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1. INTRODUCTION

In optimization problems, it is urged from practical points of view to
develop effective synthesis methods based on an approximate model obtain-
able by reducing the system dimension. For instance, the numerical calcula-
tion of optimal control needs enormous endeavor with increase of dimension
of the control system, because the generated canonical system equation is
“2n-dimensional” when the original system is ‘“‘n-dimensional”’. Moreover,
the essential difficulty lies in that one must solve it under two-point boundary
conditions. Various methods have been discussed on solving the boundary
value problem, e.g., sweep method [1], shooting method [2], quasilineariza-
tion [3], invariant imbedding [4], etc.

This paper gives a powerful tool for the analysis of the fixed-terminal
minimum energy problems with the aid of the Singular Perturbation Theory
[5-7] and the Riccati transformation [8]. The Riccati transformation is
efficient in computation of the so-called ill-conditioned two-point boundary
value problem. The Singular Perturbation Theory has two aspects: one is to
consider the convergence of the solution of the full system to that of the
reduced system as a small parameter, whose existence makes the system
order higher, tends to zero; the other is to construct an asymptotic expansion
of the solution, which can offer a desired approximate solution by truncation.
In both the aspects, the stability of the boundary layer system plays a crucial
role [5—7].

Kokotovid et al. first used the Singular Perturbation Theory in developing
a method to reduce the system order in optimization problems [9]. In their
studies of the linear regulator problem, it is needed that the boundary layer
system should be asymptotically stable [9], or that the state matrix of the
boundary layer system should be stable and the full system should satisfy a
peculiar condition [10], or that the boundary layer system should be con-
trollable and observable [11].
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The method in this paper assumes that the state matrix of the boundary
layer system is either positively or negatively stable and that it satisfies a
certain condition similar to observability. The method is based upon
Vasil'eva’s theory [6] and enables us to calculate the terminal values, under
which higher order (outer) correction system is to be solved, by utilizing the
inner system, which is equivalent to the boundary layer system, without
solving it throughout the interval (see Section 6).

2. PROBLEM STATEMENT

The state equation is

% ®(t, €) == A(t, €) x(t, ) + B(t, €) u(t, €),

4= (eleéla ef;h) ’ B= (Elez) ’ v (2) ’

where x; is an n-dimensional vector, x, m-dimensional, control vector u
r-dimensional, and ¢ is a positive small parameter. The boundary conditions
are

(1

x(ty) = & x(ty) =m, 2

or, in the partitioned form,
xi(to)) _ (& () _ (m
G =) Caan) = G-
The problem is to minimize the performance index

ty
J=1 f (*'Ox + u'Ru) dt. 3)
to
As well-known, the optimal control »* is given as follows:

w* = — RB’p, 4)

The canonical equation is

()= ~7)0) )

where p is a costate vector of x. The canonical system (5) under the boundary
condition (2) is ill-conditioned in the sense of Mulfti et al. [8], i.e., in our case
the boundary values of costate p are not specified.



686 KOICHI ASATANI
3. RiccATI TRANSFORMATION

Now we define a Riccati transformation 8]

() = K(t) p(t) + £(2), (©)

where K(t) is an (n -+ m) X (n + m)-matrix and g(¢) is an (n + m)-dimen-
sional vector. Notice that (6) is different from the conventional Riccati
transformation [13] in control theory, which is given as

p(t) = K(#) 2(t) -+ £(2). ()

By simple manipulation, we obtain the differential equation of Riccati type
for K(t) and the associated differential equation for g(t) as follows

K = AK + KA' + KOK — BRB, ®)
¢ =4+ KQ)g. 9)

Equations (8) and (9) are solved under the initial conditions

K(t) =0 (10)
and

glty) = ¢ (11)
or under the final conditions

K(z) =0, (107

8;) = - (11)

Partitioning K and g into the forms

8 ) ) E

we get the equations for K;,7 =1, 2, 3;

K1 = A4,K, + K4y + 4K, + K4, + KO, K,

+ K,0.K; + K0.K,' + K,0,K,” — B,R1BY, 3
K, = KyA,' + K,05K; + K A3 + K;0.Ky — B,RBy (13b)
+ (4K, + 4K, + KOiK, + K0.Ky),
K, = A,K; + KA, + Ky0,K; — B,RBy (13c)

+ G(A3K2 + K2’A3’ + K3Q2,K2 + K2/Q2K3) + 621{2,Q11<2 ’
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and forg,,i = 1,2,

&6 =4 + KO, + Ky05) g1 + (4y + KO, + Ky05) 85 (14a)
gy = (A3 + K3Qy' + eKy/O1) g1 + (Ay + K303 + €Ky/05) 855 (14b)

where Q/’s are the elements of O = (g J2). We call the system equations (13)
and (14) with (10) and (11) the “forward full system’ and Egs. (13) and (14)
with (10") and (11") the “backward full system”.

After K’s and g’s are determined under the terminal conditions, we get
the optimal control #* by substituting

p(t) = K(t)™" (x(t) — &(1)) (15)
into Eq. (4), and the optimal trajectory is given by
#=(4A— BR'BKYx+ BR'B'Kg, (16)

where it is assumed that K is invertible, so that Eq. (16) holds for t € (¢, , #]
for the forward system or for ¢ € [¢,, #;) for the backward system.

4. AsymproTic EXPANSION AND APPROXIMATE SOLUTION

In this section is given a systematic method to construct the set of the
recursive equations to give the asymptotic expansion of solutions.
The reduced equations for K;’s and g;'s are obtained by letting ¢ = 0 in
Egs. (13) and (14),
K10 = A1K10 + K10A1, + Ang, + KzoAzl —+ K10Q1K10
+ KZO.K," + K'Q:Ky" + KJ'Q,Ky — B,R7'BY,
0 = Ky’d," + Ky’ 0:Ky® + K,°4; + K,°Q:K3" — B,R7'B,,  (17b)

(17a)

0 = A4,KL + KP4, + KPQK® — B,R1B), (17¢)
£’ = (4, + K071 + K°Qy) £,° -+ (4; + K{°Q, + K,°Q3) g%, (18a)
0 = (4; + K;°05) g.° + (44 + K;°0,) g5°, (18b)

with the initial conditions for the forward reduced system

K\ (ty) = 0 (19)
and
&%t = &1, (20)
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or with the final conditions for the backward reduced system

K\(t;) =0 (19’
and
&) =mn - (20')

The superscript zero means that the corresponding variables are of the
reduced system.

Such a reduction is intuitively carried out by a designer when he deals
with a real physical system by neglecting a small parameter, as in the example
of the Prompt Jump Approximation in nuclear reactor dynamics [12].

Now expanding K,’s and g,’s into Taylor series, we get

K; =K+ K} + O(?), @21
g =g+ g + O(ed). (22)

The reduced equations, as simply seen, correspond to the first terms in
Egs. (21) and (22). In order to obtain the first correction equations for the
second terms in these equations, we differentiate the full equations with
respect to e, then ¢ is set to be zero,

Kll = AlKll + K11A1 + AzK;’ + KzlAz + KllQ1K10
+ K10Q1K11 + KzlgzKlo + KzogzKll + K11Q2Kg’ (23a)
+ K0,Ky + KKy + K'Q.K3,

0 =K,'Ay + K'OK," + KYQ:Ky + Ki'Ag + K'QoKy
+ KIOQ2K31 + A1K2O + A2K30 + KloglKlo + K2092’K20 - Kzo,

(23b)
0= A4K31 + K31A4I + K31Q3K30 + Ka“QsKal + A3K2° (23 )
c
+ K34y + K"0/ K, + Ky'QoKy® — Ky,
&t = (4; + K0 + K°0,) gt + (K'Oy + K,'05) 84° (24a)

+ (4, + K0, + K,°0s) g5' + (K0, + Ki'Qs) £5°

0= (45 + Kaogzl)éﬁl + (Kalgzl + K;'Ql) glo (24b)
+ (44 + KsOQs) gzl + (K:;lQa + Kg/Qz) g20 - gzo-

In deriving the above equations, 4,’s, B,’s, R, and O are assumed to be
independent of € in order to avoid introducing superfluous notations, but
this assumption is not essential in our argument. The initial conditions (the
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final conditions) under which Eqgs. (23) and (24) are solved are not generally
set to be zero. This situation is peculiar to the singular perturbation theory.
Following Vasil’eva’s integral formula [6], we obtain the relations between
the initial conditions (the final conditions) and the boundary layer system.

T
The boundary layer system plays a principal role in the singular perturba-

tion theory, and, in this case, for the forward system it results in

dk = - _ _
_d_i(ﬁ = Ky(r) Ay + Ky(7) QsKy() + K (2) 45 + K (1) QeKal(r),  (25)
dK ,

BB — 4,Ky(r) + Kalr) A4+ Kolr) 0aKolr) — BoRBY) (26)
@) _ 4 L F " 9.0 4, - K 2 27

i (4s + Ky(r) 05) &%) + (Ay + Ky(7) Qs) ("), (27)
where the independent variable is 7, and ¢ is regarded as a fixed parameter.
The above system is considered as a kind of stretched system derived by the

“left stretching transformation” r = [(f — to)/e], 7 € [0, c©). The terminal
conditions for these equations are

Kyr = 0) =0, (28)
Ryr =0) =0, (29)
ot =0)=4§. (30)

For the backward system, we can derive easily the backward boundary layer
system in place of Egs. (25)—(27) by introducing the “‘right stretching trans-
formation” 7 = [(¢; — t)/e], 7" & [0, 0)

K+ =0)=0, (28')
Ky(r' =0) =0, (29')
&7 =0)=mn,. (30)

Then the terminal conditions for the first correction equations are given
as follows for the forward system:

Kity) = [ [(4:Ky () + Kor) 4+ K QK + KPOKY (M) (3
— (Aszo + K2°A2’ + K20Q2K10 + Klogng’)] dr,

£1'(%o) “f [(Ka(r) — Ki*) Q28:° + (Ap + K(°Q) (8:(7) — &)

32
+ Ky(7) 038x(7) — K3°Qs8:") dr, 2
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where K, , K;, and g, are the solutions of the boundary layer system (25),
(26), (27) with the boundary conditions (28), (29), (30). For the backward
system, the variable 7 in Eqs. (31) and (32) should be replaced by +', and
instead of the initial conditions (28)—(30), we adopt the final conditions
(28")(30) for the backward boundary layer system, then obtaining K, ()
and g;'(¢)-

A similar procedure is applied to solve the recursive equation for the higher
order, and it is possible to construct an approximate solution whose accuracy
is a desired one. As discussed later, whether the forward or backward system
should be selected depends on the property of the boundary layer system.

5. SuBoPTIMUM TRAJECTORY

Between the variables K, g in Eq. (6) and K, § in Eq. (7), there are following
relations:
K(t) = K1) (33)
and
§(t) = — K1) 5(2). (34)

Expanding K(#) ! into Taylor series in ¢, we have (see Appendix)
K@) = K@)

K™ 0y | (KIT+ KPKLKGK, — K KK, 5
( 0 0) T e ( — KKK K;! ) - O()
= K® 4 K1 4 O(e?)

(8 e o

(35)

where the superscript zero is omitted in the coeflicient matrix of € for sim-
plicity.

The optimum trajectory is given by Eq. (16). Expanding each variable into
Taylor series in € and comparing coefficients of like powers of e thereof, we
have for the reduced system

%0 = (4, — E1K0) %0 4 Ayx® + (Ellzo + Esz') &+ Eszlgza, (362)
0= (45— E2Ko) %0 + (A — E:;Ka) xy° + E2K0g10 + E3K3’g2°, (36b)
with
%) = & or %) =,

where
, = B,RBy/, E, = B\R'B,/, E, = B,R'B,.
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For the first correction system

&t = (4, — E1Ko) Xt A+ Agxst + (E1Ko + Ezkzl)gll + Ezlesrgzl

i . . (372)
— E\Kyxy® + (E\Ky + E\Ky) &1
0 =(4; ‘—AEzlzo) Xyt ‘|‘A(A4 - E:sK:j) X!t + EEKOgll —+ E:zK:s’gzl (37b)
— EyKyx," — Ey'Koxy® + (EsKy' + Ey'Ky) 81" + E'Kygy,
with terminal conditions for the forward system
xy(fp) = f: [Ao(®o(7) — x°) + E,K, (8(7) — &) dr, (38)

where X,(7) in the integrand is a solution of the boundary layer equation

d_ > > — 1B 7% | N
921257) = (43 — E.Ky) x,° + (4 — E3K;) %y(7) + Ey'Kog® -+ E3Ky'gy(7),
(39)
with
X(r=0)=¢&,. (40)

For the backward system, similar conditions are easily obtained by the same
procedure as in the preceding section. It is remarked that we need to solve
the forward system for x,’s when we solve the forward system for K;’s and
g.s and vice versa. This situation is different from the case using the con-
ventional Riccati transformation.

After determining K.’s, g;’s, and x;’s, the suboptimal control gy, is given
as follows:

Ugup = u® - et (41)

where

u = — R_l[(Bl,Ko + lekzl) (%" — &" -+ By ‘3(x20 — g9,
u' = — R(B/K, + ByK) (v, — g") + By’ Aa(le — &)
+ B/Ky(x," — &%) + Bllkz(xzo — &%)}

6. SIMPLE EXAMPLE

We shall show the outline of constructing the terminal values of higher
order system for

dx
dt

dx
=%, —u, eﬁz:xl—xz—i—u, (42)
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where %, , x,, and u are scalars with x,(f,) = £; and x,(¢,) = O prescribed.

The performance index to be minimized is given as follows:
tr
J= —%f (x'x + ru?) dt.
to

The Riccati transformation x(f) = K(t) p(f) + g(t) yields

dk 1

St =k 2k R —

dk 1
Gﬁ:kl—kz+k3+k2k3—7+€k1k2,
dk L
5““173:“‘2k3+k32—7—’—2€k2—{—52k22,

for each element of K = (j efizka), where &, , k,, and k; are scalars.
The boundary layer system of Eq. (44) is

dk 1

ﬁzkﬂ(t@—@—{—@—{—@@———;
and

dky Y T

P

Now we have an asymptotically stable point as 7 — oo for &, ,
ky(0) =1 — (1 +r )2 <0,
by equating the right-hand side of Eq. (45b) to zero, where

by =1+ +r2>0

(43)

(44a)

(44b)

(44c)

(452)

(45b)

(46)

is excluded because of Lemma 1 in Section 7. For k,, we get from Egs.

(45a) and (46)
ky(00) = — 1 — (1 + r v,

Initial value of k,(¢,) is given from Eq. (31)

kit = | ¥ Rby(r) + E3(r) — 2k(te) — REH(ty)] dr.

(47)

(48)
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Eliminating %,(7) in Eq. (48) by using Eqgs. (45a), (45b), (46), and (47), we get

i 1 . 1+ (14 r 2 ©
i) = [~ gy ) — e )

(49)
=2 (= 2)(1 iy
— 2(1 + 7—1)1/2 4

which can be obtained by simple manipulation under the asymptotic stability
of Egs. (452) and (45b), considering 4,(0) = 0. Now we can compute the
reduced system for £,%(t) and the first correction system for k2}(t), and similar
procedures can be applied to higher order terms k7(t), j > 1 and to the
recursive equations for g, (¢), x,(¢).

7. Basic THEOREMS

We have derived a representation of the approximate solution in the form
of asymptotic expansion. Here the basic theorems are given upon which the
validity of the approximate series depends.

Some conditions are needed to establish main theorems and lemmas. We

first state the prerequisite conditions, and then the basic theorems are
offered.

In the regular optimization problem, the following conditions are usually
assumed to hold for t e [¢,, t;] and € € [0, ¢]:
Cl. A;s and B;'s are holomorphic with respect to ¢ and .

C2. R and Q are positive definite and holomorphic with respect to ¢
and e.

C3. € and 7 are continuous with respect to e.

We introduce an important condition in an analogous form to the observ-
ability referring to Reid [15], as follows:

C4. rank||Qs, 4,05, A20; ..., AT7Q; 1 = m.

We add the following two conditions which are essential to the singular
perturbation theory:

C5a. A, 1s stable.
C5b. —A4, is stable.

These conditions (C5a and C5b) are exclusive, and main theorems need either
one,
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LevMa 1. If conditions C1-C5a (C1-C4 and C5b) hold, then the forward
(backward) boundary layer equation (26) has an isolated and asymptotically
stable solution as v — oo (7" — o0), which is negative definite (positive definite)
and is given by equating the right-hand side of Eq. (26) to zero. Moreover,
A, + K,Q04(— A, — K3Q,) is a stable matrix.

Lemma 1 plays a decisive role and directly leads to Lemma 2.

Lemma 2. If conditions C1-C5a (C1-C4 and C5b) hold, then the forward
(backward) boundary layer equations (25) and (27) have, respectively, an
isolated and asymptotically stable solution, which is given as in Lemma 1.

Lemmas | and 2 lead to the main theorems.

TueoreM 1. If conditions C1-C5a (C1-C4 and C5b) hold for the forward
system (backward system), then the following convergence relations between the
reduced solutions and the full solutions are satisfied:

lim K\(t) = K, %2)  forte[ty, t;] (telty, t]),
1}1{,‘ Kt)=Kt) forte(ty,t] (telty,t)), i=23,
limg,(t) =£.°(t)  fortelt, 4] (telt,t])

leijg 8o(t) = £°(t) forte(ty, 4] (telty, 1)
Following Vasil’eva [6], we have Theorem 2 which gives error estimations.

THEOREM 2. If conditions C1-C5a (C1-C4 and C5b) hold, then there
exist bounded functions U(t, €) and V{1, €) such that

Kl(t) == Z Klf(t) &+ Ul(t, E) emtl

j=0

forte[ty, t],

Kz(t) = Z Kij(t) &+ U’i(t, 6) el

=0 Jorte[ty +8,t] (te(ty,t; —38]), 7=2,3,
gl(t) = Z glj(l) e+ Vl(t, e) el

j=0

J fortelty, 4],
gz(t) = Z ng(t) €+ Vz(t, G) €M+l

i=0

forte[ty+6,¢4] (telty,t — 8],
where
8 = —Celoge, C is independent of e.
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Now we have similar theorems for x and %, and these are obtained by
simple manipulation directly from Theorems 1 and 2, so that the detail is
omitted.

The proofs of these theorems and lemmas are shown directly or by simple
modification from relevant theorems in [5, 6, 15, 16]. Lemma 1 is proved
from Theorem A in [15]. Note that in the boundary layer system ¢ is regarded
as a parameter, and, therefore, the matrices in the system are constant, and
all the assumptions of Theorem A in Reid are satisfied. Each Jacobian matrix
of the right-hand sides of the boundary layer systems (25)-(27) with respect
to K, , K, and g, , respectively, is A, 4+ K305, so the proof of Lemma 2
is deduced straight from Lemma 1.

Theorem 1 is a modified one of the popular theorem [16] in the two-point
boundary value problem of singular perturbation type. In this regard,
Tikhonov’s convergence theorem [5] in the initial value problem should be
referred to. Theorem 2 is an extended one of Theorem 40.1 in Wasow [5].

8. CONCLUDING REMARKS

We developed a systematic technique to construct an approximate solution
of the ill-conditioned two-point boundary value problem of singular per-
turbation type. The transformation (6) is closely connected with the sweep
method in the variational calculation [1]. It can also be established through
invariant imbedding [17, Ch. 15].

We note that the full system expressed by Egs. (8) and (9) can be solved
consistently with the initial conditions (10) and (11) or with the final condi-
tions (10") and (11"). The recursive system, however, can be solved not forward
but backward and vice versa, according to the properties of the boundary
layer systems.

Without loss of generality, we can fix then end-value 7 to be zero, and then
we have the advantage that we need not solve the equations for g;’s of the
backward system because these have only trivial solutions.

Recently, O’'Malley [12], etc., developed another technique to treat the
singularly perturbed linear regulator problem from the different point of
view via Twurrittin’s works and Harris’s (see references of O’Malley [12] for
example) on two-point boundary value problem of singular perturbation
type. Their method may be applied to the fixed-terminal optimization
problem and allows a more general property of boundary layer system, that
its matrix of canonical system

A, —B,R'By
¢=(%5, "4 )
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should have m-eigenvalues with negative real part and m-eigenvalues with
positive real part, which includes obviously our conditions C5’s as a special
case. However, the generated recursive system must be solved under two-
point boundary value conditions, and since the boundary layer occurs at
both ends of the interval considered, it must treat both of them in order
to make “‘boundary layer corrections”.

The asymptotic solution we derived corresponds to the ‘‘outer expansion,”
and the ‘‘boundary layer corrections” in the sense of O’Malley [12], which
enable the convergence to be uniform in ¢ € [¢, , /], can be made in our case in
the same way as given in Wasow [5] or Vasil’eva [6] by solving the recursive
“stretched (inner) system”.

Note that the stretched system of degenerated order m can be solved by
regular perturbation theory, and the singularity of the original system is
removed away. We add that on the property of the asymptotic expansion of
the performance index, the reader is referred to Sannuti and Kokotovié [10]
and O’Malley [12].

APPENDIX

The well-known inversion formula for a partitioned matrix leads to
[ A&l =le ol (D
where
A = [K, — KK 'K, 1™ = K' + K KKK, -+ O(éD),
= — [K;, — eK,K;7'K, 1 KK = — KKK + O(Y),
C = — eK; 'K, [K; — KKKy = — K3 'KyKt + O(e0),
= [ 'K, — KyK{K, ™ = Kt 4 O(ed).
Then we have

K1 — [Kl + KK 'K, —eKy K'IQ,,.—1

RSO TEES oo @

Substituting Eq. (21) into Eq. (A.2), we have Eq. (35).
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