

), and as a consequence

A%G,(t) <0, ifn—1— % €(—vt+1/4,+/t +1/4),

A%G,(1) =0, ifn—t— % ¢ (=t +1/4,+t +1/4);

(i) Vs > 0andp > 0we have inequalities

2
—AG p1(s) < A1s_3/2p exp(—%), if p<s,
—AG pis(s) < Arp~Y2e P4 i p> s

(i) Vs >0andgq € (0, s), we have inequalities

AGy—g(s) < A1

(iv) i‘ |AG, (1) =mi”{2’ J%(HO(%))}’

n=—1

- 1ol =minfa 3 (10 7))
n;JA Gn(t)|_m|n{4,mt 1+0 : :

(V) Vi > a1 andr > v > at, we have inequality
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I= / |AXG(x—$,t—r)|<1+|n+_ 1~ )(1+§)dg
) E—a1
&>a1
A1 _
<m(1+\/(1—a)/a)<1+|n+i_&l)(lex/\/&),

whereA; is absolute constant.

Remark. We will use further several times the differential and integral relations:

—Ag(G(x—é—l,t—r)u(é))
=G(x—§1—1)Au)+A:G(x =& -1 1 —1) u(®),
—-A:Gx—&§-1t—-1)=AG(x —-§,t—1);

if G(x —& —1,¢t — 1) -u(&) has compact support with respecttahen

- / Ae(Gx—&—11—1)-u@))dé =0, and hence
£eR

—/AxG(x—é,t—I)-u(é)déz/G(x—é,t—r)Au(S)d&.

§eR £eR
Proof of Lemma 6. (i) We have, from (3.3):

g tn—l

AG() = (E BT

n n—1 n—2 _
AZGnm:(t——z : : )e"an(m(l—?ﬁ(",z 1)>;

Je =G0,

n! (n—21! + (n—2)!
(ii) follows from (i) and Lemma 5(i);

(iii) follows from (i) and Lemma 5(ii);
(iv) putting in (i) p = n — t = a+/t and using Lemma 5(iii), we obtain:

w0 e () a-o( )

as a consequenceAG,(t) =0 ifa=0.

So,

PINHOIE (Z AGu(1) — ZAGnm).

n=-1 n>t n<t
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Then

e¢]

D AGL )] = [Gi(t) = G oo )] = [G oo (t) = G (1)]

n=-1
2 1
=2G[;](Z‘)=\/ﬁ<l+o<$>>, t > to.

For allt > 19, we have:

niJAGn 0| = min{2, \/% (1+ O(%))}

By similar arguments we have:

[r4+71
Z |A2G,(1)] = Z AZG - Y. NG+ Z A%G, (1)
n=—2 [t—v/t1+1 [t+/71+1

=2AG_ ;) + 2|AG[t+«/?l(t)|

= %(1—1—0(%)), t = 1o.

For all > 0, we have:

ol =mnfa (v-o( )}

(V)Putt —t =s,x—& =y.We havep = y —s = ¥/ —£./7. Putl = I, +1_, where

I+ = / |AxG(x—§,t—T)‘<1+|n+ = 1~ )(1+§)d§.
(§ —a1)

+A,G<0

Bypart () AxG(x —&,t — 1) <Qiff p=(x—&)— (@ —1) > 0.
Hence,l, = I + I/, where

1 _
I, =— AG(x — &t — 1+1 - ~)1+ dg,
b= / (x=gr-0 N s Jarhd
£>ap: O<p<s
1 _
IUZ— AxG — G, - 1+| - E— 1+ d .
" / (x—£.1 r)( n+(§_&l))( £)de

E>ay: p>s

<Oandp=p1iff E=a

Putp1:iﬁ—&1ﬁ. We hav&il—éz P\;%’l
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ForI',, whenp € (0, s), we use (ii) and obtain:
r1 NG
1;<As—3/2/e—1’2/<43>p<1+|n+ ! )(1+&1+p1_p>dp
) pi—p NG

(putting p = p+/s)

P1//s ;
< AsY2 f e r?/4 <1+In _VuSs V”><1+a + 2 )d
J P /s — ) AV g

(by Lemma A.1 of Appendix A

< As_l/z(l—l— In, *;:) <1+a + f)

_ 1 -
gAS 1/2<1+|n+m)(1+x [/'L')
<A1s1/2<1+|n+ — ))(1+i/ﬁ).

—dal

For I}/, whenp > s we use (i), and obtain

p1
Il < As™Y? f e—P/4(1+ In

VT )( . n )
l1+a1+—=-p])d
pL—p vt P

< As ‘1/2<1+In f>(1+xﬁ)

1
< A1S1/2<1—|— In+ G
¥ —

Em)myﬁ).

Let us estimate now integral. Putg = (t —t) — (x —&). By part () A,G(x —&,t—1) >0
iff ¢ € (0, s). We use now part (iii) and obtain:

N
A _»2 q JT
<= e4/(2‘)—<1+|n ><1+a+
/ V5 —q T ity !
S 2 s 2
1 eq/(Zr)q /(Zv)q
1+x ,

2 e [ it g [

s 5 — p1
0

A
s

(1+ Iny -

where
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s 2 s/2 2 s
e 4 /(ZY)q e 4 /(ZS)q efs/ss
/ — < | ————dg+ | ——=1dg
VS —q Vs/2 Js—q
0 0 5/2
s/8
<V2s / eV dy 4 2se/8,/s/2
0
=V2s(1—e/?2 4+ 5e7/8) = 0(Vs),
[ e 4?22 y e d?/(25) 42 [ es/832
[ —— < | ——=—dg+ | —=dg
s—q s/2 S —q
0 0 5/2
s/8
<2s / Jye v dy 4 25%e7/8 /s /2 = O(s).
0

Hence,

A 1 _
I < 7§<1+|n+ i__&l)(1+,/7<1_a>/a)(1+x/¢a).

Lemma 6 is proved. O
Now we are ready to estimate terfis and/zu of formula (3.4).
Lemma 7. Let functionF = u satisfy the conditions of Theore®fii) and Au is repre-

sented ing2, by formula(3.4), « > sup1/2, 111‘:,0}, op < o. Then termsou and Izu of
formula(3.4) admit the following estimates

I -x
I D <Ay—m——, 3.5
|Tou(x, 1) V=T (3.5)
r'-a (1 ap
}IBM(X,I)| <AOIST(8—2+5>K+,
t
WhereK+=/dt / |AcG(x —&,1 — 1) dE, (3.6)

ot Eefay,anl
Ay is absolute constank € (ay, az + oo/1), t > to(og, o).

Remark. Ibu is the only term in representation (3.4), where & is in the denominator.
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Proof. The definitions offou and/3u, condition (1.11) and Lemma 4 imply estimates:

£d
|Lu(x,n)| < T f |AXG(x—$,t—at)|f/—a_Et, (3.7)
E>ay
c tla
wheres_ﬁ’,
t -
1 a A G(x —&,t — 1) EdE
|13u(x,t)|<FAo<8—2+5)/dr / - Nk (3.8)

ot Ee(ar,an)

wheref = £
Using Lemmas 6(i), 5(i), 6(iv) (see also (3.14)), we obtain further from (3.7):
L, 0)| < | a6 -angas
E<xy/1/(an)

I
Jat

- / AgG(x—é,t—at)édé]
E>xyit/(at)

gL[_ f G- A:EdE+ / G~Ag§d€+G§|§fﬁ

ot B B
§<x/Je E>%/Jo

£ ¥/ Vat+(1l-a)Vi/Va
~ Gl ]

< r / 1 Gx—&,1 1) ds +2G (¢ t,t t)x

< —F —GCG(x —-§,t—« —at,t —ot)—
Vat | Jat Ja
E>5/ o

Azl 1<’E> if >4
SVA—wai\Va) T

From (3.8) we deduce:

t

I'Ag/ 1 ai\ .
|I3M(X,t)‘<t3T(8—2+£>a]_/df / ’AXG(X—g,l‘—T”d%-.
ol Ee(ar,a)
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We have proved (3.5), (3.6).0
We will estimate now the term&u and I« of (3.4).
Lemma 8. Let functionu satisfy the conditions of Theore2fii) and Au be represented

in 2, by formula(3.4). Then terms/yu and Iu of formula(3.4) admit the following
(preliminary) estimates fofk > a; andt > 1o:

4 01—'2-(712

|Iu| < %(K— + K, (3.9)
2A0l - a

Tqu| < %(K— + K1), (3.10)

where

t
at

t
K1 =/|AXG(x — &1 = 1), dr,
at

1
2J7

Proof. If ¢ is large enough and > rp we have, using (1.11) inequalities:

Vit —1)/t +1/(41).

a_ =xy\/t/t —

ré
£

From these relations and from definitions/fef, I4u it follows (using also that < a; <
X):

A
lu(g, 0] < |po(w)| < 2yolul, |A§X($,T)|<%-

2vol - as Ap
hu| < =————1Isu and |l4u| < Isu, 3.11
| T2u] Jar s | Lau| 5var " (3.11)
where
t
I5u=/dr / |AG(x — &, 1 — )| |Agu(&, T)| dE. (3.12)
ol Eelag.arl

The assumption of Theorem 2(ii) implies that

Aeu(E, 1) 20 VT 210 (3.13)
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By Lemma 6 we have also inequalities:

AG(x—E1—1)<0 iff &E<xi/T,
AG(x —E,t—1)>0 iff &>x1/t.

From (3.12)—(3.14), we deduce:

(3.14)

Isu = — /dl’ / AyGAgudg

€lay,a1l

—/dt( / AﬁG-udg+AxG.u|g_él—AxG-u|§_al>.

&ela,a1]

Using inequalitylu (&, )| < F—f we obtain:

I -ap
ul < —= [ |A§G|d§+|AxG|§:al+|AXG|5251}. (3.15)
at

&elag,al

From Lemma 6, we have:
AZG(x —£,1—1)<0, iff &e(a_,ay),
whereat = x\/t/7 — fiJ(t—r)/r+l/(4r) (3.16)

If 1o is large enough an@ > a1/« 4 +/1 — « we have inequalityu_ > a;.
Puté_ =inf{dy,a_}.
From (3.14)—(3.16), we deduce:

t
\Isu| < M/dr / A2G dg — / AdeS—AxGlgzal—AxG@:al]
ot Eela1,€-] EelE_.a1]

I a
<

/dr[A Gle_y, — AxGle_z + AxGlz_g,

—AxGle_z. — AxGlz—y — AxGlz_g, ]
I -ap 2F'51(K7+K)
Jar Jat u
The last estimate together with estimates (3.12) imply (3.9), (3.10).

N

(—28,Glg_g ) <
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The following lemma gives more precise estimates for tekmns Isu, I4u.

Lemma 9. In conditions and notations of Lemm&s8 we have estimates

Aol - a; l-a 1 ai
ILu| <A — 3.17
ol < 422 (S 4 D ), 317
r2.az Vi-
| Tu| <A2u<1+ln+ “), (3.18)
t —dai
Aol -a V11—
| Laut| <A2°—“1(1+|n+ Y~ ) (3.19)
ot X —ay
whereAj; is absolute constang is sufficiently close td.
Proof. In order to prove (3.17)—(3.19), it is sufficient to prove estimates:
V1—
K- <1+ In.. ¢ > (3.20)
X —ai
K1 <A, (3.21)
. 1 1
+<A\/;|nf{«/1—a,~—+—}, (3.22)
ay W/t

whereK ™, K~, K1 are integrals from (3.6), (3.9), (3.10).
Let us prove firstly (3.21). Put = x — a1, indicating that it can be arbitrary small,
y=x—£&,s=t—t.We have:

p=y—s=xJt—a1Jt
=et+a1(V1 — «/t—s)_sx/_—i-

\/_
N 1
wheref (s) = Vit S, +“/— <1
2t 2
Since 0< s < (1 — a)t, we have:
(1—a)t
K1= / |AG|§:5ld‘E =— / AG(p+s,s)ds = K10+ K11,
0

where

Klo:—/AG(p+s,s)ds, Kllz—/AG(p—f-s,s)ds.

s<p s>p
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29 29J < 1. Hence, inequality < p implies

s < 2e4/t,if t > 1o and inequalitys > p impliess > ev/t, if t > 1.
Using Lemma 6(ii), we obtain:

2/
Kio< / —e S/4ds</—e SIds < A,

(1—a)t
K11<A f s_3/2pe_p2/(4s)ds

e/t
(puttlngs—n randp = «/—<e+§))
1-«
<A / n‘3/2<s+ ;:)exp( (s+—> /(4 ))
B

1 1
<A _a7 —3/25—5%/(4n)
</29fe p( 16>dn+/en e dn
0

(puttingn = r&l_z or n = pe? respectively

oo oo
< A(%fr_l/ze_’/mdr +/,0_3/Ze_1/(4'°) d,0> < Az

0 0

Inequality (3.21) is proved. .
Let us prove now (3.20). Let us find interval of variablen whiché_ =a_ < ay, i.e.,

1 .
a_=x\/t/t — NG —Jt—0)/t+1/(4r) <a1, ie,
Xtjt =4/t —1)/T <ay, where&1=511<1+ O<%))

=T __ H.
Putny = =+ = 1. We obtain:

—Jn<ai/1—n, ie,
C—2kn+n < El%(l— n), e,
i )2 a?(1+a? - i?)

<

a (1+a?)?

ie.
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N1 << /n2, where

X C_ll\/l-i-c_l%—)_cz 3 6_11,/1—}—6_1%—)22
V= .

- ; = +
1+a? 1+a? v 1+a? 1+a?

The interval is not empty if <,/1+ Ezf. In addition we have:

6_12—)22
x—ah/lmf—xz%—al(lJr — )

ai(x +ay)
2

:(2—&1)<1+ >>(i—d1)(l+éf).

Hence,/n1 > x — a1. The conditioré_ = a_ implies that

y=(x—E)=>0t—-1)++T—1+001) =5+ /s +O().

From Lemmas 5, 6, we deduce:

NG 1 A
—AG|§=Q7<E 1+O — g?

Hence,

t (1-a)t

_ A 1-
K §/|AXG|§=(1 dr < / —ds < Azlnp —,
- s (x —a1)

t>=to.

at nit

Let us prove (3.22). Using definition & * and (3.14), we obtain:

t

t
K+=—/dr / AxG(x—é,t—t)dS</G(x—§,t—t)|§:&ldr.
o Eelag,al ot
Put (as in the proof of (3.21)=x — a1, y=x—&,s=t—1,p=y —s.

We have:

t
/Glgzéldtz / G(p+s,s)ds + / G(p+s,s)ds.

ot s<p s>p

Because < p impliess < 2e4/, t > tg, and using Lemma 5(i), we obtain:
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264/t )
K/p G(p+s,s)ds < / m < 2(pp+s)>ds
PING 2/t
<[ eriac | e

Because > p impliess € (e4/7, (1 — a)t) and using Lemma 5(i), we obtain:

(1—a)t

1 p2
G(p+s,s dsé/ ex <——)ds
[ (p ) e 7
s>p 8\/;
1 (1—a)t
< -1/2 p
S o / s exp( P ds
0

Using p = +/1(s + g;j) and putting = a2 *, we obtain further,

al(l Ot)

G(p+s,s)ds < f _p/16d,0
/ 7

s>p
1 [
|nf{2\/1 . ~— 78 p/lﬁdp}

Hence,K+ < AV7inf{v/I—a, % + il}
Lemma 9 is proved. O

Proof of Theorem 2(ii). From formula (3.4) and estimates (3.5), (3.17)—(3.19) we deduce
the following inequality under condition that e (a1, az + oogv/1), 0o <o, t > [zf and

14+09.
140 -

o >

Au(x,t) <

Al -] 1 Ji—a 1
& + X4+
t 11—« 1) )

=)

~ 1
+ (VoF-a1+ —) <1+InJr
) X —ay

t
Auce,
+yoF~JE/dr / |AxG(x—§,t—r)]%d§. (3.23)

ot E>a
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Put:

Au(x,t)
v(t)=t- max —
Fe(@r,aptoovt) &)

where

i
2(F) = Bl+32<1+|n+ a),
al

1 Vi—-a 1 1
B =X bl S B =X F-N — 1.
1 x( _1_a+ 52 +8) 2 x()/o d1+8>

Then we haveu(x, 1) < “2£% From this relation and from (3.23), we obtain:

I _
o0 < Aol + 22 tf”gfg [ 1861

E>ay

By Lemma 6(v), we have:

/ |AxG|-g<é>ds<ﬁﬁi_j(l+\/<1—a>/a)(1/ﬁ).

E>ay

From the last two inequalities, putting= pr, we get:

1
d
v(t) < A3F+A4J/0Ff 3/(2%(14—\/(1 a)/a)(1/v/e).

1+ 00

Chooseax; so close to 1 thaty > Tro and

1
d
(1+\/ (1—011)/“1)(1/«/05—1)A4V0F/W/1Tp <1

It means tha\/t= must be of order O\/=V1+" + yol).
Using Lemma A.2 of Appendix A we obtain:

Au < v - §%) < Afr (B +Bz<1+|n+ 1- oz))’

t X —ai

wherex € (a1, az + 00v/1), t > 1o > a2. Put nowy/I — a = min{s, /I — a1 }.
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Then we obtain:

Asl-5[ 1 1 Ji—a
Au < _— I -a — 1+1In .
“ST [Jl—f(yo a”é)( Y a )]

Now letx > a; be fixed and také; = “3~, d = §. We obtain:

Agl - x| V1+0o 1
Au < r I - — 1.
“ 1 |:«/U — 00 Tt (VO at d)]

Theorem 2(ii) is proved. O

Sketch of the proof of Theorem 2(iiy. Stepl. Let functionu satisfy Eq. (1.2) inf2g
with ¢(0) = C =1 ande = 1. Putgg = ¢ — C. We use again the Green—Poisson type
representation formulas farof type (3.2), (3.4), wherg = xo(x), x = x—}{’ x0:R—Ris

a smooth cut-off function such that0 xo < 1, xolja,.a, = 1, Xl (—o0.a1) = 0, X l(a.00) = 0,
0 < a1 < ay < az < az, inequalities (3.1) are valid with = min{a1 — a1, az — az}. We
obtain representatiofx € [a1, az], t > at):

Au = Iou + Iiu + Iou + Izu + I4u, (3.4)

where

t
Iou:—/dt / AG - po(u) - Audg,
ot Ee(ay,az)
t

o Eelay,az)\la1,az)

u = / AG(x —&,t —atuE,ar)x (&, ar) d&,

Eelay,az]

!
I3u :[dt / AGuy' +uly)de,
ot Eelay,az]\[a1,dz]

t

I4u=—/df / AG - Au - Ay dg.

of - Eelay,az]\[a1,dz]

Step2. Let u satisfy conditions of Theorem 2(iijpnd Au be represented iy by
formula (3.4), « > 1/2. Using Lemmas 4—6, we obtain Lemmasnd 9:
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Lemma 7. For x € [a1, a2] andt > 1 the following estimates are vatid

AoI"
|IZM(X,Z‘)’ < ﬁ’ (3.5)
Al (1 7
|Iau(x, )| < %(8—2 + %)«/1— a. (3.6)

Lemma 9. For x € [a1, a2] andt > 1o the following estimates are vatid

/1 /1 —
|lu(x, )] < A2—<1+In+ - +In+ . f‘), (3.18)
xX—a a) —x
Aol Ji= Ji=
|I4u(x,t)|<A2;—t<1+ln 4 +|n+ v f"). (3.19)
X — a»—x

Step3. From formula (3.4)and estimates (3.5)(3.6), (3.18], (3.19) we deduce the
following inequality & € [az, a2]):

Au <

Aal 1 N V11—« +52J1—a
t V11—« 52 2

1 V1—« -«
+ (}/OF+ g) <l+|n+ +|n+ )z )}
ax az —

t
—fdr / AGoo(u)Au dt. (3.23)
af Ee(a,ar)
By assumption of Theorem 2(iiive haveAsu (&, v) > 0. If in assumptions of Theo-

rem 2(ii) we have additional positivity conditiors (0) > 0 andu > 0 then we can replace
the integral term in (3.23py the following bigger one:

t

F/dr f AcG - Aude
ol | —= +G - Aud.

atﬁ

£ AG<0

Following further the proof of Theorem 2(ii) and applying again Lemma 6(v), we obtain
the statement of Theorem 2(ii)ith constantB = Bg(az + % + %). O

Without additional positivity conditions the statement of Theorem "2igijalso valid
but for the proof of it more hard version of Lemma 6(v) is needed where the weight
(L+Iny ﬁ) is replaced by1 + In ﬁ)
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Lemma 6(v). Let0 < x < dp. Then
Ay

r—r

1
<l+|n+&2+|n+~ _>.
a — x

/ |AG(x—g,z—r)y<1+|n+ ;)dg <
az—§&

E<ap

Appendix A. Integral inequalities

Lemma A.1. LetO< v (x) = O(2), x >0, and f;° ¥ (x) dx < co. Then

a — a
0

Proof. Leta <b. Then

a/2
/¢(x)|n+ dx = /W(.X)ln_i_ dx+/¢(x)|n+ dx
al2
<In+%/w(x)dx+ maxw(x)/lm b dx
a x>a/2 a—x
0 0

1 2b b b

Leta > b. Then

/W(X)|n+ dx = /w(x)|n+ dx
a—b/2 a )
= / 1ﬂ(x)m-qr dx+ / 1#(x)|n+a_xdx
a—b a—b/2

b/2

<Ing2 /w(x)dx+ maxw(x)/lm dr <Ay. O

Lemma A.2.Letwv(r) be a continuous function satisfying the inequality

1
o) < A +/h(p>v<pr> do, >0,

o
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where
1

O</h(,0)dp<1, h>0, aae(01).

o
Thendm > 0, M > O such thatv(r) < A1+ Mt™™, t > 1y, where

1

A1=A(1_/

o

-1
h(p) dp) .

Proof. Find A1 € R such thatv1(r) = A; satisfies the equation:

1
vi(t) = A+ / h(p)vi(pr)dp.

We get:
1

A1=A(1_/

o

-1
h(p) dp) .

Let us findm > 0 such thawbg(¢) = 1/ satisfies the equation:

1
vo(t) = / h(p)vo(pt)dp.

This holds iff fal %dp = 1. Sincel(m) = fl% dp is a continuous function ofz,

o

I (m) — 4+o00 asm — +o00, 1(0) < 1, then there exista& such thatl (m) = 1.
ChooseM large enough such that

V() =v(1) — v1(t) — Mvo(t) <0,

forrg <t <tg/a =t1. We claim thatV (¢) < 0Vt > 1.
Indeed, let* = sugt > ro: V (¢) < 0}. By the choice off and continuity ofV we have
> 1.
If * is finite, then
1

Vit < / h(p)V (p*) dp < O.

o

SinceV is continuousy < 0 holds in a neighborhood of, but this contradicts the defin-
ition of r*. O
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