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Abstract

In this paper, we consider a food-limited population model with impulsive effect. Several explicit suffi-
cient conditions are established for oscillation and nonoscillation of solutions of the equations.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries

The theory of impulsive delay differential equation is emerging as an important area of in-
vestigation, since it is a lot richer than the corresponding theory of delay differential equations
without impulse effects. Moreover, such equations may describe several real world phenomena
in physics, biology, engineering, etc. In recent years, oscillation theory of impulsive delay dif-
ferential equations attracts attention of many mathematicians and numerous papers have been
published on this class of equations (see [2,5,9,10] and references therein). For oscillation theory
of nonimpulsive delay differential equations, we refer the reader to the references [3,4,6-8].
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L. Berezansky and E. Braverman [1] investigated oscillation of the nonautonomous food-
limited equation with nonconstant delay:
. K — N
N0 = rON OO 0, hy <1, g() < (L)
K +s(1)N(g(1)
which is a generalization of the equations in [2-4,6,8,11].
The purpose of this paper is to derive sufficient conditions for oscillation and nonoscillation
about K of generalized food-limited equation with impulsive effects
K — N(h(1))
K+ pi(ON(gi (1) (1.2)
N(t) = N@w) = bk (N (1) — K)

under the following assumptions:

N(t)=r(t)N()

(Al) 0Ky <tr <--- <t <---are fixed points with limy_, oty =00, k=1,2,...;

(A2) by > —1,k=1,2,..., K is a positive constant;

(A3) r(t) and p;(t) are Lebesgue measurable locally essentially bounded functions, r(¢) > 0
and p;(t) 20,i=1,2,...,m

(A4) h,gi:[0,00) — R are Lebesgue measurable functions, h(r) < ¢, gi(t) < ¢
lim;_, o0 h(t) = 00, limy 00 gi(t) =00,i =1,2,...,m.

The results of this are generalizations of those of (1.1) in [1].
We consider the impulsive differential equation

. 1+ y()
=— h
YO == Oy ) O @O0 i3T50 ke -1, (3)
y(F) = @) = by (@),
and the initial value problem
YO =¢@) 20, ¢y >0, te[T™, Tl (1.4)

Here for any Tp > 0, T~ = minjgigm infr>7,(8i (1), h(1)), ¢ : [T, To] — Ry is a Lebesgue
measurable function.

Definition 1.1. For any Ty > 0 and ¢(#), a function y: [T, o0) — R is said to be a solution
of (1.3) on [Ty, oo) satisfying the initial value condition (1.4), if the following conditions are
satisfied:

(1) y(r) satisfies (1.4);
(i1) y(r) is absolutely continuous in each interval (Tp, fx), (tk, tk+1), tx > To, k = ko, y(t,:r ),
y(t, ) existand y(f, ) = y(%), k > ko;
(iii) y(r) satisfies the former equation of (1.3) a.e. in [Ty, 00)\{tx} and satisfies the latter equation
foreveryt =1, k=1,2,....

For any ¢ > 0, consider the nonlinear delay differential equation

i(1) = —r(t)( [] a —l—bk)_l)x(h(t))

h(t) <t <t
. I+ (HT0<1k<r(1 + bi))x (1)
T+ 2 00+ [Ty g0+ 0¥ O]

(1.5)
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Definition 1.2. A solution of (1.3) or (1.5) is said to be nonoscillatory if it is either eventually
positive or eventually negative. Otherwise, it is called oscillatory. A solution N (¢) of (1.2) is said
to be nonoscillatory about K if N(t) — K is either eventually positive or eventually negative.
Otherwise, it is called oscillatory about K.

It is easy to see that the change of variable y(¢) = %’) — 1 reduces (1.2) to (1.3). Thus we
have the following lemma.

Lemma 1.3. Assume that (A1)—(A4) hold, then the solution N(t) of (1.2) oscillates about K if
and only if the solution y(t) of (1.3) oscillates about zero.

Lemma 1.4. Assume that (A1)—(A4) hold. For any To > 0, y(t) is a solution of (1.3) on [Ty, 00)
if and only if

x(1) = ( [T a -I-bk))

To<t<t

1
y(@) (1.6)

is a solution of nonimpulsive delay differential equation (1.5).
The proof of Lemma 1.4 is similar to that in [9, Theorem 1] and will be omitted.

Remark 1.5. By Lemmas 1.3 and 1.4 we see that the solution N (¢) of (1.2) is oscillatory about
K if and only if the solution y(¢) of (1.3) is oscillatory.

2. Main results

In this paper, consider only such solutions of (1.3) for which the following condition holds:

1+y(@)>0 fort>Tp, 2.1
and hence, in view of (1.6),
1+ ( IT a —I—bk)>x(t) >0 fort>Ty. (2.2)
To<t<t

Since y(t) = Y — 1 and (2.1), (2.2), it follows that

N(t):K(l—i— I1 (1+bk)x(t)>>0, t>To.

To<t<t

Thus for the initial condition N (t) = ¢(t): [T, To] — R4, ¢(Tp) > 0, the solution of (1.2) is
positive on [T, 00).
We begin with the following lemma.

Lemma 2.1. Assume that (A1)-(A4) hold,

0]

r(0) ~
/ TS5 o n Z;il i) dt = oo (2.3)

0
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and

]_[ (1+by) is bounded and liminf ]_[ (1+by) > 0. (2.4)
—>0o0

To<ty <t To<tr<t

If y(¢) is a nonoscillatory solution of (1.3), then lim;_, », y(¢) =0.

Proof. Suppose first y(¢) > 0 for ¢t > T7 > 0. From (1.6) and (A2), x(¢) > 0 for t > T;. Then
there exists 7 > T; such that

h(t) = Ts, gi)=2T, i=12..,m, (2.5)

for t > T>. Denote

M(l‘)=—&, =21 (2.6)
x(1)
Then u(t) >0,t > T>,
¢
x(t) =x(T2)exp{—/u(s)ds}, t>1. 2.7
I

Let ¢ = x(T3), we have

u(t) = @( [] a +bk>—l>x(h(r>)

x(®) h()<te<t
. 1 +(1_[T0$tk<t(1+bk))x(t)
L4+ 2051 i+ [Ty <0 (1 b)x (i (1))

(1) _1> 1
> 1+b _
)C(t) ( l_[ ( k) X([) 1+ Zi:l pl(l)(] + HT0<Ik<gi(l‘)(1 +bk)C)

h(t)<te<t
0 o1 o)
= —mn (14 bx)
m .
L+ pi® () <te<t
) 1+ Z:-n=] pi(t)
14+ 3700 O A+ [Ty << 0 (1 + 810
> rrslt)
1+, pi)

1
. (Hh(t)gtk<t(l + bk))(l + Z:_n:] Di (t)(l + HTO<[k<gi(l‘)(1 + bk)C)) ’

Then, by (2.3) and (2.4), f;zo u(t)dt = oo.

Now suppose —1 < y(¢) < 0. Hence in view of (2.1), —1 < HTogrk<r(1+bk)x(f) <0,t>T.
Then there exists 7 > 77 such that (2.5) holds for ¢ > T,. Suppose u(¢) is denoted by (2.6) and
¢ = x(T). Then from (1.5) and (2.2) u(t) > 0, —1 < ¢ < 0, we obtain
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r(t) _
u(t)=m< [T a+oo 1>x(h(z))

h(t) <ty <t
. L+ ([ << (1 + bi))x ()
14+ 25050 PO+ [Ty < g (1 +b)x (8 ()

r(t) ( 1) L+ ([p < <o (1 +bi))e
= | | 1+ b, h(t T
x(h(1)) h(t)<1k<z( v X( ( )) 1+ 300 pi(t)

_ 1+b —1)<1 ( 1 b))-r,i—t).
< [] a+o0 +( JT a+60)e TS D

h(t) <t <t To<trp<t

Then by (2.2)—(2.4), again f;; u(t) dt = .
Equation (2.7) implies lim;_, o x () = 0. Use (1.6), then lim;, o y(#) =0. O

Theorem 2.2. Assume that (A1)—(A2), (2.3) and (2.4) hold and for some € > 0, all solutions of
the linear equation
r(t)

. _ [ A
io+a-o [l A+ s

h(t) <t <t

x(h()) =0 2.8)

are oscillatory. Then all solutions of (1.3) are oscillatory.

Proof. Suppose y(¢) is an eventually positive solution of (1.3). Then x(¢) is an eventually posi-
tive solution of (1.5). Lemma 2.1 implies that there exists 77 > 0 such that

0<< I1 (1+bk))x(t)<6 fort>Tj.

To<te<t
We suppose (2.5) holds for ¢t > T, we have
(L 30 pi ) + [Ty << (L +bOIX (D)
T+ 2 O+ (g <0 1+ b)x(gi ()]
1+ >0, pi(0) N 1+ >0, pi(0) _ 1
T pi( 4o T A+ + X0 pi()  T4e
Equation (1.5) implies

>1—e (2.9)

r(1)

. _ [ A
io+a-o ]+ s

h(t)<te<t

x(h()) <0, t>Th. (2.10)

By a known result (see [7, p. 67]), (2.8) has a positive solution, which is a contradiction.
Now we suppose —€ < (HT0<1k<z(1+bk))x(t) < Ofort > Ty and (2.3) holds fort > T> > Tj.
Then for t > T», we also get
(L3770 P A+ (g < <o (1 + b)) x (1))
L+ 300 pi )+ ([ gy <q <o (1 + Bi))x(8:(1)))
> (14+3700 pi)(1 — €) _
L+ 370, pi(t)

l—e. (2.11)
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So we easily know that (2.8) has a nonoscillatory solution and we again obtain a contradiction
which completes the proof. O

From Theorem 2.2 and [7, Theorem 3.4.1], we have result

Corollary 2.3. Assume that (A1)—(A4), (2.3) and (2.4) hold and if
t
1
liminf/ [T a+oso O R (2.12)

m .
Tl hor<nss T+2inipi() e

then all solutions of (1.3) are oscillatory.

Theorem 2.4. Assume that (A1)—(A4) hold and
1_[ (1 4+ by) is convergent. (2.13)
To<ty <t

Moreover, for some € > 0 there exists a nonoscillatory solution of the linear delay differential
equation

r(t)
1+ Z?;] pi (1)

then there exists a nonoscillatory solution of (1.3).

in+a+e [ a4+

h(t)<te<t

x(h(1)) =0, (2.14)

Proof. Suppose that x(t) > 0 for ¢ > Ty is a solution of (2.14). Then by (1.5) and [7, Corol-
lary 3.1.2], there exist To > 0 and wo(t) = 0, ¢t = To; wo(t) =0, T, <t < Tpsuch that

t
r(t) _1) /
>(4+0—em——roH( [] (+b ds}. 2.15
wolt) > ( 6)1+Zi:1Pi(l)<h(z)<zk<z( . exp{hm ol S} 1

Since [[7, <, (1 + bx) is convergent constant, there exists a positive constant ¢ such that
0< C(HTogqu(l + by)) < €, and consider two sequences:

t
w,,(t):r(t)( l_[ (l+bk)_l)expi /wn—l(s)ds}

h(t)<te<t h(t)
U+ c(Try <o <o (1 + b)) expl— [, va—1(s) ds}
L+ Y7 pi 0+ e(Tycq ey + b)) exp{— [50 w1 (s)ds})

n=12,...;
t
(1 —l—bk)_l)exp! f vn_l(s)ds]

vn(r>=r(r)( I1

h(t) <t <t 0
1+ (g < (1 + b)) expi— [z, w1 (s) ds}

L+ Y o + e Tgych g0+ b0 expl— [50 v, 1(s)dsh)
n=1,2,..., (2.16)
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where wg was defined above and vg = 0. We have

t
_ r(t) -1
et I oo oo f s

h(t)<t<t ht)
_ (420 pi)YA 4+ c([Tgy < e (1 +510))
L+ 30 pi (1 + e[y =gy (B exp{— [ wo(s) dsh)
r(t) _1>
< i 1+b
L+ Y0 pilD) ( [T a+oo

h(t)<te<t

t
A+ pi@)(14+€)
.exp{ /wo(s)ds} 1 T
W + lel pi(t)

< wo(). (2.17)

It is evident that vy (t) = vo(t), wo(t) = vo(t).
Hence by induction,

0 < w,,(t) < wnfl(t)
Up (1) Z vp—1(8) 2 -+~

and wy, () = v, ().

There exist pointwise limits of nonincreasing nonnegative sequence wy(¢) and of nonde-
creasing sequence vy (¢). If we denote w(t) = lim,—, oo w,, (t), v(t) = lim,_, o, v, (), then by the
Lebesgue Convergence Theorem, we conclude that

t
w(t):r(t)( ]_[ (1+bk))exp{/w(s)ds}

h(t)<te<t h)
1+ ([T ch i (14 br)) expf— f;o v(s)ds}
L+ 7, pi) U+ (< (LB expi— [5 P wis)ds))
t
v(t):r(t)( ]—[ (1+bk)>exp{fv(s)ds}
h(t)<t<t h)

1 +C(HT0<[1(<[(1 +bk)) exp{_fztb w(s) ds}

- S wo(l),

<
>v(t) =0, n=1,2,..., (2.18)

L+ Y0 piO( + ey cq ey + b)) expl— [5 v(s) ds)) @19
we fix b > Ty and define operator T : Loo[To, b] — Loo[To, b] by the following equality:
t
(Tu)(t) = r(t)< 1_[ a+ bk)) exp{ f u(s) ds}
h(t) <t <t h(t)
14 (g < (1 +b0)) expl— [z, u(s) ds) (220,

L+ X0 pi O + (< egin U+ o) expl— [5 0 us)dsh)

where L[Tp, b] is the space of all essentially bonded on [Ty, b] functions with the usual norm.
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For every function # from the interval v < u < w, we have v < Tu < w. The result of
[2, Lemma 3] implies that operator T is a compact operator on the space L[7p, b]. Then by
Schauder’s fixed-point theorem there exists a nonnegative solution of equation u = T'u.

Denote

t
(1) = cexp{—fT0 u(s)ds}, t % To, (221)
c, T-<t<Ty.

Then x(¢) is a nonoscillatory solution of (1.5). Thus by Lemma 1.1,

y(r)=< I <1+bk>—1>x(r>

To<t <t

is a nonoscillatory solution of (1.3) which completes the proof of Theorem 2.4. O
By Theorem 2.4 and [8, Theorem 3.3.1] we have the following result.

Corollary 2.5. Assume that (A1)—(A4) and (2.13) hold and if there exists a constant € > 0 such
that
t

- r(s) 1
(1+8)/ ]_[ I+ b)) ds < -, (2.22)
h(r) ME)St<s L+ pils) e

then (1.3) has a nonoscillatory solution.

Now we consider the impulsive delay logistic equation (1.2). From Lemma 1.3 and Corollar-
ies 2.3 and 2.5, we have the following results.

Corollary 2.6. Assume that (A1)—(A4), (2.3), (2.4) and (2.12) hold, then all solutions of (1.2)

are oscillatory about K.

Corollary 2.7. Assume that (A1)-(A4), (2.13) and (2.22) hold, then (1.2) has a nonoscillatory
solution about K.

Remark 2.8. Similarly, we can study oscillation and nonoscillation about K for the following
models:

K — N(h@)IN(h@)|'!
K+ 371 pi(ON(gi(0))IN (gi (0)=1 (2.23)
N(t) = Nt) = bk (N () — K),

N@) =r({t)N()

Cd K — NG ())
N = ,; N S N g 1) (2.24)

N(t]) — N(t) = bk (N () — K),

and some relevant models.
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