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1. Introduction and previous definitions

Lie color algebras were introduced as ‘generalized Lie algebras’ in 1960 by Ree [8], being also called
color Lie superalgebras (see [1]). Since then, this kind of algebra has been an object of constant inter-
est in mathematics, (see [9,10] and [6,7,14-16] for recent references), being also remarkable for the
important role played in theoretical physic, especially in conformal field theory and supersymmetries
[12,13].

In the present paper we begin an approach to the structure of infinite dimensional Lie color algebras
by introducing the class of split Lie color algebras of arbitrary dimension as the natural extension of the
class of split Lie superalgebras studied in [4], which in turn extends the class of split Lie algebras [2,11].
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Throughout this paper, Lie color algebras L are considered of arbitrary dimension and over an
arbitrary field K. It is worth to mention that, unless otherwise stated, there is no restriction on dim L,
the products [Ly, L_y], or {k € K : ka € A}, where L, denotes the root space associated to the root
o, and A is the set of nonzero roots of L.

In §2 we develop techniques of connections of roots in the framework of split Lie color algebras so
as to show that L is of the form L = ¢/ + >7; I; with ¢/ a subspace of the abelian (graded) subalgebra H
and each J; a well described (graded) ideal of L satisfying [I;, I] = 0if j # k.In §3 and under certain
conditions, the simplicity of L is characterized and it is shown that L is the direct sum of the family of
its minimal (graded) ideals, each one being a simple split Lie color algebra.

Definition 1.1. Let K be an arbitrary field and I" an abelian group. A skew-symmetric bicharacter of
Iisamape : I' x I' — K\ {0} satisfying

€(g1, &) = e(g, 817",

€(g1, 8 +g3) = €(g1, 82)€(g1, 83),
foranyglng,g3 € F'

It is clear that e (g, 0) = 1 for any g € I', where 0 denotes the identity element of I".

Definition 1.2. Let L = @, Ly be a I'-graded K-vector space. For a nonzero homogeneous ele-
ment v € L, denote by v the unique group element in I" such that v € L, which will be called the
homogeneous degree of v. We shall say that L is a Lie color algebra if it is endowed with a K-bilinear
map

[, ]:LxL—L
satisfying:

[v, w] = —e(v, w)[w, v], (Skew-symmetry)

[v, [w, t]] = [[v, W], t] + € (v, w)[w, [v, t]], (Jacobi identity)

for all homogeneous elements v, w, t € L.

Lie superalgebras are examples of Lie color algebras with I' = Z, and €(i, j) = (—1)Y, for any
i,j € Z,. We also note that Ly is a Lie algebra.

The usual regularity concepts will be understood in the graded sense. For instance, an ideal I of L is
a graded subspace I = @ I of L such that [I, L] C I. A Lie color algebra L will be called simple if
[L, L] # 0 and its only (graded) ideals are {0} and L.

Let us introduce the class of split algebras in the framework of Lie color algebras. We recall that given
anelementx of aLie algebra £; the adjoint mapping is denoted by ady and defined as ady (y) = [x, y] for
anyy € £.Asplitting Cartan subalgebra $ of a Lie algebra £is defined as a maximal abelian subalgebra,
(MASA), of € such that the adjoint mappings adj, for h € ¢ are simultaneously diagonalizable. If £
contains a splitting Cartan subalgebra $, then £ is called a split Lie algebra. This means that we have
a root space decomposition £ = § @ (Pyea Lo) Where &, = {v, € £ : [h,vy] = a(h)v, for
any h € 6} for a linear functional « € $*, A := {o € $*\{o} : £, # 0} and 0 € $* denotes the
zero linear functional. The subspaces £, for @ € $* are called root spaces of £ and the elements
o € AU {o} are called roots of £.

We introduce the concept of split Lie color algebra in an analogous way. We begin by considering a
maximal abelian graded subalgebraH = P, Hg among the abelian graded subalgebras of L. Observe
that H is necessarily a maximal abelian subalgebra of L as the following lemma shows.
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Lemma 1.1. Let H = @z Hg be a maximal abelian graded subalgebra of a Lie color algebra L. Then H
is a maximal abelian subalgebra of L.

Proof. Consider an abelian subalgebra K of L such that H C K. For any x € K we have [x,Hz] = 0
for each g € I', and so by writing x = X' ; Xg; with xg; € Ly fori = 1,...,n, being g € I
and g; # gjifi # j, we get by the grading [, H;] = 0. Hence, for any g;, i = 1, ..., n, we have
(Hg + Kxg) © (Dger(g) He) is an abelian graded subalgebra of L containing H and so xg; € Hy;.
From here we getx € Hand then K = H. O

Definition 1.3. Denote by H = Py Hy a maximal abelian (graded) subalgebra, (MAGSA), of a Lie
color algebra L. For a linear functional « : Hp — KK, we define the root space of L, (respect to H),
associated to « as the subspace

Ly = {vq € L: [ho, vy] = a(hp)vy for any hg € Hp}.

The elements o € (Hp)™* satisfying L, # 0 are called roots of L respect to H and we denote A := {« €
(Ho)*\{o} : Ly # 0} where o € (Hp)™ is the zero lineal functional. We say that L is a split Lie color
algebra, respect to H, if

L:H@(@La).

acA

We also say that A is the root system of L.

Split Lie algebras and split Lie superalgebras are examples of split Lie color algebras. Hence, the
present paper extends the results in [2,4].

It is clear that the root space associated to the zero root L, satisfies H C L,. Conversely, given any
Vv, € L, we canwrite v, = h+ >, v, withh € Hand vy, € Ly, fori =1, ..., n, being o; € A with
o # «jifi # j.Hence 0 = [ho, h + X1 vy, ] = 21 ai(ho)vy, for any hg € Hg. So, taking into
account the direct character of the sum and that «;; # 0, we have that any v, = 0 and thenv, € H.
Consequently

H=L,. (1)

Lemma 1.2. Let L = @qc Lg be a split Lie color algebra with corresponding root space decomposition
L=H® (Dyea La)- If we denote by Ly ¢ = Ly N Lg, then the following assertions hold.

1 Ly = @ger Lag foranya € AU {o}.
2. Hg = Ly . In particular Hy = L, .
3. Ly is a split Lie algebra, respect to Hy, with root space decomposition Lo = Hy @ (Dyea La.0)

Proof

1. By the I"-grading of L we may expressany vy € Ly, @ € AU{o},intheformvy = vy g +- -+
Vg, With vy g € Lg, for distinct g1, ..., g, € I".If hg € Hp then [hg, vy,g] = a(hg)vy,g for
i=1,..,nHencely = @yer(Ly NLg) and we canwrite Ly = Pger Lo g foranya € AU{o}.

2. Consequence of Eq. (1) and item 1.

3. We also have Ly = Hy @ (Dyey Lag) for any g € I'. By considering g = 0 we get Ly =
Ho @ (Dyea La.0)- Hence, the direct character of the sum and the fact thata # Oforanyo € A
give us that Hy is a MASA of the Lie algebra Ly. Hence Ly is a split Lie algebra respect to Hy. [

Lemma 1.3 is an immediate consequence of the Jacobi identity and the fact €(0, g) = 1 for any
g € I'. Together, Lemmas 1.2 and 1.3 show the root space decomposition provides a refinement (see
[5, Definition 3.1.4]) of the I"-grading of L.
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Lemma 1.3. If[Ly, Lg] # Owitha, B € AU {o}, thena + B € AU {o} and [Ly, Lg] C Loy p.

From Lemmas 1.3 and 1.2-1 we can assert that

[Lagis Lg.g] C LatBai+e
foranygi, g € I'.

Definition 1.4. Arootsystem of a split Lie color algebra L is called symmetricifo € Aimplies —a € A
for any linear functional « : Hy — K.

2. Connections of Roots. Decompositions

In the following, L denotes a split Lie color algebra with a symmetric root system A and L =
H ® (Pyeca L) the corresponding root space decomposition.

Definition 2.1. Let « and 8 be two nonzero roots. We say that « is connected to § if there exist
o1, ..., &y € A such that

1. oy =c.
2. {ag, 01 + g, a1 +ay + a3, ..... Lo+ -+ a1} C A.
3.1+ -+ ap—1 +ay € {6}

We also say that {«, ..., o} is a connection from « to 3.

Observe that {«} is a connection from « to itself and to —« and so « is connected to +c.
The next result shows the connection relation is of equivalence. The proofis analogous to the one for
splitLie algebras given in [2, Proposition 2.1] and virtually identical to the one for split Lie superalgebras

given in [4, Proposition 2.1].
Proposition 2.1. The relation ~ in A defined by « ~ B if and only if o is connected to B is of equivalence.
For any « € A, we denote by
Ag :={BeA:B~al
Clearly if 8 € Ay then —B € A, and, by Proposition 2.1,if y ¢ A, then Ay N A, = 0.

Our next goal is to associate an (adequate) ideal Ly, of L to any A,. For Ay, @ € A, we define
Hp, = spang{[Lg,L_g] : B € Ay}. Then Hy,, is the direct sum of

> Ilpg.L-p gl € Ho
BeAy,g€T

and

Z [Lﬁ,g’L—ﬁ,g’]g @ Hyg.

,ﬂEAai/ ger\{o}
g.g'€l'.g+g'#0

We also define

VAot = @ L/S = @ Lﬂ’g'

BeA BeAy.gel’
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Finally, we denote by L, the following (graded) subspace of L,
Lp, :=Ha, ®Vap,.
Proposition 2.2. Let o € A. Then the following assertions hold.

1. [LAa’LAa] C Ly,-
2. Ify ¢ Ay then [LAa’LAy] =0.

Proof.

1. Taking into account H = L, and Lemma 1.3, we have

(LagsLag) = [Ha, ®Va, Hay ®Va,]1 CVa, + D [Lg, Ls]. (2)
B,8eA,

If§ = —p then

[Lg, Ls] C Hp,. (3)
If § # —pB, by Lemma 1.3 we have that in case [Lg, Ls] # 0 then B + § € A. From here, if
{aq, ..., an}isaconnection froma to B then{ay, ..., a,, 8§} isaconnection from« to S+ § in
caseaq +---+ay, = Band{wy, ..., ay, —8}incasea; +---+ap = —B.Hence B+68 € Ay
and so

[Lg, Ls] C Va,. (4)
From Egs. (2)-(4) we conclude [L4,, La,] C La,-

2. We have
[La,.La,1=[Ha, ®Va,,Ha, ®Va,]1 C[Ha,,Va, 1+ [Va,, Ha,l

+[Va,» Va, 1. (5)

Consider the above third summand [V, VAV] and suppose there exist 8 € Ay andn € A,
such that [Lg, L,] # 0. As necessarily B # —n, then 8 +n € A.So {8, n, —B} is a connection

between  and . By the transitivity of the connection relation we have y € A, a contradiction.
Hence [Lg, L,] = 0 and so
[Va,>Va,1=0. (6)

Consider now the first summand [H,,,, VAV] in(5)and suppose thereexist 8 € Ayandn € A,
such that [[Lg, L_g], L;] # 0. Then

[Lp.g: L-pg) Lyl #0

for some g, g’ € I'. By Jacobi identity, either [L_gg,Ly]l # 0or[Lgg, Ly] # 0 and so
[Va,» VA}/] Z 0in any case, what contradicts Eq. (6). Hence

[Ha,» Va,1=0.
Finally, we note that the same above argument shows
[Va,.Ha,1=0.

By Eq. (5) we conclude [Ly,, L, ] =0. O
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Proposition 2.2-1 let us assert that forany o € A, L, is a Lie color subalgebra of L that we call the
Lie color subalgebra of L associated to Ay.

Theorem 2.1. The following assertions hold.
1. Forany o € A, the Lie color subalgebra
La, =Hap, ®Va,

of L associated to A, is an ideal of L.
2. IfLis simple, then there exists a connection from o to B forany , B € AandH = >y calloy, L—o ]

Proof

1. Since [La,, H] = [La,, L] C V4, taking into account Proposition 2.2 we have

[La,, L]l = |:LAO,,H€B ( @ L,s) &) ( @ Ly):| CLa,.
BeAy y&EAy

2. The simplicity of L implies L4, = L. Therefore A, = AandH = > (Lo, L—¢]. O

Theorem 2.2. For a vector space complement U of spang {[Ly, L] : o« € A} in H, we have

L=u+ D la)
[alea/~

where any Ijy) is one of the ideals L,, of L described in Theorem 2.1-1, satisfying [lja], I;g1]] = 0 if
lee] # [B].

Proof. By Proposition 2.1, we can consider the quotient set A/ ~:= {[«] : « € A}. Let us denote by
Iig) := La, . We have Ijy) is well defined and, by Theorem 2.1-1, an ideal of L. Therefore

L=U+ z o).
[a]ea/~

By applying Proposition 2.2-2 we also obtain [, Ijg] = 0if [a] # [B]. O
Let us denote by Z(L) = {v € L : [v, L] = 0} the center of L.

Corollary 2.1. If 2(L) = O and [L, L] = L, then L is the direct sum of the ideals given in Theorem 2.1,

L= @ o).

[a]leA/~

Proof. Taking into account Theorem 2.2, from [L, L] = Litis clear thatL = > [4]ca /~ Ije]- The direct
character of the sum now follows from the facts [Ij4], I[5]] = 0, if [«] # [B],and Z(L) = 0. O

3. The simple components

In this section we study if any of the components in the decomposition given in Corollary 2.1 is
simple. Under certain conditions we give an affirmative answer. From now on char(KK) = 0.



AJ.C. Martin, J.M.S. Delgado / Linear Algebra and its Applications 436 (2012) 307-315 313

Lemma 3.1. LetL = H @ (Pyca Ly) be a split Lie color algebra. If I is an ideal of L then] = (INH) &
(BaecaNLly)).

Proof. We may view L = H @ (P, Ly) as a weight module respect to the split Lie algebra Ly with
maximal abelian subalgebra Hy, (see Lemma 1.2-3), in the natural way. The characteristic property of
ideals gives us that I is a submodule of L. It is well-known that a submodule of a weight module is
again a weight module. From here, I is a weight module respect to Ly, (and Hp),and so I = (N H) &

(@aeA(I n Lot))- O

Taking into account the above lemma, observe that the grading of I and Lemma 1.2-1 let us write

I=PL= ((Ig NHg) @ <@(1g mLa,g)>) . (7)

gel’ gel’ acA

Lemma 3.2. Let L be a split Lie color algebra with Z(L) = 0. If I is an ideal of L such that I C H, then
I ={0}.

Proof. Suppose there exists a nonzero ideal I of L such that I C H. We have [I, H] C [H, H] = 0. We
also have that the fact [I, @yc 4 Lol C I C Himplies [I, @yep Lol C HN (Byea Le) = 0. From here
I C Z(L) = 0, a contradiction. [

Let us introduce the concepts of root-multiplicativity and maximal length in the framework of
split Lie color algebras, in a similar way to the ones for split Lie algebras, split Lie superalgebras and
split Lie triple systems, (see [2-4] for these notions and examples). For each g € I, we denote by
Ag = {a € A:lyg # 0}, (see Lemma 1.2-1).

Definition 3.1. We say that a split Lie color algebra L is root-multiplicative if given « € Ag and
B € Ag, withg;, g € I',suchthata + B € A, then [Ly g, L g] # 0.

Definition 3.2. We say that a split Lie color algebra L is of maximal length if forany o € Ag, g € I,
we have dim Ly g = 1fork € {1}

Observe that if L is of maximal length, then Eq. (7) let us assert that given any nonzero ideal I of L
then

I=P|UNH) & | P Lag (8)

ger aeAl
where Afg ={a € A:lgNLyg #0}foreachg € I'.

Theorem 3.1. Let L be a split Lie color algebra of maximal length, root multiplicative and with Z(L) = 0.
Then L is simple if and only if it has all its nonzero roots connected and H = 2 g c a[Ly» L—o]-

Proof. The first implication is Theorem 2.1-2. To prove the converse, consider I a nonzero ideal of L.
By Lemma 3.2 and Eq. (8) we can write [ = g ((Ig N Hg) & (EBaeAg Lyg)) with A; C Ag for any

g € I'" and some A} # (. Hence, we may choose ag € Ay being so

0 # Loy g C I (9)

For any 8 € A\{=%wp}, the fact that og and B are connected gives us a connection {y, ...., ¥+} from
op to B such that
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Y1 = Qo,
n+rvitrtrn .ovit+trt+tyn+o+try_1ea
and

mi+rvr+y+---+ye{x£p}.

Consider ag = y1, 2 and y1 + y»2.Since y, € A there exists gq € I" such thatL,, ¢, # 0.From here,
the root-multiplicativity and maximal length of L show 0 # [Ly, ¢, Ly, ¢, 1 = Lag+y,.g+g;» and by Eq.

9)
0 7 Lag+y g+ C -
We can argue in a similar way from «g + y», y3 and og + ¥ + y3 to get
0 # Lugtyrtys.g C 1
for some g, € I'. Following this process with the connection {y1, ...., ¥} we obtain that
0 # Log+yatys+-vrgs C 1
and so either 0 # Lg g, Clor0 # L_g g, C Iforsomegs € I". Thatis,
0 # Leg,g, C Iforsome e € {1}, somegs € I (10)
and forany B € A.

Taking into accountH = >°, c 4[Ly,, L—y ], the grading of L givesus Ho = >, c o ger[Ly.g> L—y,—gl-
From here, there exists y € A and g4 € I" such that

([Ly.gs) L—y,—gi], Lep,gs ] # 0. (11)

By the Jacobi identity either [L) g, Leg g;] # 001 [L_) —g,, Lep g, ] # 0andso Ly g g,1g; # 001
Ly yep,—gitrgs # 0.Thatis (see Eq. (10))

0 # Ley+epigates C 1 (12)

for some k € {£1}.Since ¢ € Ag, we have by the maximal length of L that —e8 € A_g,.By Eq.(12)
and the root-multiplicativity and maximal length of L we obtain

0 7’é [ka+eﬂ,fcg4+g3» Lfeﬂ,fgg] = LKy,/cg4 ClL (13)
Taking into account Eq. (13) and that Eq. (11) gives us

BLy.gy, L—y,—g]) # O,
we have that for any g5 € I" such that Leg g # 0 necessarily

07 [[Ly.gss L—y,—g]: Lepgs] = Lepgs C 1
and so Leg C I. That is, we can assert that

L C1I (14)
forany B € A and some € € {£1}.Since H = > gc 4L, L] we get

HcCl. (15)
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Now, given any —ef8 € A, by the facts —ef8 #% 0, H C I and the maximal length of L we have
[Ho, L_egl =L_eg C L (16)
From Eqs. (14)-(16) we conclude I = L. Consequently L is simple. [J

Theorem 3.2. Let L be a split Lie color algebra of maximal length, root multiplicative, and satisfying
Z(L) =0, [L, L] = L. Then L is the direct sum of the family of its minimal ideals, each one being a simple
split Lie color algebra having all its nonzero roots connected.

Proof. By Corollary 2.1, L = @jqjea/~ l[o] is the direct sum of the ideals Ijo) = Ha, ® V4, =
(X gefalllp, L-p]) © (Bpeja) Lp) having any I its root system, A, with all of its roots connected.
It is easy to check that A, has all of its roots Ay-connected, (connected through roots in A, ). We also
have that any of the Iy is root-multiplicative as consequence of the root-multiplicativity of L. Clearly
Ije] is of maximal length, and finally 2, (1) = 0, (where 2y, (o)) denotes the center of I[4] inI[41),
as consequence of [Ijy, Ijg1] = 0if [a] # [B], (Theorem 2.2), and Z(L) = 0. We can apply Theorem
3.1 to any [ja) so as to conclude If4] is simple. It is clear that the decomposition L = @Bjqje/~ I[a]
satisfies the assertions of the theorem. OJ
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